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Endothelial cells, lining the entire vascular system, respond to change in concentration
of specific agonist like adenosine triphosphate (ATP) by increasing cytosolic Ca?t
concentration, producing prostacyclin, endothelium derived relaxing factor and ecto-
enzymes. Three different ecto-enzymes metabolize ATP in three steps (ATP—
ADP — AMP — adenosine). Normally experiments with endothelium are carried out
in a rectangular flow chamber provided with a cell surface at one of its walls and feed
stream containing ATP. The ATP concentration near the cell surface depends upon
two factors, rate of its degradation and the rate at which it reaches from upstream.
Closed form solutions for the concentration profile of ATP in such a flow chamber
indicates that concentration near the cell surface is lower than the bulk concentration
depending on the activity of ecto-enzymes and it increases with increase in tangential
flow rate (shear stress). This indicates that shear induced response of endothelial cell
(at least for low shear rate) may be due to change in ATP concentration near the cell
surface which is sensed by purinoreceptors instead of a mechanoreceptor. Several
workers have tried to investigate this problem analytically. Unfortunately, solutions
obtained by these workers have limited success. In the present work, exact solution of
the problem has been obtained in terms of a confluent hypergeometric function.
Solution of the transformed equation gives accurate results even in the entrance region
of the flow chamber which eliminates the need of solutions based on approximate
methods like perturbation or finite difference techniques.
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INTRODUCTION

A continuous monolayer of endothelial cells lines the entire vascular
system and forms the interface between the blood and the tissue. This
layer is responsible for regulating several crucial physiological pro-
cesses like maintenance of vascular tone and modulation of platelet
adhesion. It also acts like a permeability barrier and modulates the
exchange of nutrients and metabolic end-products between blood and
neighboring cells through the adjacent vessel wall [1-5] and produc-
tion of vasoactive compounds such as prostacyclin and endothelium
derived relaxing factor (EDRF) [6] in response to specific agonist such
as histamine [7], thrombin [8] and adenosine-triphosphate (ATP) [9,10].

In spite of concerted attempts by several investigators [11-23] to
study the effects of shear stress and agonist concentration on the extra-
and intracellular changes, both theoretically and experimentally, the
mechanism involved in these processes is still rather poorly under-
stood. However, most of the investigators suggest two separate mech-
anisms for processes occurring near the endothelial cell surface. First,
the shear stress acting on the endothelial cell surface directly affects its
signal-transduction system which starts all types of cellular changes.
Increase in cytosolic Ca®" concentration in the endothelial cell by
increasing shear rate has been inferred by a several-fold increase in
prostacyclin production [13—15] and dilation of blood vessels [24—26)].
These changes in endothelial cell activity, however, were not shown to
be graded with respect to shear stress [12].

The second mechanism, which has been overlooked by several
investigators, suggests that the change in cell activity is due to the
change in mass transfer rate and concentration of agonist and
metabolite near the cell surface which depend solely on the hemody-
namics and enzyme activity. Production of prostacyclin and endo-
thelium derived relaxing factor is due to the presence of specific agonists
like thrombin, histamine [6—8] and ATP [9-11]. Metabolism at the
endothelial cell surface also affects the mass transport of agonists. For
regulating the near wall concentration of vasoactive agents, endo-
thelial cells posses several membrane bound ecto-enzymes that degrade
vasoactive substances [27]. For example bradykinin is broken into an
inactive peptide through the action of angiotensin-converting enzymes
[28]. Similarly adenine nucleotides, which are important modulators of
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both vascular tone [29] and thrombotic cascade [30], are inactivated
through the successive dephosphorylation of ATP to adenosine di-
phosphate (ADP) and then to adenosine monophosphate (AMP)
and finally to adenosine by three separate ecto-enzymes. Binding of
extracellular ATP to a purinoreceptor (P,,) on the cell surface starts
this endothelial cell metabolism [9,10]. A sequence of events leading to
a rapid increase in the cytosolic Ca®* concentration are initiated due
to this action. Ca®" acts as second messenger and causes activation of
the metabolic pathways resulting in the production of a vasoactive
factor [31-33). The circulating level of ATP is reduced by the activity
of ecto-enzymes on the exterior surface of the endothelial cell plasma
membrane. If the activity of these enzymes are sufficiently high, the
ATP concentration near the cell surface can be sufficiently lower than
the bulk concentration. Thus the ectonucleotidases may contribute to
the development of an ATP depleted zone within the flow established
boundary layer that limits agonist availability to the P,y-purino-
receptor.

