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The generalized synchronization between two complex networks with nonlinear coupling and
time-varying delay is investigated in this paper. The novel adaptive schemes of constructing
controller response network are proposed to realize generalized synchronization with the drive
network to a given mapping. Two specific examples show and verify the effectiveness of the
proposed method.

1. Introduction

Over the past decade, complex networks have gained a lot of attention in various fields,
such as sociology, biology, physical sciences, mathematics, and engineering [1-5]. A complex
network is a large number of interconnected nodes, in which each node represents a
unit (or element) with certain dynamical system and edge represents the relationship or
connection between two units (or elements). Synchronization is one of the most important
dynamical properties of dynamical systems, there are different kinds of methods to realize
synchronization such as active control [6], feedback control [7], adaptive control [8],
impulsive control [9], passive method [10], and so forth. Synchronization of complex
networks includes complete synchronization (CS) [11, 12], projective synchronization (PS)
[13, 14], phase synchronization [15, 16], generalized synchronization (GS) [17, 18], and so on.

As a sort of synchronous behavior, GS is an extension of CS and PS, so GS is more
widespread than CS and PS in nature and in technical applications. GS of chaos system
has been widely researched. However, most of theoretical results about synchronization of
complex networks focus on CS and PS. Especially, due to the complexity of GS, the theoretical
results for GS are lacking, but GS of complex networks is attracting special attention; in [17],
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the author gives a novel definition of GS on networks and a numerical simulation example.
Reference [18] applies the auxiliary-system approach to study paths to globally generalized
synchronization in scale-free networks of identical chaotic oscillators.

Recently, GS of drive-response chaos systems is investigated by the nonlinear control
theory in [19]. In this letter, we extend this method to investigate GS between two complex
networks, and some criterions for GS are deduced.

This letter is organized as follows. In Section 2, the definition of GS between the
drive-response complex networks is given and some preliminary knowledge, including three
assumptions and one lemma is also introduced. By employing the Lyapunov theory and
Barbdlat lemma, some schemes are designed to construct response networks to realize GS
with respect to the given nonlinear smooth mapping. In Section 3, two numerical examples
are given to demonstrate the effectiveness of the proposed method in Section 2. Finally,
conclusions are given in Section 4.

2. GS Theorems between Two Complex Networks
with Nonlinear Coupling

2.1. Definition and Assumptions
Definition 2.1. Suppose x; = (xﬂ,xiz,...,xin)T € Ry = (yﬂ,yiz,...,yin)T € R", i =
1,2,..., N are the state variables of the drive network and the response network, respectively.

Given the smooth vector function @ : R* — R, the drive network and response network are
said to achieve GS with respect to ®@. If

Jim [le:(t)] =0, i=12,...,N, (2.1)

where e;(t) = x;(t) - ®(yi(t)), i =1,2,...,N, the norm || - || of a vector x is defined as ||x|| =
(xTx)".
Remark 2.2. If ®(y;) = y;, then GS is CSin [20]. If ®(y;) = Ay;, then GS is PSin [13, 14].

In this paper, we consider a general complex dynamical network with time-varying
nonlinear coupling and consisting of N nonidentical nodes:

N
Xi(t) = filxi(t)) + Dcih(x;(t - 7(t)), i=1,2,...,N, (2.2)

j=1

where x; = (x;1, X2, ..., xin)T €R", i=1,2,...,N are the state variables of the drive network,
fi:R* = R*, h: R* — R" are smooth nonlinear vector functions, and 7(t) is time-varying
delay. C = (cij) y, 18 unknown or uncertain coupling matrix; if there is a connection between
node i and node j (j #1), then ¢;; #0, otherwise c;; = 0 (i #j), and the diagonal elements of C
are defined by

N
Cij = —ZCi]'. (23)
j=1
j#i
It should be noted that the complex dynamical network model (2.2) is quite general.
If fi=fi=12,...,Lgg=g i=1+1,1+2,...,N, then we can get the following complex
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dynamical network:

