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This paper investigates robust finite-time H,, control for a class of impulsive switched nonlinear
systems with time-delay. Firstly, using piecewise Lyapunov function, sufficient conditions
ensuring finite-time boundedness of the impulsive switched system are derived. Then, finite-time
H,, performance analysis for impulsive switched systems is developed, and a robust finite-time
H,, state feedback controller is proposed to guarantee that the resulting closed-loop system is
finite-time bounded with H,, disturbance attenuation. All the results are given in terms of linear
matrix inequalities (LMIs). Finally, two numerical examples are provided to show the effectiveness
of the proposed method.

1. Introduction

A switched system is a hybrid dynamical system consisting of a family of continuous-time or
discrete-time subsystems and a switching law that orchestrates the switching between them
[1]. In the last decades, in the stability analysis and stabilization for switched systems, lots of
valuable results are established (see [2-5]). Most recently, on the basis of Lyapunov functions
and other analysis tools, the stability problem of linear and nonlinear switched systems
with time-delay has been further investigated (see [6-15]), and lots of valuable results are
established for H, control problems (see [16-22]).

It is well known that impulsive dynamical behaviors inevitably exist in some practical
systems like physical, biological, engineering, and information science systems due to abrupt
changes at certain instants during the dynamical process. Although hybrid system and
switched system are important models for dealing with complex real systems, there is little
work concerned with the above impulsive phenomena. Such a phenomenon can be modeled
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as an impulsive switched system, it is characteristic that their states change during the
switching because of the occurrence of impulses [23].

In recent years, the impulsive switched systems have drawn more and more attention
and many useful conclusions have been obtained. Multiple Krasovskii-Lyapunov function
approach is employed to study the problem of ISS stability of a class of impulsive
switched systems with time-delay in [24]. By the Lyapunov-Razumikhin technique, a delay-
independent criterion of the exponential stability is established on the minimum dwell time
in [25]. The problem of robust H, stabilization of nonlinear impulsive switched system with
time-delays is studied in [23].

Usually, the stability of a system is defined over an infinite-time interval. But in many
practical systems, we focus on the dynamical behavior of a system over a fixed finite-time
interval. Based on this, finite-time stability is first proposed by Dorato in 1961 [26]. Compared
with the classical Lyapunov stability, finite-time stability is proposed for the study of the
transient performance of the system, which is a totally different concept. The so-called finite-
time stability means the boundedness of the state of a system over a fixed finite-time interval.
Finite-time stability problems can be found in [27-32]. The finite-time stability of linear
impulsive systems is analyzed in [33], the finite-time stability and stabilization of impulsive
dynamic systems are carried out in [34-36]. The finite-time stability and stabilization of
switched systems are investigated in [37].

Recently, robust finite-time control of switched systems is studied in [38, 39]. However,
to the best of our knowledge, there are very few results on finite-time boundedness and
robust H,, control of the impulsive switched systems, which motivates the present study.
The paper is organized as follows. In Section 2, problem formulation and some necessary
lemmas are given. In Section 3, based on the dwell time approach, finite-time boundedness
and finite-time H, performance for switched impulsive systems are addressed, and sufficient
conditions for the existence of a robust finite-time H, state feedback controller are proposed
in terms of a set of matrix inequalities. Numerical examples are provided to show the
effectiveness of the proposed approach in Section 4. Concluding remarks are given in
Section 5.

Notations. The notations used in this paper are standard. The notation P > 0 means that P
is a real positive definite matrix; diag{-- -} stands for a block-diagonal matrix; Ama.x(P) and
Amin(P) denote the maximum and minimum eigenvalues of matrix P, respectively; ||x(t)|| =

VAT @)x () and |x()ll, = (7 lx(®) [ dt) 2.

2. Problem Formulation and Preliminaries

Consider the following impulsive switched system:

X(t) = Aoyx(t) + Agox(t = h) + Bioyur (t) + foy (x(t)) + Bow(t), t#tx  (21a)
Ax = Eg(t)x(t) +uy(t), t=tx, k=1,2,3,... (2.1b)
z(t) = Cowyx(t) + Dopyur (t), (2.1¢)

x(t) =), te[to—h,to], (2.1d)
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where x(t) € R" is the state vector, z(f) € R" is the controlled output, w(t) € R” is the
disturbance input which belongs to L, [0, o0), u1(t) € R™, t#t; is the switched control input,
uy(ty) € R" is the impulsive control input at ti, on the other hand, u,(t) = 0, t#t, k =
1,2,3,....0(t) : [ty, +0) — N = {1,2,...,N} is a switching signal. t € (t, tk+1], o(t) = ik,
ir € N,k =0,1,23,.... Ax(t) = x(t') — x(t7), x(t*) = limp_¢-x(t + h), x(t) = x(t7) =
limy, o+ x(t — h). t, k = 0,1,2,3,... are the impulsive jumping points or switching points.
to is the initial time, tp < t; < -+ < #x < ---, and limx_, tx = +oo. b > 0 is the time-delay
which is a positive constant. f;(-) : R* — R", i € N is nonlinear vector-valued function.
@(t), t € [ty — h,ty] is a continuous vector-valued initial function. A;, Aai, Bui, i € N are
uncertain real-valued matrices with appropriate dimensions, By;, E;, C;, D;, i € N are known
real constant matrices with appropriate dimensions.

