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This paper studies a linear regression model, whose errors are functional coefficient autoregressive
processes. Firstly, the quasi-maximum likelihood (QML) estimators of some unknown parameters
are given. Secondly, under general conditions, the asymptotic properties (existence, consistency,
and asymptotic distributions) of the QML estimators are investigated. These results extend those

of Maller (2003), White (1959), Brockwell and Davis (1987), and so on. Lastly, the validity and
feasibility of the method are illuminated by a simulation example and a real example.

1. Introduction

Consider the following linear regression model:
yt:xtTﬁ+gt, t=1,2,...,n, (1.1)

where ;s are scalar response variables, x;’s are explanatory variables, f is a d-dimensional
unknown parameter, and the ;s are functional coefficient autoregressive processes given as

€1 =11, & = ft(e)gt—l + Ht, t= 2/3/- - n, (12)

where 7,’s are independent and identically distributed random errors with zero mean and
finite variance o2, 0 is a one-dimensional unknown parameter and f;(6) is a real valued
function defined on a compact set © which contains the true value 6y as an inner point and is
a subset of R'. The values of 8, and ¢? are unknown.
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Model (1.1) includes many special cases, such as an ordinary linear regression model
when f;(0) = 0; see [1-11]. In the sequel, we always assume that f;(6) #0, for some 0 € ©, is
a linear regression model with constant coefficient autoregressive processes (when f;(0) =
0, see Maller [12], Pere [13], and Fuller [14]), time-dependent and functional coefficient
autoregressive processes (when f = 0, see Kwoun and Yajima [15]), constant coefficient
autoregressive processes (when fi(8) = 6 and f = 0, see White [16, 17], Hamilton [18],
Brockwell and Davis [19], and Abadir and Lucas [20]), time-dependent or time-varying
autoregressive processes (when f;(0) = a; and p = 0, see Carsoule and Franses [21], Azrak
and Mélard [22], and Dahlhaus [23]), and so forth.

Regression analysis is one of the most mature and widely applied branches of
statistics. Linear regression analysis is one of the most widely used statistical techniques.
Its applications occur in almost every field, including engineering, economics, the physical
sciences, management, life and biological sciences, and the social sciences. Linear regression
model is the most important and popular model in the statistical literature, which attracts
many statisticians to estimate the coefficients of the regression model. For the ordinary
linear regression model (when the errors are independent and identically distributed random
variables), Bai and Guo [1], Chen [2], Anderson and Taylor [3], Drygas [4], Gonzailez-
Rodriguez et al. [5], Hampel et al. [6], He [7], Cui [8], Durbin [9], Hoerl and Kennard [10], Li
and Yang [11], and Zhang et al. [24] used various estimation methods (Least squares estimate
method, robust estimation, biased estimation, and Bayes estimation) to obtain estimators of
the unknown parameters in (1.1) and discussed some large or small sample properties of
these estimators.

However, the independence assumption for the errors is not always appropriate in
applications, especially for sequentially collected economic and physical data, which often
exhibit evident dependence on the errors. Recently, linear regression with serially correlated
errors has attracted increasing attention from statisticians. One case of considerable interest is
that the errors are autoregressive processes and the asymptotic theory of this estimator was
developed by Hannan and Kavalieris [25]. Fox and Taqqu [26] established its asymptotic
normality in the case of long-memory stationary Gaussian observations errors. Giraitis
and Surgailis [27] extended this result to non-Gaussian linear sequences. The asymptotic
distribution of the maximum likelihood estimator was studied by Giraitis and Koul in
[28] and Koul in [29] when the errors are nonlinear instantaneous functions of a Gaussian
long-memory sequence. Koul and Surgailis [30] established the asymptotic normality of
the Whittle estimator in linear regression models with non-Gaussian long-memory moving
average errors. When the errors are Gaussian, or a function of Gaussian random variables that
are strictly stationary and long range dependent, Koul and Mukherjee [31] investigated the
linear model. Shiohama and Taniguchi [32] estimated the regression parameters in a linear
regression model with autoregressive process.

In addition to (constant or functional or random coefficient) autoregressive model, it
has gained much attention and has been applied to many fields, such as economics, physics,
geography, geology, biology, and agriculture. Fan and Yao [33], Berk [34], Hannan and
Kavalieris [35], Goldenshluger and Zeevi [36], Liebscher [37], An et al. [38], Elsebach [39],
Carsoule and Franses [21], Baran et al. [40], Distaso [41], and Harvill and Ray [42] used
various estimation methods (the least squares method, the Yule-Walker method, the method
of stochastic approximation, and robust estimation method) to obtain some estimators and
discussed their asymptotic properties, or investigated hypotheses testing.

This paper discusses the model (1.1)-(1.2) including stationary and explosive
processes. The organization of the paper is as follows. In Section 2 some estimators of 3,0,
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and ¢? are given by the quasi-maximum likelihood method. Under general conditions,
the existence and consistency the quasi-maximum likelihood estimators are investigated,
and asymptotic normality as well, in Section 3. Some preliminary lemmas are presented in
Section 4. The main proofs are presented in Section 5, with some examples in Section 6.

