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By using the fixed point theorem, positive solutions of nonlinear eigenvalue problems for a
nonlocal fractional differential equation Dg, u(t) + Xa(t) f(t,u(t)) =0, 0 <t <1, u(0) =0, u(l) =
Z?jlaiu(gi) are considered, where 1 < a < 2 is a real number, \ is a positive parameter, Dg, is the
standard Riemann-Liouville differentiation, and ¢ € (0,1),a; € [0,00) with Zizla@f’l < 1,
a(t) € C([0,1],[0,0)), f(t,u) € C([0, ), [0, 0)).

1. Introduction

Fractional differential equations have been of great interest recently. This is caused both by the
intensive development of the theory of fractional calculus itself and by the applications of
such constructions in various sciences such as physics, mechanics, chemistry, and engineer-
ing. For details, see [1-6] and references therein.

Recently, many results were obtained dealing with the existence and multiplicity of
solutions of nonlinear fractional differential equations by the use of techniques of nonlinear
analysis, see [7-21] and the reference therein. Bai and Lii [7] studied the existence of positive
solutions of nonlinear fractional differential equation

Df,u(t) + f(t,u(t)) =0, 0<t<l,
(1.1)
u(0) =u(l) =0,

where 1 < a < 2 is a real number, D, is the standard Riemann-Liouville differentiation, and
f:10,1]x[0,0) — [0, 00) is continuous. They derived the corresponding Green function and
obtained some properties as follows.
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Proposition 1.1. Green’s function G(t, s) satisfies the following conditions:

(R1) G(t,s) € C([0,1] x [0,1]), and G(¢t,s) > 0 for t,s € (0,1);
(R2) there exists a positive function y € C(0,1) such that

1/4{21;;/4G(t,5) > y(s) Brgl;aSa(G(t,s) >y(s)G(s,s), s€(0,1), (1.2)
where
CD) el Gl 0<s<t<l1
I(a) oo
G(t,s) = Hd - 5] (1.3)
-s

It is well known that the cone plays a very important role in applying Green’s function
in research area. In [7], the authors cannot acquire a positive constant taken instead of the role
of positive function y(s) with 1 < a < 2in (1.2). In [9], Jiang and Yuan obtained some new pro-
perties of the Green function and established a new cone. The results can be stated as follows.

Proposition 1.2. Green’s function G(t,s) defined by (1.3) has the following properties: G(t,s) =
G(l-s,1-t)and

T*(__a;t“—lu_t)(l_s)“*lssG(t,s>Sﬁt“—l(l—t)(l—s)“, wse@D. 14

Proposition 1.3. The function G*(t,s) := t*"*G(t, s) has the following properties:

q(t)D(s) < G*(t,s) <D(s), Vtse[0,1], (1.5)

where q(t) = (a —1)t(1 —t), D(s) = (1/T(a))s(1 - s)* L.

In this paper, we study the existence of positive solutions of nonlinear eigenvalue pro-
blems for a nonlocal fractional differential equation

Dg,u(t) + Aa(t)f(t,u(t)) =0, 0<t<l,

o (1.6)
u(0)=0,  u(l)=>au),

i=1

where 1 < a <2 is a real number, A is a positive parameter, D, is the standard Riemann-Lio-

uville differentiation, and ¢; € (0,1), a; € [0, 00) with Zizlaigl.”“l < 1,a(t) € C([0,1], [0,00)),

f(t,u) € C([0, ), [0,00)).

We assume the following conditions hold throughout the paper:

(H1) ¢, € (0,1), a; € [0,00) are both constants with ijl[xi(jl‘."’l <1
(H2) a(t) € C([0,1], [0,0)), a(t) £0;
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(H3) f(t,u) € C([0,1] x [0,00),[0,0)), and there exist g € C([0,+0), [0, +0)),q1,92 €
C((0,1),(0,+00)) such that

n(0gW) < f(t£7y) <qpBg(y), te©1), ye0+o), (1.7)

where f; gi(s)ds < +o0,i=1,2.

