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The main purpose of this paper is to apply stochastic adaptive controller design to mechanical
system. Firstly, by a series of coordinate transformations, the mechanical system can be
transformed to a class of special high-order stochastic nonlinear system, based on which, a more
general mathematical model is considered, and the smooth state-feedback controller is designed.
At last, the simulation for the mechanical system is given to show the effectiveness of the design
scheme.

1. Introduction

In recent years, the study for deterministic high-order nonlinear systems has achieved
remarkable development, see, for example, [1-3] and references herein. Inspired by these
interesting and important results, it is natural to generalize their results to the following
stochastic high-order nonlinear systems which are neither necessarily feedback linearizable
nor affine in the control input:

dz = fo(z, x1)dt + gg(z, x1)dw,
dxi = (di(F;, D)y + filz %) )dt + g1 (z,%)dw, i=1,...,n-1, (1.1)

Axy = (dn(Xn, YUP" + fu(z,%,))dt + gl (2, %,)dw,

where (z7,x, ... ,xn)T € R™" and u € R are the measurable state and the input of system,
respectively, x; = (xy,... ,xi)T, i=1,...,n,z=(z,.. .,zm)T € R™ is referred to as the state of
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Figure 1: A mechanical system.

the stochastic inverse dynamics, w is an r-dimensional standard Wiener process defined on
a probability space (Q, ¥, P) with Q being a sample space, ¥ being a o-algebra, and P being
a probability measure, p; > 1,1 = 1,...,n are odd integers, and the functions f;(:) and g;(-),
i=0,1,...,n are assumed to be smooth, vanishing at the origin (ZT,EZ) = (01xm, O1xn)-

For (1.1) with d;(-) = 1, Xie and Tian in [4] considered the state-feedback stabilization
problem for the first time. After considering the stabilization of high-order stochastic
nonlinear systems, [5] further addressed the problem of state-feedback inverse optimal
stabilization in probability, that is, the designed stabilizing backstepping controller is also
optimal with respect to meaningful cost functionals. When d;(-) #1, [6] designed an adaptive
state-feedback controller for a class of stochastic nonlinear uncertain systems with 0 < \; <
di(-) < pi < p, and [7] designed a smooth adaptive state-feedback controller for high-order
stochastic systems with 1;(x;) < di(-) < y;(x;,0) by using the parameter separation lemma
and some flexible algebraic techniques. Recently, more excellent results [8—28] were achieved
by Xie and his group.

However, all these theoretical results mentioned above are demonstrated only by
some numerical simulation examples. Since many practical application systems in aerospace
industry, industrial process control, and so forth, can be described by (or transformed to)
stochastic high-order nonlinear systems, so it is very necessary to apply the control schemes
to these systems. Based on this reason, we consider a practical example of mechanical
movement in this paper. By a series of coordinate transformations, the mechanical system
can be transformed to a high-order stochastic nonlinear system, based on which, we consider
a more general mathematical model and design a smooth state-feedback control law. At last,
the simulation for the mechanical system is given to show the effectiveness of the design
scheme.

This paper is organized as follows. Section 2 gives a practical example. Section 3
provides preliminary knowledge and presents problem statement. Controller design and
stability analysis are given in Section 4. The simulation for the practical example is provided
to demonstrate the control scheme in Section 5. Section 6 gives some concluding remarks.

2. A Practical Example

Let us consider the following mechanical system which consists of two masses i and m, on a
horizontal smooth surface as shown in Figure 1. The mass m; is interconnected to the wall by
a linear spring and to the mass m; by a nonlinear spring which has cubic force-deformation
relation. Let x be the displacement of mass m; and y the displacement of mass m, such that
atx = 0 and y = 0, that is, the springs are unstretched. A control force u acts on m;.
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Where the units of my, x, and u are “kg”, “m”, and “N”, respectively, and 1, = x — y.
The equations of motion for the system are described by

(2.1)

where k and k; are the spring coefficients, and their units are “N/m” and “N/ m3”,
respectively.
Introducing the smooth change of coordinates

X2=X1=Y,

X1=Y,
0 2.2)
x3=(x-y)y/—, X4 = X3,
mq

Y =x, Y =X,

X3 X4 (23)
= —— + X».