N
() = f(a(t) + Deh(x(t-7(1), i=1,...,1
j=1
N (2.4)
Xi(t) = g(xi(t) + D ch(xj(t—7(1))), i=1+1,...,N.
=1
On the other hand, if h(x;) = Ax;, with A = (a;;) 5 n being an inner-coupling constant matrix

of the network, then the complex network model (2.2) degenerates into the model of linearly
and diffusively coupled network with coupling delays:

xXi(t) = fi(xi(t)) + iciijj(t -7(t), i=12,...,N. (2.5)
=1
Let
/9 ¥i) of(ye)  Obr(y:) \
a]/ll ay12 aym
Opa(vi) Oa(vi)  Oa(yi)
DO (y;) = oyi1 oYi OYin (2.6)

Opu(yi) OPn(yi)  OPn(vi)
\ oyi oy OVin /

be the Jacobian matrix of the mapping ®(y;) = (P1(yi), P2(yi),---, Pn (yi))T, $i(yi) e R i =
1,2,...,N,j =1,2,...,n. When matrix D®(y;(t)) is reversible, we can give the following
controller response network:

N
:l'/i(t) = [)q)(yi(i'))71 fl((b(yl(t))) +Za]h(q)(y](t—T(t)))> +u;, i1=12,...,N, (27)
j=1

where v; = (v, Vi, - - .,yin)T € R", i =1,2,...,N are the state variables of the response
network, u; € R*, i =1,2,..., N are nonlinear controllers to be designed, and C-= (Cij) NxN 18
the estimate of the unknown coupling matrix C = (¢ij) , N+

Let e;(t) = x;(t) — D(y;(t)), with the aid of (2.2) and (2.7), the following error network
can be obtained:

éi(t)=%;(t) - [DD(yi ()] yi(t)
N N
= fi(xci (1) = fi(@(yi (D)) + D cijh (xj(t-7(t))) = D& h (D (yj (t-7(t))) ) DD (yi (t) ) u;
= =

N N
= i)~ fi (@ (yi (1)) + D ciiH (e;(t=7(1))) = D Gijh (D (y; (t-7(t))) ) ~DD(yi(t) )i,
j=1 j=1
2.8)
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where

H(e;(t)) = h(x;(t)) - h(®(y;(1))), (2.9)
Eij = Ei]' - Ci]'. (210)
The following conditions are needed for the solutions of (2.8) to achieve the objective
(2.1).

Assumption 1. (A1) Time delay 7(t) is a differential function with0 < 7(t) < h, 7(t) < p < 1,
where h and p are positive constants. Obviously, this assumption holds for constant 7(t).

Assumption 2. (A2) Suppose that f;(-) is bounded and there exists a nonnegative constant a
such that

| fi(xi(®) = fi(@(yi(D))|| < allei®)l, i=1,2,...,N. (2.11)

Assumption 3. (A3) Suppose that h(-) is bounded and there exists a nonnegative constant f
such that

(i) = (@O < Blles)l,  i=1,2,...,N. (2.12)

Remark 2.3. The condition (2.12) is reasonable due to [21, 22]. For example, the Hopfield
neural network [23] is described by

dxi(t) _ _xi(t)

N
" 3 +;w,-jfj(xj(t—7,-j(t)))+1,-, i=1,2,...,N. (2.13)

Take f;(xj) = (or/2)arctan((or/2)Ax;), where \ is positive constant. It is obvious that f;(-)
satisfies Assumption 3.

Lemma 2.4. For any vectors X,Y € R", the following inequality holds

2XTy < XTX +YTY. (2.14)

Next section, we will give some sufficient conditions of complex dynamical networks
(2.2) and (2.7) obtaining GS.