2. Estimation Method

Write the “true” model as

Yi :xtT,B0+et, t=1,2,...,n, (2.1)

e1=1m, e = fi(Bo)e1+1:, t=2,3,...,m, (2.2)

where f/(60) = (df:(0)/d0)|g-q, #0, and 1;’s are i.i.d errors with zero mean and finite variance
oz. Define [T fi-i(B0) = 1, and by (2.2) we have

-1
Z <H fi- l(eo>>m e 2.3)
0

Thus e; is measurable with respect to the o-field H generated by 71,15, ...,7:, and
t=1 /j-1
Ee; =0,  Var(e) =03, <H 2 i(90)>. (2.4)
7=0 \i=0

Assume at first that the 7,’s are i.i.d. N(0,0?). Using similar arguments to those of
Fuller [14] or Maller [12], we get the log-likelihood of y», 3, ..., y, conditional on y:

v, <,B, 0, o2> =logL, = —%(n -1)logo® - 2%‘2;:2:(& - ft(G)gH)2 - %(n -1)log(2r). (2.5)

At this stage we drop the normality assumption, but still maximize (2.5) to obtain QML
estimators, denoted by o2, Pn, 0y (When they exist):

?EZ = 112 S 42(& fi®ei1)’, (2.6)
6‘1’ th(H) (et — f1(0)er1) €, (2.7)
ov,

- %é(&— Fi(0)er1) (xi - fi(0)x11). (28)
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Thus 62, B, B, satisfy the following estimation equations:
R PN CETCHERY 29)
3@ £:(0,)a) £(8,)en =0, (2.10)
)éir) (xi - fi(8a)xi1) =0, @2.11)

where
=y — X! Bn. (2.12)

Remark 2.1. If f;(6) = 0O, then the above equations become the same as Maller’s [12].
Therefore, we extend the QML estimators of Maller [12].

To calculate the values of the QML estimators, we may use the grid search method,
steepest ascent method, Newton-Raphson method, and modified Newton-Raphson method.
In order to calculate in Section 6, we introduce the most popular modified Newton-Raphson
method proposed by Davidon-Fletcher-Powell (see Hamilton [18]).

—s(m) . —
Let (d+2) x 1vector 8 = (c™2, (™ () denote an estimator of 6 = (c2, §,0) that

—(m
has been calculated at the mth iteration, and let A(™ denote an estimation of [H(6 )]
—(m+1)
The new estimator 0 is given by

(m+1) (m) (m)
| sA"")g@ ) (2.13)

.. L. —(m) —s(m)
for s the positive scalar that maximizes ¥,,{6 ~ +sA™g(0 )}, where (d +2) x 1 vector

a‘Pnl
ﬁ G2=g(m)2
7" oW, C) o¥,
g( ) = op |p =pm) (214)
ov,
ae |9 00m)
and (d + 2) x (d + 2) symmetric matrix
o’¥, 0%, 0°¥,
2)2  0020p 00200
oy 3 (0) o a(;}fﬂ o
H(@ ) - =] T2 e, @19
0606 opop’  op
0’¥,

062
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where

azq"n n-1 1 n 5
9(02)? T oot E;(‘ft—ft(e)gt—l) ,

>V, n
ao-;I(;p - _$Z(Et - ft(e)gt—l) (Xt - ft(e)xt_1)T, (2.16)
t=2
0%y, 1 & ,
00200 _FZ(Q = fi(0)e1) £ (0),
=2
2 n
aaﬁggnT = _%Z(xt — f1(0)xe-1) (2 — ft(G)xt_l)T, (2.17)
t=2

2 n
% - ‘%ZU {(@)e1xe + f{(O)erxir = 2f(0) fi(O)xir€1-1),
t=2

(2.18)

’Y, = , . .,
S = (7@ + £OF©)ed, - fiOeiers).
t=2

—(m+1) . —(m+1) . .
Once 0 and the gradient at 0 have been calculated, a new estimation A™*D
is found from

A—6>(m+1) —(m+1) T
Am+1) — A(m) Alm (Ag(m+1)) (Ag(m+1))TA(m) < ) ( ) (2.19)
- B m T 4(m m B m+1 ! .
(agimm) Am(agm ) (agemny’ (a8

where

S8 LGV G g g@(’"”)) _ g<_9>(”‘)), (2.20)

It is well known that least squares estimators in ordinary linear regression model
are very good estimators, so a recursive algorithms procedure is to start the iteration with
BO, 2 which are least squares estimators of f and o?, respectively. Take 0 such that
F:(09) = 0. Iterations are stopped if some termination criterion is reached, for example, if

“3(%1) _—6>(m)
- <6, (2.21)

“ﬁ(m)

for some prechosen small number 6 > 0.
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Up to this point, we obtain the values of QML estimators when the function f;(0) =
f(t,0) is known. However, the function f;(0) is never the case in practice; we have to estimate
it. By (2.12) and (1.2), we obtain

F(£0.) ==, t=23,..n (2.22)

Based on the dataset { f (t, én),t =2,3,...,n}, we may obtain the estimation function f (t, én)
of f(t,0) by some smoothing methods (see Simonff [43], Fan and Yao [33], Green and
Silverman [44], Fan and Gijbels [45], etc.)

To obtain our results, the following conditions are sufficient.

(A1) X, = 311, x;x] is positive definite for sufficiently large n and

. T~-1 —
Jim max x X, xt =0, (2.23)
lim supl Al (X;l/zan;T/ 2) <1, (2.24)
n—oo

where Z,, = (1/2) Zf=2(xtxtT_1 + xt_lxtT) and |4, (-) denotes the maximum in absolute value
of the eigenvalues of a symmetric matrix.
(A2) There is a constant a > 0 such that

-1
t <i‘[ff_i<9>> <a (2.25)
=1 i=0

]

foranyt € {1,2,...,n} and 0 € ©.
(A3) The derivatives f;(0) = df;(0)/d0, f,(0) = df,(0)/dO exist and are bounded for
any fand 0 € ©.