— t Y, X4
Vigm Y Ve m

one gets

The linear spring constant k has a specific nominal value kg = 1.5 which is considered
uncertain, and k € [0.75,2.25]. Let A(t) = k(t) — ko. For all t > 0, A(t) is the Gaussian white
noise process with EA(t) = 0 and EA%(t) = 6®. We can choose the value of parameter ¢ such
that k(t) obeys the bound 0.75 < k < 2.25 with a sufficiently high probability. This model
of spring rate variations leads to an uncertain stochastic system. By (2.2), one chooses the
smooth state-feedback control

m ¢ +ml+mzmx3 24
= 1X3 .
Vi m ey

which together with the property of A(t) leads to
dx1 = Xth,
dx, = @xg’dt,
m

2
dxs = x4dt, (25)
dxy =vdt+kof(x)dt +of(x)dw,

y=x,

where f(x) = —x3/mq —~/(k1/m1)(x1/m), and w is standard Wiener process.
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This stochastic high-order nonlinear systems can be generalized to a more general
system which will be given in the following section.

3. Preliminary Knowledge and Problem Statement

3.1. Preliminary Knowledge

In this section, we will introduce the concept of input-to-state practical stability (ISpS) in
probability.
Consider the following stochastic nonlinear system

dx = f(x,u)dt + g" (x,u)dw, x(0) = xg € R", (3.1)

where x € R", u € R™ are the state and the input of system, respectively. The Borel measurable
functions f : R"" — R"™ and g : R"*"” — R™ are locally Lipschitz in x, and w € R" is an r-
dimensional independent standard Wiener process defined on the complete probability space
(Q/ ql P ) :

The following definitions and lemmas will be used throughout the paper.

Definition 3.1 (see [29]). For any given V (x) € C?, associated with stochastic system (3.1), the
differential operator .£ is defined as follows:

oV (x)

2V(x) = =

flx,u) + %Tr{g(x,u) 62;;(;) gT(x,u)}. (3.2)

Definition 3.2 (see [30]). The stochastic system (3.1) is input-to-state practically stable (ISpS)
in probability if for any € > 0, there exist a class K £-function f(-), a class KX-function y(-),
and a constant d such that

P{lx()] < p(lxol, t) + y(luel) + do} 21—, x9 € R™\ {O}. (3.3)

Lemma 3.3 (see [30]). For system (3.1), if there exist a C* function V (x), class K, functions a;,
ay, x, aclass K function a, and a constant d such that

ar(|x]) < V(x) < ax(|x]), (3.4)

LV (x) < —a(|x]) + y(jul) +d, (35)

then

(1) There exists an almost surely unique solution on [0, oo);

(2) The system (3.1) is ISpS in probability.
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Lemma 3.4 (see [6]). Let x and y be real variables. Then, for any positive integers m, n and any
nonnegative smooth function b(-), the following inequality holds:

m m+n n -m/n m+n
b()x|™™ + ———b() ™"y | (3.6)

m, n
|xy|§m+1’l m+n

Lemma 3.5 (see [2]). For real variables x > 0, y > 0, and real number m > 1, the following

inequality holds:
m _ m-1
x<y+ (%) <m71> . (3.7)

3.2. Problem Statement

From (2.5), we introduce a more general class of stochastic nonlinear systems as follows:

dx; = di(x)x, dt + f;(Xin)dt + gi(X) dw, i=1,...,n-1,

i+1
dx, = dy (x)uPrdt + f(X,)dt + g, (X)) dew, (3.8)

y =X,

where x = (xq,... ,xn)T € R", u,y € R are the state, the input, and the measurable output
of system, respectively, x; = (xl,...,xi)T, pi, i = 1,...,n, are positive odd integers, f;(-) :
R* — Rand g(-) : R" — R x R" are smooth functions with f;(0) = 0 and g;(0) = 0, d;(x)
is unknown control coefficient with known sign, and w is an r-dimensional standard Wiener
process defined on the complete probability space (2, ¥, P).