To test the validity of this newly emerging mass transfer based
model, several workers [11-13], have tried to investigate the problem
experimentally in rectangular channels with cultured endothelial cells
as shown in Fig. 1. The hydrolyzable form of ATP was used in hy-
droxyethylpiprazine-N’-2-ethanesulfonic acid (HEPES) buffer saline
solution as the profusing medium. Analytical solution for concentra-
tion profile in rectangular channel using power series method for a
similar problem has been obtained by Nollert and Mclntire [11],
Grimsrud and Babb [34] and Colton et al. [35] by evaluating three, one
and seven eigenvalues, respectively. Obviously, these workers had only
limited success in solving the problem (particularly for small channel
length). Moreover, three separate approaches (power series solution,
perturbation solution and finite difference solution) were required to
cover the entire length [11]. In the present work the problem has been
solved by using the fast converging confluent hypergeometric function
(Kummer’s function). Due to converging nature of the function, it is
possible to handle a large number of eigenvalues which give satis-
factory result even near the entrance of the channel (about 1 cm from
the entrance). Availability of large number of eigenvalues eliminates
the need of any approximate solution based on perturbation, finite
element or finite difference techniques.
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MATHEMATICAL FORMULATION

Figure 1 shows the schematic diagram of a rectangular flow chamber
having one reacting wall (at y = h) made of endothelial cells (similar to
those used by experimental investigators). Fluid containing ATP with
the inlet concentration Cj enters the chamber through the left face. As
shown in the figure, for laminar flow, there is no fluid flow near the
wall and delivery of ATP to the purinoreceptor (P,y) is controlled
solely by molecular diffusion. Degradation of ATP reduces its con-
centration and establishes a concentration gradient near the cell surface.
However, the concentration gradient of ATP near the cell surface
depends on flow rate. At low flow rates, the degradation of ATP by
the ecto-enzymes exceeds its delivery by diffusion, hence the steady
state concentration of ATP near the endothelial cell surface is low. At
high flow rates, however, convection enhances the delivery of ATP in
the bulk from upstream, then the diffusion of ATP from bulk to
surface will exceed the rate of its degradation by the ectonucleotidase,
causing higher concentration of ATP at the cell surface. A diagram of

Non-reacting
surface

Engothelial cell

X
surface ZY

FIGURE 1 Diagram showing parallel plate geometry of the flow chamber with
parabolic velocity profile and orientation of co-ordinate axes.
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FIGURE 2 Schematic diagram showing two velocity profiles (a), corresponding
dimensionless concentration profiles in the bulk of liquid (b) and near the endothelial
cell surface (c).

velocity and concentration profiles at two different flow rates are
shown in Fig. 2.

With this in view, in the present work, two dimensional laminar flow
is being considered in a thin channel having rectangular cross-sectional
area. Conversion of the reactant (ATP) into an inert substance has
been reported to follow a first order chemical reaction [10,11,36] that
takes place at the surface of one wall of the channel (at y = /). Further,
it is assumed that the uniform inlet concentration of ATP (at x =0) is
Co and diffusive mass transfer is negligible in the direction parallel to
the wall of the channel and that there is no velocity component in y
direction (v, =0).

The velocity profile in rectangular channel has been developed by
Berman [37], Kozinski ez al. [38] and Kleinstreuer and Paller [39] for
different physical conditions, i.e., for impermeable wall, permeable
wall at both sides and at single side of the channel, respectively. How-
ever, with minor modification and rearrangement one may obtain the
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following velocity profile in an impermeable rectangular channel

w=sw{r- (1)}, (M)

where (u) is the average velocity of the fluid flowing in the channel.
With these assumptions, the equation of continuity for constant
density and diffusivity under steady state conditions reduces to:

sl ()} 5 05 @

From the definition of the problem, one wall of the rectangular
channel (at y =h) provides a reacting surface with first order reaction,
hence, at the steady state, the mass flux due to diffusion is equal to the
mass consumed at the surface in chemical reaction. Thus

-D<= =k, (3)

where k (m/s) is the first order rate constant based on unit surface
area. This gives
B.C.I.

ac
oy

= -—%q (for all x). (4a)
y=h

Also, another wall (at y =0) is non-reacting which leads to
B.C.1I:

ocC

s =0 (forall x) (4b)

y=0

and a uniform concentration at inlet gives
B.C. III:

C=Cy atx=0 (for all y). (4c)
For simplicity, dimensionless variables may now be defined as:
c=C/C,, (5a)

v =y/h (Sb)
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and
&€ = xD/(u)h? (5¢)
which reduces Eq. (2) to
dc  &c
—_ 2 —_— —
and the boundary conditions become
B.C.I:
oc khe
—| =—"—=—¢’c (forall &), Ta
5.~ D (for all ¢) (7a)
B.C. II:
Oc
—| =0 (forallé), (7b)
M=o
B.C. III:
c=1 at&=0 (forall v). (7c)

The term kA/D in Eq. (7a) is the Thiele modulus (¢%) based on a first
order surface reaction.

