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For a bounded reservoir with no flow boundaries, the pseudo-steady-state flow regime is common
at long-producing times. Taking a partially penetrating well as a uniform line sink in three
dimensional space, by the orthogonal decomposition of Dirac function and using Green’s function
to three-dimensional Laplace equation with homogeneous Neumann boundary condition, this
paper presents step-by-step derivations of a pseudo-steady-state productivity formula for a
partially penetrating vertical well arbitrarily located in a closed anisotropic box-shaped drainage
volume. A formula for calculating pseudo skin factor due to partial penetration is derived in
detailed steps. A convenient expression is presented for calculating the shape factor of an isotropic
rectangle reservoir with a single fully penetrating vertical well, for arbitrary aspect ratio of the
rectangle, and for arbitrary position of the well within the rectangle.

1. Introduction

Well productivity is one of primary concerns in oil field development and provides the basis
for oil field development strategy. To determine the economical feasibility of drilling a well,
the engineers need reliable methods to estimate its expected productivity. Well productivity
is often evaluated using the productivity index, which is defined as the production rate per
unit pressure drawdown. Petroleum engineers often relate the productivity evaluation to the
long-time performance behavior of a well, that is, the behavior during pseudo-steady-state
or steady-state flow.

For a bounded reservoir with no flow boundaries, the pseudo-steady-state flow regime
is common at long producing times. In these reservoirs, also called volumetric reservoirs,
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there can be no flow across the impermeable outer boundary, such as a sealing fault, and
fluid production must come from the expansion and pressure decline of the reservoir. This
condition of no flow boundary is also encountered in a well that is offset on four sides.

Flow enters the pseudo-steady-state regime when the pressure transient reaches all
boundaries after drawdown for a sufficiently long-time. During this period, the rate of
pressure decline is almost identical at all points in the reservoir and wellbore. Therefore, the
difference between the average reservoir pressure and pressure in the wellbore approaches
a constant with respect to time. Pseudo-steady-state productivity index is defined as the
production rate divided by the difference of average reservoir pressure and wellbore
pressure, hence the productivity index is basically constant [1, 2].

In many oil reservoirs the producing wells are completed as partially penetrating
wells. If a vertical well partially penetrates the formation, the streamlines converge and the
area for flow decreases in the vicinity of the wellbore, which results in added resistance, that
is, a pseudoskin factor. Only semianalytical and semi-empirical expressions are available in
the literature to calculate pseudoskin factor due to partial penetration.

Rarely do wells drain ideally shaped drainage areas. Even if they are assigned
regular geographic drainage areas, they become distorted after production commences, either
because of the presence of natural boundaries or because of lopsided production rates in
adjoining wells. The drainage area is then shaped by the assigned production share of a
particular well. An oil reservoir often has irregular shape, but a rectangular shape is often
used to approximate an irregular shape by petroleum engineers, so it is important to study
well performance in a rectangular or box-shaped reservoir [1, 2].

2. Literature Review

The pseudo-steady-state productivity formula of a fully penetrating vertical well which is
located at the center of a closed isotropic circular reservoir is [3, page 63]

27 KH (P, - Py)/ (uB)

) 2.1)
In(R./Ry) - 3/4

Qw:FD

where P, is average reservoir pressure in the circular drainage area, P, is flowing wellbore
pressure, K is permeability, H is payzone thickness, p is oil viscosity, B is oil formation
volume factor, R, is radius of circular drainage area, R,, is wellbore radius, and Fp is the
factor which allows the use of field units and practical SI units, and it can be found in [3,
page 52, Table 5.1].

Formula (2.1) is only applicable for a fully penetrating vertical well at the center of a
circular drainage area with impermeable outer boundary.

If a vertical well is partially penetrate the formation, the streamlines converge and
the area for flow decreases in the region around the wellbore, and this added resistance is
included by introducing the pseudoskin factor, Sps. Thus, (2.1) may be rewritten to include
the pseudoskin factor due to partial penetration as [4, page 92]:

2rKH(P, - P,)/ (uB)

= DR /Ry, —3/a+ Spe 22)

Qu
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Sps can be calculated by semianalytical and semiempirical expressions presented by
Brons, Marting, Papatzacos, and Bervaldier [5-7].

Assume that the well-drilled length is equal to the well producing length, (ie.,
perforated interval,) L, = L, and define partial penetration factor 7:

L, L
= — = — 23
"=H=g (2.3)

Pseudoskin factor formula given by Brons and Marting is [5]

1
Sps = <E - 1) [In(hp) - G(1)], (2.4)
where
H Kh 1/2
(L) (& 2.5
"o <Rw><1<u> ’ (2
G(n) = 2.948 - 7.3637 + 11.451% — 4.6757°. (2.6)

Pseudoskin factor formula given by Papatzacos is [6]

(i e(E)- (e[ GDES) T e

where hp has the same meaning as in (2.5), and

H

"7 i +025L,°

. (2.8)

Yp= ———
27 i +075L,

and h; is the distance from the top of the reservoir to the top of the open interval.
Pseudoskin factor formula given by Bervaldier is [7]

/1 In(L,/Ruw)

It must be pointed out that the well location in the reservoir has no effect on Sy
calculated by (2.4), (2.7), and (2.9).

By solving-three-dimensional Laplace equation with homogeneous Dirichlet bound-
ary condition, Lu et al. presented formulas to calculate S in steady state [8].
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To account for irregular drainage shapes or asymmetrical positioning of a well within
its drainage area, a series of shape factors was developed by Dietz [9]. Formula (2.1) can be
generalized for any shape into the following formula:

_p _ 27KH(Pi = Py)/ (4B)
Qo =P [2.2458A/ (CAR%)]’

(2.10)

where C,4 is shape factor, and A is drainage area.

Dietz evaluated shape factor C4 for various geometries, in particular, for rectangles of
various aspect ratios with single well in various locations. He obtained his results graphically,
from the straight line portion of various pressure build-up curves. Earlougher et al. [10]
carried out summations of exponential integrals to obtain dimensionless pressure drops at
various points within a square drainage area and then used superposition of various square
shapes to obtain pressure drops for rectangular shapes. The linear portions of the pressure
drop curves so obtained, corresponding to pseudo-steady-state, were then used to obtain
shape factors for various rectangles.