Assumption 2.1. For each i € N, Ai, Adi, Eli are uncertain real-valued matrices with
appropriate dimensions. We assume that the uncertainties are of the form

A= A+ AA,, Agi = Agi + Mg, Bii = By + ABy;, (2.2a)
[ AA; AAy ABy| = HiFi(t)[ Eai Eaai Esi, (2.2b)

where A;, Agi, Bii, Hi, Eai, Eaaqi, and Epg; are known real-valued constant matrices with
appropriate dimensions, F;(t) is the uncertain matrix satisfying

FI(tHFi(t) < I. (2.3)

Assumption 2.2. For each i € N, nonlinear vector-valued function f; satisfies Lipschitz
condition

| fiGx) | < ILx (B, (2.4)

where U, is the Lipschitz constant matrix.

Assumption 2.3. For a given time constant Ty > o, the external disturbance w(t) satisfies
Ty
f w! (Hw(t)dt < d*. (2.5)
0

Assumption 2.4. For system (2.1a)—(2.1d), the impulsive jump matrices E; satisfy that (I + E;)
are invertible.

Definition 2.5 (see [32]). For a given time constant Ty > to, impulsive switched system (2.1a),

(2.1b), (2.1c) and (2.1d) with u1(t) =0, ux(t) =0, and w(t) = 0, is said to be finite-time stable
with respect to (c2, 3, Ty, R, o(t)) if the following inequality holds:

sup x"(T)Rx(r) <& = x" (HRx(t) <3, te (to,Ty], (2.6)

to—h<t<ty

where ¢; > ¢1 > 0, Ris a positive definite matrix, and o(t) is a switching signal.
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Remark 2.6. Equation (2.6) stands for the boundedness of the state of a system over a fixed
finite-time interval (to, Tf], when the initial state is bounded.

Definition 2.7 (see [40]). For a given time constant Ty, impulsive switched system (2.1a)-
(2.1d) with uy(t) = 0, ux(t) = 0, and w(t) satisfying (2.5), is said to be finite-time bounded
with respect to (cf,¢3, Ty, d% R, o(t)) if the condition (2.6) holds, where ¢; > ¢; > 0, Ris a
positive definite matrix and o (t) is a switching signal.

Definition 2.8. For any T, > T1 > 0, let Ny (T1, Tz) denote the switching number of o(t) on an
interval (T1,T7). If Ny (T1,T2) £ No + (T, — T1) /7, holds for given Ny > 0, 7, > 0, then the
constant 7, is called the average dwell time. In this paper we let Nj = 0.

Definition 2.9. For a given time constant T, impulsive switched system (2.1a)-(2.1d)

with u;(t) = 0, up(t) = 0 is said to have finite-time H,, performance with respect to
(0, c%, Ty, d?,y, R,o(t)) if the system is finite-time bounded and the following inequality holds:

z®)l2 < yllew @B, Vw(t) € L]0, o0), (2.7)

where ¢; > 0, ¥ >0, Ris a positive definite matrix and o (t)is a switching signal.
Definition 2.10. For a given time constant Ty, impulsive switched system (2.1a)—(2.1d) is
said to be robust finite-time stabilization with H,, disturbance attenuation level y, if there

exists a switched controller u;(t) = Kypx(t), t#t and an impulsive controller u,(ty) =
Ko@mx(tk), t =tx, where t € (tp, Ts] such that

(i) the corresponding closed-loop system is finite-time bounded with respect to
(0,63, T, d* R, o(t));

(ii) under zero initial condition, inequality (2.7) holds for any w(t) satisfying (2.5).

Lemma 2.11. Let U, V, W, and X be real matrices of appropriate dimensions with X satisfying
X = XT, then forall VTV < 1,

X+UVW +WIvTuT <o, (2.8)

if and only if there exists a scalar € > 0 such that

X +eUuu’ + e 'Wiw <. (2.9)
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3. Main Results
3.1. Finite-Time Boundedness Analysis

In this subsection, we focus on the finite-time boundedness of the following impulsive
switched system:

x(t) = Aonyx(t) + Adonx(t —h) + fory(x(t)) + Basyw(t), t#tk (3.1a)
Ax = Ec,(t)x(t), t=t, k=1,2,3,... (3.1b)
x(t) = ot), t€ [to—h,to]. (3.1¢)

Before proceeding to Lemma 3.2, we first introduce a function »(t). For given positive
definite matrices Q;,,ix € N, by Assumption 2.4, there exists a real number p; > 1, p* =
max{p;.,ix € N} such that

Qics < i (I + Eie)) Qi (T + Ei,). (32)
Furthermore, we define the following function

(t-t)°
vr(t) = pi, — m(f’ik -1), te (b trnl- (3.3)

Finally, a piecewise continuous function v(t) is as follows:
v(t) = vk(t), tE (b, tr1]- (3.4)

Consider the function v(t), for each interval (tk, tk1], v(t]) = pi, v(tks1) = 1, and o(t) is
monotonically nonincreasing and bounded function, v(tx+1) < v(t) < v(t]).