Remark 2.2. Maller [12] applied the condition (Al), and Kwoun and Yajima [15] used the
conditions (A2) and (A3). Thus our conditions are general. (Al) delineates the class of x; for
which our results hold in the sense required. It is further discussed by Maller in [12]. Kwoun
and Yajima [15] call {e;} stable if Var(e;) is bounded. Thus (A2) implies that {e;} is stable.
However, {e;} is not stationary. In fact, by (2.3), we obtain that

k-1 K -2 trk=2
Cov(ey, eri) = Ug{HfHk—i(eO) + f1(80) | [fesk-i(B0) +---+ T [ fi-1(60) [ T frsr-i(60) },
=0 =0 =0 i=0
(2.26)

which is dependent of t.
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For ease of exposition, we will introduce the following notations which will be used
later in the paper.
Define (d + 1)-vector ¢ = (f,0), and

o¥, o¥, ov¥, B 0%y,
Su(p) = 0” By 02(%' W)’ F,(yp) = —0? BgoT (2.27)
By (2.7) and (2.8), we get
Xn(0) i(f[(e)ft—lxt + fi(0)erxi1 — 2£1(0) f1(0)x1-1611)
Fu(p) = =, , (2.28)
« X((FO+ £Of©)el, - £ O)cer)
t=2

where X, (0) = —-0%(0*¥,,/0p0Op") and the  indicates that the element is filled in by symmetry.
Thus,

Dy = E(Fa(p0))

Xn(GO) 0
Lo (200 + £(00) £100) ) E€2, - £ (@0)Eerern))
t=2
Xn(60) 0 (2.29)

x> f(60)Ee?
t=2

~ <Xn(90) 0 >
- * A (60,00))"

where

n n t—2 /j-1
Ay (00, 00) = th’z(eo)Ee?_l = OSth’z(@o)Z <Hff,-(9)> =O(n). (2.30)
=2 t=2 j=0 \ i=0

3. Statement of Main Results

Theorem 3.1. Suppose that conditions (A1)-(A3) hold. Then there is a sequence A, | 0 such that,
foreach A >0,as n — oo, the probability

P{there are estimators ¢, 64 with S,(¢,) =0, and ((ﬁn, 65) € N;(A)} — 1. (3.1)
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Furthermore,
((,Bn/ 6'5)—)}7 <(P0/ 0(%)/ n— OO, (32)
where, foreachn=1,2,...,A>0and A, € (0, oé) ; define neighborhoods

Nu(A) = {p € R¥" 2 (9 - 90) Dulip - o) < A2},

(3.3)
N (A) = N,y (A) N {02 € [og — A, 02 +An] }
Theorem 3.2. Suppose that conditions (A1)—(A3) hold. Then
lFT/Z(A ) (@n — 90)—pN(0, 1, 3.4
5. n" () (1 90)—pN(0,I41), n— oo. (3.4)

Remark 3.3. For 6 € R™,m € N, our results still hold.

In the following, we will investigate some special cases in the model (1.1)-(1.2).
Although the following results are directly obtained from Theorems 3.1 and 3.2, we discuss
these results in order to compare with the corresponding results.

Corollary 3.4. Let f;(0) = 0. If condition (A1) holds, then, for |8 #1, (3.1), (3.2), and (3.4) hold.
Remark 3.5. These results are the same as the corresponding results of Maller [12].

Corollary 3.6. If p = 0and f;(0) = 0, then, for | 0| #1,

\/ Z?=2 Sf_l

(6r-60)—pN(©O,1), n— oo, (3:9)
On
where
N 1 & ~ 2~ 3 (eE)
0'5 = — Et — engt—l ’ 9‘71 = - i . (36)
n- 1§< > Dl 5t2_1

Remark 3.7. These estimators are the same as the least squares estimators (see White [16]).
For |0] > 1, {&} are explosive processes. In the case, the corollary is the same as the results of
White [17]. While 0] < 1, notice that 62 — ,03 and (1/(n - 1)) 31, e* | — ,Ee; = 05/ (1-63),
and by Corollary 3.6 we obtain

\/ﬁ(én - 90>—>DN<0, 1- eg). (3.7)

The result was discussed by many authors, such as Fujikoshi and Ochi [46] and Brockwell
and Davis [19].
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Corollary 3.8. Let = 0. If conditions (A2) and (A3) hold, then

1/2(43
# <én - 90>—>DN(0,1), n— oo, (38)

where

t=2
(3.9)
L, 12 3 2
e DI CEFICHLEY
Corollary 3.9. Let f1(0) = a;. If condition (A1) holds, then
1 (o T/2
5 {Z(xt = apxp-1) (x¢ = atxtl)T} <[5n - ﬂo>ﬂDN(O, I;), n— 0. (3.10)
=

Remark 3.10. Let a; = 0. Note that 3|, x;x] = O(y/n) and 62— ,03; we easily obtain
asymptotic normality of the (quasi-)maximum likelihood or least squares estimator in
ordinary linear regression models from the corollary.