The methods used by Dietz and Earlougher et al. are limited to rectangles whose sides
are integral ratios, and the well must be located at some special positions within the rectangle.

Lu and Tiab presented formulas to calculate productivity index and pseudoskin factor
in pseudo-steady-state for a partially penetrating vertical well in a box-shaped reservoir,
they also presented a convenient expression for calculating the shape factor of an isotropic
rectangle reservoir [1, 2]. But in [1, 2], they did not provide detail derivation steps of their
formulas.

The primary goal of this paper is to present step-by-step derivations of the pseudo-
steady-state productivity formula and pseudoskin factor formula for a partially penetrating
vertical well in an anisotropic box-shaped reservoir, which were given in [1, 2]. A
similar procedure in [8] is given in this paper, point sink solution is first derived by the
orthogonal decomposition of Dirac function and Green’s function to Laplace equation with
homogeneous Neumann boundary condition, then using the principle of superposition, point
sink solution is integrated along the well length, uniform line sink solution is obtained, and
rearrange the resulting solution, pseudo-steady-state productivity formula and shape factor
formula are obtained. A convenient expression is derived for calculating the shape factor
of an isotropic rectangle reservoir with a single fully penetrating vertical well, for arbitrary
aspect ratio of the rectangle and for arbitrary position of the well within the rectangle.

3. Partially Penetrating Vertical Well Model

Figure 1 is a schematic of a partially penetrating well. A partially penetrating vertical well of

length L drains a box-shaped reservoir with height H, length (x direction) a, and width (y

direction) b. The well is parallel to the z direction with a length L < H, and we assume b > a.
The following assumptions are made.

(1) The reservoir is homogeneous, anisotropic, and has constant K, K, K, permeabil-
ities, thickness H, and porosity ¢. All the boundaries of the box-shaped drainage
volume are sealed.

(2) The reservoir pressure is initially constant. At time t = 0, pressure is uniformly
distributed in the reservoir, equal to the initial pressure P;.
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Figure 1: Partially Penetrating Vertical Well Model.

(3) The production occurs through a partially penetrating vertical well of radius Ry,
represented in the model by a uniform line sink.

(4) A single phase fluid, of small and constant compressibility Cy, constant viscosity y,
and formation volume factor B, flows from the reservoir to the well at a constant
rate Q. Fluids properties are independent of pressure.

(5) No gravity effect is considered. Any additional pressure drops caused by formation
damage, stimulation, or perforation are ignored, we only consider pseudoskin
factor due to partial penetration.

The partially penetrating vertical well is taken as a uniform line sink in three
dimensional space. The coordinates of the two end points of the uniform link sink are
(x',y',0) and (x',y',L). We suppose the point (x/,y,2') is on the well line, and its point
convergence intensity is g.

By the orthogonal decomposition of Dirac function and using Green’s function to
Laplace equation with homogeneous Dirichlet boundary condition, Lu et al. obtained point
sink solution and uniform line sink solution to steady-state productivity equation of a
partially penetrating vertical well in a circular cylinder reservoir [8]. For a box-shaped
reservoir and a circular cylinder reservoir, the Laplace equation of a point sink is the same, in
order to obtain the pressure at point (x, y, z) caused by the point (x/, ', z'), we have to obtain
the basic solution of the following Laplace equation:

o’P o*P o*P

Keguz "Ry "Rz =

ap ! / !
gb‘uCtE +ugB6(x —x")6(y -y')6(z-2), (3.1)
in the box-shaped drainage volume:
Q=(0,a) x(0,b) x (0, H), (3.2)

and we always assume

b>a>H, (3.3)

and 6(x - x'), 8(y —y'), 6(z — ') are Dirac functions.
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All the boundaries of the box-shaped drainage volume are sealed, that is,

oP
N | = (3.4)

where 0P/ON]|; is the exterior normal derivative of pressure on the surface of box-shaped
drainage volume I' = 0.
The reservoir pressure is initially constant

Pl = P (3.5)
Define average permeability:
K. = (K.K,K,)""°. (3.6)

In order to simplify (3.1), we take the following dimensionless transforms:
/2

xy [ Kq\ 12 INAAS 2y / Ko\ 2

Xp = <Z><K_x> , Yp = <E> K_y , Zp = (E><K_Z> ,

1/2
()
Ky (3.7)

Kt
 puCiL?

tp

The dimensionless wellbore radius is [8]

(K./ 1<361<y)1/6[(1<x/1<y)”4 + (Ky/K) Ry
2L '

(3.8)

RwD =

Assume that g is the point convergence intensity at the point sink (x,y’,z'), the
partially penetrating well is a uniform line sink, the total productivity of the well is Q,,, and
there holds [8]

Qv _ Qu

==Y = . 3.9
Rl el (3.9)
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Dimensionless pressures are defined by

KaL(Pi B P)
Pp=—"———",
nqB
PwD — KaL(Pi - Pw) )
HqB

Then (3.1) becomes

2 2 2
6PD_<6PD+6PD+6PD

otp ox%  oyh 0z

in the dimensionless box-shaped drainage volume

Qp =(0,ap) x (0,bp) x (0, Hp),

with boundary condition

oPp _0

aND Tp !
and initial condition

Pply,—o = 0.

4, Point Sink Solution

> = 8(xp = xp)8(yp = ¥p)8(2p = 2p),

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

For convenience in the following reference, we use dimensionless transforms given by (3.7)—
(3.10), every variable, drainage domain, initial and boundary conditions should be taken as

dimensionless, but we drop the subscript D.
Consequently, (3.12) is expressed as

or o*P 0’°P %P
ot
Rewrite (3.14) below

ap
ON

:0,
r

and (3.15) becomes

Plio =0.

@*a_yz+@> =6(x-x)6(y -y')6(z-2).

(4.1)

(4.2)

(4.3)
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We want to solve (4.1) under the boundary condition (4.2) and initial condition (4.3),
and to obtain point sink solution when the time ¢ is so long that the pseudo-steady-state is
reached.

If the boundary condition is (4.2), there exists the following complete normalized
orthogonal system {gimn(x, y, 2z)} [11, 12]:

/ 1 lorx miry nrz
Y it — 7 - 4.4
Simn (X, Y, 2) bHA A cos< - >cos< > )cos( I >, (4.4)

where [, m, n are nonnegative numbers, and

if =0,
d (4.5)

if >0,

Il
N|—= =

and d,,,, d, have similar definitions.