SOLUTION OF THE PROBLEM

Concentration Profile

By separation of variables and two transformations (see Appendix),
the complete solution of Eq. (6) and associated boundary conditions
becomes

c=Y Ayexp(=N&/6 — z,/2)[M(an, 3, 2,)
n=0

- \/Z—nan//@nM(an +%a%a Z,,)], (8)
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where ), is the nth eigenvalue, M is the confluent hypergeometric
function (Kummer’s function),

Zn =My — %)2, (8a)
ay =1- /16, (8b)
Oy = 2anM(an + 1,%, )\n/4) —%M(ana%a )\n/4) (8C)

and

M VA2 M 13 A
w= {0 -) Mo 3 3)
A2 (2a, + 1) 35 A
+ M(an+—2-,§,—4—>- (8d)

The infinite series obtained in Eq. (8) converges faster than the series
obtained by Nollert and Mclntire [11]. Thus the concentration of ATP
in the flow chamber could be calculated easily and more accurately.
Also, due to the fast converging nature of Kummer’s function, it has
become possible to calculate much more eigenvalues. Having suffi-
ciently large number of eigenvalues, it is possible to calculate concen-
tration distribution even for £ =1 x 10~ with an error less than 1%.
Here, it is worth mentioning that the result at small £ is valid only if
velocity profile is fully developed and the value of ¢? is very small.

Shear Stress

To predict wall concentration as a function of shear stress, one may
express £ in terms of 7. From Eq. (1) we have

‘;—V; = 6(u)(1/h — 2p/I2). 9)

Near the endothelial cell surface (y=#h), assuming Newtonian
behavior of the fluid (i.e., HEPES), shear stress may be calculated by

dv,

T=-

(10)

y=h
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or
T = 6u(u)/h. (11)
Substituting (#) from Eq. (11) in Eq. (5¢) we get

__ 6uxD

Equation (8) along with Eq. (12) gives the concentration profile as a
function of shear stress (7) and dimensionless distance (y) at a
particular value of £. These equations may be used to compare the
predicted value of ATP concentration near the cell surface and
experimentally observed endothelial cell response under identical
conditions.

DISCUSSION

The accuracy of the results depend upon number of eigenvalues used.
Grimsrud and Babb [34], Colton et al. [35] and Nollert and Mclntire
[11] tried to solve similar problems using one, seven and three
eigenvalues, respectively. The actual number of eigenvalues required
is, however, much higher. The contour plot (Fig. 3) shows the number
of eigenvalues required to calculate wall concentration at a particular
set of ¢* and £, within an error of less than 1%. It is clear from this
figure that more and more eigenvalues are required for small values of
& and large Thiele modulus.

On the basis of concentration profile obtained in the present work,
it seems that one of the ways through which cells are capable of
responding to shear stress is indirectly through the flow rate caused
change in concentration of agonist near the cell surface which in turn,
activates cells to respond accordingly.

The concentration profile in the parallel plate flow chamber is
shown in Fig. 4 for ¢* = 1.0. The values obtained by present approach
using Kummer’s function are shown in continuous lines and those
obtained by Nollert and Mclntire [11] using series solution are shown
as point values. The close agreement between the two solutions
for £€>0.05 is clearly evident, however, at £=0.001, there is a
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considerable deviation in the concentration profile. It is also clear from
this figure that in the entrance region (£ < 0.05) the bulk concentration
is almost equal to the inlet concentration for more than about half the
width of the flow chamber and there is a steep concentration change
near the cell surface. Further down the length of the chamber, the
concentration of ATP is much lower and consequently the concentra-
tion gradient near the wall is less pronounced. This indicates that less
amount of ATP is approaching the surface by diffusion and hence less
wall concentration at higher values of £ is observed.

