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The problem of the output feedback stochastic stabilization is investigated for a class of stochastic
nonlinear systems with linearly bounded unmeasurable states. Under the condition that the
inverse dynamics is stochastic input-to-state stable and the nonlinear functions satisfy the linear
growth conditions with unknown growth rate, an adaptive output feedback controller is proposed
to make the closed-loop system globally stable in probability and the states of the closed-loop
system converge to zero almost surely. A simulation example is provided to show the effectiveness
of the theoretical results.

1. Introduction

The output feedback control for stochastic nonlinear systems is a challenging research subject
in control theory. Since the design of output feedback control is more difficult and more
practical in engineering than that of full-state feedback control, many output feedback
controller design schemes for stochastic nonlinear systems have been proposed [1-8]. For
the deterministic nonlinear systems, some counterexamples were given in [9] to indicate that
the global output feedback stabilization of the nonlinear systems is usually impossible unless
some growth conditions on the unmeasurable states of the systems are introduced. From
then on, the problems of global output feedback stabilization for nonlinear systems with
various growth conditions were studied [10-15]. Recently, some output feedback controllers
were designed for the stochastic nonlinear systems in which nonlinear terms depend on the
output and unmeasurable inverse dynamics or unmodeled dynamics [3, 16-19]; moreover,
an output feedback controller was proposed for the stochastic nonlinear systems with the
nonlinear terms dependent on the unmeasurable states and unmeasurable inverse dynamics
[20]. However [20] considers only the case that the parameters in the bounding functions



2 Mathematical Problems in Engineering

are known; when they are unknown constants, the global output feedback control of the
stochastic system becomes much more difficult due to the lack of effective observer design
techniques [21]. Recently, the output feedback stabilization for a class of stochastic nonlinear
systems with stochastic iISS inverse dynamics was studied in [22-27].

In this paper, we focus on the output feedback stabilization for a class of stochastic
nonlinear systems in which the drift and diffusion terms are dependent on unmeasurable
states besides the output and unmeasurable inverse dynamics and without knowing the
growth rate. Under the assumption that the inverse dynamics are SISS (stochastic input-to-
state stable), an adaptive output feedback controller with a high-gain observer is constructed
to make the closed-loop system globally stable in probability and the states of the closed-
loop converge to zero almost surely. The contribution of this paper consists of two aspects.
(i) By adopting the universal adaptive output feedback controller presented in [21], the
output feedback control problem of stochastic nonlinear system with the nonlinear functions
being bounded with unknown constants is investigated. (ii) The two assumptions in [20] are
relaxed (see Remark 3.3).

The remained of this paper is organized as follows. Section 2 provides some prelimi-
naries and Section 3 gives the problem to be studied. An adaptive output feedback controller
is proposed in Section 4. The main results of this paper and the stability analysis of the closed-
loop system are presented in Section 5. Section 6 gives a simulation example to demonstrate
the correctness of the theoretical results and some concluding remarks are contained in
Section 7.

2. Preliminaries

Consider the following stochastic nonlinear systems:

dx = f(x,t)dt + g(x,t)dw, (2.1)

where x € R" is the state, w is an m-dimensional standard Wiener process defined on the
complete probability space (€2, ¥, P) with Q being a sample space, ¥ being a o-field, and P
being the probability measure, and f : R x R, — R"and g : R" x R, — R™ are locally
Lipschitz continuous functions in x uniformly in t and satisfy the linear growth condition.
Meanwhile, we assume that f(0,t) = 0and g(0,#) = 0.

Throughout this paper, we define the differential operator £ as follows:

LoV oV 1. [ 3V
LV = §+af(x,t)+§rfr<g @8’), (22)

where V(x,t) € C*(R" x R,, R,). We also denote by D(R;; R,) the family of all functions
y:R. — Ry such that [{* y(t)dt < oo.

