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This work investigates modified function projective synchronization between two different hyper-
chaotic dynamical systems, namely, hyperchaotic Lorenz system and hyperchaotic Chen system
with fully unknown parameters. Based on Lyapunov stability theory, the adaptive control law
and the parameter update law are derived to achieve modified function projective synchronized
between two diffierent hyperchaotic dynamical systems. Numerical simulations are presented to
demonstrate the effectiveness of the proposed adaptive controllers.

1. Introduction

During the last three decades, synchronization of chaotic systems has attracted increasing
attention from scientists and engineers and has been explored intensively both theoretically
and experimentally. Since Pecora and Carrol [1] introduced a method to synchronize two
identical systems with different initial conditions, many approaches have been proposed for
the synchronization of chaotic or hyperchaotic systems such as complete synchronization
[1], phase synchronization [2], generalized synchronization [3], lag synchronization [4],
intermittent lag synchronization [5], time-scale synchronization [6], intermittent generalized
synchronization [7], projective synchronization [8], modified projective synchronization
[9, 10], and function projective synchronization [11, 12]. Most of them are based on exactly
knowing the system structure and parameters, but in practice, some or all of the system’s
parameters are unknown. Moreover, these parameters change from time to time. A lot of
works have been done to solve this problem using adaptive synchronization [13-16]. Most
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of the methods mentioned above synchronize two identical chaotic systems. Hyperchaotic
system is usually classified as a chaotic system with more than one positive Lyapunov
exponent, indicating that the chaotic dynamics of the system are expanded in more than
one direction giving rise to a more complex attractor. The method of the synchronization of
two different hyperchaotic systems is far from being straightforward. There is little work
about this challenging problem because it consists of different structures and parameter
mismatch of the two hyperchaotic systems. Complete synchronization is characterized by
the equality of state variables while evolving in time. Antisynchronization is characterized
by the vanishing of the sum of relevant variables. Projective synchronization occurs when the
drive and response system could be synchronized up to a scaling factor. Function projective
synchronization is the most general definition of projective synchronization. It means that the
derive and response systems could be synchronized up to a scaling function.

A focused problem in the study of chaos synchronization is how to design a physically
available and simple controller to guarantee the realization of high-quality synchronization
in coupled chaotic systems. Linear feedback is of course a practical technique, but the
shortcoming is that it needs to find the suitable feedback constant. Recently, Huang proposed
a simple adaptive feedback control method, which neednot to estimate or find feedback
constant, to effectively synchronize two almost arbitrary identical chaotic systems in his series
paper [17-19].

In this work, we investigate modified function projective synchronization (MFPS)
between hyperchaotic Lorenz system and hyperchaotic Chen system with fully unknown
parameters. This work is organized as follows. In Section 2 the modified function projective
synchronization (MFPS) scheme is presented. Section 3 briefly describes hyperchaotic
Lorenz system and hyperchaotic Chen system. Section 4 proposes adaptive control laws
and parameter update rules for the modified function projective synchronization between
hyperchaotic Lorenz system and hyperchaotic Chen system. In Section 5, numerical examples
are given to demonstrate the effectiveness of the proposed method. Finally, the conclusions
are given in Section 6.

2. Adaptive Modified Function Projective Synchronization
(MFPS) Scheme

Consider the following master and slave system:

x = f(x,t), (2.1)

y=g(y.t) +u(x,yt), (2.2)

where x,y € R" are the state vector of the system (2.1) and (2.2), respectively; f,g : R" — R"
are two continuous nonlinear vector functions, u(x, y, t) is the vector controller. We define the
error dynamical system as

e(t)=y—-Mh(t)x, (2.3)

where M is a constant diagonal matrix M = diag{m;,m,,...,m,} € R™" and h(t) a contin-
uous differentiable function with h(t) # 0 for all £.
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Figure 1: The attractor of hyperchaotic Lorenz dynamical system at a = 10, =28, y =8/3,and r =0.1in
X, Yy, z subspace.

The system (2.1) and (2.2) i said to be in modified function projective synchronization
if there exists a constant diagonal matrix M and function h(t), such that Lim;_, -||e(t)|| = 0.

It is easy to see that the definition of modified function projective synchronization
encompasses function projective synchronization when the scaling matrix M equals I.

3. System Description

The hyperchaotic Lorenz system is described as follows [20-22]:

x=a(y-x),

y=px+y-xz-w,
(3.1)
z=xy-bz

w=rYyz,

where x, y, z, and w are state variables and a, §, y, and r are real constant parameters. In
[21, 22], it has been shown that the system (3.1) has two positive Lyapunov exponents when
a =10, p =28, y = 8/3, and r = 0.1, the system (3.1) exhibits hyperchaotic behavior, see
Figure 1.