2.2. Main Results

Theorem 2.5. Suppose that (A1)-(A3) hold. Using the following controller:

u; = DO(y;(t)) " diei(t) (2.15)
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and the update laws
di = kie] (t)e;(t), (2.16)

Gij = 6ije] (Wh(D(y;(t- (1)), 2.17)

wherei,j =1,2,...,N,d, is feedback strength, and 6;; > 0, k; > 0 are arbitrary constants, then the
complex dynamical networks (2.2) and (2.7) will achieve GS with respect to @.

Proof. Select a Lyapunov-Krasovskii functional candidate as

N N N 1
V(te(t) = Del (tei(t) +ZZ<5_ + Zk (d; — d)?

= i=1 j=1 7ij
(2.18)
N
[ (©ei@)de,
“H i i3
where e(t) = (e1 (t), e, ™w,..., eTN(t))T and d is a positive constant to be determined.
The time denvative of V along the solution of the error system (2.8) is
dV N NN, = N .
ZZ@ (He:(t) + §1; ;(S—C iCij Zj (d; — d)d; 7 Ze (Hei(t)
1 T(t N
TONP Y el ¢ rO)estt =)
i=1
N N
= >2e] (t) | filxi(t)) = fi(@(yi(D))) + DcijH (ej(t - 7(t)))
i=1 =1
(2.19)

N
=D Gh(D(y;(t - 7(t)))) = DD (yi(t))ui(t)
=1

Mz

5

:1]

i"‘..*.. + iﬁ(d. - d)d;
6]_C1]Cl] < ki 1 1

I
—

N_ﬂ 5 el (ei(t) - %T(”Nﬁzie? (t—7(t)ei(t - 7(t).
Hia H i1

Substituting the controller (2.15) and update laws (2.16)-(2.17) into (2.19) and considering
Assumption 2, we obtain

v . N<2 —2d+Nﬁ > T(t)e1(t)+ZZZeT(t)c1]H(e,(t (1))

dt - i=1 i=1 j=1
(2.20)
)

. NﬂZZeT(t T(t)ei(t - T(1)).
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By Lemma 2.4 and considering Assumptions 1 and 3, we have

1-70 o4
T-p

N N
2> el (HheiH(ej(t—7(t)))

i=1 j=1
NN (2.21)
<D el () el(t)+ZZHT(e](t—T(t) YH (ej(t—7(t)))
i=1 j=1 i=1 j=1
< ng%v{ II}ZeT(t)el(t) + NﬂZZeT(t— T(1))e;(t—T(1)),
then
d—‘t/ < §<2a—2d+ i\[_ﬁ; +N12i}]a§>]<v{cfj}>ef(t)ei(t)
(2.22)

_ Np? 2 T
_—<2d—2a— T—x _ng]%(\r{cif}>e (He(t).

Note that we can choose constant d to make dV/dt < —-el(t)e(t) < 0, thus V

is nonincreasing in t > 0. One has V is bounded since 0 < V(t,e(t)) < V(0,e(0)), so
lim; 1,V (t, e(t)) exists and

t t
lim f el (s)e(s)ds < - lim j d—Vds =V(0,e(0)) — lim V(t e(t)). (2.23)
t—+o0 Jo t—+o Jo ds t—+oo

From (2.18), we have 0 < el (t)e(t) < V(te(t)), so el (t)e(t) is bounded. According to error
system (2.8), (d/dt)e’ (t)e(t) = 2e” (t)e(t) is bounded for t > 0 due to the boundedness of f;(-)
and h(-). From the above, we can see that e(t) € L> N L® and é(t) € L*. By using another
form of Barbilat lemma [24], one has lim;_, ,..e” (t)e(t) = 0, so lim;_,.e(t) = 0 and the
complex dynamical networks (2.2) and (2.7) can obtain generalized synchronization under
the controller (2.15) and update laws (2.16)-(2.17). This completes the proof. O

Remark 2.6. 1f lim;_, . ,&(t) exists,then we can obtain lim;_, ,.é(t) = 0 for lim;_ ,.e(t) = 0.
According to error system (2.8), we have lim;_, . Z?l Cijh(@(y;(t — 7(t)))) = 0. When
{h(D(y;(t- T(t)))} are linearly independent on the orbit {y;(t - 7(t))} ;\i , of synchroniza-
tion manifold, hmHﬂocl] = 0. We can get lim; . ,Cij = ¢ij, i,j = 1,2,...,N; that is, the
uncertain coupling matrix C can be successfully estimated using the update laws (2.17).