4. Some Lemmas
To prove Theorems 3.1 and 3.2, we first introduce the following lemmas.

Lemma 4.1. The matrix D, is positive definite for large enough n with E(S,(po)) = 0 and
Var(S,(¢o)) = 03Dy

Proof. It is easy to show that the matrix D,, is positive definite for large enough n. By (2.8), we
have

0§E<aa—q;;|p_ﬂ0> = tZ:l;E(et — fi(Bo)er-1) (xr — f1(60)xi1)

4.1)
= 3 (xt = fi(B0)xi1) En = 0.
=2
Note that e;_; and #; are independent of each other; thus by (2.7) and E#; = 0, we have
o f 0¥y n /
O'OE mlgzgo = ZE((Et - ft(Qo)et_l)ft (GO)et—l)
- 4.2)

= zn:ft,(GO)E(ﬂtet_l) =0.
t=2
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Hence, from (4.1) and (4.2),
oY oY
_ 2 n n _
E(Su(p0)) = 00E<a_ﬂ|p:ﬂor ¥|9:90> =0. (4.3)

By (2.8) and (2.17), we have

var( o3 5 ol SE Var{i@t ~ fiBo)ers) (xi - ft(eo>xt_1)}

=2
(4.4)
= Var{Z’lt(xt - ft(Go)xm)} = 05 X (60)-
=2
Note that { f;(60)n:e;-1, H} is a martingale difference sequence with
Var(f;(6o)n:ei-1) = (Qo)quEet =04 ft (GO)Eef_l, (4.5)
S0
o¥, < l
Var <0§w |9:90> = Var { PR IACHE }
= (4.6)

=

= > f*(Bo)Ee?, = 03 Au(o, 00).
t=2

By (2.7) and (2.8) and noting that e;_; and 7; are independent of each other, we have
ov, ov, ov,
COV<GO aﬂ Iﬂ ﬂo’ (% FY) |9 90> - E<GO aﬂ Iﬂ ﬂg' 3 90 IQ 90>
= E<ZTZ¢2 (x: — ft(GO)xt—l)ft,(QO)et—l>
t=2

n t-1 , (47)
+E ZTZt(xt —ft(eo)xt—l)ZHsfs(Qo)es—l
t=3 s=2

=

s-1
+ E<Z’l5f;(90)€s—1zflt(xt - ft(90)xt—1)>
t=2

5=3

=0.

From (4.4)-(4.7), it follows that Var(S,(¢o)) = 0 Dy. O
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Lemma 4.2. If condition (A1) holds, then, for any 6 € ©, the matrix X,,(0) is positive definite for
large enough n, and

lim max x! X;,'(0)x; = 0. (4.8)

n—oo 1<t<n

Proof. Let A1 and A4 be the smallest and largest roots of |Z, — AX,,| = 0. Then from the study
of Rao in [47, Ex 22.1],

ul' Z,u
A < <A 49
1< (49)

for unit vectors u. Thus by (2.24), there are some 6 € (max{0,1 — (1 + miny<n
ff(6)|)/mangt§n|ft(6)|}, 1) and ny(6) such that n > Ny implies that

|uTZnu < (1-6)u"Xpu. (4.10)

By (4.10), we have

M=

uTXnu =

(4 (= fi@)xi) )

i
N

M=

((uTxt>2 + f2(6) <uTxt—1>2 - fiO@)u" xpx]u - ft(e)”TxtxtT—1“>

t=2
n > . n 2
> ; (uTxt> + min f2(0) |§ <uTxt_1> - 52%>é|ft(9) |u” Z,u @11)

> T . | 2 ' T _ T
>u Xnu+§ngtlsrrll f2(0)|u' Xyu 121;%>2|ft(6)|u Zuu

> (1 + gnstisr}z|ft2(6)| ~max| £,(6)| (1 - 6)>uTXnu

=C(0,6)u X,u.

By the study of Rao in [47, page 60] and (2.23), we have

(”Txt)2
vy O (4.12)
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From (4.12) and C(6,6) > 0,

~ (uTxt)2 (uTxt)2
Tyv-1/0y _ Il VA I .
* X (0) = sl,ip<uTXn(6)u . S‘ip C(0,6)u’ X,u 0 (4.13)
]

Lemma 4.3 (see [48]). Let W), be a symmetric random matrix with eigenvalues \j(n),1 < j < d.
Then

Wy—pl & Aj(n)—p1, n— co. (4.14)
Lemma 4.4. For each A >0,
sup |0, 2R (9)D,% - @, | —0, 1 — oo, (4.15)
9EN,(A)
and also
@, —p®, (4.16)
. . . . . -1/2 -T/2 < —
}Er}) 11f4njip ln;:s;:p P{thII\II},f(A))me (Dn F.(y)D;, ) < C} 0, (4.17)
where
I 0
O=| | LSO, | =l (418)
A1’1(60/ 00)

Proof. Let X,,(6p) = XV Z(GO)X,Z/ 2(69) be a square root decomposition of X, (6y). Then

D, = <X'11/2(90) 0 ><X£/2(90) 0 > = D}/*D}/>. (4.19)
*  /Au(B0,00) * /Bu(B0,00)

Let ¢ € N,(A). Then

(9~ 90) D9~ o) = (B~ o) Xn(00) (B~ Po) + (6 — 60)*An(6o, 00) < A2. (4.20)
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From (2.28), (2.29), and (4.18),

D;2F,(9) D, - @,

X—l/Z(QO)X (B)X_T/Z(QO) _ Id le/Z(QO) Z?ZZ (.ft,(e)gt—lxt + ftl (e)gtxt_l - 2ft (e)ft,(e)et_lxt_1>

_ V AH(QO/ 00)
SL((f2O) + 0)f/(0))el, - fO)zier) - SiLa £ O0)el,
*
VA, (6o, 00)
(4.21)
Let
Prav_ g, T<1/2 2 _ 2
Ny =18 |(B- o) X1/2(00)| < 4%, (422)
N9(A) = {9:|9—90|3L}. (4.23)
VA (6o, 00)
In the first step, we will show that, for each A >0,
sup || X;;/2(00)X,(6)X;,/%(80) - Lul| — 0, n— oo. (4.24)
0eNY(A)
In fact, note that
X2 (60) X, (0)X,,7/%(60) — 1o = X;,"*(60) (X (6) — Xu(60))X;,"*(60)
(4.25)
= X;V2(00)(Ty + T» — T3) X, 7/%(60),
where
Ty = > (fi(Bo) - £1(8))xet (xt — f1(B0)xi) T,
t=2
T = (xi = fi(Bo)xi1)x) ;. (4.26)
t=2