Figure 5 shows the concentrations of ATP on the cell surface in a
parallel plate flow chamber as a function of dimensionless axial posi-
tion obtained by series and perturbation solutions [11], computer sim-
ulation [40] and the solution based on Kummer’s function (present
work) for ¢*=1 and 4. The series solution gives accurate values of
concentration for £>0.05 whereas the perturbation solution gives
accurate results for very small ¢ and ¢2. Results of the computer sim-
ulation and the present solution closely correspond to the series sol-
ution and to the perturbation solution for large and small values of &,
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FIGURE 5 Variation of dimensionless wall concentration (Cw/Cy) with dimension-

less axial distance (€) in a rectangular channel calculated by four different approaches
at ¢*=1 and 4.
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respectively. Although, computer simulator gives accurate results
for the entire range of £ but it takes much more computation time
(about 20min on an Intel 80486 base PC at 66 MHz). On the other
hand, computation time required for Kummer’s function based
solution, including evaluation of 75 eigenvalues, is about 1.5min on
the same PC.

Figure 6 shows the variation of dimensionless wall concentration
with shear stress at a distance 2 cm from the leading edge of the flow
chamber at ¢? = 1. To calculate shear stress, the channel geometry was
considered to be that of Nollert and Mclntire [11] and two experimen-
tally determined values of steady state wall concentrations are also
plotted as point values in this. To calculate steady state wall con-
centration it is assumed that the peak value of the fluorescence ratio is
proportional to the inlet concentration of the feed containing ATP
and the steady state fluorescence ratio is proportional to the steady
state wall concentration. Even without knowing the value of the
proportionality constant, dimensionless wall concentration can be
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FIGURE 6 Comparison of dimensionless wall concentration predicted analytically
(using Egs. (8) and (12)) and those obtained experimentally by Nollert and Mclntire
[11] in a rectangular channel at a distance 2cm from the inlet as a function of wall
shear stress (h=0.0218cm; D =2.6 x 10~%cm?/s; ¢*=1.0).
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calculated by taking the ratio of the two quantities. It is clear from this
figure that the experimental values are in excellent agreement with the
calculated values.

CONCLUSIONS

It seems, prior to the present work, no acceptable exact solution of the
problem has been obtained. Present solution is applicable over a wide
range of channel lengths compared to the range covered by previous
workers. Thus it gives a more realistic picture of the phenomenon
occurring near the cell surface. The exact solution obtained by Nollert
and Mclntire [11] is valid for £ > 0.05 (i.e., for a distance more than
about 14cm from the entrance, at the conditions specified for their
experimental setup). On the basis of the present solution and those of
earlier workers, it is observed that the agonist concentration at the
endothelial cell surface increases with increase in tangential flow rate,
hence there is a possibility that the endothelial cell response to the
applied shear stress may be due to change in agonist concentration
rather than the direct effect of shear stress.

There is evidence of increase in prostacyclin production by endothe-
lial cell when shear stress is increased in absence of ATP [15]. However,
the effect of agonist like ATP cannot be denied. Two experimental
points obtained by Nollert and Mclntire [11] are in excellent agree-
ment with the calculated values assuming effect of ATP concentration
alone. This shows that one of the possible mechanisms of vascular
endothelial cell to detect changes in flow rate may be by the detection
of change in concentration of agonist near the cell surface.

NOMENCLATURE

A, B constant

C concentration (g/ml)

Co feed concentration (g/ml)

c concentration [C/Cy] (dimensionless)
D diffusivity (cm?/s)

h channel height (cm)
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K, K,

M(a,b,z)
(u)

Vx

X(©)

Y(v)

Greek

o8

MR RS

Subscript

V. KUMAR et al.

constant of integration

first order reaction rate constant based on unit sur-
face area (cm/s)

hypergeometric function [ = | F(a; b; 2)]

average feed velocity at the inlet (cm/s)

longitudinal velocity along the endothelial cell surface
(cm/s)

radial velocity component towards the endothelial cell
surface (cm/s)

component of dimensionless concentration (c) as a
function of £ alone

distance along x-axis (cm)

component of dimensionless concentration (c¢) as a
function of v alone

distance along y-axis (cm)

parameter used in analytical solution [ = A\(y — %)7‘]

function defined in terms of Kummer’s function
eigenvalues

2 thiele modulus (kh/D) (—)

dimensionless radial distance in rectangular duct ( y/h)
viscosity (cp)

shear stress (dynes/cm)

axial distance (Dx/(u)hz) (dimensionless)

n indicating parameter based on nth eigenvalue
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APPENDIX

To solve Eq. (6) along with boundary conditions (7) by the method of
separation of variables it is assumed that