According to the complete normalized orthogonal systems of the Laplace equation’s
basic solution, Dirac function has the following expression for homogeneous Neumann
boundary condition ([13, 14]):

6(x - x')6(y - y')ﬁ(z - Z’) = Z Simn (xr Y, Z)glmn (xlr 3// ZI)‘ (4-6)

1,m,n=0

In order to simplify the following derivations, we define the following notation:

> Fin(x,y,2) = 3, > D Fin(x, v, 2), (47)

1,m,n=0 =0 m=0 n=0

which means in any function F(x, y, z), the subscripts [, m, n of any variable must count from
0 to infinite.

And define
Z Fiun (.X', Y, Z) = Z Z ZFlmn (x/ Y, Z) (l +tm+n> 0)/ (48)
l+m+n>0 >0 m>0 n>0

which means in any function F(x,y, z), the subscripts I, m, n of any variable must be no less
than zero, and at least one of the three subscripts I, m, n must be positive to guarantee I + m +
n > 0. And the upper limit of the subscripts [, m, n is infinite.

Let

0

P(t,x,y,zx,y,2) = D ewmn(t)gmn(x,y,2), (4.9)

1,mn=0

where ey, () are undetermined coefficients.
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Substituting (4.9) into left-hand side of (4.1), and substituting (4.6) into right-hand

side of (4.1), we obtain

1,m,n=0

1,m,n=0

= D g (XY, 2) gmn(x,y,2),

1,mn=0
where A is the three-dimensional Laplace operator

02 02 02

= () + (55 G
From (4.3) and (4.9),

emn(0) =0,

compare the coefficients of gmn(x, y, z) at both sides of (4.10), we obtain

ae‘lmn (t)
ot

+ Mimn€imn (t) = 8imn (X’, y', Z’)/

because Aoy = 0, from (4.14),

eooo(t) = gooo (X', v/, 2')t
t
VabH'

When A, #0 (I +m +n > 0), solve (4.14),

Y

i a mn t
Z { ezat U + €lmn (£) Mimn }glm" (x,y,2)

[1 - eXp(_)llmnt)] glmn (xlf y,’ Z’)

€lmn (t) = 1

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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Substitute (4.15) and (4.16) into (4.9) and obtain

0

P(t,x,y,zx,y,2) = D ewn(t)gmn(x,y,2)
1,mn=0
= (Jag Jomw2
JabH gooo\ X, Y,
[1 - exp(=Ximnt)]| Gimn (X', ¥, 2') Gimn (X, ¥, 2)
+ > 1 (4.17)
l+m+n>0 Imn
_t, Simn (X, Y, 2") Qimn (%, Y, 2)
abH l+m+n>0 )len
eXP( )lent)glmn(x y Z)glmn(x y/Z)
l+m+n>0 Ximn
Define
L=—1 (4.18)
T abH’ '
L=Y(x,y,zx,y,2)
) ginn (Y, ) g1 (%, ,2) (4.19)
l+m+n>0 Mimn
ex ( /\lmn Imn (X 72 )8lmn\X, Y, 2
L=y OF )8 ()Ly )8 (*,Y,2) (4.20)
l+m+n>0 Imn
then
P(t,x,y,z;x,y,2)=h+L-1Is. (4.21)

Recall (4.19), the average value of ¥ throughout of the total volume of the box-shaped
reservoir is

Y, = <l>f Y(x,y,z)dV
V/)a

= (%)j:j:j:?(x, v, zx',y, 2 )dxdy dz (4.22)
- (%) <glm"(flmi/ Z,)>I I J‘ Z Simn(x,y,z)dx dy dz.

0 1+m+n>0
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Note that [+m+n > 0 implies that at least one of [, m, n must be greater than 0, without

losing generality, we may assume

>0,
then
a Lrx
cos( — )dx =0.
0 a
So,
a rb frH
f J’ f Z Simn (x,y,2)dxdy dz =0,
07040 14m+n>0
consequently,

Y, = 0.

(4.23)

(4.24)

(4.25)

(4.26)

If time t is sufficiently long, pseudo-steady-state is reached, I3 decreases by exponential

law, Iz will vanish, that is,
1320,
then
e ) S _L il A )
P(t,x,y,z,x,y,z)—abH+‘P(x,y,z,x,y,z).

Substituting (4.28) into (4.1), we have

1 ! ! _ o~
M—H—A‘P—6(x—x)6(y—y)6(z Z').

Define

f(x,y,z) =-A¥

= _<abLH> +6(x-x)6(y-vy)6(z-2),

note that ¥ is equal to I, in (4.19), and

oY

mzo, onT.

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)
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From Green’s Formula [15],

0= a—IPdS = f A¥AV = - f f(x,y,2z)dv, (4.32)

that is,

f f(x,y,2)dV =0, (4.33)
Q

where V is volume of drainage domain Q.
Define the following notation of internal product of functions f(x,y, z) and g(x,y, z):

e 2)g(o2)) = [ Flew gty dvdydz= [ FGxy,2500y,2)av,
(4.34)

where | f, g| means the internal product of functions f and g.
From (4.33), we know that the internal product of f(x,y, z) and constant number 1 is
zero

|f(x,y,2),1] =0, (4.35)
and it is easy to prove

Lf (x,y,2), go00| =0, (4.36)

where gy means gin, whenl=m =n = 0.
Thus, f(x,y, z) can be decomposed as [13, 14]:

0

fyz) = 3 1f 8mn(x, Y, 2) | 8imn(x,y, 2)

1,m,n=0

= > L gm(* v, 2)]| g (x,y, 2)
I+m+n>0 (4.37)
= D, 16(x~-x)6(y~y)6(z~2), g (X, Y, 2') | un (%, Y, 2)

l+m+n>0

= > g, Y.Z) g (x,y, 2).

l+m+n>0
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The drainage volume is

V = abH.