The following assumptions are made on system (3.8).

Al: for each d;(x), there exist unknown constant 8’ > 0 and known nonnegative
smooth functions b;(x;) and b; (x;41) such that

0 < bi(x:) < di(x) < 0'b;(Xinn). 3.9)

A2: for functions fi(-), gi(-), i = 1,2,...,n, there exist known nonnegative smooth
functions ¢;;(x;) and g;(x;) such that

pi-1 )
|fi@i)| < Dlxinl g3 (),
j=0 (3.10)

|gi(§i)| < <|x1|(pi+1)/2 I |xi|(Pi+1)/2> @@')'

A3: the reference signal y, and its derivative y, are bounded.

The objective of this paper is to design an adaptive controller such that the closed-
loop system is ISpS in probability and the tracking error ¢; = vy — y, can be regulated to a
neighborhood of the origin with radius as small as possible.
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4. Controller Design and Stability Analysis

With the aid of Lemmas 3.3-3.5, we are ready to present the main results of this paper. In
this section, we show that under A1-A3, it is possible to construct a globally stabilizing,
state-feedback smooth controller for system (3.8). Introduce the odd positive integer p =
maxi=1,.»{pi}, and the following coordinate change

& =x1-Y,
(4.1)

§i=xi_x;<§i—lryr/9>/ i=2,...,7’l,

where x7(Xi-1, yr, é), i = 2,...,n, are virtual smooth controllers to be designed later, 6 :=

max {6, 0 ®+3)/P-ri+3} and 6 denotes the estimate of 6. Then, according to Ito differentiation
rule, one has

dg = dixh'dt + fidt + gl dw — y,dt,
1 i-1 62 *

dg = dixl" dt + fldt—z o <xk+1+ fe)dt -5 i

jk=1

T
axjaxk gj gkdt

g, = dyuPdt + dt—nz:la (s + )dt_l'” X0 T at
= dyu fn xi pe ksl fk 2jk=1axl_ax g] gk
Ox* = ox* =1y
~ g - g ar g n o dew.
00 oy, <g £ Oxk gk>

Let G = g - l,;ll(ax;“/ Oxx)gt, i =2,...,n. Next, we design the controller step by step by
backstepping.

Step 1. Consider the 1st Lyapunov candidate function

a) — 1 p-p+t Lo
Vi <§119> = m 1 + 59 p (4.3)

where 0 = 6 — 0 is the parameter estimation error. In view of (3.2), (4.1), and (4.2), one has

£V <§1,§> = f"’”3(d1(x)x§1 + f1(x2) - ]]r) + %Tl‘{gl(?ﬁ)(i? —p1+3)¢ el (xy )}

—P1 1 —p1+ — . 1 ) ~
<A OF L PP @) - 9|+ 5 (P -1+ 3)E T 1) - Be.
(4.4)
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By Lemma 3.4 and A2, there exist nonnegative smooth functions ¢, (x1) and ¢ (x1) such that

pi-1 p-1
_ ; . pi-j
|f1(x2)| < Z|x2|](l’1j(x1) = Z|x |] <‘P1]/(p I)( 1)>
j=0 j=0
Pl /o — i\ J/ (=)
j (1 pLoj( 2 g/
< = ( = P
< ;‘Z(; <p1 <2jb1(x1)>|x2| + . (bl(x1)> (x1)

by (x _
<P o,

lg1(x1)| < 1&gy (1),
(4.5)

which together with the boundedness of 3, imply that

1o -] < 2 1)Iﬁle’” + 9y (x1, ), (4.6)

where ¢} (x1,y,) is a nonnegative smooth function, ¢1(x1) = @,(x1). Then, for any real

number 6; > 0, choosing a = |§f7p1+3|(p'1(x1,yr), b=6,m=(p+3)/(p-p1+3), by Lemma 3.5,
there is a smooth function ¢11(x1, y,) such that

