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Abstract

In this paper we study the exact orders of lacunary sums of binomial coefficients. It is
remarkable that the periodic patterns evolving from powers of 2 differ markedly from
those of other prime powers. For the latter ones the pattern is transparent and is deter-
mined by the first term. For the former ones multisected generating functions are used
to obtain the exact order or lower bounds on it.

1. Introduction

We set the lacunary sum of binomial coefficients

Gna(k) = kaj (z fm) @

t=0

and the associated generating function

> ' (1 — z)n it
O
k=0

for any integer n > 1 and [ = 0, 1,...n—1. These multisected sums arise in combinatorics,
applied probability, the analysis of algorithms, and number theoretical settings (e.g., in
(1], 2], [4], [11], [12]). Ramus [10] determined G, ;(k) as an n-term trigonometric sum
in 1834. Clearly, for n = 2 we have Ga (k) = Ga (k) = 281 k > 1, goo(x) = =%, and

1-2x?

g2,1(7) = %5 From now on we assume that n > 2.

The analysis of g, ;(z) for a prime n is similar to that of [4] in which alternating binomial
coefficient sums are studied and sharp lower bounds are found on the orders. In that
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analysis changing the value of [ requires only slight modifications (cf. Theorem 3 [4]).
Our case is more complicated in this respect. Other closely related binomial coefficient
sums are studied in [8], and closed forms for g, ;(x) and its alternating version are derived
by Howard and Witt [6] for n = 3,4,5,8, and 10. The case n = 12 appears in [12] in the
context of some congruences.

Section 2 is devoted to the analysis of divisibility by p of G,,;(k) for any prime n = p
and prime power n = p?,p > 2. We deal with the case in which n is a power of two in
Section 3. Some related conjectures are mentioned in Section 4.

2. The case of the gap size n =p%,p > 2

In this section we prove that for a prime power n = p? with p > 2, p,(G,(k)) is the
same as the order of the first term, i.e., pp((ll“)). Therefore, the mod p? periodicity of the
binomial coefficients guarantees either a periodic increment or periodicity of p, (G (cp+
k)) in ¢ depending on whether k£ < [ or not. We start with the case of ¢ = 1.

Theorem 1. For any odd prime p and 0 <! < p — 1, we have p,(G,;(k)) = pp((’;)).

Proof of Theorem 1. The relevant coefficients of the denominator contributing to the
recursion (1 —xz)? — P of g,;(x) are divisible by p except those of z° and 2?. Also notice
that G, (k) = 0 for k = 0,1,...,0 — 1, and p,(Gpi(k)) =0 for k = 1,1+ 1,...,p— 1.
These facts imply the cases resulting in a p-adic order of 0 (cf. [8] and [9]).

Form>1,1<1<p—-1,0<i<l—-1,1<c<p—1,0<t<cp™ ! —1, we observe
that pp((cg’rptz)) = m by carry counting due to Kummer (cf. [7]). We will rely on the
fact that this holds for every ¢ which enters the summation in (1).

Now we use a theorem which was independently derived by Anton, Stickelberger, and

Hensel (see identity (2) in [5]) to determine 1%(1]\\/[1) (mod p) with p? being the exact

power of p dividing (Aj\;)

Theorem A. Let N = (Ng,...,Ni, No), = No+ Nip+ -+ + Ngp?, M = My + Myp +
oo+ Mgptand R= N — M = Ry + Rip+ -+ + Rgp? with 0 < N;, M;, R; < p—1 for
each 7, be the base p representations of N, M, and R = N — M, respectively. Then

“”% (AAD = <M]0\@!%0!> (M];!GJ;J (MZ%A) mod p. 2)

We apply this with ¢ = Pp((q;rp?)) = m as noted above. To expand the right side of
(1) by (2) for the case of the form k = ¢p™ + i, we group the various value ranges for ¢

according to its p-ary digits ¢t = (tm—1,...,t0)p. With t,1 : 0 <t 1 <c—1,¢;:0<
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t;<p—1,7=0,1,...m — 2, we rewrite

c! ! il
2 (tm_ll(c —1- tm_1)1> (0<H (t»!(p —01 - tj)!>> (z!(p+ i— z)!>

0ty <e—1 <j<m-2 7
0<t;<p—1,j=0,1,..., m—2

cli! 1
Up+i—1) 2. tm_11(0_1_tm_1)!>x

0<tm-1<c—1

2 tO!(p—11—t0)!)”'( 2. th!(p—11—tm2)!)m0dp' )