Hyperchaotic Chen system is described as [23, 24]

x=a(ly-x)+w,
y=dx+cy-xz
(3.2)
z=xy-bz,

w=lw+yz
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Figure 2: The attractor of hyperchaotic Chen dynamical system ata =35,b=3,c=12,d=7,and [ =0.5in
X, Y, z subspace.

where x, y, z and w are state variables and a, b, ¢, d and h are real constant parameters. When
a=35b=3c=12,d=7, 0798 <1<0.9, system (3.2) is periodic, whena =35,b =3, ¢ =
12,d =7, 0 <1<0.085, system (3.2) is chaotic; whena =35,b=3,¢c=12,d=7, 0.085< 1<
0.798, system (3.2) exhibits hyperchaotic behavior see Figure 2.

4. Adaptive MFPS between Hyperchaotic Lorenz System and
Chen System

In order to achieve the synchronization behavior between hyperchaotic Lorenz system and
hyperchaotic Chen system, we assume that hyperchaotic Lorenz system is the drive system
whose four variables are denoted by subscript 1 and hyperchaotic Chen system is the
response system whose variables are denoted by subscript 2. The drive and response systems
are described by the following equations, respectively,

x1=a(yr—x1),

Y1 =Ppx1+y1 —x1z1 —wy,

4.1)
Z1 = X1Y1 — YZ1,
wy =T1Y121,
% =a(y,—x2) +wa + Uy,
Yo =dxy +cys — X22p + Uy,
(42)

Zp = X212 — b22 + Uz,
wy = lZUz + Y22y + Uy,
where U = [uy, uy, u3,u4]T is the nonlinear controller functions which are to be determined

later. The term “synchronization,” in general, means that the signal effect upon the synchro-
nized system is very small in comparison with the amplitude of proper oscillations of the
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system but, nevertheless, it is enough to change the system behavior and to “impose” the

rhythm of external influence to it. The two hyperchaotic dynamical systems can be synchro-
nized in the sense that

tlim |p — mih(t)x1| =0,

Jim [y, = mah()y1| =0,

(4.3)
tlim |zo — msh(t)z1] =0,
tlim |, — myh(t)wq| =0,
where m;, (i = 1,2,3,4) is the scaling factor and h(t) the scaling function.
We have the following error dynamical system:
éx = Xy —mih(t)x1 — mih(t)xy,
ey = v — moh(t)y1 — my h(t)yn,
(4.4)

é; = 2o —msh(t)z1 — msh(t)z,

éw = Wy — myh(t)n — msh(t)w,,

where ey = xo —mh(t)x1, e, = yo — mih(t)y1, e; = zo — mih(t)z1, and e, = wy — mih(t)ws.
Substitution of (4.1) and (4.2) in (4.4) yields following error dynamical system

éx=a(y2—x2) + wo + uy — mh(t)a(y1 — x1) — mih(t)x,
ey = dxy + cyr — X220 + Uy — mah(t) (Bx1 + y1 — X121 — wy) — mah(t)y1, w3)
ez = XYy — bzp + uz — mah(t) (x1y1 — yz1) — msh(t)z1, .

éw =lwy + y22p + us — mgh(H)ry1z1 - myh(t)ws.

Our aim is to find control laws u; (i = 1,2,3,4) for stabilizing the error variables of the
system at the origin. For this end, we propose following control law:

uy = mlh(t)al (y1 - xl) + mlh(t)xl —a (xz - yz) —wy — k1€x,
Uy = mzh(t) (]/1 + ‘[51.9('1 - w1 - xlzl) + XpZp + mzh(t)y1 = dle —C1Y2 — kzey, (4 6)
usz = 11’Z3h(t) (X1y1 - lel) + m3h(t)21 + b122 — Xo2lY2 — k3ez, .

Uy = m4h(t)r1y1z1 + m4h(t)w1 - lle —Y2zy — k4€w,
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and the update laws for the unknown parameters a1, 1, y1, 11, a1, b1, ¢1, di, and |; are

dr = (x1 - y1)mih(t)ex — ks(ar — a),
pr = —xymah(t)e, — ke (f1 - B),
71 = zimsh(t)e: — k7 (y1 - y),
71 = —y1zimah(t)e, — ks(r1 — 1),
a1 = (y2 - x2)ex — ko(ar — a), (4.7)
by = —zse. —kio(b1 - b),
¢1 = yaey —ku(c1-o),
dy = xzey — ki2(dy - d),

L = waey — kis(l —1),

where k; >0 (i=1,2,3,...,13).