Recall (4.28), the average pressure throughout the reservoir is

1 t
Py = <V>J.QP(x,y, z)dxdydz = T Y0

The wellbore pressure at point (X, Yw, Zw) 1S

P, =

abH © Ve,

where ¥, is the value of ¥ at wellbore point (X, Yuw, Zw)-
Combining (4.39) and (4.40) gives

Pa,v_Pw:IPu,v_qu/

which implies P, , — Py, is independent of time.

5. Uniform Line Sink Solution

13

(4.38)

(4.39)

(4.40)

(4.41)

For convenience, in the following reference, every variable, drainage domain, initial and

boundary conditions should be taken as dimensionless, but we drop the subscript D.

The producing portion of the partially penetrating well is between point (x',1',0)
and point (x',y', L), recall (4.4) and (4.19), in order to obtain uniform line sink solution, we

integrate ¥ with respect to z' from 0 to L, then

L
J(x,y,zx,y, 21, mmn) = f Y(x,y,zx,y,2)dz
0

~ A
= Z Jlmn(xryfzrxlyrzrlrmrn)r

l+m+n>0

(5.1)
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where

> Omn(xy,zx Y, 21, m,n)

l[+m+n>0

2 (i) (7)
- abHdldmdn)qmn a

l+m+n>0

«ccos (MY cos(22)

mry' lrx'\ (t nowz dz
xcos( — = ) cos( —— 0cos - )9= (5.2)

::Z(mmémmjmﬁ%ﬁm@$ﬁm@§)
L

l+m+n>0

H lrx may'\ . [nx .
<E> cos( r )cos( b )mn(T) if I#0,
LCOS(ery )COS(L?T—x> if [ =0.

b a

Define

C={(,mmn):l+m+n>0}, (5.3)
Ci={(,mn):l=m=0,n>0}, (5.4)
C={(,mmn):1=0,m>0,n>0}, (5.5)

C={(l,mn):1>0,m=0,n20}, (5.6)

then it is easy to prove

C=CiuCyugs,
(5.7)
C1ﬁC2=0, C20C3=®, C3ﬂC1=@.

Recall (5.1) and (5.2), and use (5.3)-(75), J(x,y,z; X', y', z’;1,m, n) can be decomposed
as

J= Y Om(xy,zx,y,2;1,mmn)

l+m+n>0

© © ®w o
= ZjOOn + Z ZJOmn + Z Z Zjlmn-
n=1 =

m=1 n=0 =1 m=0 n=0

(5.8)
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Define the following notations:

]z = ZJOOW (59)
n=1
]yz = Z ZjOmnr (510)
m=1 n=0

]xyz = Z Z Zjlmnr (511)

I=1 m=0 n=0

SO

]=]z+]yz+]xyzr (5.12)

and the average value of | at wellbore can be written as
]a,w = (]z,a)w + (]yz,a)w + (]xyz,a)w- (5-13)

Rearrange (4.12) and obtain

T S R R NG

where

R ORCONOIEG)

IH
Hio = 7,
Xm0 = (%)Z;ﬁm, (5.15)
o= (B ()= (Y [+ (5]
Aoon = %

& sin(nx) m’x  wx*  x
> 22T Y 0<x<2
4T 6 1 " Osxs2m) (5.16)
& 1-cos(nx) x> mx® x*
= - —+ — < x<2).
E pr B R + 13 (0<x<2m) (5.17)

n=1
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Recall (5.4) and (5.9), J. is for the case [ = m = 0, n > 0, and at wellbore of the off-
center well,

=y #0, x'#0, x=x"+ Ry, 0<z=2z<I,
(Jz) ‘51(;) Cos<%>rcos<mrz’>dz’
Hw =l abHdn)LOOn H H
2 \&/ H? nrz\/ H\ . [(nrL (5.18)
a (abH>§<Jr2n2>Cos< H )(E) sm< H >
2H> \ &/ 1\ . /nrxL nrz
(VS (e () n(52).

The average value of (J),, along the well length is

(25
-(7)2 <£il3>sm(%>ﬁcos<%>dz
5\ () 5 () | Gor ) o ()
-3 (o ) (%)
|
IES

(5.19)

()3 (2) —cos<2"“>1
- (st ) G
() (- 12H2>
(5 )(

1_L
2 H 2H2

N\
oy
h

where we have used (5.17).
For a fully penetrating well, L = H, then

(]z,a)w =0. (520)
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Recall (5.5) and (5.10), . is for the case | = 0,m > 0,n > 0, and at wellbore of the
off-center well,

/1 S 1 , [/ mry nrzy (- nwz' )
(]yz)w - <[1bH>mZ:1 nzz()<m)€0$ < b >COS< H )J‘O COS( H )dz
B ( 2 >i i cos?(mary' /b) cos(nxrz/H) (L cos(ﬂz,>dz’

abH /%= 75 7r7-dn[(n/H)2 + (m/b)z] 0 H

( 2 )i iZ(H/nJr) cos(nxrz/H) sin(nxrL/ H)cos® (mary' /b)
| ar? [(n/H)2 + (m/b)Z]

, [/ mxy b’L
+cos <—b ><—7r2m2

_ < 2H3 > i i 2cos(nrz/H) sin(nrL/ H)cos? (mary' /b)
o n[nz + (mH/b)z] (5.21)

o/ may'\ [ b’Lx
eos (T) <H3—m2
2H? Lb? °° , [/ mxy
m3ab H3 mz ) <% b
<2H2)ii
m=1 n=1
[/ 2L \ &/ 1 may'
- () 2 ()= (557)

2H? \ & & | 2cos(nrz/H) sin(nxrL/H)cos? (may'/b)
JEN ,

n|n2 + (mH/b)*
[+ o /b7

2cos(nrrz/H) sin(norL/ H)cos? (mary' /b)
n|n? + (mH/b)’|

N

where we use the following formulas [16, page 47]:

m=1
3 (oot om) = =T+ T 05 xsm) o
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The average value of (J,.),, along the well length is

(Jyza), = (%)Jt]yzdz
2bL> < y’2 >
6 20 202

2H? \ & & | 2sin(nrL/H)cos? (mxy'/b) (L
(abLm'3>ZZ{ COS<nHﬂ>dz}

m=1n=1 n [nz + (mH/b)z] 0

ZbL ___+y’2
6 2b 2b2

2H? \ & & | 2Hsin?(norL/ H)cos? (mary' /b)
< )55

m=1n=1 an? [nz + (mH/b)Z]
<2bL> __l'+ y?
6 2b 2b?