0<to<p—1 0<tm—2<p—1

d—1 d—1 /d— d—1
Note that T; =) ", Z.!(dflfi)! = (dfl)! Y ico (dil) = ﬁ #0 (mod p), for d < p. We
use this with d = ¢ and p. (In the latter case we obtain 7, = —1 (mod n) by Euler’s
and Wilson’s Theorems.) This guarantees that the expression in (3) is not a multiple of

p. In fact, we get that

Gpi(ep™ +1i) = —c2° Yilag,;p? mod p?™!

with a;; = (I!(p+i—1)!)""? mod p being the mod p multiplicative inverse of I!(p+i—1)!.

In general, if k£ > p,i =k (mod p),0 < i <[—1, and p,(k—1i) = m then the proof can
be easily modified by using T, Z 0 (mod p) with d = % (mod p) so that 0 < d < p,

and with d = p, to yield p,(Gp,(k)) = pp((];)) = m. Note, however, that if kK —i > p™*!
then some terms (z fpt) will be divisible by p™*1.
The case of k > p,i = k (mod p),l <i <p—1, is taken care of by the observation for
cases resulting in a p-adic order of 0 made at the beginning of the proof. U
We can generalize Theorem 1 for prime powers.

Theorem 2. For any prime power n = p?,0 <[ <n—1, we have p,(G, (k) = pp((’;)).

The proof is similar to that of the Theorem 1 and is based on the fact that the coeffi-
cients of (1 — z)™ — 2" are divisible by p except those of 2% and z™.

3. Gap size of 2™

This case is quite involved. In fact, first we prove a theorem for alternating sums. Later
we discuss the divisibility behavior for the non-alternating sum Gam o(k) by applying
multisection techniques to its generating function. Recall that we are interested only in
cases with m > 2.

We note that Gessel [3] studies generalized Dedekind sums, including Zj:o_ "1+ wi)E
with w = cos (27/2™) +isin (27/2™) being a primitive 2th root of unity. Of course, the
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above sum is 2™Gym o(k) in disguise (cf. [2], [10], or [11]) but the analysis in [3] does not
seem to help in determining the 2-adic order of Gam (k). In [13] we proved

Theorem B. For £ > 2, we have

k/2| —1, ifk=0,1,3mod4
,02(G4,0(7€)):{/£12J it k=2mod4 @

and
p2(G4’l<2k + 1)) =k — 1,l = O, 1, 2,3, k > 1.

We generalize this theorem. The main results of this section are summarized in the
following theorem.

Theorem 3. For k,c > 1, we have

k
p2(Gamo(k)) > (2m_11 -2, (5)
pa(Gamo((2c = 1)2"71)) = de — 4, (6)
pz(Ggm@(sz)) = 2¢ — 1, (7)
and

p2(G2T’L727n71(02m)) — 2C - ]_ (8)

For [ =0,1,...,2™ —1,¢ > 2, we have
pa(Gom (2™ — 1)) = c— 2. (9)

Corollary 4. If inequality (5) holds with equality for some value k then

p2(Gamo(k + 22" D)) = py(Gam (k) + 277, (10)

Note that (5) is sharpened by (7), and (10) also holds for even multiples of 2™~!
while (6) shows that for odd multiples the growth rate is doubled. The corollary and
identity (6) reveal the differences in the periodic nature of pa(Gam o(k)). We note that
pa(Gam o(k)) > |k/2™1| — 1 also holds true in agreement with (4) but we prefer to use

(5).

In order to prove Theorem 3, we set

k
S m ]{? = —1 t
)= 3 () 1"
for the lacunary alternating binomial coefficient sum with generating function

> Sen(h)e = (11)
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and prove

Theorem 5. For k,c > 1, we have

—1, (12)

Hka

p2(Sam (k)) >

k. :
p2(Sam (k)) = om if 27k e, pa(Som(c2™)) = 2c, (13)

and
p2(Sam ((2¢ — 1)2™)) = oc.