Theorem 4.1. For given constant scaling matrix M and scaling function h(t), the MFPS between
two systems (4.1) and (4.2) will occur by the control law (4.6) and update law (4.7), and satisfy

lim |y —a| = lim | — B| = lim |y1 —y| = lim [r; — 7| = lim|a; — a
t— oo t— oo t— oo t— o0 t— oo

(4.8)
= lim by~ b| = lim |e1 — ¢ = lim |dy - d| = lim Iy 1| = 0.
Proof. Define a Lyapunov function,
1
V(e) = §<ei+e§+e§+e§,+e§+e§+e$+e$+e§+e§+e§+e§+e?>, (4.9)
where
e =a;-a, es=p1-p, ey=1-Y, e =r-r1, e, =ai—a,
(4.10)

e, =b1—Db, e.=c1—¢, eg=dy—d, ee=hL-1L
The time derivative of the Lyapunov function along the trajectory of error system (4.9)
is

dav(e)
dt

= exex t eyly +e26; + eyly + exly + eplp + eyéy
+e.é, +e,6,+ epey + e+ ejéq+ ee (4.11)
= exly + yy + €285 + ey + ealtty + epf + ey

+e, 71 +eza1 + ebbl +ec1 + edd1 + €1Z1.
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Inserting (4.6) and (4.7) into (4.11) yields the following:

dv(e)
dt

—klefc - kzei - k3€§ - k4e,20 - k5ei - k6e§ - k7e$ - kgef (4.12)

2 2 2 2 2 2
- kgea - kloeb - kuec - k12€d - k13€l = —-Ke ,

Where e = (EXI ey/ eZ/ eTAJ/ 611/ eﬂ/ eY/ er/ ea/ @b, eC/ ed! el)T and K = diag(kll k2/ k3/ k4/ k5/ k6/ k7/ k8/
ko, k10, k11, k12, k13) "

Since dV'(e)/dt < 0, we have ey, e, ez, ew, €a,€p,€y,€r,€q,€v,8c,€4,1 — Oast — oo,
limteoo”e” =0.

Therefore, the drive system (4.1) synchronizes the response system (4.2) in the sense
of MFPS. O

Remark 4.2. Note that complete synchronization and antisynchronization between two dif-
ferent hyperchaotic dynamical systems are special cases of MFPS with the scaling function
h(t) =1 and the scaling factors m; = 1 and m; = -1 (i = 1,2,3,4), respectively.

Remark 4.3. Note that function projective synchronization (FPS) between two different hyper-
chaotic dynamical systems is special case of MFPS with the scaling factors m; = 1 (i = 1,2,
3,4), and the scaling function h(t) is chosen later.

Remark 4.4. Note that generalized projective synchronization (GPS) and modified gener-
alized projective synchronization (MGPS) between two different hyperchaotic dynamical
systems are special cases of MFPS with the scaling function h(t) = 1 and the scaling factors
m; are equal and m; are not equal (i = 1,2, 3,4), respectively.

By suitable choosing for h(t), we can achieve modified function projective synchro-
nization, complete synchronization, antisynchronization, function projective synchroniza-
tion, generalized projective synchronization, modified generalized projective synchroniza-
tion, between two different hyperchaotic systems (see Examples 5.1-5.6).

5. Numerical Results

In this section, numerical examples are used to demonstrate the effectiveness of the proposed
method. By using Maple 12 to solve the systems of differential equations (4.1), (4.2), (4.6), and
(4.7), we assume that the initial conditions of the drive system are x;(0) = 2, 11(0) =2, z1(0) =
3, and w1 (0) = 1, and the initial conditions of the response system are x,(0) = 6, 12(0) =5,
25(0) = 3, and w,(0) = 3. The initial conditions of the estimated parameters are chosen as
a1(0) =0, p,(0) =0,y1(0) =0, 7(0) =0, a1(0) =0, b1(0) =0, c1(0) =0, d1(0) = 0and [;(0) = 0.

Let the scaling function be h(t) = sin(0.1srt) and the scaling factors are chosen as m; =
2, my =3, m3 =5, and my = 0.5. The simulation of the error dynamical system between hyper-
chaotic Lorenz system and hyperchaotic Chen system without control functions is shown
in Figure 3(a) displays the e, = x, — mih(t)x1, Figure 3(b) displays the e, = y» — mih(t)y1,
Figure 3(c) displays the e, = z, —mh(t)z1, and Figure 3(d) displays the e,, = w, —mih(t)w;.