T = 3 ((60) - fi(0) T .
t=2
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Let u,v € R%, |u| = |v| = 1, and let u! = u”X,"*(6)), v} = X;"/*(6p)v. By Cauchy-
Schwartz inequality, Lemma 4.2, condition (A3), and noting that 0 € N{(A), we have that

T
u, T1o,

S (i(8) - £(8)) i1 (x1 — £o(B0) i) 0
t=2

Sg@lﬁ(%) ~ fu(0)]

Stulxi (xi — fi(60)x1-1) v
=2

n 1/2
< g&ﬁft(eo) - fi(0)] <§u£xt_1xf_1un>
n 1/2
) (Zv,{ (xt = f1(B0)xt-1) (xt — fi (Qo)xu)Tvn) (4.27)
=2

n 1/2
< 522’,5' ft(6o) - f1(0)] <§u£xtxtTun>

< max
2<t<n

/ n

Here 0 = af + (1 - a)6y for some 0 < a < 1. Similar to the proof of T}, we easily obtain that

£(8)]160 - 01- v/ max (] X, (80)qx,)

ul T,v,| — 0. (4.28)

By Cauchy-Schwartz inequality, Lemma 4.2, condition (A3), and noting that N¢(A), we have
that

T
u, Tzv,

uLS (f1(60) — Fr(6)) 522" 1o
t=2

Y Y 1/2
2 T, . T T, T
< ?ggﬁft(eo) - f:(0)| <t§2unxtxt Uy, tzgzvnxtxt vn>

(4.29)
- |2
< nmax fi <9>| |60 — 9|2?;%§<fo;1(90)&>
nA?
< ——— .
T A, 90,00)0(1) —0

Hence, (4.24) follows from (4.25)—(4.29).
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In the second step, we will show that

X, 2(60) S0, (F1(O)er1x: + f1(O)erxi — 2£+(0) F1(0)er1x1-1) R
/A (B0, 00)

0.

Note that
e =yi—x{p=x{(fo-p)+e,
&1 — fi(B0)er = (xi — fi(B0)xi1)” (Bo — B) + 111
Consider
J= Z(ft,(e)gt—lxt + ft’(e)gtxt—l - th(e)ftl(e)gt—lxt—l)
t=2
= Z(&—lﬂ(e) (xt _ft(GO)xt—l) + ft,(e) (Et - ft(90)€t—1)xt—1)
t=2
+2£1(0) (f1(B0) = f1(0))€r-1x11
=T1+T,+ T3+ Ty +2T5 + 2T,
where

T, = ;xtT_lftl(e) (Bo — PB) (xt = f1(Bo)xt-1), T, = éf;(e)et—l (>t = fr(60)x1-1),

Ts = > f1(6)(x: - Fi(B0)xe1)" (Bo = B)xi1, Ty = fi(O)mxiy,
t=2 t=2

15

(4.30)

(4.31)

(4.32)

Ts = > fi(0)(fi(6o) = f1(0))x (fo = B)xi-1,  To = D fi(O)(fi(60) = fi(6))er-1xi-1.
t=2 t=2

For Nﬁ (A) and each A > 0, we have

(60— B | = (B B) X100 X, (O] X,172(80) X2 (60) (B~ )
< max (xtTX,Zl (Go)xt) (Bo - B)" Xu(60) (B0 - B)

< A? max(xtTX;1 (Go)xt>.

1<t<n

(4.33)

(4.34)
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By (4.34) and Lemma 4.2, we have

sup max (ﬁo—ﬁ)Txti —0, n— o0, A>0.

p 1<t<n
BEN;(A)

Using Cauchy-Schwartz inequality, condition (A3), and (4.35), we obtain

uyTy = > upxi (Bo— B) f1(0) (x = f1(80)xi1)
t=2

< {i(xf_lmo —ﬂ))z}m

t=2

n 1/2
X {Z( ;2(6)u£<xt — f(B0)x1-1) (x¢ —ft(eo)xt_l)Tun>2}

t=2

< \/ﬁ{nax

<t<n

(Po—$)"x:|max| £,(0)]

=o(v/n).
Let
am = uy £1(0) (xt — fi(B0)xi-1)-
Then from Lemma 4.2,

2 12
max a;, = max 0 |
2<t<n 2§t§n|f ¢ (0)

x max{u” (x — £1(00)x1-1) X, (80) (xt — f1(B0)x1-1) u}

2<t<n

=o(1).

(4.35)

(4.36)

(4.37)

(4.38)
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By condition (A2) and (4.38), we have

Var<u£T2> = Var

n n
Zamet1> = Var <Zamet1>

t=2

n-1 n t=j-1
= Var 1; < > am [ | fi-i(6o)
i1 \Se =0

n-1 n t=j-1
-2y < > o] ff_iwo)) (439

<ack grglg)ﬁamm =o(n).
Thus by Chebychev inequality and (4.39),
u,T> = 0,(v/n). (4.40)
Using the similar argument as T;, we obtain that
ulTs = o, (V/n). (4.41)
Using the similar argument as T,, we obtain that
upTy=o0,(vn),  upTe=o0,(Vn). (4.42)

By Cauchy-Schwartz inequality, (4.35), and (4.27), we get

uyTs = D f16) (fi(B0) = f1(6))x] 4 (o — B)uf i1
t=2

L )1 ) 1/2
: { 2SOV (600 = £10)*(xls (o= ) 3] (1) }

t=2

(4.43)
n n 1/2
< s @ s @) s -01-{ 3,009 S ('
< CL\/ﬁo(l) =o(v/n).