¢c=X(&) Y(v). (A1)
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Substituting in Eq. (6) we get two simultaneous differential equations

ey
2t Ar=0 (A.2)
and
dx NX
The solution of Eq. (A.3) is
X = Bexp(—)\2£/6) (A.4)

whereas Eq. (A.2) can be transformed to the confluent hypergeometric
equation

d*w dw
— —Z)——aw = A.5
zdzz-i-(b Z)dz aw =0 (A.S)
by two transformations
w= Ye/? (A.6)
and

z= Ay -1, (A7)

where a=(}‘ — A/16) and b=%. Transformations (A.6) and (A.7) were
obtained from the standard transformation of the confluent hypergeo-
metric equation [41] for

w='e/DY(y) (A-8)

and

z = KH(v) (A.9)
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which gives the transformed differential equation

! "
Y'+ (2—A+2f’+ﬂ—KH’—£{—) Y’

y H H
H'b , H"™\ (A4 .\ AA-1)
+{(H"<” F)(?*f) 7
! K ”
+¥+f”+f’2—a—HH—}Y=0, (A.10)

where primes denote differentiation with respect to +.
Equating coefficients of Y’ to zero and that of ¥ to A (y—+?%) in
Eq. (A.10) with suitable choice of 4, K, H(y) and f(7), i.e.,

A=0, (A.11)
K=\ (A.12)
H(y) = (y-1? (A.13)

and
S =z/2=X2(y-}’ (A.14)

Eq. (A.10) reduces to Eq. (A.2).
Equation (A.5) is the well known confluent hypergeometric equa-
tion (Kummer’s equation) and its solution is

w=KiM(a,b,z) + K»/zM(1 +a—b,2 - b,z) (A.15)

and the confluent hypergeometric function

M(a,b,x) = F(a;b;x) = i(g)”;'x", (A.16)
n=0 nt

where (a),=a(a+ 1)(a+2)---(a+n—1)and (a)g=1.
For B.C.1and Eq. (A.15) we have at y=1 (i.e., vz = +VA/2)

K|d+K2,B=0, (A17)
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where
& =2a\M(a+ 1,3, 7/4) — (¢* — \/2)M(a, 1, \/4)
and
5= (- 5@ - v )m(arbira)

AVIA(2 1
+ﬂ6."_+_)M(a+g,g,A/4).

Similarly from B.C. II and Eq. (A.15) we have at y=0 (i.e.,
VZ=—vV3/2)
Kia+ K;B=0, (A18)

where
a=2aM(a+1,3,1/4) — M(a,}, \/4)

and

o= () wlernd
+£—(12£—t—1~)M(a+%,§,)\/4>.

Thus from Eq. (A.17) and (A.18) we get the characteristic equation
a-B-B-a=0. (A.19)

Roots of the characteristic equation give eigenvalues ), . As many as
75 eigenvalues for different ¢ were calculated. A few of them at each
¢ are given in Table AI and a detailed tabular listing may be obtained
from authors.

From orthogonality condition [11] we have

iy =A) Yady

=0 . (A.20)
Jo(y =) Y2dy
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Also, since Eq. (A.2) is valid for all ), therefore

d*y,
dy?

+ X (y =Y, =0. (A.21)

Integrating Eq. (A.21) within the limit 0 to 1 and using B.C. I and II
we get

1
/ (7_72)Ynd7=i2¢2 - Yu(1). (A.22)
0 A2

Again multiplying Eq. (A.21) by Y, and integrating we get

1 1 2
/0 (’7—’72)Yﬁd’7=:\1§[¢2Y3(1)+ /0 (ddi”) dv]. (A.23)

Thus from Eq. (A.20), (A.22) and (A.23) we get

s #Y,(1)
" @Y2(1) + [1@Y,/dy)  dy

(A.24)

Also we have
w=K\M(a}z)+KvzMa+13:z) and K, =-K(a/p).

Thus the eigenfunction becomes

. 1 vz, 13
— —4,,/2 _ _ n-n _
Y,=¢ [M(a,,, 2,2,,) -———ﬁn M(a,, + 5> 2,z,,>]. (A.25)

Therefore, at y=1, i.e. at z,=\,/4 (and v/z, = V\./2), Eq. (A.25)
becomes

1 Ve 13
— aM/8 2 _ VA _ 2
Yo(l) =¢ [M(a,,,z,)\,,/4) 23, M(an+2,2,)\n/4)

(A.26)
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Differentiating Eq. (A.25) with respect to v we get

9 _ a2 |on, (=D oo (an+1,2,2,) =2t (an L2
d’y— n| Y 2 n n » 52 %n 2 an,zyn
— VA {(1 - z,,)M(a,, +%, %,zn>

Bn
+(22n)(23an + I)M(an +_§_§_Z> H (A.27)

It is difficult to integrate square of the right-hand side of Eq. (A.27)
analytically. To evaluate 4 using equation (A.24), Eq. (A.27) was
integrated numerically by Simpson’s 3-rule.