Example 5.1. Let the scaling function be h(t) = sin(0.1srt) and the scaling factors are chosen as
my =2, my =3, mz =5, and my = 0.5. Furthermore, the control gains are chosen as kj = k; =
k3 = k4 = 3, k5 = k6 = k7 = kg = k9 = k10 = k11 = k12 = I’l13 =2. Figure 4 displays the MFPS
between systems (4.1) and (4.2). Figure 5 show that the estimates a; (t),51(t),y1(t),r1(t) of the
unknown parameters converge to a = 10, p =28, y =8/3,and r = 0.1 ast — oo. Figure 6



8 Mathematical Problems in Engineering

50
30 A 40
20 30
20
10 4 10
= =
) 0 v 0
-10
-10 -20
-20 =30
-40
5 10 15 20 25 30 0 10 20 30
t t
(a) (b)
150 4
100 4 100
50 4 50 |
N 0 1
-50 § 07
-100 50 1
—-150 1
. . . X -100 1 A
0 10 20 30 40 0 10 20 30

t t
(© (d)

Figure 3: The behavior of the trajectories ey, e,, e-, and e, of the error system between hyperchaotic Lorenz
system and hyperchaotic Chen system without control functions.
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Figure 4: The behavior of the trajectories e, e, e-, and e, of the error system between hyperchaotic Lorenz
system and hyperchaotic Chen system for MFPS.
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Figure 5: The estimates a; (t), Bi1 (), y1(t), r1(t) of the unknown parameters converges toa =10, f =28, y =
8/3,and r = 0.1 as t tends to 3.
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Figure 6: The estimates a;(t), b1 (t), c1(t), di(t), [ () of the unknown parameters converge to a = 35, b =
3,c=12,d=7,and [ = 0.5 as t tends to 3.
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Figure 7: (a) The behavior of the trajectories ey, e,, e, and e,, of the error system between hyperchaotic
Lorenz system and hyperchaotic Chen system for complete synchronization. (b) the estimates ay (t), 1 (),
y1(t), r1(t) of the unknown parameters converge to &« = 10, # = 28, y = 8/3,and r = 0.1 as t tends to 3.
(c) the estimates ay (t), bi(t), c1(t), di(t), i (t) of the unknown parameters converges toa =35, b =3, ¢ =
12, d=7,and [ = 0.5 as t tends to 3.

show that the estimates a (t), bi(t), c1(t), di(t), li(t) of the unknown parameters converge to
a=35b=3,c=12,d=7,and[ =0.5ast — co.

Example 5.2. Let the scaling function be h(t) = 1 and the scaling factors are chosen as
my = my = m3 = my = 1. Furthermore, the control gains are chosen as ki = ky = k3 = k4 =3,
ks = k¢ = k7 = kg = kg = kio = ki1 = kio = hiz = 2. Figure 7(a) displays the complete syn-
chronization between systems (4.1) and (4.2). Figure 7(b) show that the estimates a(t),
pi(t), yi(t), ri(t) of the unknown parameters converge to « = 10, § = 28, y = 8/3,
and r = 0.1 ast — oo. Figure 7(c) show that the estimates a;(t), bi (), c1(t), di(t), L1 (t) of
the unknown parameters convergetoa =35, b=3, c=12, d=7,and =05 ast — oo.
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Figure 8: (a) The behaviour of the trajectories ey, e,, e. and e,, of the error system between hyperchaotic
Lorenz system and hyperchaotic Chen system for anti-synchronization. (b): Show the estimates a (t), 1 (t),
y1(t), r1(t) of the unknown parameters converges to a = 10, p =28, y =8/3 and r = 0.1 as t tends to 3.
(c): Show the estimates a; (t), b1 (t), c1(t), di(t), 1 (t) of the unknown parameters converges to a = 35, b =
3, c=12, d=7and [ =0.5 as t tends to 3.

Example 5.3. Let the scaling function be h(t) = 1 and the scaling factors are chosen as m; =
my = mz = my = —1. Furthermore, the control gains are chosen as k1 = ky = ks = ks =3, ks =
ke = k7 = ks = kg = kip = k11 = k1o = hi3 = 2. Figure 8(a) displays the anti-synchronization
between systems (4.1) and (4.2). Figure 8(b) shows the estimates a; (t), 1 (), y1(t), r1(t) of the
unknown parameters convergetoa = 10, =28, y =8/3,andr =0.1 ast — oco. Figure 8(c)
shows the estimates a;(t), bi(t), c1(t), di(t), li(t) of the unknown parameters converge to
a=35,b=3,c=12,d=7,and [ =05 ast — co.
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Figure 9: (a) The behavior of the trajectories ey, ey, e-, and ey, of the error system between hyperchaotic
Lorenz system and hyperchaotic Chen system for FPS. (b) the estimates a;(t), pi(t), yi(t), ri(t) of the
unknown parameters converge to @ = 10, =28, y = 8/3,and r = 0.1 as t tends to 3. (c) the estimates
ai(t), bi(t), ci(t), di(t), li(t) of the unknown parameters converge toa = 35, b = 3, ¢ = 12, d =7,
and I = 0.5 as t tends to 3.