Remark 3.1. Note that the previous works require the condition Q;, , < (I+E;,_)" Qi (I+E;,_,)
(see [23, 41]), which can be obtained by setting p;, = 1in (3.2). Thus, the proposed approach
may provide more relaxed conditions.

Lemma 3.2. Consider the following Lyapunov functional candidate:

V(t) = xT () Py x(t) + Jt . v(s)xT (s)e™"9 Qs x(s)ds (3.5)

for system (3.1a), (3.1b), and (3.1c), where P;and Q;, i € N are symmetric positive definite matrices
with appropriate dimensions.
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The following inequality is derived:

V() < 22T ()P (1) + a f v(s)x" ()€™ Qe x(s)ds
t-h

+ o) (OQix(t) - v(t - h)xT (t - B)Q;, x(t = h)e™ (3.6)

t € (tx, tkr1], t—h€ (tkem te-ms1], me{0,1,2,3,...}.

Proof. (i) When tx + h >ty

V() = x" (1) Payx(t) + ft_h v(s)x" ()¢9 Qo x(s)ds

= xT(t)R-kx(t) + ftkm+l U(S)xT(S)ea(t_s)Qik_mx(S)dS
t—h
t

+ J‘tkm+2 v(5)x" (5)e")Q;, . x(s)ds - +f o(s)x" ()" Qs x(s)ds,

teom1 b
V(t) = 2x" ()P, x(t) + f: ) v(s)xT (s)e™™9 Qs x(s)ds
+ 0(tkoms1) X (teome1) ™ Qy X (tman)
—o(t—h)x"(t - h)e"Q;,_ x(t—h)
+ 0(tkoms2) X (teoms2) €D Qy X (i)
ot )X (e e Qux(t )+ ot xT (B)e* T Q;  x(tk)
ot )xT (8 )e ™0 x(t ) +v(t)xT () Qi x(t)
—o(t)x (1) e Qs x (£,
V(t) = 2xT ()P, x(t) + Jt ) v(s)xT (5)e™ Qs x(s)ds
+o(t)xT ()Qix(t) — v(t — h)xT (t — h)e™Q;,_, x(t — h)
+ T (toman )" tomet) [Qik,m ~ Pin T+ Eii ) Qi (T + Eik,m)]x (tk-m+1) -

+xT (ty)e [Qik,l —pi (I +E; )TQu (I + Eik,l)] x(ty).
(3.7)
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From (3.2), we can obtain that

Qi = Pirwn T+ Ei ) Qi T +Ei ) <0

(3.8)

Qik-l ~ Pix (I + Eik—l)TQik (I + Eik-l) <0.

Combining (3.7) and (3.8), (3.6) is obtained.

(ii) When ty + h < tyq,
(1) t € (tk, ti + h], the proof is similar to the proof line in the situation (i).

(2) t e (tk +h teal,

V(t) = xT (t) Poryx(t) + ft v(s)xT (s)e™ Qs x(s)ds
t o (3.9)
= xT ()P, x(t) +f v(s)xT (s)e* "9 Q; x(s)ds.
t-h

The proof for this situation is omitted.
The proof is completed. O

Lemma 3.3. Consider the following Lyapunov function:
t
V() = x" (£) Py x(t) + J 0(s)x" (5)e" ) Q) x(5)ds (3.10)
t-h

for system (3.1a), (3.1b), and (3.1c), where P; and Q;, i € {1,2,...,N} are symmetric positive
definite matrices with appropriate dimensions. Under the condition

-e"p*P; 1+E! ET
* -P; 0 <0, VijeN, (3.11)
. x - () Q!
we have
V() <e™p*V(ty), (3.12)

where p* = max{p;,,ix € N}.
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Proof. Without loss of generality, let o(t;) =i, o(t) = j. Then, we have

t+
V() = x! (t;)Pa(t;)x(tZ) + I ' v(s)xT(s)e“(‘;‘s)Qg(s)x(s)ds
t-h

t
< «xT (te) Poyx (tr) + e"‘hp*f xT(8)Qo(s)x(s)ds
ti-h
<7 (te) (I+ E) P(I + Ej)x(t) + e p*x" () E] QiEjx (t)
7%

+e™p* v(s)xT (s)e® Q45 x(s)ds,
tx—h

Lk

Vi) = xT (b Px(ti) + j (T (516 0y x(5)s.
ti—

Combining (3.13) with (3.14), we have

V() —e™pV(te) < x" (k) (I + Ej)TP,-(I +Ej)x(tk)
+ eahp*xT(tk)E;Qiij(tk) - e“hp*xT(tk)ij(tk)
= x" (be) Zijx (),

where

> = (I+E) P(I+E)) +e™p ETQE; - e™p"P;.
i

Using Schur complement, (3.11) is equivalent to
Zj<0 or V(t)-e™p*V(k) <0.