&P fir -

< |§1|p_p1+3<b1(x1) 2 P' + ¢y (x1,]/r)> < |§1|p_pl+3m|xz|p1

2
— / 3 / —P1 3 1 1+
£6+ (p-p1+3)|&f p1+3(P1(x1,yr) (p+3)/ (p-p1+3) (- p1/ (p-p1+3)
P+3 51(P—P1+3)
. 3b1(x
=& p1+3¥|x2|m + 571“3(])11(361,%) + 64, (4.7)

where ¢u1(x1,y,) = ((p—p1+3)g; (1, y) / (p+3) P TP (o1 /61 (p - py + 3))7 PP,

Substituting (4.5) and (4.7) into (4.4), and adding and subtracting (b;(x1)/ 2)§p pﬁsx;p] on
the right-hand side of (4.4), we have

—p1 1 b X 1 1
Vi < dy ()T 1( 1) |§p 3 p | + &% (21, y,) + 61

3 ~
+ PPty () - 60
(4.8)
— . bi(x . b (x P
= dl(x)giJ P +3x§ n %1)@”10 PSP+ 1(2 1) f p +3x2p
bl(xl) p—p1+3 _*p1 p+3 p+3 ~
) 81 xy & pu(xn,yr) & dra(x1) + 61 - 66,
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where ¢12(x1) = ((p—p1 +3)/ 2)§f_p '¢2(x1). Suppose the virtual smooth controller x; =
~&1p1(x1, yr, 0) with By (x1,,,0) > 0, which together with A1 lead to

0 < —by (x1)& PP < —dy ()& PP,

b1(x1) p-p1+3 _*p1 bl(x1)|§p p1+3 *p1

5 9 X5 < dl(x)ép P *Pll 4.9)

_bi(x1) 3 3 b1(x1) | p-p1+3_»
: fr’ﬁ Pl _d, (x)gp P+ m |§p pr+ x2p1|-

Substituting (4.9) into (4.8), one can obtain

n b1 (x1) ép—p1+3x*p1

b1(x1) |§p 143 e

LV; <di ()T +

2
— dy ()P - —bl(’“) |7 x| + 61 - 60
~a10 + @08 + & (1, yr) + & pra () (4.10)
sa%ﬁ+@M@n“?§mwmmyﬂ? D) v

+ 019§p+3 + §p+3¢11 (x1,yr) + §f+3¢1z (x1) + 61 + §<T1 - é>,
where 11 = Elgf Pisa nonnegative smooth function. Choose xJ as follows:

x5 (xl, Yr, é) =-&1p (xl, Yr, §>,

h <X1,yr,é> B (bl (2x1) <C1 + 11 (x1,yr) + Pra(x1) +E1m>>l/’ﬂl,

(4.11)

where f1(x1, vy, é) > 0 is a smooth function. Then,

xb —x;pl| + 61 + 5(7‘1 - é) (4.12)

— —- _. b _
Ly < —Cléiﬁs - C19§}f+3 + <9b1(x2) + %) a7
Stepi. 2 <i < mn: Assume that at Step i — 1, there exists a smooth state-feedback virtual control

x; <x, 1, Yrs ) = —fi- 1<x, 1, Yrs )éi—lr (4.13)
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such that

i-1 i-1 i-1
Y P8 = - p+3
LVia < ‘Z - )¢ 2.\ S ckj )05
j=1 k=j+1 j=1 k=j+1

— ; . . (i ~ 2 ox e
+ <9bi—1 + %) |&ioa [P P X - xip171| + > 6+ <9 + éz pic+3 9k> <T1 1-— 9),
(4.14)

where fi.; > 0 is a smooth function, and Vi1 = (1/4) Z §p prrd 1/ 2)92 We will prove

that (4.14) still holds for Step i.
Define the ith Lyapunov candidate function

1o
Vi=Via+ g8 (4.15)
From (4.2) and (4.14), it follows that
i-1 i-1 3 i-1 i-1 3
Z Z Ckj ‘.:;j k] eéf
j=1 k=j+1 j=1 k=j+1