In a special case @(y;) = A y; (A is nonzero constant), based on Theorem 2.5, we can
construct the following response network

N
yi(t) = % fl(.A,yl(t)) + Zlajh()ty](t— T(t))) + U;, i= 1,2,...,N. (224)
j=



Mathematical Problems in Engineering 7

Corollary 2.7. Suppose that (A1)—(A3) hold. Using the controller
1
u; = Xdie,-(t) (225)

and the update laws

di = kie] (H)ei(t),
. (2.26)
cij = &ijel (Hh(Ay;(t—T(1))),

wherei,j =1,2,...,N,d,; is feedback strength, and 6;; > 0, k; > 0 are arbitrary constants, then the
complex dynamical networks (2.2) and (2.24) will obtain PS.

To networks (2.4), according to Theorem 2.5, one can construct the following response
network:

N
yl(t) = D(I)(yl(t))_l [f(q)(yl(t))) + ZEz]h((D(y](t - T(t))))] + U;, i=1,... ,l,

j=1
(2.27)
-1 N
yi(t) =Dq)(yl(t)) g(‘b(yl(t))) +Za]h((D<y](t—T(t)))) + U, i=l+1,...,N
j=1
and get the following corollary:
Corollary 2.8. Suppose that (A1)—(A3) hold. Using the controller
u; = D(I)(yi(t))_ldie,-(t) (228)
and the update laws
di = kie] (Hei(t),
(2.29)

Gij = Gije] (Hh(D(y;(t - 71(1)))),

where i,j = 1,2,...,N,d; is feedback strength, 6;; > 0, k; > 0 are arbitrary constants, then the
complex dynamical network networks (2.4) and (2.27) will achieve GS with respect to .

If coupling function h(x;) = Ax;; that is, the network is linearly coupled, then the
complex network (2.2) degenerates into (2.5). Note that || Ae; (t)|| < [|All-|le;®)]l, i=1,2,...,N
hold. We construct the following response network:

N
yi(t) :D(I)(yi(t))_l fl(q)(yl(t))) +ZEIIA®(yI(t—T(t))> +u;, i=1,2,...,N. (230)

j=1
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Corollary 2.9. Suppose that (A1) and (A2) hold. Using the controller
u; = DO(y;(t)) " diei(t) (2.31)

and the update laws

di = kie] (t)ei(t),

. . (2.32)
Cij = 61‘]'61- (t)A(D(y] (t - T(t))),

wherei,j =1,2,...,N,d,; is feedback strength, and 6;; > 0, k; > 0 are arbitrary constants, then the
complex dynamical networks (2.5) and (2.30) will obtain GS.

Using different control, we can obtain the following theorem.

Theorem 2.10. Suppose that (A1) and (A3) hold. Using the following controller:

= DO(yi(0) ' [diei(t) + fi(xi () - fi(@(i(1)))], (2.33)

and the update laws
d; = kie! (t)ei(t), (2.34)
cij = Bije] (Hh(D(y;(t - 7(1))), (2.35)

wherei,j =1,2,...,N,d,; is feedback strength, and 6;; > 0, k; > 0 are arbitrary constants, then the
complex dynamical networks (2.2) and (2.7) will achieve GS with respect to @.