Example 5.4. Let the scaling function be h(t) = sin(0.1srt) and the scaling factors are chosen
as my; = my = mz = my = 1. Furthermore, the control gains are chosen as k1 = k, = k3 =
k4 = 3, k5 = k6 = k7 = kg = kg = k10 = k11 = k12 = h13 = 2. Figure 9(&) displays the FPS
between systems (4.1) and (4.2). Figure 9(b) shows the estimates a; (t), f1(t), y1(t), r1(t) of the
unknown parameters convergetoa =10, p =28, y=8/3,andr =0.1 ast — oo. Figure 9(c)
shows the estimates a;(t), bi(t), c1(t), di(t), li(t) of the unknown parameters converge to
a=35b=3,c=12,d=7,and [ =05 ast — oo.
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Figure 10: (a) The behavior of the trajectories ey, ey, ez, and e, of the error system between hyperchaotic
Lorenz system and hyperchaotic Chen system for GPS. (b) the estimates a;(t), Bi(t), yi(t), ri(t) of the
unknown parameters converges to a = 10, p =28, y = 8/3, and r = 0.1 as f tends to 3. (c) the estimates
ai(t), bi(t), c1(t), di(t), li(t) of the unknown parameters converges to a = 35, b =3, ¢ =12, d = 7, and
[ =0.5as t tends to 3.

Example 5.5. Let the scaling function be h(t) = 1 and the scaling factors are chosen as m; =
my = m3 = my = 0.5. Furthermore, the control gains are chosenas k1 = ko = ks = ks =3, ks =
k6 = k7 = kg = k9 = k10 = k11 = k12 = ]’l13 =2. Figure 10(&) displays the GPS between systems
(4.1) and (4.2). Figure 10(b) shows the estimates ay(t), pi(t), y1(t), r1(t) of the unknown
parameters converge to a = 10, p = 28, y = 8/3,and r = 0.1 ast — oo. Figure 10(c)
shows the estimates a;(t), bi(t), c1(t), di(t), 1(t) of the unknown parameters converges to
a=35,b=3,c=12,d=7,and [ =05 ast — co.
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Figure 11: (a) The behaviour of the trajectories ey, ey, ez, and e, of the error system between hyperchaotic
Lorenz system and hyperchaotic Chen system for MGPS. (b) the estimates ay (t), fi1(t), y1(t), r1(t) of the
unknown parameters converge to &« = 10, f =28, y = 8/3,and r = 0.1 as t tends to 3. (c) the estimates
ay(t), bi(t), c1(t), di(t), L1 (t) of the unknown parameters convergetoa =35, b=3, c=12, d=7,and | =
0.5 as t tends to 3.

Example 5.6. Let the scaling function be h(t) = 1 and the scaling factors are chosen as m; =
2, my =3, mz = -2, and my = 0.1. Furthermore, the control gains are chosen as k; = k, = k3 =
k4 = 3, k5 = k6 = k7 = kg = kg = k10 = k11 = k12 = h13 =2. Figure 11(&) displays the MGPS
between systems (4.1) and (4.2). Figure 11(b) show that the estimates a; (t), f1(t), y1(t), r1(¢)
of the unknown parameters converge to a = 10, p =28, y = 8/3,and r = 0.1 ast — co.
Figure 11(c) show that the estimates a; (t), b1 (t), c1(t), d1(t), 1 (t) of the unknown parameters
convergetoa =35 b=3,c=12, d=7,and [ =05 ast — oo.
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6. Conclusions

This work investigated modified function projective synchronization between the hyper-
chaotic Lorenz system and hyperchaotic Chen system with fully unknown parameters.
Based on Lyapunov stability theory, we design adaptive synchronization controllers with
corresponding parameter update laws to synchronize the two systems. The MFPS includes
complete synchronization, antisynchronization, function projective synchronization (FPS),
generalized projective synchronization (GPS), and modified generalized projective synchro-
nization (MGPS). All the theoretical results are verified by numerical simulations to demon-
strate the effectiveness of the proposed synchronization schemes. Thus, our synchronization
method is successful for some systems with two positive Lyapunov exponents.
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