1 ,3 i i~
o (8B + 250 Y[ - |+
j=1

i-1 *

+ Z i pis3 ><T1 1- ) + &P ()l + P (4.16)

*

6xk k=1

(¢
( o

1 i x* ox* ox* =
1 p _ 1 _ 1
fi— Z (dk(x)xkk + fk> ~5. Z ax g] 8k 57, Yr _aé 6>
1 .
*5 Tr{Gi(P —pi+3)¢ pﬁzG?}-

By A2 and Lemma 3.4, there is a smooth nonnegative function g, (x;) such that

_ N )1 .2)
|fi®i)| < D) xial i (xi) < — ), (4.17)
j=0
then,
il ox; 1 (el G R ax* bi(x)|x), . 118
fim DS v 818k 5y I <=5t o(Fonn0), (418)

k=1
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where ¢;(x;, vy, é) is a smooth function. By A2, (4.1) and (4.13), there exists a nonnegative
smooth function ¢ (X;, y,, 0) such that

Gi(®) < (| D72 4 PV g (i, y,, D). (4.19)

By (4.13), we have

(951'71 (x;) + %) |&ig [PP*3 xf“ _ P

— . big(xig) \ &S - -
- <9b,-,1(x1-) + %)chgiqlédkﬁﬂp A ¢

k=1

i-1
< Z 1k1‘§p + chkegk + i1 <x1/ Yr, >‘§f+3 + 9‘Pi2‘§f+3r (420)
k_

where ¢;1 (x;, yr,é) and @i (x;, yr,é) are two smooth functions. From Al, (4.1), and (4.13), it
follows that

1lax

_éf_pi‘*'sza ld (x)xpk

|§k + x|

<Ol p’+SZbk 1(xk)

AR 7’7‘*3)5?3%3 <§i, Yr é) + 60

< 9§f+3(,0i3 <fz‘, Yrs é) +0i1,

(4.21)
doxp . 13 o ox;
p-pi+3 i -
|l f Zaxk k— ZZax axkg]g ayr]/r
N . L |Pi R
< &GP < b:(xz)|2x1+1| vyl (fi, v, 9>> (4.22)

< b (xz 20X |p p,+3|x 1|p + ig <xz/]/r/ 6>§f+3 + 60,

where @i3(Xi, yr, é) and ¢ (X, vy, é) are two smooth functions. From (4.19), one can obtain

% Te{Gi(p - pi +3)8 7G|
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—'+3_i2 . ; oy )
< BB (a2 g 0D /2) 42 (R, 0)

i1

p+3 — A\ sp+3
< Ecikzék +(Pi5<xi,yr,9>§i ,
k=1

(4.23)

where ¢i5(Xi, yr, é) is a smooth nonnegative function. Substituting (4.20)—(4.23) into (4.16),
one gets

i-1 i-1 i i-1 i
LV; < —Z <cj - Z Ck]') §f+3 3 Z <E]. - Z Ek]-> 9§f+3 + chjé;us
= =

k=j+1 j=1 k=j+1

+ 25 + 92c1]§p+3 + R 4 Ohpd -0 + Tog "

+ b Xi . bl’ Ei —p;+. *P;
+ a0 ()BW“%huW+—%l§p3xp

1+1 3

b (xl) p-pi+3 *pl Pk+3 ) N p-pi+3 ax: N
=t 8+ ng aé <T1_1 - 9) oy 59, (4.24)

where

C;-]-=Cij1+cij2/ j=1,...,i—1,
(4.25)

h;y = @i + is + @5, hi» = ¢ip + @i3.