B V AH(GOI 00)

Thus (4.30) follows immediately from (4.32), (4.36), and (4.40)—(4.43).
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In the third step, we will show that

SE((F20) + fO f(O)ely ~ fl O)eier) ~ Sia £ (B0)el,

NEW D) —p0.
Let
1= (70 + fOF©)ek - i @eien) - 7 O0ek,
Then
J=2((£2@) + fOF©)el, - f1O) (fl®)err + m)err) - gff(eo)e%_l

fEO) - £ O)mer - f O0)el |

M= M= TM-

{
{2G@-p) (PO en) e

T
N]

+ i{zﬂz(@o)xﬁl (Bo = B)er1 — £ ©0)x], (Bo — B)mer — £ (Bo) e |

t=2

ZTl +T2+2T3—T4—T5.
By (4.34), it is easy to show that
Ty = o(n).

From condition (A3), (2.30), and (4.23), we obtain that
2
ETl= | (570) - 1760 Bt

~ 0) + f,(6
-0 e

> (o)
= ()<W>'I@—eomn<emoo>
f1(0) + £1(60)
Sglgtas)ri ft( >< t (Qt) >'\/mAn(GOIO'O)

= o( A,,(Go,oo)).

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)
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Hence, by Markov inequality,

T =0, <\/An(90,00)>. (4.49)

Using the similar argument as (4.40), we easily obtain that

T3 = 0,(V/n). (4.50)
By Markov inequality and noting that
Var(Ty) < onmax| £/ (0)[* gggg(x? (Bo—B)) = o(m), (4.51)
we have that
Ty = 0,(V/n). (4.52)

Using the similar argument as (4.6), we easily obtain that

Ts = O, <\/ An(90,00)>. (4.53)

Hence, (4.44) follows immediately from (4.46), (4.47), and (4.49)—(4.53).
This completes the proof of (4.15) from (4.21), (4.24), (4.30), and (4.44). To prove (4.16),
we need to show that

n 12 2
thz f(te(e(c;))et_l ol 1o, (4.54)
n\Y0, 00

This follows immediately from (2.27) and Markov inequality.
Finally, we will prove (4.17). By (4.15) and (4.16), we have

D,'?F(¢)D;"*—l, n— oo, (4.55)
uniformly in ¢ € N, (A) for each A > 0. Thus, by Lemma 4.3,
Amin (D,;l/ 2F(p)D;" Z)ﬁpl, 7 — oo, (4.56)

This implies (4.17). O
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Lemma 4.5 (see [49]). Let {Syi, Fni, 1 <i < ky,n > 1} be a zero-mean, square-integrable martingale

array with differences X,;, and let n/* be an a.s. finite random variable. Suppose that 3; E{X21(1Xi| >
€) | Fpic1}) =0, forall e — 0,and 3; E{X?, | Fyi_1} — p1*. Then

Suk, = 2 Xni—DZ, (4.57)

where the r.v. Z has characteristic function E{exp(—(1/2)n?t?)}.

5. Proof of Theorems
5.1. Proof of Theorem 3.1

Take A > 0, let
M, (A) = {(p € R . (p- (pO)TDn((p —g) = AZ} (5.1)

be the boundary of N,(A), and let ¢ € M, (A). Using (2.27) and Taylor expansion, for each
o2 > 0, we have

0¥, (o, 0%) 1 0°¥, (o, 0°)
P (‘/)/ 02) =¥y <<P0/ 02) + (- ‘PO)TT +5(p- ‘PO)TWw ~ o) .

= W (90.0%) + (9= 90) Su(90) — 505 (9~ 90) Ea(P) (9~ 1),

where ¢ = ap + (1 — a)gpo for some 0 < a < 1.

Let Q,(¢) = (1/2)(¢ — 90) " Fu(§) (¢ — o) and v,(p) = (1/A)DE? (g - ¢p). Take ¢ > 0
and ¢ € M, (A), and by (5.2) we obtain that

P{‘Pn <(p, 0'2> >y, <(p0,02> for some ¢ € Mn(A)}
< P{ (9 - 90)" Su(90) > Qu(9), Qu(9) > cA for some ¢ € Mn(A)}
+ P{Qn (¢) < cA? for some ¢ € Mn(A)}
(5.3)
< P{vz (9)D;,'/%S,, (o) > cA for some ¢ € Mn(A)}

+ P{vz (9) D, 2F, () D, v, (p) < c for some ¢ € M, (A)}

< P{ |D;1/25n((p0)| > cA} + P{lpeji\rl}jA)/\mm (Dgl/an(cﬁ)D;m) < c}.
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By Lemma 4.1 and Chebychev inequality, we obtain

Var(D_l/zs ((p0)> P
-1/2 noon _ 9 (5.4)
P{ D; Sn((p0)| > cA} < T = 5
Let A — oo, then ¢ | 0, and using (4.17), we have
; . -1/2 )D-T/2) < —
P{weﬁfm)xm (D72Fu(§)D;"?) < c} 0. (5.5)

By (5.3)-(5.5), we have

lim liminf P{¥,(p,0%) < ¥, (p0,0?) Yp € Mu(A)} = 1. (5.6)

By Lemma 4.3, Anin(X,(69)) — oo asn — oo. Hence Amin(D,) — oo. Moreover, from (4.17),
we have

peinf  Amin (Fa(9))—poo- (5.7)