Proof. Select the same Lyapunov-Krasovskii function as Theorem 2.5, then

N
‘?:—ZZeT(t) [ﬁ(aa(t)) f,(m(yl(t)))+2ch(e]<t— (1)) Zcuh(dn(y](t—r(t))))

N N 2 N 2 .
~D®(y;(t))ui(t) ZZS—E iCij ZF (d; — d)d,
i=1

i1 j=1
ZeT(t)a(t) 0 NﬂZZeT(t r(t))ent - 7(1))
si< ~2d + Nﬁz) el (Hei(t)
i=1
N N N
£ S ST ey H (et - 2SIt~ 1(t))enlt —7(1)).
i=1 j=1 i=1

(2.36)

The rest of the proof is similar to Theorem 2.5 and omitted here. This completes the proof. [
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Remark 2.11. According to Remark 2.6, when {h(®(y;(t - 7(t))))} j\i , are linearly independent
on the orbit {y;(t - 7(t))} ]]\i , of synchronization manifold, we can get lim; ., ,Cij = cij, i,j =
1,2,...,N; that is, the uncertain coupling matrix C can be successfully estimated using the
updating laws (2.35).

Remark 2.12. Based on Theorem 2.10, we can get corollaries corresponding to Corollaries 2.7—-

2.9.

3. Illustrative Numerical Examples
In this section, two groups of drive and response networks are concretely presented to

demonstrate the effectiveness of the proposed method in the previous section.
It is well known that the unified chaotic system [25] is described by

—(25‘6 + 10) (JC1 - .X'Z)

X1
X —X1X3 + (28 - 35ﬂ)x1 + (29[5 - 1)x2 (31)
(5+9)
X1Xp — X3
3
—10(x1 — x2) —25(x1 — x7)
— —x1X3 + 28x1 — x2 + —35x71 + 29x7 ﬁ — F(x) + G(x)ﬁ, (32)
X1x — §x L
1X2 = 33 3x3

which is chaotic if f € [0,1]. Obviously, system (3.2) is the original Lorenz system for f = 0
while system (3.2) belongs to the original Chen system for f = 1. In fact, system (3.2) bridges
the gap between the Lorenz system and Chen system.

The unified new chaotic system [26] can be described as

axi) — XaX3
X1
% bxztxixs | (). (3.3)
X3

1
cX3 + §X1.X'2

It is chaotic when a = 5.0, b = -10.0, and ¢ = -3.8.
In the following, we will take these two chaotic systems as node dynamics to validate

the effectiveness of Theorems 2.5 and 2.10. To do that, we first verify that function f(x) =
F(x)+ G(x)p (p € [0,1]) satisfies Assumption 2.
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Since the attractor is confined to a bounded region, there exists a constant M > 0,
satisfying for all v = (y1,y2,¥3), z = (z1,22,23) € R, |ly|| £ M, ||z|| £ M; therefore,

If () = fF@| = (25 +10)*[(y2— 1) = (22— 20)]* + [z123 — 15 + (28 - 35P) (y1 — z1)

R e e |

= (256 +10)°[(y2 - z2) = (1~ 21)]’

+[21(23 —y3) + (-y3 +28-35p) (y1 — z1) + (29 - 1) (v2 - 22)]”

+ [3/1 (V2—z2) +z2(y1—z1) - G ; 5 (vs - 23)]

<35 [2(y2 - 22)* + 2(y1 - 1)’ ] + BM? (ys - 23)” + 6(282 + M?) (1 - 21)°
+3%x28% (2 — 22)” +3M2 (2 — 22)” +3M2 (1 — 21)” +9(y3 — 23)°

< (2% 357 +6 x 282+ OM?) ||y - z||*
(3.4)

Thus, function f(x) = F(x) + G(x)B(p € [0,1]) satisfies Assumption 2. By the same process,
we can obtain that function g(x) satisfies Assumption 2, too.