Suppose the virtual smooth controller x7,, = —&fi(xi, v, é) with Bi(xi, vy, é) > 0, which
together with A2 render

_bi(fi) §p pit3 P < —d; (x)ép pi+3 P b; (xl) |§P pi+3 P (4.26)

2 z+1 1+1 1+1

Substituting (4.26) into (4.24) leads to

=1 k=j+1 k=j+1

i-1 i-1 i i i-1
LV; < —Z <cj - Z ckj>§?+3 B Z <E]~ - Z Ekj> 9§?+3 n ZC;].%(HG
j=1 '

H My 4 (040)hodl 4@ (0+0)&” + & i (),

1+1

b (xi)
2

bi (xz)

i+3 i i+3 i i+3
T i SR di

z+1
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(5 S o)

0

1+1

b (xz) |§p pi+3 £

+ Zép pk+3—(hzz et - ng pk+36—§k(hi2 + )"

L 3ax gp pi+ 3ax l
69 00
(4.27)
where 7; = 7,1 + (hpp + Ei)§f+3. For (4.27), we have
-1
S ”"”—(h 2+ 3| < i (Kiryr )8,
k=2 (4.28)

| ép p,+3 a

< Z Clk3§k + @iz <x,, Yr, 9> §p+3/

where cji3 is a design parameter, @i (X;i, Yy, é) and ;7 (Xi, Yy, é) are the smooth functions. Let

Cij = C;]. + Cij3, hil = hil + @ie + Qi7. (4.27) becomes

=j+1 j=1 =j+1

i-1 i-1 i
_2‘/1 < —Z <C] - Z Ck]>§7+3 Z <E] _ Z Ck1> eép + ZC1]§P+3
k k

P *pi
Xiv1 ~ Xin

+ hllép+3 i 9h12§p+3 <9b (le) b (xl) > |§i|p—p,-+3

e e T (e ’“")( Y

k= oo

i i i i
p+3 - - p+3
<- <Cf - Ckf>§j -2 <Cf - Ckf>9‘§f
j=1 k=j+1 j=1 k=j+1

o (9 G+ P Y |+ 33+ (8 % ) (m-6),
(4.29)
by choosing
xl+1 (xll Yr, ) = _élﬂl (xll Yr, 6)
R 2 — 1/pi
pi (zi, y,,e) = (W (ci +hit + (o + ) V1 + 92)> ) (4.30)

where B;(Xi, yr, é) > 0 is a smooth function.
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2 4 6 8 10 12 14 16 18 20
Time (s)

(a)

Control input

0 2 4 6 8 10 12 14 16 18 20
Time (s)

(b)

Figure 2: Gives the response of the closed-loop system, from which, the effectiveness of the controller is
demonstrated.

Finally, wheni = n, x,.1 = x],,; = uis the actual control. By choosing the actual control
law and the adaptive law:

(%, y:,0) = ~Pu (%0 v, 0)8n  O=7 = ngng”, (4.31)

where f, > 0 and Hy, ..., Hy, are smooth functions, one gets

=

n
=1 k=j+1 =1

LV, < - <c,- - Z ck,»> &=y <z]- - Z zk,-> 0" + ia,-. (4.32)
E .

Theorem 4.1. If A1-A3 hold for the high-order stochastic nonlinear system (3.8), under the smooth
adaptive state-feedback controller (4.32), the closed-loop system is ISpS in probability, and the tracking
error &1 = y — y, can be regulated to a neighborhood of the origin in probability with radius as small
as possible (Figure 2).

