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Abstract

We consider those positive integers that are not representable as linear combinations of terms
of a generalized arithmetic progression with nonnegative integer coefficients. To do this, we
make use of the numerical semigroup generated by a generalized arithmetic progression. The
number of integers nonrepresentable by such a numerical semigroup is determined as well as
that of its dual. In addition, we find the number and the sum of those integers representable
by the dual of the semigroup that are not representable by the semigroup itself.

1. Introduction

Let aq,...,a, be relatively prime positive integers. It is natural to ask which integers are
representable as linear combinations of aq,...,a, with nonnegative integer coefficients. A
nonnegative integer x is said to be representable by ay,...,a, (or, if the context is clear,
representable) if there exist nonnegative integers z1, ..., x, such that x = z1a; + ... + z,a,
and nonrepresentable otherwise. It is well known that all sufficiently large integers are
representable. Hence, it is natural to ask what is the value of the largest nonrepresentable
integer. This problem is known as the Frobenius problem as it is said to have been mentioned
by Frobenius in his lectures. In general, the Frobenius problem is very difficult [2], [3]. Of
course, there are other ways to learn about nonrepresentable integers. In [4], Brown and
Shiue suggest studying the sum of the nonrepresentable integers. A variation of these ideas
is considered by Tripathi in [15]. To introduce this, we must first set up some notation.

Let Ny denote the monoid of nonnegative integers under addition. A submonoid of Ny is
called a numerical semigroup. Given ay,...,a, as above, let S = (ay,...,a,) where

(a1,...,a,) = {inai cx; € No}.
i=1
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Then S is a submonoid of Ny, called the numerical semigroup generated by aq,...,a,. The
integers aq,...,a, are called generators of S. Clearly, an integer x is representable by
ai,...,a, if and only if x € S. For this reason, we say that z is representable by S if
xr € S and nonrepresentable by S otherwise. Given a numerical semigroup S, there exist
positive integers ay,...,a, such that S = (aj,...,a,) and v < a;. Let n(S) := [Ny \ 5]
denote the number of integers nonrepresentable by S. The dual of a numerical semigroup
Sis B(S) := {xreNy:2+ S5\ {0} CS}. One can check that B(S) is also a numerical
semigroup. The type of S is n*(.S) := |B(S)\S|. In [15], two new parameters are introduced:
g*(S) = min{z:x € B(S)\ S} and s*(S) = >, cps)s2 For a general reference on
numerical semigroups, see [7], [6], or [1].

The number of integers nonrepresentable by a numerical semigroup S whose generators
are in arithmetic progression has been determined [14] as well as the parameters n*(S),
g*(9), and s*(S) [15]. Numerical semigroups of this form were first studied in [11]. In
this work, we focus our attention on numerical semigroups S with generators that are in
a generalized arithmetic progression. A generalized arithmetic progression is a sequence of
the form a,ha + d,ha + 2d, ..., ha + kd where a,d, h, k are positive integers. Numerical
semigroups generated by generalized arithmetic progressions have been studied in [8], [12],
[5], and [10]. In [9], the dual of such a semigroup is determined. Here, we use this to find
the number of integers nonrepresentable by the dual of the semigroup, the type of S, g*(5),
and s*(5). In addition, we modify the methods of [14] to find n(S), the number of integers
nonrepresentable by S.

Throughout this paper, S will denote the numerical semigroup
S ={(a,ha+d,ha+2d,... ha+kd),

where a,d, h,k are positive integers such that a and d are relatively prime, a > 2, and
k < a — 2. For our purposes, we may assume that £ > 2. Otherwise, S is a numerical
semigroup with two generators. For a numerical semigroup S with two generators, the
number of nonrepresentable integers has been determined [13] and the Frobenius problem
has been solved [2]. Brown and Shiue determined the sum of the integers nonrepresentable
by such S [4]. Using the fact that B(S) = SU{g(S)} for a numerical semigroup S with two
generators, it is easy to see that n*(S) = 1, ¢*(5) = ¢(S) = s*(S5) where ¢g(S) denotes the
largest integer nonrepresentable by S.

2. The number of nonrepresentable integers

In this section, we determine the number of integers nonrepresentable by a numerical semi-
group generated by a generalized arithmetic progression.

Given an integer r, 0 <r <a —1, let

Cr={x€Z:x=rmoda}
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denote the equivalence class of » mod a and let
m, =min{r € S:x €C,}

denote the smallest element of the class C, that is in .S. To determine the number of integers
nonrepresentable by S, we first modify [14, Lemma 1] and [14, Lemma 2] to obtain the
following two results.

Lemma 2.1 The number of integers nonrepresentable by S is n(S) = 2 Zf;i my, — %1

T a

Proof. Clearly, each nonrepresentable integer is in one of the classes C,., 1 <r <a — 1, and
the number of nonrepresentable integers in the class C, is L%J Hence,

a—1 m a—1 me. —r 1 a—1 a—1
M= [T =X =
r=1 r=1 r=1

Proposition 2.2 For each integer y, 1 < y < a — 1, the smallest element of S in the class

Cdy is
-1
May = ah ({yTJ + 1) + dy.