2H? \ & & | [1-cos(2nwrL/H)]cos*(mxy'/b)
<abLJr4> Z Z {

m=1n=1 n? [nz + (mH/b)2]
20L\ (1 v’ y? 2H? \ & & mary' (5.24)
( ><6 2b+2b2> <abLJr4 mZ;;( ) < b )
§ 1_COS<2nJZ'L) 1 1
H )'n* n24+ (mH/b)
2bL __l' y? H3 &/ b\ L/mry
( ><6 2b 2b2>+<2abL7r4 ,El(mH) COS( b )

y i 1 cos(2nxL/H) 1 N cos(2narL/H)
=l n? n? n?+ (mH/b)* 02+ (mH/b)*

(3 ) () S (e ()
e ]
[z () -3 ]

br \ cosh[(mHx/b)(1-2L/H)] 1/ b \?
+[<2mH> sinh(mHor /b) 2 (mH> ] }'
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where we use the following formulas [16, page 47]:

X Cos(nx) (T cosh[ﬂ(yr—x)] 1
Z—p@){w}ﬁ OErs

- 1
an + <2ﬁ> coth(fr) - 2[32 (0<x < 2m),

and we may simplify (5.24) further

_(WL\(1 ¥ y? 2H? \ & o(mry'\( b\
(]yz,a)w—< ><6 2b+2b2>+<abLﬂ'4 mZ=1C08< b )(mH)

. {x% w2L2 +< br >{cosh[(mHyr/b)(1—2L/H)] _Coth<

2mH sinh(mHur /b)

_/20L\ (/1 ¥ y? 2H \ & ,/mxy <1
—<m><a @+zbz>+<am4 Seo (") (o)
a2Lb?  7?Lb? i
X - +
H? H* 2mH?

><{cosh[(mHJZ'/b)(l—2L/H)] mHJr
sinh(mHor/b) <o

19

(5.25)

(5.26)

miiz) |}

2bL vy y? 2b L\ [ 2 w2y?
< ><6 2b+2b2>+<a3r2><1 H><6 TS

() S () ()
[t 1150 )

<2b> __l' y2’
6 26 22

.\ < b2 > O I:cosz(m:fl'y,/b):l { COSh[(TflI‘IJl'/b)(1 _ZL/H)]

aLor3 m3 sinh(mHur /b)

m=1

For a fully penetrating well, L = H, then

U= () (G54 )

~cotn ("5 )

(5.27)

(5.28)
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Define
f(x) =sinh[a(1 - x)] sinh(ax), (5.29)
since the derivative of f(x) is

f'(x) = acosh(ax) sinh[a(1l — x)] — acosh[a(1l — x)] sinh(ax)

(5.30)
= asinh[a(1 - 2x)],
consequently,
(L) - 0 (5.31)
f ( 2) -0, |
Whenx =0and x =1,
f(0)=£(@1)=0. (5.32)
When x =1/2, f(x) reaches maximum value, let
‘- % (5.33)
and the producing length L is a variable, define
F(L) = cosh[por(1 - ?L/H)] — cosh(por)
sinh(por)
(5.34)
_ =2sinh[fr(1~L/H)]sinh[BrL/(H)]
- sinh(por) ’
thus when L = H/2, |F(L)| reaches maximum value,
H
FWl = [F(5)|
~ 2sinh? (B /2)
~ sinh(Bor)
5 (5.35)
~ 2sinh” (o /2)
~ 2sinh (Brr/2) cosh(par/2)
_ sinh(pr/2)

~ cosh(pr/2) =
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so F(L) is a bounded function, let

p=""7 (5.36)

then

(=)
+
aLor’
&, [ cos?(mary' /b) | [ cosh[(mHx/b)(1 - 2L/ H)] mHr
X Z[ { sinh(mHz /b) - COth<—>}

(5.37)
&, [ cos?(mary' /b) | ( —2sinh[(mHx/b)(1 — L/ H)] sinh(mL /b) }
x mzzl m3 { sinh(mHur /b)
(ALY, v N, (P
”<a> 6 2b 2b2 aLor3
M [ cos?(mary' /) | ( =2 sinh[(mHor /b)(1 - L/ H)] sinh(mLar /b) }
x % " { sinh(mHor/b) '
Since 0 < L/H < 1, from (5.34) and (5.35), there holds
&, || cos?(mary'/b) | ( -2sinh[(mHor/b)(1 - L/H)] sinh(mLa/b) }
¥ m3 { sinh(mHur /b)
<1
< i
m:Zun m’ (5.38)
100 4
{9~
=4.9502 x 107,
where ¢{(3) is Riemann-{ function:
<1
¢(3) = Z$ =1.202057, (5.39)

m=1
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® /1 \ (2sinh[(mHx/b)(1 - L/H)]sinh(mLx/b)
2 <_){ sinh(mHur/b) }
(5.40)

W 71\ (2sinh[(mHx/b)(1 - L/H)]sinh(mLax /b)
<_> { sinh(mHar/b) }

So, in (5.37), M = 100 is sufficient to reach engineering accuracy.
Recall (5.6) and (5.11), Jyy: is for the case [ > 0,m > 0,n > 0, and at wellbore of the
off-center well,

y=y'#0, x'#0, x=x+Ry,, 0<z=2<I, (5.41)

then

. ()

1=1 m=0 n=

{ I:Cos(nﬂ'z/H) cos(lorx'/ a) cos[(lor (x' + Ry))/ alcos? (mary' /b) ]

dldmdn)tlmn
L nirz ,
XIO cos( 2 >dz

ic (lyrx > s[lyr(x’;- Ru)]co&(%y,)

m=0

(=}

Ms

) (abH)l

& [4(H/nor) sin(norL/ H) cos(norz/ H) 2L
g {Z[ dm)len ] * dm)leO }

Ul
[

(5.42)

The average value of (J,),, along the well length is

(Jxyza)y =<ablH>§:iC (lyrx> [lyz'(x +Rw)] <mzy,)

1=1m=0

e | 4(H/no) sin(nJrL/H)jg cos(nxrz/H)dz 2L
* nZ dm)tlan ’ dm)tlmO
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- (,ﬂ,%)ii cos(lJ;xl) cos [l”(x,; Rw)]co52<%y')