The following lemma provides a sufficient condition to ensure the existence and
uniqueness of global solution for the system (2.1).
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Lemma 2.1. For system (2.1), assume that both terms f(x,t) and g(x,t) are locally Lipschitz, and

£(0,t) and g(0,t) are bounded uniformly in t. If there exists a function V (x,t) € C>'(R" x R,,R;)
such that for a constant K > 0 and any t > 0,

LV (x,t) < K(1+V(x,t)),

lim inf V (x, £) = oo, (23)
|x| = 00 t20
then, there exists a unique solution on [0, co) for any initial value x(0) = xo € R".
Proof. This is a special form of Theorem 1 in [28]. O

Lemma 2.2. For system (2.1), assume that there exist functions V (x,t) € C*'(R" x R,, R,), p1 €
K, pp € K, us € K, and y(t) € D(Ry; R;) such that

p1(x) < V(x,t) < pa(x),

(2.4)
LV (x,t) <y(t) - ps(x),

forall (x,t) € (R",R.). Then, for any initial value x(0) = xo € R", the solution of system (2.1) is
bounded almost surely and has the properties that

lim ||x(t; x0)|| = 0 a.s.,
t— oo

" 2.5
J‘ (y(t) = £V (x,t))dt < +oo ass. 25)
0

Proof. This Lemma can be proved by using Theorem 2.6 in [29] and Corollary 4.2 in [30]. O

3. Problem Statement

Consider the following stochastic system:

dn = fo(n,y,t)dt + go(n, y, t)dw
dxy = (x0+ f1(x,m,t))dt + g1 (x, 1, 1) dw

~ 3.1)
dxp-1 = (xn + fuo1(x,1,t))dt + gua (x,1,t)dw

dx, = (u+ fu(x,m,t))dt + gu(x,1,t)dw

Yy =X,

where 77 € R™ is the state of the unmeasurable inverse dynamics, x = (x1,..., x,) is the state,
u € R is the control input, y € R is the measured output, fy € R, gy € R™, f; € R, and
gl € R°,i=1,...,n are uncertain locally Lipschitz in the first two arguments uniformly in ¢.
Moreover f;(0,0,t) =0, £(0,0,t) =0,i =0,...,n, and w is m-dimensional standard Wiener
process as defined in Section 2. For system (2.1), we give the following assumptions.
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Assumption 3.1. There exist unknown positive constants 61, 6,, 65, and 6 such that

|fiCe,mt)| <O (xa| +--+|xil) + 62|, i=1,...,m, 52
lgi(x, 1, t)|| < Os(|xa] +--+|xi]) +Oullm]|, i=1,...,m

Assumption 3.2. There exist unknown positive constants a and r and a positive definite
function V;; (7, t) which is radially unbounded in 7 uniformly in ¢, such that

oV, < —aln|f + rly [ ©3)

Remark 3.3. In [20] (B2 and B3), the positive constants 61, 62, 83, 64, a, and r are known, but
they are unknown in this paper. Thus, it is more difficult and meaningful to design an output
feedback stabilizing control law for system (3.1).

The control problem in this paper is precisely formulated as follows.

For system (3.1), under Assumptions 3.1 and 3.2, the control objective is to design a
smooth dynamic output feedback controller:

x=@(x0y),

(3.4)
u=pu(x,y),

such that the solution of closed-loop system (3.1) and (3.4) is bounded a.s., lim; _, || x(¢)|| =
0 a.s., and lim;_, ||7(f)|| =0 a.s.

4. Adaptive Output Feedback Controller Design

First, we design a state observer for system (3.1):

J.AC] = 552 + Lal(y —JACl)

fn—l =X, + Lnilan_1 (]/ - 3?1) (4.1)
Xp=uU+ L"a,(y - x1)

L=(y-x)" LO=1,

where a; > 0,i = 1,...,n are the coefficients of the Hurwitz polynomial p(s) = s" + a; st 14
e toa,.