Proof of Theorem 5. We note that
Som((2¢ — 1)2™) = 0, (14)

for (“50") (=1) + (o250 5m) (F1)TD = 0, 0 <t < ¢ — 1, which yields the last

part of the theorem.

We prove the other statements by induction on k. We will need the first 2! values of
Som (1) as starting values for the order 2! linear recurrence (15) below. The values are
obvious for k: 1 <k < 2™ For 0 < i < 2™, Som (2™ —4) = (QMJ:%) - (QM;%) is even
confirming po(Som (2™ — 7)) > 1 — & = QW;i_i — 1. By Theorem 1 in [5], which is an

extension of identity (2), we have that for m > 1: pg(Sam (2™*1)) = 2. In fact,

1 2m+1
— = 23
2( om ) 3 mod

which yields Som (271) =1 -6+ 1 (mod 8).2

Now we prove the inductive statements. Identity (11) suggests a recurrence of order
2™, For k > 2™,

Sy (k +2) = (221(_1)i+1 (2;n> S (k27 — 1)) — 250 ().

This implies (12). In fact, for 1 < i < 2™ — 1 we have po((*))Som(k + 2™ — 7)) >
m — po(i) + H2= — 1 > 2 4+ 1 with the unique minimum taken at ¢ = 2™~!, and

p2(29m(k)) > 1+ £ —1= L.

2771

To prove (13) we multiply both the numerator and denominator in (11) by (1 —z)?" +
22", This results in the order 2™*! recurrence

2m+1 1

Sy (k271 — ( S ciSom(k 42 - z')) — 4Sam(k), (15)
i=1

2Note that in general, for every N > 1 there exists an mg = mo(N) so that for all m > myg : %(2;::1)

(mod 2V) is the same.
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for k > 2™t Tt is fairly easy to see that py(c;) > 3 except for py(com-2) = 2. Provided
that 27Tk, we get that po(c;Som(k + 2™ —4)) > 3 —|— w 1> 2+ 2 except
for i = 2™ 2 when the lower bound stlll exceeds 2 + —m and for the last term whose
contribution is only ps(4Sam (k) = 2 + . O

Now we turn back to the original problem and first prove

Lemma 6.
2k 1 m—1
G2m70(l{) = om + om 29554 (k). (16)
q=1

Proof of Lemma 6. We use the corresponding generating functions of Gym(k) and

S2a(k),0 < ¢ < m. Note that Som(0) = 1. For m > 1, we set A,,(2) = sor1 +
ZZ;I %5—;, and observe that A,,.1(z) = 34, (z) + %(1(190)3;% Now identity

(16) follows by a simple inductive proof that A,,(x) = gam o(x) for m > 1. O
We are ready to proceed with the

Proof of Theorem 3. If k < 2™ then Gam (k) = 1 holds in accordance with the assertions.
Otherwise, we can rely on the summation in (16) to estimate or determine ps(Gam o(k)).

First we prove (5) without the “ceiling” function, i.e., in the form py(Gamo(k)) >
WL_l — 2. For k > 2™ we observe that the terms of (16) are divisible by various powers
of 2. The exponent of the term with index ¢ is at least ¢ — m + 2% — 1 whose unique

minimum is 2m—1 2 taken at ¢ = m — 1, proving (5).

For the proof of (6) with k = (2¢ —1)2™"!, we need only consider the term with index
g =m—2 in (16). (In fact the last term, with index ¢ =m — 1, is 0 by (14).) To see
this we observe that for k > 2™ and g < m—1: 1 < 2m+1 < i < 2q+1 This means
that if 2m |k then for the 2-adic order of the terms with 1nd1(:es q and g + 1 we have
qg—m+L s > qtl—-m+57r 2q+1 by (13). In other words, the terms on the right side of identity
(16) contribute smaller and smaller exponents of 2 as ¢ increases. (For example, to get
p2(G16(24)) = 4 we need only ps (25 2 Sym—2(24)) =2 — 4+ 2 — 4 since m = 4 and 8|24.)
We immediately obtain ps(Gam o((2c—1)2™71)) = m—2—m+ pa(Som—2((2c—1)2m7 1)) =
4¢ — 4. A similar analysis yields (7), for only the last term matters in (16) if k = ¢2™.
This leads to the 2-adic order (m — 1) —m + k/2™~! = 2¢ — 1 by identity (13).