Proof. For V,, = 3", (1/ 4)§f_p " (1/2)62, it is obvious that V,, satisfies (3.4). Choosing all the
design parameters c; and ¢; to satisfy

n n
> > ks Gi> DTk, j=1...,m, (4.33)
k=j+1 k=j+1

such that (3.5) holds, and then using Lemma 3.3, one can prove Theorem 4.1. O
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5. Simulation

Now, we apply the control scheme to the mechanical system (2.5). Let ¢ = x1 — y, be the
tracking error, where y, = sint is a bounded smooth reference signal. For (2.5), d;(-) = 1, and
p =max{1,3} =3.

Choose V(1) = (1/(p — p1 +4)& " = £6/6. Then,

LV (é1) =& (22— V). (5.1)
The smooth virtual controller can be chosen as x3(x1,y,) = —c1é1 + ¥, which renders

LV (é1) = —c1é) + & (x2 — x3). (5.2)

Next, defining V5(¢1,&) = Vi+(1/(p—p2 + 4))527 P §? /6+ §‘21 /4, a direct calculation
gives

ox3 ox3
LV, = —C1§? + §f§2 + é% <x§ - axj X2 — 6y2 ]]r> = —C1§? + §?§2 + 53 <x§ - hz>, (5.3)

where ¢ = x; — x5. By Lemma 3.5, choosing m = 3/2, one can obtain that for any constant
52 >0,

2840 32 1 \1/2 B
'§§h2|552+< é2> <2_52> §62+§g(p2(x2). (5.4)

Then, by (5.4) and (5.5), it is easy to see that
LV (E1,&) = ~(c1 — en)éf — 028 + B (] - ) + 6, (55)

by choosing x73(x1, x2, yr) = —&2(c2 +da + (p2)1/3.

Defining {3 = x3 — x} and the Lyapunov function V3(&1, &2, &) = Va(é1,&2) +(1/ 6)§§, one
gets

ox: oxx ox:
LV3 < —(c1 - €1)E — 08 + g;(xg - xj,;3> +62+ &3 <x4 - 6—ng - a—xzxg - a—;y'r)
r

* * 5-6
< (€1 = €21)&0 — €8S + 631 + &5p31 + 63 + Epan + &5 (xa — X)) + &3 (5.6)

= —(c1 —c1)E) — s —c3dS + & (x4 — X)) + 62 + 63,
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by choosing xj(x1,x2,x3,y,) = —&(c3 + @31 + ¢32). At last, choosing & = x4 — xj,
Via(ér, &2, 83, &) = V3(21,é2, &) + (1/6)¢8, a direct calculation gives

Vi < —(c1 - 21)80 — 0285 — 38§ + & (x4 — X)) + 62 + 63

ox* ox* ox’ ox*
5 _OXy o 0Xy 5 OXy o OXy 4 202
i §4 <U " kof aJC1 2 aX2 i aX3 = ayr yr) " 5§4O- f (5‘7)
< —(c1 = )& — €agh — €385 — cadl + 62 + 63 + 61 + Epar + 6ax + Epup + U
= —(c1 — )& — C28h — 385 — cadl + 62 + 65 + B4,
by choosing
v = —&(Ca + a1 + Pu2). (5.8)

Choose the design parameters o = 0.125, 6, = 0.01, 63 = 0.01, and 64 = 0.01. Moreover,
to satisfy (5.3), we choose c1 =1 > ¢1 =5/6, ¢, =1.5, c3 = 0.5and ¢4 = 0.5. Choose the initial
values x1(0) = 0.45, x,(0) = 0.5, x3(0) = 0.5, and x4(0) = 0.5.

6. Concluding Remarks

In this paper, a mechanical system is firstly introduced. Then, by a series of coordinate tran-
sformations, the mechanical system can be transformed to a class of high-order stochastic
nonlinear system, based on which, a more general mathematical model is considered and
the smooth state-feedback controller is designed which guarantees that the tracking error
¢1 = y—y, can be regulated to a neighborhood of the origin in probability with radius as small
as possible. At last, the simulation is given to show the effectiveness of the design scheme.
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