Mathematical Problems in Engineering 5

Lete; = (xi — x;)/L"', i =1,...,n,and e = (e,...,e,)". Then we can obtain the
following error dynamic system:

del = (L€2 — La161 + fl)dt + gldw

- L -
dey-1 = (Le,1 —Lay_1e1 + {nfz - (n- Z)Zen—l>dt + infz dw (4.2)
fn L gn
de, = (—Lane1 + =i (n- 1)Zen dt + = dw.
It can be written as the following compact form:
L
de = (LAe +F - ZDe)dt + Gdw, (4.3)
where
fi 1
—ap 1 0 fZ g2
A=l "~ | D=digl(01,---,n-1), F=| L | ¢ L
_aTl—l O e 1 N N
-ay, 0---0 fn Sn
F ILn-1

(4.4)

Since the polynomial p(s) = s" + a;s"! + --- + a, is Hurwitz, there exists a positive definite
matrix P such that

ATP+PA=-1I, D'P+PD >0. (4.5)

Letz; =%;/L,i=1,...,n,v=u/L", and z = (z1,...,2,)". Then we can obtain

le = (LZZ + Lalel)dt

dz,1 = (LG +La,1e1— (n— 2)%zn_1>dt (4.6)

L
dz, = (Lv + Layer — (n— 1)Zzn>dt.
Design the controller

U=L"0=-L"(bizi + - +bpzy) = —<L”b19?1 T S Lbna?n), (4.7)
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where b; >0, i = 1,...,n, are the coefficients of the Hurwitz polynomial h(s) = s" + b,s"! +
-+ + by. Substituting (4.7) into (4.6), we have

L
dz = (LBZ + Lae; - EDZ) dt, (4.8)
where
0 1 0
B=| + ¢ " | a=(a...,a)". (4.9)
0 0 - 1
by -by, -+ —b,

For the polynomial h(s) = s" + b,s"! + - -+ + b being Hurwitz, there exists a positive definite
matrix Q such that

B'Q+ QB =-2I, D'Q+QD >0. (4.10)
Then the closed-loop system can be represented in the following compact form:

dn = fo(n,y,t)dt + g(n, y, t)dw,

de = <LAe + F - %De)dt + Gdw,
i (4.11)
dz = <LBZ + Lae; — ZDZ) dt,

L=(y-7) =¢f

5. Stability Analysis of the Closed-Loop System

By Assumption 3.1 and L > 1, we have the following estimates:

) n fi 2 n 1 2
1P < 3| | < 35| gt oo )+ el
i= i=
n 1 2 ) 5
§2. 1 [F61(|x1| ot |xi|)] +2n65 || 1|
=

2

< 206} + 2063

|x|+@+...+m
1 L Ln-1
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- X X.
<2088 | (lel 151+ fel + 2 bl + )

2
)|+ 2l

= 2n62[(Jer] + - - + len] + |z1] + -+ + |za)]* + 2062 |||

< 4126} (|lelP + |12II”) +2n63

i
i1

IGII* < Z

n 1 2
< 30| grrtstial +--+ b +

2
+ 20611

< zz [F%qxn bt )

| |xn|) g

<208 (| + 2L ook )] 2082

< 4202 (Jlell® + [1z”) + 2063 |-

(5.1)

Select V; = 8eTPe, where 8 > Qis a parameter to be specified later. Then, by (2.2), (4.5),
(4.11), and (5.1) we have

eV = 5eTL(ATP + PA)e +26e" PF - 5¢” (DP + PD)e% + tr <GTPG)
< —6L|e|? + 5||eTP||2 +6||F|* - 6eT (DP + PD)e% + 6Xmax(P) |G|
<=6(L~IPIP) llel* + & (4263 (llel + 12II”) +2n63|n]|*) - 6" (DP + PD)e% 62
+ 6dman (P) (4n°63 (lle)* + 112112) + 2063 | 1]
-[8(L= 1P = e1)]llel + cr8112IP + 25,

where ¢; = 4n2(07 + Amax(P)63), and c; = 211(05 + Amax (P)67).
Select V, = z Qz; then

Vo =2L (BTQ + QB)Z +2Lz"Qae; - 2T (DQ + QD)Z%. (5.3)
Notice that
2Lz"Qae; < L||z|* + L||Qal*é?. (5.4)