Now we turn to (9). Since by binomial identities Gam o(c2™ — 1) = Ggm gm_1(c2™ — 1),
and their sum is Gam (c2™), it follows from identity (7) that pa(Gam (2™ —1)) = 2¢— 2,
if [ =0 or 2™ — 1. This works for all cases if m = 2 (see [13]) but does not seem to work
for other values of [ if m > 2 so we opt for a different approach below. On the other hand,
identity (8) can be derived from (9) since Gom gm-1_1(c2™ — 1) = Ggm 9m-1(c2™ — 1), and
their sum is Ggm gm-1(c2"™).

It turns out that (9) requires 2™ -section of gom ;(z). It can be derived by multiplying



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 3 (2003), #A03 7

(cf. [4], [8]) both the numerator and denominator of gom ;(x) by H?:l_ - D(wix) with
D(z) = (1 —2)?" —2¥" = Z?:gl (2:)(—1)jxj with w being a 2™ th primitive root of
unity. We expand the new denominator D*(z) symbolically:

am—1_]
D*(z) = H D(Wz)=1- coma?" T — C(2m—1)2m71$(2m—1)2m71 a7

Jj=0

which is a polynomial in #2" since D*(w’z) = D*(x),0 < j < 2. Any combination
of 2m~1 factors contributing 22" o the expansion can be characterized by the number,
i;, of polynomial factors in which the term with 27 is selected. By binomial expansion
and ignoring the factors of w, the contribution of any term with the characterization
(70,71, .., %9m_1) is a multiple of

() () ) 5

We determine the exponent in the power of 2 which divides this quantity in terms of
(40,01, ..,19m_1). Here we need a finer analysis than that of Lemmas 1 and 2 of [8] which
is accomplished by the following two lemmas.

Lemma 7. We have py(cpom-1) > k, for k: 1 < k < 2™ — 1. Equality holds if and only
if kb =2m1.

Lemma 8. With y. = Gom (2™ 1 — 1) we have pa(y.) =c—2, for c=2,...,2™.
We get the recurrence y.,1 = Zizl_l Cram—1Yer1—k Dy (17). Tt follows that
p2(Crom—1Yer1 k) > k+(c+1—k—-2)=c—1

by Lemmas 7 and 8, with equality holding for the index k = 2™~! only. This guarantees
the statement of identity (9), p2(ye+1) = ¢ — 1. Hence, the proof of Theorem 3 is now
complete. O

Proof of Lemma 7. Indeed, in (18) for the terms contributing to 22" we get that
Gg+ip+ - +igm_1 = 2™ 1 and 0ig + Lig + -+ - + (2™ — 1)igm_; = k2™~ ! since each of the
2m~1 factors has exactly one contributing term. With C' = iym-1, we have that k2m~!
is C2™~1 plus the other at most 2™~ — C terms ji;,j # 2™ . Thus, (k — C)2m! <
(271 — O)(2™ — 1). This yields that k < 22 5C(2" — 1) + C < 2" —1 — C + 5%
leading to k < 2™ — C since C' < 2™~ ! and equality holding if and only if C' = k = 2™~1,
In order to determine py(cpom-1)we count the contribution of the corresponding factors in
(18) to the exponent of 2 and get that pa(cpom-1) >1-C+2- (21 -C)=2"-C > k.
Equality holds in ps(cgom-1) = k if and only if k = C = 2™~!. For example, for m = 3,
we get pa(car) > k and equality holds if and only if k = 0 or £ = C' = 4; in fact, we have
that the exponents are 0, 3,3,6,4,7,8,12, in the order of k =0,1,2,3,4,5,6,7. [
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Proof of Lemma 8. We apply an argument similar to that used for proving Lemma 2 of
[8]. Recall that by the 2™ !-section used in (17), gom () can be written with numerator
(1 —2)?" 1t %(() and denominator D*(x). (In the above proof we have just discussed
the divisibility properties of the coefficients of the latter.) Let us focus now on the

numerator. To get the coefficient of 33027”_1—1’ ie., y.,c > 2, we take

" omo1 (TN (=) il <u< 2,
[x]:pl(l—x) | _{((),UZ )( ) ifu:0§u<<l, (19)
and )
(2" 17D () /D(2) (20)

with 0 < u < 2™ and the usual notation. We will see shortly that the only interesting
cases are u = 2™ 1 — 1,4 = 1,2. Note that the right hand side of (19) is +1 if i = 2.