The proof is completed.

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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Theorem 3.4. R is a positive definite matrix. Let P; = R"V2P,R™Y/2, Q; = R™V/2Q;R™V/2, For all i €
N, if there exist positive scalars p; > 1, i € N, p* = max{p;,i € N}, a, Ay, Ay, A3 and symmetric

positive matrices P;, P;, Q;, Ti, i,j € N such that

%(I +E)'Q;I+E)T-Q;<0, VijeN

IBIAT + Aiﬁ,’ - aﬁ,’ +1 Adi@i By; 131
* —e™Q; 0 0 =
* * -T; 0 <0, VYijeN
* * * —(p*_lQ,- + UZ’: Uik>
—ep By B(1+ET)  BE! B
* _131. 0 <0, VijeN

* * —e M (p) Qs

MR'<P<R', MLR'<Q, Ti<id, VieN

—c2e™ T +d?); a
* -1 0
1 1 <0
_ —ah
* * e e )\,

hold, under the average dwell time scheme

T¢(ah +1n p*)
In(c2e™T7) = In[(1/A1 + hp*e™ /Ay)cT + d? 3] ’

Ty > T, =

system (3.1a)—(3.1c) is finite-time bounded with respect to (3, c3,Tf,d* R, o(t)).

Proof. Assuming that when t € (t, tx+1], o(t) = ik, ix € N, k=0,1,2,3,....
Choose the following Lyapunov functional candidate:

V(1) = x" () Py x(t) + f t v(s)x" (s)e™ Q1 x(s)ds.
-h

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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When t € (t, tk+1], according to (3.18) and Lemma 3.2, we have

V(t) < 2xT ()P x(t) + f v(s)x" (s)e™ Q[ x(s)ds
~h
+ot)x" ()Q; x(t) - v(t — h)x" (t - h)Q;! x(t - h)e™,
V(x(t) - aV(x(t)) - w' ()T, w(t) < 2xT ()P 1% (t) + f v(s)x" (s)e" Q[ x(s)ds
—h

+o(H)xT()Q; x(t) - v(t - h)x" (t - h)Q;! x(t - h)e™
-ax! ()P x(t) - a f v(s)x" (5)e" I Q;{ x(s)ds
t-h
- w' ()T, w(t)
<2xT ()P () + p*x (HQ; x(H)

—x"(t-h)Q;! x(t—h)e™ — ax" (t) P x(t)

- w' ()T w(t).
(3.25)
According to (3.1a)—(3.1c), and (3.25), Assumption 2.2, and the fallowing inequality:
26T (B, f(x(t)) < fip (x(D) fi, (x(8) +xT ()PP x ()
o (3.26)
< x"(HU] Uy x(t) + x" ()PP x (1),
we have
V(x(t) —aV(x(t) - w" () Tw(t) < XT(HZX(H), (3.27)
where XT(t) = (xT (1) xT (t — h)w' (1)),
Ay ﬁi;lAdik 1’51.;132,',(
Sk=| —e“”‘@i‘im 0o |,
* * —T (3.28)

ik

A=Al P + P 1A, +p"Q; —aPt + U U, + PP

1™ 1k
Using Schur complement, we obtain from (3.19) that

O; 13[1 Agi 13[1 Bo;
* -e'th]fl 0 <0, (3.29)
* * -T;
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where
Oi = ATP + P71A; + p* Q- aP Tt + UTU, + PP (3.30)

Noticing that the above inequality holds for all i, j € N, then we have = < 0 for ix,ix1 € N.
Thus,

V(x(t)) —aV(x(t)) —w’ ()T, w(t) <O0. (3.31)

When t € (f, tx+1], according to Lemma 3.3, we can obtain (3.12) from condition (3.20).
Combining (3.31) and (3.12), we can obtain that

¢
V(t) < eV (1) +I e =997 (5)T; w(s)ds
tk

t
< ea(t—tk)eahp*v(tk) + J =), T (s)T;, w(s)ds

[

te
< ettt galt I:e”‘(t""t“)V(tz_l) + I e“(tk‘s)wT(s)Tiklw(s)ds:I
k-1

t
+I e =27 (5)T; w(s)ds
t

< e

N (fo,) No(tot) (M1
<e”‘(t‘t°)<e“”p*) ’ V(to)+<e“hp*> ' j eI’ (s)T;w(s)ds
to

(3.32)

No(tt) (2
+<e"‘hp*> 1 f e )T (5)T;, w(s)ds

ty

te t
4ot ept e =991 (s)T,_ w(s)ds + f e =27 (5)T; w(s)ds
b1 ti

t

N (to,t)
= ealt-h) <e“hp*) ! V(to) +I

No(s,t)
e“(t‘s)<e“hp*> ’ w’ (s)T;, w(s)ds
to

N (fo,) N (to.) t
< e”‘t<e"‘hp*> ! V(ty) + (e“hp*> " gt w’ (s)T;, w(s)ds
fo
T B\ No(tod) Ty T
<e” f(e"‘ p*) V(ty) + w' (s)T, w(s)ds

to

Ncr(tl)rt)
< ean <eahp*>

V(i) + T ).
| |
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Noticing that N, (to, Tf) < T/, and according to (3.21), we have