By (4.10), we get

Vo < -L|jz|* + L||Qale?. (5.5)
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Select V' = ((6¢ca + T)/a)Vy + Vi + Vo, where T > 0; then from (3.3), (5.2), and (5.5), we can
obtain that

6cr+ T

ov <l + 22

ry? = [6(L - IPI* = c1) - LIQalP]llell> - (L = 1)1

O+ T b+ T
< —rflnl 272 ret 42222 2t [6(L - IPIP - 1) - LIIQalPlellP~ (L - cn)|=IP

6+ T o +T
= rllall* - [6(L - IPIR - 1) - L1Qal 222 o e - (L= 61 - 2% P

[24 [24
(5.6)
Let 6 = ||Qall* + 1, c5 = 8| P||* + 6¢1 + 2((6¢a + T) /a)r; then
ev < -t|lnl* - (L - c3) (llell* + 1z1P).- (57)

The main result of the paper is summarized in the following theorem.

Theorem 5.1. Suppose that the system (3.1) satisfies Assumptions 3.1 and 3.2; then under the control
law (4.7) and the observer (4.1), the closed-loop system has a unique solution on [0,c0) and the
solution process is bounded almost surely; moreover, limy_, o, ||x(¢)|| = 0 a.s., and lim;_, ., ||n(t)]| =
0 as.

Proof. The proof process can be divided three parts.

First, we prove that L(t) is bounded on [0, o0). This can be done by a contradiction
argument. Suppose lim;_, . L(t) = co. Since L(t) = ef > 0, L(t) is a monotone nondecreasing
function. Thus, there exists a finite time t < oo, such that

L(t) >c3+1, Vtel|t, o). (5.8)
From (5.7), it follows that
eV < —r|n|* - llel? - l1zI?, vt € [, ). (5.9)
With Lemma 2.2, we can obtain that

f eldt < f lle||>dt < +o0 a.s. (5.10)

t t

By this and the definition of L(t), we have

+oo = L(o0) — L(t) = fw Lt)dt = F edt < +oo ass., (5.11)

t t

which leads to a contradiction. Thus, the dynamic gain L(t) is well defined and bounded on
[0, 00). Moreover, from L(t) = e}, it is concluded that [;° efdt < co.
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From (5.7) and the boundedness of L(t), it can be proved that £V < BV for a positive
constant f and for Vt € [0, c0). From Lemma 2.1, we can show the existence and uniqueness
of global solution for the system (4.11).

Next, we claim that z is well defined and bounded on the interval [0, +00).
From (5.5) and L(t) = e%, one can obtain that

Vy < -Li|z|* + L||Qall’e; < —||z||* + [|Qal[*LL. (5.12)

Then, for Vt € [0, o), integrate two sides of the above inequality:

Amin (Q) 12117 = 27 (0)Qz(0) < Va(t) - V2(0)

t t t
. 1
<~ [ zlPdr+ [ jQalPLLdr = | fzlPat + 31Qal? (L0 - 1).
0 0 0 2
(5.13)

From (5.13) we can obtain that, for Vt € [0, o0),

2
llz]” <

1@ (7000 + 51Qar* (P -1)),

t (5.14)
[ zlPat < =" ©0=(0) + sIQalP (L) - 1).
0 2

Since L(t) is bounded on [0, +o0), the previous inequalities imply the boundedness of z and

I3 1zl dt.
Finally, we prove the boundedness of e and 7 on [0, +0).
Let
xXi—X; .
éi:;T/ 1:1,“_,1'1, éz(élln'/én)T/ (515)
L

where L is a constant satisfying

I:max{3+ ||P||2+c1,L(+oo)}. (5.16)
Then
dg = (ZAg +Lag — LTag, + f) dt + Gdw, (5.17)
where
= f2 fn ! - 82 8n ’ L L
F = <f1 f —n1> ’ G= <g1 f —n—l) ’ I'= dlag<1 f —n—1>
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Similar to (5.1), we have