This implies that ¥, (¢, 0?) is concave on N, (A). Noting this fact and (5.6), we get

Alil%o liﬂEfP{wei};}?A)‘Pn <(p, 02> <%, <(p0, 02>,‘Pn ((p, 02> is concave on Nn(A)} =1

(5.8)

On the event in the brackets, the continuous function ¥, (¢, 0?) has a unique maximum in ¢
over the compact neighborhood N, (A). Hence

Alim liminf P{S,(¢.(A)) =0 for a unique ¢,(A) € N,(A)} =1. (5.9)

Moreover, there is a sequence A, — oo such that ¢, = ¢(A,) satisfies

lim ian{Sn (¢n) = 0 and ¢, maximizes ¥, <(p, 02> uniquely in N, (A)} =1 (5.10)

n— oo

Thus the ¢, = (ﬁn, én) is a QML estimator for ¢y. It is clearly consistent, and

lim lim inf P{@, € N, (A)} = 1. (5.11)

A— o0 n—ow

Since ¢, = (ﬁn, én) is a QML estimator for ¢, 62 is a QML estimator for oé from (2.9).
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To complete the proof, we will show that 62 — oé asn — oo.If ¢, € N,(A), then

B € NE(A) and 6, € N9(A). By (2.12) and (2.1), we have
& — fi (én>§t—1 = <.7Ct - fi (§n>xt—1>T<ﬁo —ﬁn> + (et - fi <§net_1>>. (5.12)

By (2.9), (2.11), and (5.12), we have

(5.13)

From (5.12), it follows that
n 2

S (- 5(8)xa) (1r-B) | = 35(a - (Br)eir)’

n
t=2 t=2

_z;;; f@nxi) " (o= ) (e - £i(Ba)ern)

+ Z( ~ £(0,)eir)

(5.14)

From (2.2),

S (et £1(8)er)” = S (F@osers — (B, )err)

=2

~

M- 1M

1+ 2i <ft(90) ~ fi (én))ntetfl (5.15)
t=2

i
N

+ i (fi(00) - ft(@))zef_l-

t=2
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By (5.13)—(5.15), we have

113 = 3 (e i(Ba)ens) - 35 ((x A(8)w) (-5

=2 t=2

2+2§(ﬁ(90) fi(0 n))memZ(ft(@o) fi(e ))
-5 (0= @) (=)

=T1 +2T2+T3—T4.

I
M=
=

-~
1l
N

By the law of large numbers,

1 1 &
T:—E 2 02, as. (n— o).
1= 1; oy, as.(n )

Since {(f:(6o) — ft(én))met_l, H;_1} is a martingale difference sequence with

Var{ (ft(eo) — fi <én>>71tet—1} = <ft(90) ~f <§n>>20§Eef_1,
Var(T) = iE«ﬁ(QO) - ft<§">>71t€t_1>2

=t (00) - £:(8:)) Bt

t=2

= ZZ <>< ~6.) 0 B,

/(o)
2 f t 5\ 2
=% 7 (90) |<9 = 0u)[ 2 (60, 0)
<CA?
By Chebychev inequality, we have
1

— 1T2%p0, (n — o0).

By Markov inequality and noting that ET; < CA?, we obtain that

— 1T3%p0, (n — o0).

23

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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Write

n

= Z((xt ft(B0)xi-1) ( ~ P > + <ft(90) ft( "))xfT-l(ﬂO _ﬁ">>2
(100~ 7(6:)) (<2 (1o~ )

+2Z(xt f@0)xi)" (Bo = ) (f:(B0) = £:(B) )1 (o - )

N

M=

fo— ) Xu(00) (Bo— ) +

1l
N

Il
N

=L +1, +2I5.

Noting that € NS(A), we have
L =0,(1), (n— o).

By (4.34) and condition (A3), we have

ann;g>,g|f£(§)|2|90—

11l < max|l (B~ )

By (4.34), condition (A3), and Cauchy-Schwartz inequality, we have

n

P < 3% (Bo =) (e fl@0)mn) (e~ ful0)ir) (fo )

t=2

33000 - (81)) (<2 (o))
< (B0 Bn) Xa(@0) (o~ Pu)nmax| 7/ @) |6 -0
-max|x_, (fo - B
SOp(l)nWZ)o(l) op(1).

By (5.21)—(5.24), we obtain

1
— 1T4ﬂp0, (n — o0).

~ 12
Gn :O(l), (Tl—>oo)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

From (5.16), (5.17), (5.19), (5.20), and (5.25), we have G2 — o;. We therefore complete the

proof of Theorem 3.1.
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5.2, Proof of Theorem 3.2

It is easy to know that S,,(¢,) = 0 and F,(¢,) is nonsingular from Theorem 3.1. By Taylor’s
expansion, we have

0=S5,(¢n) = Sn(o) = Fu(Pn) (¢ — o). (5.26)
Since ¢, € N, (A), also ¢, € N,,(A). By (4.15), we have

Fu(n) = Dy/2(®, + A,) D)2, (527)
where A, is a symmetric matrix with A,— p0. By (5.26) and (5.27), we have

~ \ -1
DI(§n =) = DI *E 3)Su(0) = (®u+ Au) D;Su(po).  (528)

Similar to (5.27), we have

Fu(¢n) = DY/*(®, + A, ) DI/ = (D}/Z(qnn ¥ An)1/2> ((@n LA 2D5/2>

= F/2(@n) 3/ (9n)-

Here A, — 0. By (5.28), (5.29), and noting that o2 —>p0'§ and D;l/ZSn((po) = 0,(1), we obtain
that