V(t) < e(a+ah/ra)Tf(p*)Tf/Tu [V(i’o) +)L3d2],

V(t) > x" (1) P x(t) = xT (HRV2P' R x(t) (3.33)
. 1
> Ain (P! ) %" (1) Rx(t) = o ORxO).
max \ 477y
Because \;R! < P; < R™!, we have
V() > xT (t)Rx(t). (3.34)

According to the Lyapunov function that we have chosen, we have

V(to) = xT (to) P x (ko) + fto hU(s)xT(s)e’“(to’s)éi’lx(s)ds
to—

< max Amax <Pi‘1>xT(t0)Rx(t0)
ieN
+ he“hp*mgx )Lmax <Ql_l> sup xT(Q)Rx(G) (335)

ieEN to—h<0<ty

1 p* heah T
< . + — sup x' (0)Rx(6).
< min /\min (Pl) m%l )‘min (QI) > to—hglejgto ( ) ( )
1€

ieN

According to (3.21), the following inequality is derived:
1 *heth
V(ty) < <— + &)ﬁ. (3.36)
M A2

Combining (3.33), (3.34), and (3.36), we can obtain that

*

xT(HRx(t) < V(t) < e ah/mTr (p*)Tr/ ™ L rhetN o 3.37
p) )~1+ 5 o] +A3d” |. (3.37)

Using Schur complement, (3.22) is equivalent to

I ah
L PP N2y podl < BT, (3.38)
)11 .)Lz

From (3.38), we can obtain that 7, > 0.
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Substituting (3.23) into (3.37) leads to
xT (H)Rx(t) < c3. (3.39)

Thus, system (3.1a)—(3.1c) is finite-time bounded with respect to (c%, c%, Ty, d?,R,o(t)).
The proof is completed. U

Corollary 3.5. R is a positive definite matrix, let w(t) = 0, P, = RYV2pRY2 Q; =
RY2Q;R7Y2 for all i € N. If there exist positive scalars p; > 1, i € N, p* = max{p;,i € N},
a, Ay, A and symmetric positive matrices P;, Pj, Q; for all i,j € N with appropriate dimensions such
that

%(1 +E)'Q;U+E)T-Qi<0, VijeN

1§

BAT + AP -ab+1 AuQi

* —e™hQ); 0 <0, VijeN
" " _<p*-1Q,- + uiuik)
o B(14E) P )
« _p 0 <0, VijeN (3.40)
* * —e () Qs

LMRY<P <R, LR'<Q;, VieN

—cie™ Tl ¢ c1
* —)Ll 0
* * —i —ah ) <0
Pt
hold with average duwell time
Tf(ah +1n p*)

Ta > T; = (341)

In(c3e™T) = In[(1/A1 + p*he™/A5) 3] ’

System (3.1a)—(3.1c) with w(t) = 0 is finite-time stable with respect to (c%,c%, Tf, R, 0(t)).
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3.2. H,, Performance Analysis

In this subsection, H, performance of the following system is investigated:

X(t) = Ao X(t) + Adoyx(t = h) + fo (x(£) + Bioyw(t), t#tx (3.42a)
Ax = E;px(t), t=t, k=1,2,3,... (3.42b)

z(t) = Cox(t), (3.42¢)

x(t) = (t), t€[to—h,to] (3.42d)

Theorem 3.6. R is a positive definite matrix. Let P, = R"V2P,R™/2, Q; = R"V2Q,R™V/2 for all i €
N. Suppose that there exist positive scalars p; > 1,i € N, p* = max{p;,i € N}, a, vy, € and symmetric

positive matrices P;, P;, Q; for all i,j € N such that

1 ~ ~ _
E(I +E)'QiI+E) T -Q;<0, Vi,jeN (3.43)
PAT + AiPi-aPi+1 AuQ; B P pcr
* —eQ; 0 0 0
* *  —y? 0 0 [ <0, VijeN (3.44)
* * * —<P*_1Qi + uiTkuik> 0
* * * * -1
—ep By B(1+ET)  BE! B
. _B 0 <0, VijjeN (3.45)
* * —e () Qs
P,<R', VieN (3.46)
2 +eTry?d? <0 (3.47)

hold with average dwell time

(3.48)

Tr(ah + In p*
Tu>TZ=max{ s(ah+Inp’) h}.