1=1m=0

& [4(H/nr)?sin(norL/ H) 2L
8 {Z[ dm-)tlan ] i dm)llmO }

n=1

B H* & lorx' lr(x' + Ry)| &,/ mxy
= <—abH.ﬂ'4>§COS< ; )cos[ - ]%cos <—b >

y {izu—cos(z;mL/H)] N 2721 }
= dun?*(n? + i, )L dmH? 5,

[ HP\ Lorx' lr(xX +Ry)| | &/ 2 , [ my'
_<abﬂ_4>§cos<7>cos[—a ]{%<a>cos <—b )
& 1 2nxL 1 1 2L
X{§<ume>[l‘c°s< i)l <_#>H#}

[ HP\ Lorx’ lyr(x’+Rw)] & 2 2<m7ry’>
_<ubﬂ_4>§cos< . >cos[ - mZ::(') i L cos 5
&1 cos(nrL/H) 1 cos(2narL/H) m2L?
X{Z[;_ n? T2 2+ u? AW
n=1 Him n +‘ulm
[ H*\ Lorx' lJr(x’+Rw)] & 2 2<m7ry’)
_<abﬂ_4>§cos< . >cos[ - mZ::o i L cos »
2@y () (Y
6 6 2 H 4 H
ar 1
— | =—— ) coth(puppor) - ( ——
[<2P‘1m > (ﬂ ) <2.u12m >]

x \cosh[pma(1-2L/H)] 1 w212
’ |:<2#lm> sinh (pgmar) - Zﬂlzm] } - <?> }’

(5.43)

where we use (5.22) and (5.25).
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Let x = 0, recast (5.26), we obtain

0

23 = () comiem),

-

gm = (%) coth(por).

(5.44)

So,

[ HP \ x' lr(x' + Ryw) | & 2 , [ mry'
(]xyz,a)w - <abﬂ_4>ZCO < ) COS[ P ]%<dm#lsz>Cos <T>
w2 L w?l? xil? T cosh [pmar(1 - 2L/H)]
x {< H H? - H? > " <2yzm>[ sinh (pp,r) _COth(ﬂlmx)]}
>i cos(lﬂ‘-lx,> cos [lyz'(x’; RW)]
= s , [ mry’ cosh [pymar (1 -2L/H)] ~
’ {mz <dm#?mL>COS ( b ) ’ { sinh (pm ) cotlyan)
2\ [/ 7L\ & cos?*(mary'/b)
+<f)< H >n;) 7,
os< ) [lyr(x +Rw)]
& T , [ mry cosh[pmar (1 -2L/H)|
x {mz< mﬂlmL>COS < 3 ) x { b () coth (pmar)
abr® b a2\ & cos(2mary'/b)
+H — th< ) + <—> —}
( H3] > a H mZ:O dm‘ulzm
H? & lorx' Ior(x' + Ry,)
<—abLyz-3>§COS< " >cos[ - ]
- 1 ) myry’) cosh [pymar (1 -2L/H)] ~
x {%<—dm#?m )cos < A x { S ) coth (pimar)
3 0 ! ! 3
+ <aIl;Iﬂ_4>Z cos(lyjlx > coslil]r(x ; RW), <aIZ§rZ > coth(lb%>
1=1

x?\ & cos(2mary'/b)
+ = — .
( H > mzf) A},

I
VRN
Q
S
=

|
VRN
Q
S
=
~_
TMs
o)
< |8
.

(5.45)
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Since

mi;o [Cos(Zmﬂy’/b) ]

dml’llzm
i cos(2mary' /b)
| dn [mz + (bl/a)2]

<ﬂ>{cosh[n'bl(1 -2y'/b)/a] }

sinh(7rbl/a)

(5.46)

(5 [ () () ()

< <i> In[1-exp(-2xy'/a)]
0

thus

H? \ & lrx' Lr(x' + Ry) | & 1 , [ mry'
(Jxyza)y = <abLm‘3>§COS<T> cos[ - ]%(dm#?m>cos <T>

cosh [por(1 - 2L/ H)]
* sinh (pymar)

e ! /
()32 con (7Y o2 ) o )
x /N1 a a a
H3 & lorx' Ir(x'+ Ry) | & 1 [/ mry'
= <W>§cos<7> COS[ " ]%(dm#lsm>cos <T>

cosh [por(1-2L/H)]
sinh (ppar)

- <%> ln{4 sin(yrzliw> sin[x(zx;; RW)] },

where we use the following formula [16, page 46]:

— coth (ppmar) }

(5.47)

— coth(pymr) }

n

i cos(nx) _ 1n[2 sin<§>], (5.48)
n=1
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and the following simplifications:

- <1> (lbyr> <lyrx’> [lyr(x'+Rw)]
Z — ) coth{ — ) cos cos
=\ a a a
> <1> <lyrx’> [lyr(x'+Rw)]
= - ) cos cos
=\ a a
1 . (TR, . [7r(2x + Ry)
= Eln{élsm( r >sm[ a ]}
For a fully penetrating well, L = H, (5.47) is simplified as

o)y =-( ) fasin(TE Y[ TR ) s

Recall (5.13), then

(5.49)

(]za + (]yza) + (]xyzu)
_/2HL\/1 L [I? 2b vy vy
_<3ab><§_ﬁ+ﬁ>+< ><6_E+2b2>

M ] co 2(mzry /b) | ( cosh[(mHx/b)(1-2L/H)] mHor
<aL.7r3>Z[ ]{ sinh(mHor/b) "COth< b )}

m=1

(ot ) [ B () B ()= ("5

cosh[pmar(1-2L/H)]
8 { sinh (pp,r) - coth (pmr) } }

(o) 250

(5.51)

Recall (4.28) and (4.40), the average wellbore pressure along the uniform line sink is

t

P,=——
@O abH

+ Jaw, (5.52)



Mathematical Problems in Engineering 27

then (4.41) becomes
Pa,v - Pa,w = ]a,v - ]a,w/ (553)
which implies P, — P, is independent of time.