2. The Preliminary Lemmas

For the convenience of the reader, we present here the necessary definitions from fractional
calculus theory. These definitions can be found in the recent literature.

Definition 2.1. The fractional integral of order a > 0 of a function y : (0,00) — R is given by
1 1
IS, y(t =—j t—s)""y(s)ds 2.1
0¥ =7y | E=9" V) (2.1)

provided the right side is pointwise defined on (0, o).

Definition 2.2. The fractional derivative of order a > 0 of a function y : (0,0) — R is given
by

e oL (AN _y()
D590~ iy (@) [, 22

where n = [a] + 1, provided the right side is pointwise defined on (0, o).

Lemma 2.3. Let a > 0. If one assumes u € C(0,1) N L(0, 1), then the fractional differential equation
Dg,u(t) =0 (2.3)

has u(t) = C1t* 1+ Cot* 2 +-- -+ Cnt* N, C;€R, i=1,2,...,N, where N is the smallest integer
greater than or equal to a, as unique solutions.

Lemma 2.4. Assume that u € C(0,1)NL(0, 1) with a fractional derivative of order a > 0 that belongs
tou e C(0,1)NL(0,1). Then

I8, DS u(t) = u(t) + Cit" 1 + Cot* 2 + -+ + Ct™ N (2.4)
forsomeC;eR, i=1,2,...,N.
Lemma 2.5 (see [7]). Given y € C[0,1] and 1 < a < 2, the unique solution of

Dgu(t)+y(t) =0, 0<t<1,
(2.5)
u(0) =u(1l)=0
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is
1
u(t) = fo G(t,s)y(s)ds, (2.6)

where

a-1 a-1
[t(l—S)]r(a—) E=9)"  gcs<i<1,

G(t,s) = (2.7)

[t(lr_(—{i;]a_l, 0<t<s<l.

Lemma 2.6. Suppose (H1) holds. Given y € C[0,1] and 1 < a < 2, the unique solution of

Diu(t)+y() =0, 0<t<l,

o (2.8)
u(0) =0, u(l) = Y au(k)
i=1
is
1
u(t) = f G(t,s)y(s)ds + A(y)t*, (2.9)
0
where
a-1 a-1
[(t1-9)]""-(t-9) 0<s<t<l,
()
G g
t(1-:s)]*
T, 0<t<s<], (2.10)
52 a; [1 G(&, 5)y(s)ds
A(y) = : 1 Ozoo a-1 :
- X7, i
Proof. By applying Lemmas 2.4 and 2.5, we have
1
u(t) = f G(t,s)y(s)ds + Cit* 1 + Cpt* 2. (2.11)
0

Because

S ' 2 aig (1= ) . .
;ai fo G(¢i,s)ds = I (@) ;@ (- ) < ™, (2.12)
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by (H1), Z?ﬁlaig;"‘l (1-¢;) is convergent; therefore, %, a; f& G (¢, s)ds is convergent. Note that
y(t) is continuous function on [0, 1], so X%, a; j'é G(éi, s)y(s)ds is convergent.

From u(0) = 0,u(1) = 2, a;u(¢;), we have C; = 0, C; = ¥ a; fé G(&i,s)y(s)ds/(1 -
3® a;¢* ). Therefore,

1
u(t) = | Gl 9)y()ds + A, (2:13)

270 f(} G(&i,s)y(s)ds
1-32aet

A(y) =
O

Lemma 2.7 (see [7]). Let E be a Banach space, P C E a cone, and €1, two bounded open sets of E

with 0 € Q; C Q; C Q. Suppose that T : PN(Q\Q1) — P is a completely continuous operator such
that either

() |ITx|| < |lxl, x € PNdQy, and | Tx|| > ||x|l, x €PNy, or
(i) ITx|| = |Ix|l, x€PnoQy, and |Tx|| < |lx], x €PNy,

holds. Then T has a fixed point in P N (Q\ Q).