~ \1/2 o \ -1
Fr{/z(‘ﬁn) (@n —0) B (q)” + A") (q)n + An) D,'?s, (¢0)

On On (5.30)
CD;UZD,;UZS,[ ((PO)

= + 1).
o Op()

From (2.7) and (2.8), we have

il 00

Sn(90) 1 <iﬂt(xt_ft(QO)xt—l)'ift,(eo)rltet—l>- (5.31)
t=2 t=2
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From (2.29) and (4.18), we have

/1 0 X.%0) 0

@;UZD;UZ = 0 AH(GOI O'0) 0 1
\ S fi2(B0)e?, Va0 00) (5.32)

5.32
/X" (60) 0
\ St fR60e,
By (5.30)—(5.32), we have
(I);l/ZD;l/zSn 1 n i f1(0 €t-
- ((PO) - = ZﬂtX;1/2 (90) (xt _ ft (eo)xt_l), Zt_2 ft( 20)71t -1 (533)
0 =2 i fi (90)32271

Let u € R? with |u| = 1, and ay, = uX;"*(60) (x; — £1(60)x¢_1). Then maxocs<n s = 0(1),
and we will consider the limiting distribution of the following 2-vector:

i Gt i f1(B0) e

t=2 \/ Zt Zf (Go)et 1

By Cramer-Wold device, it will suffice to find the asymptotic distribution of the following
random:

(5.34)

- U1 A us f{(6o)er—1 > u
i + = ) mm(n), (5.35)
; < 00 00\ An(60, 00) ;

where (u1,u;) € R? with u% + u% = 1. Note that E{m;m;(n) | Hi—1} = 0, so the sums in (5.35)
are partial sums of a martingale triangular array with respect to { H;}, and we will verify the
Lindeberg conditions for their convergence to normality as follows:

ZE<71tmt (n) | Hi- 1> = O'ozmt (n)

t=2

n

2 2 2uy 1ty
=uj ) ap, + —th(eo)amet_

= VA4 (60, 00) 12 (5.36)

s o) 2 Zf (Bo)e

=ul + op(1) + u; =1+ op(1).
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Noting that maxlstgn(ef /n) = 0p(1) and maxa<i<pasm = 0(1), we obtain that

Ui Ay us f{(6o)es-1
< —n — L | = . :
U el B ey i 537

Hence, for given 6 > 0, there is a set whose probability approaches 1 as # — oo on which
maxo<i<u|m;(n)| < 6. On this event, for any ¢ > 0,

ZE{qutz(n)I(tht(nﬂ >c) | Ht—l} = Z’[ vidp{|mmi(n)| <y | Hi1}

t=2 t=2
= 2,mi(m) yiap{|m| <y | Hia}
t=2 c/my(n)
(5.38)
< Zm?(n)f ydp{|m| <y | Hia)
t=2 c/6
=05 mtz(n) =050,(1) — 0, n— co.
=2
Here o5 — 0as 6 — 0. This verifies the Lindeberg conditions, and by Lemma 4.5
> mimy(n)—pN(0,1). (5.39)

t=2

Thus we complete the proof of Theorem 3.2.

6. Numerical Examples
6.1. Simulation Example

We will simulate a regression model (1.1), where x; = £/20, p=3.5, t =1,2,...,100, and the
random errors

1. /o
Er = Esln<5t+9>5t71 +Tlt, (61)

where 0 = 2,1 ~ N(0,1).

By the ordinary least squares method, we obtain the least squares estimators frs =
3.5136, and 674 = 1.0347. So we take p(© = 3.5136,0(02 = 1.0347, 6 = /2, and 6 = 0.01.
Therefore, using the iterative computing method, we obtain

1) )
6 = (1.0159,3.5076,1.6573)T, 6 = (1.0283,3.5076,1.7599)". (6.2)
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I ) QG R . ) .
Since |8 -6 ||/]|6 | <0.01, the QML estimators of 3,6, and o* are given by

62=10283,  B,=35076, 0,=1759. (6.3)

These values closely approximate their true values, so our method is successful,
especially in estimating the parameters ff and 0.

6.2. Empirical Example

We will use the data studied by Fuller in [14]. The data pertain to the consumption of spirits
in the United Kingdom from 1870 to 1983. The dependent variable y; is the annual per capita
consumption of spirits in the United Kingdom. The explanatory variables x;; and x;, are per
capita income and price of spirits, respectively, both deflated by a general price index. All
data are in logarithms. The model suggested by Prest can be written as

Y = Po + Prxn + Poxp + Paxis + Paxs + &, (6.4)

where 1869 is the origin for t, x;3 = t/100, and x4 = (f — 35)2/ 10%, and assuming that & is a
stationary time series.
Fuller [14] obtained the estimated generalized least squares equation

gt =236+ 0.72xt1 - O.SOXQ - O.81xt3 - 0.92xt4,

(6.5)
Er = 0.7633€t_1 + 1,
where 7; is a sequence of uncorrelated (0,0.000417) random variables.
Using our method, we obtain the following models:
Yr = 2.3607 + 0.7437x41 — 0.8210x — 0.7857x3 — 0.9178x44,
(6.6)

& = (0.70054 + 0.00424t) g1 + 11,

where 7 is a sequence of uncorrelated (0,0.000413) random variables.

By the models (6.6), the residual mean square is 0.000413, which is smaller than
0.000417 calculated by the models (6.5).

From the above examples, it can be seen that our method is successful and valid.
However, a further discussion of fitting the function f;(6) is needed so that we can find a
good method to use in practical applications.
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