In(c?) - In(e*Try2d2)’ e

Then, system (3.42a)—(3.42d) is finite-time bounded and has H,, performance with respect to
(0,63, Ty, d, 7, R, 0(1)), where 7 = e1+9Ts (p) 1 /My2,

Proof. When t € (tx, tks1], o(t) =ik, ix € N,k=0,1,2,3,.... Choose the following Lyapunov
functional candidate for system (3.42a)—(3.42d)

V(t) = x"(H) Py,

x(t) + ft_hv(s)xT(s)e"‘“S>Q1 x(s)ds. (3.49)

o(s)
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When t € (tk, tk1],
V(x(h) - aV(x(h) + 2" (Hz(t) - yw’ (Hw(t) < X' (H¥X(H),
where XT(t) = (xT(t) xT(t-h) w'(t)),
Ak ﬁi;lédik ﬁi;lBZik
Ye=1% —erQ!' 0 |
* * —y21
Ax=Al P+ P 1A, +p"Q;! —aP ! + U U, + PP + CL G,

Using Schur complement, we obtain from (3.44) that

E; INJi_lAdi 13[1321'
x —eh Qj_l 0 <0,
* * —)/ZI

where E; = AiTﬁi‘l + ﬁi‘lAi + p*@i‘l - cxﬁi‘l +UTU; + 131.‘]131.‘1 +C/C;.
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(3.50)

(3.51)

(3.52)

Noticing that the above inequality holds for all i,j € N, then we have ¥y < 0, for

Ik, ikem € N
Thus,

V(x(t)) —aV(x(t) + 2T (H)z(t) - YZwT(t)w(t) <0,

Let y2w! (s)w(s) — z' (s)z(s) = A(s), from (3.32), we have

No(tot) t

Ny (s,
V(t) < e (t=to) (eahp*> V(to) +f ¥ (t=s) <eahp*> ( t)A(S)dS.

to

Under zero initial condition, we have

! No(s0)
0< J‘ etx(t—s) (eahp*> s A(S)ds,

to

that is,
t

to to

Noticing that

It oa(t-5) (e”‘hp*>NO(S/t)ZT(s)z(s)ds > It z' (s)z(s)ds.

to to

t No(s,t) No(s/t)
f £(t=s) <euhp*> s 27 (s)z(s)ds <f (-9 <e“hp*> ’ YZwT(s)w(s)ds.

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)
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Then, we have

)No(t[)/t) t

t Ny (s,
J‘ e*(t=s) <e”’hp*> ( t)ysz(s)w(s)ds <e™ <e”‘hp* Y’w' (s)w(s)ds. (3.58)

to to

Let t = Tf, because 7, > h/¢, we have

T; T;
J‘ 27 (s)z(s)ds < e1+9)aTs (p*)ETf/hYZJ w’ (s)w(s)ds, (3.59)
to to
then
Ty Ty
f ZI(s)z(s)ds <7 | w'(s)w(s)ds. (3.60)
to to

Thus, system (3.42a)—(3.42d) is finite-time bounded and has H,, performance with respect to
(0,63, T, d%, ¥, R, 0(t)), where y* = e(+)4T (p*)Tr/My 2,
The proof is completed. O

Remark 3.7. When p* = 1, Theorem 3.6 degenerates to the result of [41], which cannot
guarantee the finite-time boundedness of the addressed system if p* > 1.

3.3. Robust Finite-Time H_, Control

Consider system (2.1a)-(2.1d), under the switching controller u;(t) = Kypx(t), t#t and

impulsive controller u;(tx) = Kypx(tk), t = t, the corresponding closed-loop system is
given by

#(8) = (Aot + Biot Ko ) X(t) + Aaox(t = 1) + for (x(D) + Baoyw(t), t#tc  (3.61a)

Ax = (Eoq + Kow )x(t), t=t, k=1,23,... (3.61b)
z(t) = (Co@ty + Doy Ko ) x(t), (3.61c¢)
x(t)=¢(t), te[to—h to]. (3.61d)

Theorem 3.8. Consider impulsive switched system (2.1a)-(2.1d), let P, = RV/2P,R"V/2, Q; =
RY2Q;RY2for all i € N. If there exist positive scalars p; > 1, i € N, p* = max{p;,i €

NY a,y,¢,6; and positive definite symmetric matrices P;, Q;, and matrices Y;, i € N, with
appropriate dimensions, such that the following inequalities hold
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1 - ~ _
E(I +E)'QiI+E) T -Q;<0, Vi,jeN (3.62)
[T, AuQi Ba P, ﬁiCiT +Y/Dl Y[Ep + ﬁiEEi-
* —e“h@j 0 0 0 QiEZldi
L 0 0 0 <0, Vi,jeN,
* * * —<p*71Qi + Uiuik> 0 0
* * * * -1 0
| * * * * * -5;
(3.63)
where
T; = BAT + YTBL + AP + By,Y; — aP; + I + 6;H;H!,
—e“hp*ﬁ]- 13]- o (3.64)
| <0, Vi,jeN
* _Pi
P.<R', ieN, (3.65)
—c2 +eTry?d* < 0. (3.66)
Then, under the controller K; = Y,~I~3171, K; = —E;, and the following average dwell time scheme
T¢(ah + In p* h
Ty >Th = max{ 2f( qu )2 o~ —}, (3.67)
In(c) - In(e Ty 2) @

the corresponding closed-loop system is finite-time bounded with H, performance with respect to
0,c2, Ty, d ¥, R, 0(t)) and 7 = e1+94Ts (p*)<Tr/y2,