3. The Main Results

Let
tu—lziozl aiG (‘;i/ S)

1-32 a;¢r!

Go(t,s) = G(t,s) +

(3.1)

Then u(t) is the solution of BVP (1.6) if and only if Tu(t) = u(t), where T is the operator de-
fined by

1
Tu(t) := J\I Go(t,s)a(s)f(s,u(s))ds. (3.2)
0

By similar arguments to Proposition 1.3, we obtain the following result.
Lemma 3.1. Suppose (H1) holds. The function G(t,s) = t>-*Gy(t, s) has the following properties:

q()¥(s) <G(t,5) <W(s), Vtsel0,1], (3.3)

where q(t) = (a = 1)t(1 - t),¥(s) = D(s) + =2, ;G(&;,5) /(1 - Z?”laig;.’“l).

i=

Let E = C[0, 1] be endowed with the ordering u < v if u(t) < v(t) for all ¢ € [0,1], and
the maximum norm ||u|| = maxo<<i|u(t)|. Define the cone P C Eby P = {u € E | u(t) > 0},
and

K= {ueP|u(t)>qt)ul), (3.4)

where g(t) is defined by (3.3).
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It is easy to see that P and K are cones in E. Forany 0 <7 < R < +oo, let K, = {u €
K|lu|| <7r},0K, ={ueK|u||=r},K, ={u e K|u|| <r},and Kg\ K, = {u e K |r <|u| < R}.

For convenience, we introduce the following notations:

o o 8
go=lim = 8= im =

By similar arguments to Lemma 4.1 of [9], we obtain the following result.

Lemma 3.2. Assume that (H1)~(H3) hold. Let T : K — E be the operator defined by
—_— 1 —_—
Tu(t) := )Lf G(t,s)a(s)f <s, s“‘2u(s)>ds.
0

Then T : K — K is completely continuous.

Theorem 3.3. Assuming (H1)-(H3) hold, g, g exist. Then, for each \ satisfying

1 1< 1

< ’
(@@= 1/16) [ W) a@aqe)ds|  (Jy ¥()a(s)qz(s)ds) o

there exists at least one positive solution of BVP (1.6) in P.

Theorem 3.4. Assuming (H1)-(H3) hold, g, g exist. Then, for each \ satisfying

1 1
<A<

[(@-1)/16 [ W)aE)qe)ds]g  (Jy ¥(s)als)qa(s)ds) g

there exists at least one positive solution of BVP (1.6) in P.

Proof of Theorem 3.3. Let A be given as in (3.7), and choose ¢ > 0 such that

1 1

2 (3/4 sd<
[(((x -1)/16)* [}/, ‘P(s)a(S)ql(S)dS] (80-¢)

(Jo ¥(s)a(s)ga(s)ds ) (80 + €) .

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

Beginning with gy, there exists an H; > 0 such that g(u) > (g0 — €)u, for0 <u < H;.Sou € K

and ||lu|| = H;. For t € [1/4,3/4], we have

Tu(t) = A Il G(t, s)a(s)f(s, s”‘_zu(s)>ds
0

1
> fo GO¥()a(s)q1(s) g (u(s))ds
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1
> 1 fo GO¥(5)a(5)41(5) (80 - €)u(s)ds

a-1\2 (¥*
Zl( 16 > s T ©a()01(5) (g0 — e)dslul

> [Jull = Hy.
(3.10)
Thus, ||Tul| > ||ul|. So, if we let
Q = {ueK||ull <Hi}, (3.11)
then
||Tu|| > lull, ued. (3.12)

It remains to consider g... There exists an H. such that g(u) < (g +€)u, forallu > H,.
There are the two cases, (a), where g is bounded, and (b), where g is unbounded.