2

I <> % < 4263 (18117 + 1121°) + 2065 ",
i=1 (5.19)
n . 2

5| <> % < 4262 (1112 + 1121 + 203 | ]
i=1

Now we consider the Lyapunov function V5 = ¢TP¢ + ((c2 + 7)/ a)Vy. A straightforward
calculation shows that along the trajectories of (4.11), we can obtain

Vs < -LJj¢|P + 2 La’ PE ~ 261 LaTPE +2F PE+1r(G PG) - (o + 1) ] + CZ; L
(5.20)
Noticing that
2, La"Pe < T|a"P| 8 + IR,
— 24 La’TPE < L2||aTrP||2gf + 12113,
) X (5.21)
2F PE<|IPIPIIP + |[F||” < (IPIP +4n°67 ) 121 + 40261211 + 206 [},
—T — —12
tr(G PG) < Ansx(P)|[G||” < 4 hanax (PO (I + 1211 ) + 21Aenan (P)O3 ],
we have
— —2 2 2
eV < —(L-2- 1P - 1) IgI12 - (2 + ) || + <L "+ 2| a"rP|| )g%
+aillzl + 2Ly + o)) (5.22)

o+ T =2 2 2
<131 = wllall® + erllzl + 22=r (e} + ) + T <““TP|| i >e%‘

Since [;° ||z|I’dt and [;° e2dt are bounded, from Lemma 2.2, we can obtain that [|7(t)]| and
l¢(#)]] are bounded almost surely, lim;_, ,||¢(¢)]| = 0 a.s., and lim;_, ., ||7(¢)|| = 0 a.s. From the
definition of e and ¢, we have that |le(t)|| is bounded almost surely and lim;_, ,||e(t)|| = 0 a.s.
Moreover, lim;_, ,||z(f)|| = 0 a.s. is followed from (5.5); then it leads to lim;_, . ||x(¢)|| = 0 a.s..
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Figure 1: System states x; and x;.

Thus, we obtain that lim;_, ., ||77(#)|| = 0 a.s., and lim;_, ,||x(#)|| = 0 a.s. Up to now, the proof is
completed. O

6. Simulation

Considering the following stochastic nonlinear system:

dn = (-n+ My)dt+ Ly sinydw,

)L 2
dxy = (x2 + 1+ Asy)dt + N sl

dw,
el (6.1)

dxy = (u+1+ Asxy)dt,

Yy =X,

where w is an m-dimensional standard Wiener process, and A;, i = 1,...,5 are unknown
parameters.
By Theorem 5.1, we can design the output feedback controller as follows:

d??l = (5('\2 + Lay (y —fl))dt,
ds, = (u+ Pay(y - %) )t
. ., 6.2)
L=(y-x),

u=—(L?b1x1 + Lbyxy ).
< 141 22)
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3?1 and fz

Figure 2: Observer states x; and X».

0 5 10 15 20
t

Figure 3: System states 7).

The initial values of the states are #(0) = 1, x(0) = (0.5,0.5)7, %(0) = (0,0)7, and A; = 1,
Ay =05, 43 = 0.6, \y = 0.6, and A5 = 0.5. Choosing the design parameters a; = 2, a, = 1,
by =1, and b, = 2, we can obtain Figures 1, 2, 3, 4, and 5. From the figures, we can see that L
is bounded and 7, x, and x converge to zero almost surely.

7. Conclusion

In this paper, the adaptive output feedback control has been considered for a class of stochas-
tic nonlinear systems with stochastic inverse dynamic and linearly bounded unmeasurable
states. Like [20], a quadratic Lyapunov function is adopted instead of a quartic function
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5

45t
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351

L 3r

25}

2L
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0 5 10 15 20
t

Figure 4: Dynamic gain L.

80

60

40+

0 5 10 15 20
t

Figure 5: Control u.

and this makes the design process simple. Under some weak conditions, an adaptive high-
gain observer has been designed and the closed-loop system is globally stable in probability.
Moreover, the states of the closed-loop system converge to zero almost surely.
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