Proof. According to Assumption 2.1, we have

A; + ByK; = (A; + ByK;) + HiFi(E; + EgiK)), Agi = Agi + HiFiE p4;. (3.68)

Now replacing A;, Agi, C; in the left side of (3.44) with Ai + 1§1,~K1~, Adi, C;+D;K;, we can obtain
that

Qi (Agi + HiFiEaq)Q:i Bai P P{(C; + DiK;)"
* —e™Q; 0 0 0

Q= |* * -y? 0 0 , (3.69)
* * * —<p*_1Qi + U};uik) 0

* * * * -1
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where

Q; = [(A; + BiiK;) + HiFi(Ea; + EgiKy)1P; + P.[(A; + ByK;) + HiF;(Eai + EiK;)]" — aP; + I.

(3.70)
From (3.69), we know that
@i]' = Hlij + HZij/ (371)
where
Y1 AdiQNi By P, P(C;i + DiK;)"
* —e”‘hQ]- 0 0 0
Iy = | * * -y 0 0 ,
* * * —<p*_1Q,- + Ul.TkUik> 0
* * * * -1
(3.72)
Yo HiFiE44;Qi 0 0 0
* 0 000
HZij =1 % * 00 0],
* * * 00
* * k  k O
with
Yi; = Pi(Ai + BiK)" + (Ai + BuK)DP, —aD; + 1,
~ 5 (3.73)
Yo = P.(Ex, + Eg,K:)"F/ H] + H;Fi(Ea; + EiK;)P,
letY; = KI-IN%, then
_ B AT . yTRT 5 5
Yli = P,Al + Yz Bli + Al'P,' + BliYi - dpi +1,
(3.74)

Y, = (Yl.TE;. + ﬁ-Egi)PiT HT + H;F; (EAiﬁi + EB,~Y1~>.
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From Lemma 2.11, we can obtain that

eij = 1_[11'j + F; [EAiI;i + EBiYi EAdi@i 00 O]

cocood

VT ET | BpT
Y, Ep, + PE,;

_—
+ ngAdi F[HT 00 0 0]

0
. 0 -
(3.75)
H;
0
0
0
—YiTEgi + ﬁiEgi—
1 QiEZldi D A
ts 0 [EAiPi +EgiY; EaqiQi 0 0 0]-
1
0
- 0 -
Using Schur complement lemma, we get from (3.63) that
Now we choose K; = —E;, and replacing E; in (3.45) with E; + K;, we know that
—e®p*P; P 0
* -P; 0 <0, (3.77)

s e ™) G

by (3.64), we know that the condition(3.45) hold.

Then, system (2.1a)—(2.1d) is robust finite-time bounded with H,, performance with
respect to (0,c3, Ty, d? ¥, R, o(t)), and 72 = er)aly (pryeli/hy2,

The proof is completed. O

Remark 3.9. In order to eliminate the impulsive jump, we design an impulsive feedback

controller K; = —E;, t = t¢. Then the system becomes a switched system with continuous
states.
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4. Numerical Examples

In this section, we present two examples to illustrate the effectiveness of the proposed
approach.

Example 4.1. Consider system (2.1a)—(2.1d) with the following parameters.

Subsystem 1

-8 1 -1.3 0.1 -0.1 0.3 0.2 0.1
A1=[2 _7], Ad1=[ ], H1=[ ], EAd1=[ ],

02 -1 02 04 03 -02
043 0 01 0 3 -3
El‘[ 0 0.15]’ ul‘[o 0.1]' B“‘[o 4]'
(4.1)
02 0.1 1-1
E31=[0 _03], le=[2 1],
11 08 0 -0.3 0.1
Ci= [0 2]’ D= [o 0.2]' Em = [0.2 -0.1]'
fi(x(#)) = 0.1sinx(t), where || f1(x(t) || < [Urx(t)]].
Subsystem 2
-7 2 -12 0.1 -0.1 0.2 -03 0.1
A2 = [1 —6]’ Az [03 -1 1]’ H [—02 —0.1]’ Eam [0.2 —0.3]’
0.15 0 02 0 4 -1 -03 0.1
Ex= [ 0 04]’ 2 [0 0.18]’ Bi = [1 6]’ EBZ‘[ 0 0.2]'
-1 0 21 08 0 01 03
B = [2 0.8]’ C2= [o 3]’ Dz = [1 -1]’ Ear = lo.z -0.2]’
(4.2)

f2(x(#)) = 0.18 cos x(t), where || f2(x ()| < |[U2x(8)].
Choosing Ty =12,h =0.2,d* =10,R=1, a =0.1,C; =2, e =0.1, y> = 0.5441, p* =1,
solving the LMIs in (3.62)—(3.66) leads to
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G, - 1.3506 -0.1265 G, - 0.5042 0.0525 y. _ [0:0234 03577
17 1-0.1265 0.7891 | 27 10.0525 0.3221]" 1710.1631 0.2680 |”
y, _ [0:0001 ~0.5221 5 _ [0.9887 0.0011 5 _ [ 09995 ~0.0001
27101109 0.0371 |’ 17 10.0011 0.9921]" 27 1-0.0001 1.0006 |”