Example 3.1. In this subsection, we consider a weighted complex dynamical network with
coupling delay consisting of 3 Lorenz systems and 2 new chaotic systems (3.3). The entire
networked system is given as

(1) = F(xi(1)) + ia;h(x,-(t -7(1)), =123,
Fl_ (3.5)
%) = g(xi(t) + D cijh(x;(t-7(t)), =45,

=1

where x;(t) = (xi (1), xi(t), x3(1)T, i=1,2,...,5. T(t) = 0.1, the weight configuration matrix

51 3 1 0
1 210 0

C=(cj)gs=]| 3 1 40 0 (3.6)
1 00 -21
00 0 1 -1

The coupling functions are h(x;(t)) = (sin(x;j1(t)), arctan(x2(t)), arctan(x]g(t)))T, ji=12,...,5.
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Figure 1: GS errors of model (3.5) and (3.7) with respect to ®(y) = (y1 + y2,2y2,2y3)T.

Let ®(y;) = (yin + Vi, 2Yi2, 2yi3)", then DD(y;) = <é % §>, i=1,2,...,5.
Since (A1)-(A3) hold, therefore, according to Theorem 2.5, we can use the following

response network:

N
vi(t) = DO(yi(t))™ [F((I)(yi(t))) + 3 eh (@ (y;(t - T(t))))] +u, i=1,2,3,
j=1

(3.7)

N

7i(t) = DD(y;(t))™ [g(q)(yi(t))) + Y (D (y;(t - T(t))))] +u;, i=4,5.

j=1

The controller and update laws are given by (2.15)—(2.17). The initial values are given

as follows: EIJ(O) =3, 61']' =1, dl(O) =1, ki =1, xi(O) = (12+l><01, 15+iXO.1,3O+iXO.15)T, fl(O) =

5+ix01,75+ix01,15+ix0.1),4, j =1,2,...,5 Figure1 shows GS errors |le;(t)l],

i=1,2,...,5. One can see that all nodes’ errors converge to zero. Some elements of matrix C

are displayed in Figure 2. The numerical results show that this adaptive scheme is effective
and we can get lim; . .Cij = ¢;j, i, j=1,2,...,5.
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— C33
— Cu
v G55

Figure 2: Estimation of topology of model (3.5).

Example 3.2. In the following simulation, we choose a weighted complex dynamical network

with coupling delay consisting of 5 unified chaotic systems. The entire networked system is
given as

5
Xi(t) = fi(xi(t) + Deih(xj(t-7(t)), i=1,2,...,5, (3.8)
j=1

where x;(t) = (x(t), xi2 (), x5 ()7, filx) =F(x)pi+G(x), pi=01x(i-1),i=1,2,...,5.We
assume 7(t) = 0.3, h(x;(t)) = (arctan(le(t)),arctan(sz(t)),arctan(xjg(t)))T, ji=12,...,5.C
is the same as that in model (3.5).

T 11 0 _
Let ®(y;) = (ya + Y2, 2y, Yy +yiz) , DO(yi) = <8g3y9+1>, i=1,2,...,5.
i3

According to Theorem 2.10, the response network is given by
-1 N
yi(t) =D(D(yz(t)) fl((D(y,(t))) +ZE,]h((D(y](t—T(t)))) +u;, i=1,2,...,5 (39)
j=1

The controller and update laws are given by (2.33)—(2.35). The initial values are given as
follows: ¢;(0) = 6,6 = 1, di(0) = 1, ki = 1, x:(0) = (12,15,30)", %:(0) = (5,7.5,3)",i,j =
1,2,...,5. Figures 3 and 4 show the GS errors |le;(t)|, i = 1,2,...,5 and some elements of
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matrix C, respectively. The results illustrate that this scheme is effective and we can get
limt_>+ooa]~ = Ci]', l,] = 1,2,. . .,5.

4, Conclusion

In this paper, we have investigated GS between two complex networks with different node
dynamics and proposed some new GS schemes via nonlinear control using Lyapunov theory
and Barbalat lemma. Our results generalize CS of complex dynamical network with linear
coupling and without delay in [20] to GS of complex dynamical network with nonidentical
nodes and time-varying delay nonlinear coupling. Numerical examples are provided to
verify the effectiveness of the theoretical results. This work extends the study of GS.
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