Proof. Fix an integer y, 1 <y < a— 1. Write y = kq+ r where 0 < r < k — 1. Note that
(zh([y;klj—i—1)+dy€{xENO:xEdymod&,xES}as

—1
ah(VTJ +1> +dy=a(yo+wyph+yh+...+yh) +dW +2y2+ ... + kyx)

where yp, = ¢, y» = 1, y; = 0 for all i # r k if r # 0, and yx = ¢, y; = 0 for all ¢ # k if
r = 0. Hence mgq, < ah ([%j + 1) + dy. Write mgy = a(vo+x1h+22h + ...+ x1h) +
d(zy + 2x9 + ... + kxy) for some z; € Ny. This implies that y = x; + 225+ ... + kxp mod a
and so kq+1r =y = 21 + 222 + ... + kxy. (From the definition of mg, it follows that z; = y;
for all 7, 0 <4 < k. Therefore, mg, = ah ([%j + 1) + dy.

The next result is a generalization of [14, Theorem 1(ii)]. Let ¢ := [%2| and t :=

o-2- |52,

Theorem 2.3 The number of integers nonrepresentable by S is

he+D(at+t)+(d—1)(a-1)

n(s) = :

Proof. First note that the nonzero equivalence classes mod a can be represented by dy,
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1 <y <a—1. Then, according to Lemma 2.1 and Proposition 2.2,

n(S) = 20 (e (4] +1) +dy) — 5
1 4+1

)+ (d— I)Q(a 1)
= (] b e

— AR (L) 1) + A (L] 4 1) + e
= hk(Z;lZHh(tH)(CHHW
= %(c+1)(@+t)+(d 12a 1)

3. Integers representable by the dual

In this section, we consider those integers that are representable by the dual of a semigroup
generated by a generalized arithmetic progression but are not representable by the semigroup
itself. We will use the following two results concerning S and its dual B(.S).

Lemma 3.1 [9, Proposition 2.5] The numerical semigroup S is
. , l
S:{la+jd:0§l,0§j§ {EJ k}

Lemma 3.2 [9, Lemma 2.7] The dual of S is

B(S)=SU{(ch+h—-1)a+jd:ck<j<a-—1}.

This allows us to obtain a generalization of the main result of [15].

Theorem 3.3 The set of integers nonrepresentable by S that are representable by the dual
of S is
B(S)\S={(ch+h—-1)a+jd:ck<j<a-—1}.

Proof. By Lemma 3.2, we only need to show that (ch+h —1)a+jd ¢ S for all j, ck < j <
a—1. Let a:= (ch+ h —1)a+ jd for some j, ck < j < a— 1. Suppose a € S. By Lemma
3.1, a =1l'a+ j'd for some 0 <!"and 0 < j' < L | k. Then (j —j)d=(I'"—(ch+h—1))a
which implies that a | j — 5’ as (a,d) = 1. Since l'a + j'd < (ch+ h —1)a+ (a — 1) d, either
jy<a—-lorl' <ch+h—-1. 1Ifj7 < j,then0<j—7 <j<a-—1implies j =7
as a | j —j'. Hence, ' = ch+ h — 1. According to Lemma 3.1, this is a contradiction as
jl=j>ck> |t | = L%J k. Thus, it must be the case that I’ < ch+h—1 and 5’ > j.
Then 0<j —j <7 < L%JkgckSQ—Qimplies that j = j  as a| j' — j. As before,
this gives a contradiction. Therefore, a ¢ S.
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As a corollary, we find the number of integers nonrepresentable by the dual and also
generalize of the final result of [15].

Corollary 3.4 The number of integers nonrepresentable by the dual of S is

n(B(S)) = h(c+1)(@+t)2+(d—1)(a—1) Ca—1—ck).

Moreover,

g (S) = (ch+h—1)a+ (ck+1)d,
s*(S) = (a—ck—1)(ch+h—1)a+ % (a(a—1)—ck(ck+1)), and
n*(S) = a—ck—1.

Proof. By Theorem 2.3 and Theorem 3.3, we have that

(c+1)(a+t)+(d—1)(a—1)

n(B(S)) =n(S)— | B(S)\ S |= " 2

—(a—1—ck).
. From Theorem 3.3, it follows that
g (S)=min{(ch+h—1)a+jd:ck<j<a—1}=(ch+h—1)a+ (ck+1)d,

n*(S)=|{jeN:ck+1<j<a—-1}|=a—ck—1,

and
s'(S) = Y (ch+h—1)a+jd
= (a—ck—1)(ch+h—1)a+%(a(a—1)—ck(ck+1)).
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