Ky = [0.0241 —0.3605], K, = [—0.0001 —0.5218],

0.1647 0.2699 0.1109 0.0371 (43)
Q' - (I +ENTQ;'(I+E1) <0,
Q' - (I+E)"Q;'I+Ey) <0,
Q- (I+E)"Q;'(I+Ey) <0,

Q' - +EN'Q;'(I+E) <0,

T, > ' = 1.2049, we choose 7, = 2, 7* = e+ (p*)*Try2 = 20368, then the system is
finite-time bounded according to [41, Theorem 3].

Example 4.2. Consider system (2.1a)—(2.1d) with the following parameters.

Subsystem 1

-8 1 -1.3 0.1 -0.1 0.3 0.2 0.1
A1=[2 ], Ad1=[ ], H1=[ ], EAdlz[ ],

-7 02 -1 02 04 03 -0.2
01 0 001 0 3 -3 02 0.1
Ei= [ 0 —0.1]' U= [ 0 0.01]' Bu = [0 4]' Ep = [0 —0.3]' 44

I N
f1(x()) = 0.01 sin x(¢).

Subsystem 2

-7 2 -12 0.1 -0.1 02 -03 0.1
A2‘[1 —6]’ Aaz = [0.3 -1.1]’ H = [—0.2 —0.1]’ EAdZ‘[o.z —0.3]’

01 0 002 0 4 -1 -03 0.1
Ez‘[ 0 —0.1]’ U2 = [ 0 0.08]’ B = [1 6]’ EBZ‘[ 0 0.2]’

-1 0 -2 1 80
Bzz—[z 0.8]’ Cz—[o _3], Dz—[l 8]’ Epr =

-1 03
02 2|
(4.5)

f2(x(t)) = 0.02 cos x(t).
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(1) Let h = 02,Tf = 12,d® = 10,R = I, & = 0.001, C2 = 21, p* = 1.3, y2 = 0.9344. By
solving the LMIs in (3.62)—(3.66), we can get

G, - 0.4252 0.0387 G, - 0.4352 0.0470 y. _ [ 00866 —0.4834
1710.0387 1.2272|” 27 10.0470 1.2369]|" 1= 1-0.0863 0.5554 |

y, _ [ 01064 -02575 5 _ [0.4606 0.0418 5 _ [ 05364 ~0.0611 (46)
27 1-0.1260 0.2934 |’ 1~ 10.0418 0.9965|" 27 1-0.0611 0.9884 |’ :

K= [0.2329 —0.4949], Ky = [0.1699 —0.2500]/

-0.2389 0.5673 —-0.2024 0.2844

and 7, > 7} = 3.8340. We choose 7, = 4, ¢ = 0.05, 72 = 0.9464, the initial condition
x(t) = 0,t € [-h,0], the switching signal is shown in Figure 1, and state trajectories
of the closed-loop system are shown in Figure 2.

We can see from Figure 2 that the states of the system are continuous due to the
feedback K; in impulsive instants.

(2) Let h = 0.2,Tf = 12, d> = 10,R = I, and a = 0.001. By solving the LMIs of [41,
Theorem 3], we can get

G, - 0.4015 0.0359 G, - 0.5224 0.1104 y. = [ 01245 —0.6523

17 10.0359 1.0563]" 27 10.1104 1.0717| 1= 1-0.0998 0.5952 |
y, = [ 01279 ~0.2380 5 _ [0.5577 0.0099 5, _ [0.5577 0.0099
27 1-0.1006 0.2699 |’ 1= 10.0099 0.9992]” 27 10.0099 0.9992|"

K, - [02349 06552 K, - [ 02336 —0.2405
17 1-0.1896 0.5976 | 27 1-0.1852 0.2720 |’

(4.7)
Q' - (I+E)"Qi'I+Ey) >0,

Q' - (I+E)'Q7'(I+Ey) >0,

Q' - (I+E)'Q; (I +E2) >0,

Q' - (I+E)'Q;' (I + Ey) > 0.
Obviously, the above inequalities do not satisfy the conditions of [41, Theorem 3]. Thus, we
cannot draw the conclusion that the closed-loop system is finite-time bounded from Theorem
3in [41].
5. Conclusions

This paper has investigated robust finite-time H,, control for a class of impulsive switched
nonlinear systems with time-delay. Based on piecewise Lyapunov function, sufficient
conditions which guarantee finite-time boundedness of the impulsive switched system are
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Figure 2: State trajectories of the closed-loop system.
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derived. Then, a feedback control scheme consisting of an impulsive feedback controller and
a switching controller is proposed, and the proposed control strategy can guarantee that the
closed-loop system is finite-time bounded with H, disturbance attenuation level. Finally, the

results are illustrated by means of two numerical examples.
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