6. Productivity Formula and Shape Factor Formula

Note that (5.53) is in dimensionless form, that is,
Pa,vD - Pa,wD = ]a,vD - ]a,wD' (61)

Formulas (4.26), (4.41), (5.1), (5.2), and (5.53) are in dimensionless forms, recall (4.26)
and obtain

IP-a,vD = 0/ ]a,‘uD = 0/ (62)

which implies

Payvp = Powp = —Jawp = — [M] (6.3)
HqB
In order to simplify the above formulas, let
Y, =a, X, =b, Y, =x, Xw =Y, (6.4)
then
Y.p =ap, X.p =bp, Yup = X7, XwD = Yp- (6.5)

Combining (3.6), (3.9), (5.13), (6.3), the pseudo-steady-state productivity formula for
a partially penetrating vertical well in an anisotropic closed box-shaped reservoir is obtained

27 (KK, "*H(P, - P,)/ (uB)
= FD 7

= 6.6
w A+ Sps (6.6)
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where P, is average reservoir pressure throughout the box-shaped drainage volume, P, is
average wellbore pressure, and

A <471'XeD> 1 Xuwp N X0
7'lYeD 6 ZXED 2X5D

(6.7)

_ In{4{sin[7r (2Yeyp + Rwp) /2Yep]|sin[orRywp /2Yep] }

1
5y = <4arHDLD ) LIS, i O, = S [ costmarXan/ Xen)
371XeDYeD 2 2 JTZT’IYEDLD el m3
y cosh|[(mxrHp/Xep) (1 -21)] ~ th(erHD>
sinh(marHp/Xep) 0 X.p

(6.8)

2H3 N
N . D ZCOS<lﬂ'YwD> Cos[lﬂ'(YwD + RwD)]
7*nXepYenLp /)15 Yep Yep

M h [ (1 -2
x> ! 5 cosz<erXwD> e [,#l 7(1-21)] — coth(pim) ¢ ¢,
=\ dmp XeD sinh ()

Im

where 7] is partial penetration factor defined in (2.3), Sps is pseudoskin factor due to partial
penetration, and

S ORCIR

In the above equations, M = N = 100 is sufficient to reach engineering accuracy.
For a fully penetrating well, L = H, then (6.8) reduces to

Sps = 0. (6.10)
If a fully penetrating vertical well located in a closed isotropic rectangular reservoir,

Sps=0, L,=H, K.=K,=K,=K. (6.11)
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Then (6.6) reduces to

20KH (Pa - Py)/ (uB)

_ ' ( , (6.12)
O - In{4sin[7r R,/ (2Y,)] sin(rY,/Y,)}

Quw

where

_ 4.71'Xe 1 1 Xw 1 Xw 2
o- (%, >[6 () 2(3) | 13
Note that for a rectangle, its area is A = X, Y,, recall (2.10), equate (2.10) to (6.12),

20KH (P, - Py)/ (uB) _ 27KH(P,-P,)/(uB)
© - In{4sin[7Ry/ (2Y)] sin(7Ye/Ye)}  (1/2)In[2.2458X.Y./(CaR%)]’

(6.14)

A new expression to calculate the Dietz shape factor is obtained by solving C, in
(6.14),

88.6657 f1sin®
2= fisin (xfs) (6.15)
exp(fi)
where
Xe Xu) _ Yw
fl—?e/ f2_ Xg, f3_ Ye’ (616)

2
fa=(87f1) <% - % + %> (6.17)

Formula (6.6) is recommended to calculate productivity index in pseudo-steady-state,
because it does not require the shape factor, and it is applicable to an off-center partially
penetrating vertical well in pseudo-steady-state arbitrarily located in an anisotropic box-
shaped reservoir.

So, the step-by-step derivations of pseudo-steady-state productivity formula and
shape factor formula which were published in [1, 2] have been given in the above sections.

7. Examples and Discussions

The following examples are given to calculate well productivity index, pseudoskin factor due
to partial penetration, and shape factor.

Example One

Use (6.6) to calculate productivity index of a partially penetrating vertical well in pseudo-
steady-state in a closed box-shaped anisotropic reservoir. The wellbore, reservoir, and fluid
properties data practical SI units are given in Table 1.
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Table 1: Wellbore, Reservoir, and Fluid Properties Data.

Reservoir length, X, 800 m
Reservoir width, Y, 200m
Payzone thickness, H 20m
Well location in x direction, X, 100 m
Well location in y direction, Yy, 50m
Producing well length, L, 10m
Wellbore radius, R, 0.1m
Permeability in x direction, K, 0.1 ym?
Permeability in y direction, K, 0.4 ym?
Permeability in z direction, K 0.025 um?
Oil viscosity, u 5.0mPa.s
Formation volume factor, B 1.25Rm?®/Sm?

Solution. The average permeability is
Ka = (0.1 % 0.4 x0.025)/% = 0.1 </1m2>. (7.1)

Using dimensionless transforms given by (3.7) through (3.10), we obtain

800 0.1\? 200 0.1\ 2

XeD = <ﬁ) X <O_l) = 80.0, YeD = <ﬁ> X <0_4> =10.0,
100 172 50 0.1\ 2

XD ( > < > =10.0, YwD—<E>x<ﬂ> =25,

20 0.1 \?
- (= — -4
Lo = (o 025) Hp <10> 8 <0.025> 0,
oy L o (T P Ny
~\(0.1 x 0.4)2 0.4 0.1 “ 2x10)
N=-—=05 1-27=0,

[y (Y (e, N\
Him =1\ 10 80 “\25 Ta00) -

(7.2)




Mathematical Problems in Engineering 31

Recalling (6.8), pseudoskin factor due to partial penetration can be expressed as

Sps =¥+ ¥ +¥3, (7.3)

where

4nHDLD> 1 1
Yo=(—" ) z-n+= ),
: <3nXeDYeD <2 177
2x2 100
= () 3 o (220
Jr ﬂYeDLD md XeD

y cosh[(mHpar/Xep)(1 - 21)] ~ th(mHDﬂ>
Sil’lh(mHDJl'/XeD) 0 XeD ’

(7.4)

2H} Y 1Y, 17 (Yo + R
Y = — D Zcos( i D)cos(—x( D+ D)>
7*nXepYepLlp /4 Yep Yep

& 1 o/ mrXep \ [ cosh[pmr (1 -21)]
_— - — coth (pim .
’ {%<dmﬂ?m>cos< Xep > sinh (pimr) ot finT)