Case a. Suppose N > 0 is such that g(u) < N, forall 0 < u < co.
Let H, = max{2H;, N\ jé Y(s)a(s)qa(s)ds}. Then, for u € K with ||u|| = H,, we have

Tu(t) < A f: W(s)a(s)a(s)g(u(s))ds < AN f: W(s)a(s)qa(s)ds < Ha = [ul.  (3.13)
So, if we let
Q= {ueK||ul| <H), (3.14)
then

||Tu|| <llul, ued. (3.15)

Caseb. Let H, > max{2H1,Hz} be such that g(u) < g(H»), 0 < u < Hy. Choosing u € K with
[lull = Ha,

1 1
Tu(t) < \ fo W(s)a(s)qa(s)g(Ha)ds < Aj W(s)a(s)2(5) (800 + £)ds Hy < Hy = [[uf, (3.16)
0

and so || Tu|| < |jul|. For this case, if we let

Q ={ueK||ul| <H}, (3.17)
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then

HTu” <llull, ued. (3.18)
Therefore, by (ii) of Lemma 2.7, T has a fixed point u such that H; < ||u|| < H, and satisfies
1 —_—
u(t) = J‘ G(t, s)a(s)f(s, s"‘fzu(s)>ds. (3.19)
0
It is obvious that y(t) = t*2u(t) is solution of (1.6) for t € (0,1], and
1
y(t) = f Go(t,s)a(s)f(s,y(s))ds, te(0,1]. (3.20)
0
Next, we will prove y(0) = 0. From u € C[0, 1] and (H1)-(H3), we have

1
tll%y(t) = tlinol ’[0 Go(t,s)a(s)f (s,y(s))ds

1
= tlL% fo Go(t,s)a(s)f <s, s“’zu(s)>ds

o (3.21)
< thnoq I Go(t,s)a(s)qz(s)g(u(s))ds
— 0+ 0
1
< lim | Gy(t,8)a(s s)ds max ¢(u
< Jim [ Go(t,9)a(s)a2(5)ds max g(u)
<0.
Thus, y(0) = 0. then y(t) = t*~2u(t) is solution of (1.6) for t € [0,1]. O
Proof of Theorem 3.4. Let A be given as in (3.8), and choose ¢ > 0 such that
1 <i< ! (3.22)

[(((x -1)/16)* ff//j 1P(s)a(s)ql(s)ds] (0 —€) (f; ‘P(S)a(S)QZ(S)ds> (g0 +¢) .
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Beginning with g, there exists an H; > 0 such that g(u) < (g0 + €)u, for 0 < u < H;. So, for
u € K and ||lu|| = H1, we have

1
Tu(t) = AJ G(t,s)a(s) f(s, s“‘zu(s)>ds
0

< xj: W(s)a(s)g2(s)ds (0 + €) ] G2
< flul.
Thus, ||Tu|| < ||ul|. So, if we let
Qi ={ueK||ull<Hi}, (3.24)
then
||Tu|| <llull, ueoQ. (3.25)

Next, considering g.., there exists an H, such that g(u) > (g —€)u, forall u > H,. Let
H, =max{2H;,(16/(a—1))H,}. Then, u € K||u|| = H,. For t € [1/4,3/4], we have

1
Tu(t) = Af G(t, s)a(s) f<s, s“"zu(s)>ds
0

1
> fo qg(tH)¥(s)a(s)qi(s)g(u(s))ds

1
3.26
> )»fo q(t)¥(s)a(s)qi(s)(ge — €)u(s)ds (3.26)
a—1\2 (3/4
> )»( T ) W(s)a(s)qi(s) (g — €)ds]ul|
1/4
2 |lull = Ha,
and so ||Tul| > |ju|). For this case, if we let
Q = {u €K ||ull <H}, (3.27)

then

”Tu” >lull, e . (3.28)
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Therefore, by (i) of Lemma 2.7, T has a fixed point u such that Hy < ||lu|| < H, and
satisfy

1
u(t) = j G(t, s)a(s)f (s, s“‘zu(s)>ds. (3.29)
0
By similar method to Theorem 3.3, we can get y(0) = 0, then y(t) = t*"?u(t) is solution of (1.6)
for t € [0, 1]. We complete the proof. O
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