Consequently,
W, _ 4xax40x2.0 8 1 1 . 1
17 \3%05x80x 10 2 2 2x22
=0.01047,

w, — 2 x 802
27\ 22x05x10x2.0
100
1 ,/10
X(fﬂzﬂ<$xCOS <%xn‘xm>

><< cosh(0) —coth<£ xxxm>)>>
sinh (4.0 x o x m/80.0) 80.0

=-10.92,
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2 x4.0° %0 o Ixar x25
III3_<m><o.5xsox10xz>xgcos( 10 >

o 2 o[ M X T X 10
493 32 ) XCOST\ Ty
o1 \ (4 x 12/25 + m? /400) 80

cosh(0) P’ m?
X —coth| rx\/4x —+ —
sinh(yr x \/4& x 2/25 + m? /400) 25 " 400

+< 125)>< cosh(0) B th< ><2><£>
8x D sinh(r x2x1/5)  COP\” 5

= -1.086,

Sps = 0.01047 + (~10.92) + (~1.086) = ~12.00.

(7.5)
Recalling (6.7), A is calculated by
A <4><.71'><8) N (1_ 1 N 1 )
- 0.5 6 2x8 2x8
B In(4 x sin(or x 0.0075/2 x 10) x sin(or x (0.0075 + 2 x 2.5) /2 x 10)) (7.6)

0.5
=27.52.

We use (6.6), Fp = 86.4 for practical SI units, the productivity index (the production
rate per unit pressure drawdown) in pseudo-steady-state of the given well is

864 x2x . x(0.1x0.4)"%x20/(5 x 1.25)

PI
2752 + (-12.00)

= 22.39 (Sm3/D/MPa). (7.7)

Example Two

Using the formulas given by Brons and Marting, Papatzacos, Bervaldier, calculate pseudoskin
factor of the well in Example One.
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Solution. If we use Brons and Marting’s pseudoskin factor formula, then

Ki = (K.K,)"? = (01x04)2 =02 (ym2>,

H\ /K,\"* /20 0.2 \?
hp = (R_w) (E) - <07> x <m> ~ 565.685,

(7.8)
G(n) =2.948 - 7.3637 + 11451 — 4.6757°
=2.948 — 7.363 x 0.5 + 11.45 x 0.5% — 4.675 x 0.5°
= 1.545,
thus from (2.4), we have
1
Sps = E -1 )[In(hp) - G(n)]
= ( 01—5 - 1) [In(565.685) — 1.545] (7.9)
=4.793.
If we use Papatzacos’s pseudoskin factor formula, then
h1 =0,
H 20
IP- = = = 0.
' m+0250, 0+025x10 8.0, (7.10)
¥, H 20 =2.667,

" h +075L, 0+0.75x 10

thus from (2.7), we have
/1 hp 1 1 P -1\"?
S‘”‘(E 1>1“< 2 )+<E>h‘[<2+n><%—1)
~ (i_1>1n<7rx565.685>+<i>1n < 0.5 )( 8.0-1 )1/2 (7.11)
~\05 2 0.5 2+0.5/\2.667 -1

= 5.006.

If we use Bervaldier’s pseudoskin factor formula, then

L,=10(m), R, =0.1(m), (7.12)



34 Mathematical Problems in Engineering

thus from (2.9), we have

2! In(L,/Ruw)
s = <E‘1>[1—Rw/LP ‘1]

(1 In(10/0.1) . (7.13)
‘(ﬁ >[1—0.1/1o ]
=3.652.

But the pseudoskin factor in Example One calculated by (6.8) is

Sps = ~12.0. (7.14)

Formulas (2.4), (2.7), and (2.9) cannot account for the effect of well location inside a
finite drainage volume on Sps. But (6.8) is applicable to a well arbitrarily located in a box-
shaped reservoir, Sy is a function of well location parameters X, and Yy, and Sps is also a
function of reservoir size parameters X, and Y,. This is the reason why significant differences
exist between S, calculated by (6.8) and Sy calculated by (2.4), (2.7), and (2.9).

Example Three

A fully penetrating vertical well is located at the center of an isotropic rectangular reservoir
with X, /Y, = 4, calculate the shape factor and compare with the corresponding shape factors
given by Dietz and Earlougher et al.

Solution. Since the well is located at the center of the rectangular reservoir with X,./Y, = 4,
use (6.16),

>
g

X, Yo
fl = ? = 4, fZ = = 05, f3 = T = 05, (715)

then

1 05 05

fa= (8 x 4) x <6 -5t > = 4.1888. (7.16)

Use (6.15), the shape factor is

_ 88.6657 x 4 x sin?(or x 0.5)
exp(4.1888) (7.17)
= 5.3783.

Ca

The corresponding shape factor given by Dietz [9] is C4 = 5.38, and C4 = 5.3790 given
by Earlougher et al. [10]. Thus, there does not exist significant difference between the shape
factor values calculated by our proposed formula and given by Dietz and Earlougher et al.,
which indicates that our proposed formula is reliable and reasonable accurate.
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More examples are given in [1, 2] to calculate productivity index and pseudoskin
factor due to partial penetration by using the proposed formulas, the values of shape factors
obtained by the methods of Dietz, Earlougher, and the proposed shape factor formula are
compared. The proposed formulas are shown to be reliable and reasonable accurate by the
examples in [1, 2], because the proposed equations are derived by solving analytically the
involved three-dimensional Laplace equation, they are a fast analytical tool to evaluate well
performance in pseudo-steady-state.

8. Summary and Conclusions
The summary and conclusions of this paper are given below.

(1) A pseudo-steady-state productivity formula for an off-center partially penetrating
vertical well in a closed box-shaped reservoir is presented.

(2) A formula for calculating pseudoskin factor due to partial penetration is presented;
the pseudoskin factor of a vertical well in a box-shaped reservoir is a function of
well location and reservoir size.

(3) The proposed formulas are reliable and reasonable accurate, because the proposed
formulas are derived by the orthogonal decomposition of Dirac function and
Green’s function to Laplace equation with homogeneous Neumann boundary
condition, they are a fast analytical tool to evaluate well performance in pseudo-
steady-state.
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