We observe that p2(( )) 1 <j <2m -1, is smallest for j = 2™ 1. So to keep the
2-adic order small in (18) we try to maximize ip and then C' = iy3m-1. We now prove that
C' is either ¢ — 1 or ¢ — 2. In fact, as we dropped D(z) from (17), Zj:gl ij=2m"1—1
and Z?:o_l gij = 2™ =1 —u > C2™ ! yield (¢ — C)2™ ' > u+ 1. To avoid adding
extra factors of 2 in (18), we take ig = 2™~! — 1 — C implying u = (¢ — C')2™~! — 1. Note
that 1 <1+ u < 2™; therefore, C +1<c¢<C + 2.

If C = ¢ — 1 then the contribution is 2°7! from (20), while if C' = ¢ — 2 then the
contribution is 272 since in this case u = 2™ — 1 and there is no contribution from (19).
This gives ps(y.) = ¢ — 2 for ¢ > 2. O

Remark. We note that identity (16) can be generalized. Let ¢’ be the smallest integer
g so that 2¢ > 1. We set Som (k) =, (l+§mt)(_1)t7 0 <1< 2™, and prove that

1
Gng(k‘) 2 Qq l + — Z 2‘152”

1 l(lix)Qq/—l—l m—1 xl(lfx)Q —1-1 2q
2m=d" (1 )24 _p2d Zq=q’ (1—2)27 4227 2m
that A,,,41,(x) = %Am 1z )—1-5% and A, ;(z) = gom (x) by induction on m. The
previous proof with [ = 0 suggests that it might be possible to utilize the above identity
and information on py(Sam ;(k)) to obtain lower bounds on ps(Gam ;(k)) or even its value.
Numerical evidence, however, suggests that this job might be more complicated.

and observe

In fact, for m > ¢’ we set A, (x) =

Identity (7) is generalized by

Theorem 9. For ¢ > 1 and 0 < [ < 2! — 1, we have py(Gam (2™ + 1)) =
pQ(G2m70<C2m)) =2c—1.

The proof parallels that of identity (9) and is based on the 2™-section of gom ()
and lemmas similar to Lemmas 7 and 8. The details are left to the reader. If [ =
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2m=1 (mod 2™) then numerical evidence suggests that the pattern apparently changes
t0 p2(Gam gm-1((2¢ — 1)2™71)) = 4¢ — 4. Similarly, po(Gam o(k)) = pa(Gam am-1(k)) seems
to be true, in agreement with (7) and (8), if & is sufficiently large.

Finally we present the

Proof of Corollary 4.  The proof is based on the combination of (5) and Lemma 7.
We have Gom o(k 4+ 22D} = com-1Gom o(k + 22M=D — 2m=1) 4 o Gom o(k + 22™D —
2™) + ...+ Copim-1)Gam o (k) + ... 4 cigm_1)am—1Gam o(k + 22m=1) — (2m — 1)2m=1) by (17).
Taking the 2-adic orders we get that po(Gomo(k + 220m=1)) is at least as large as j +
1+ [HQQ(";::JQ"HW — 2,1 < j < 2™~ 1, except for j = 2™ ! where the unique
minimum is taken by Lemma 7, (5) and the assumption on k. In fact, the minimum is
2 4 py(Gamo(k)) = 2™ + [ 5] — 2 guaranteeing that equality in (5) will also hold
for k + 22(m=1), i

4. Related questions

We propose three conjectures. Numerical evidence suggests

Conjecture 1. Assertion (5) holds with equality with 2™~2 exceptions at and imme-
diately following odd multiples of 271, (Even multiples of 2™~! are taken care of by

(7))

This means that (5) gives the exact order in about 75% of the cases. It seems interesting
to investigate the periodic increment of py(Gam o(k)) similar to (10) but for all k % 2™!
(mod 2™). We believe that this “limited scope” period is 2™ rather than 22071,

Conjecture 2. po(Gam o(k + 2™)) = pa(Gam o(k)) + 2¢, for all sufficiently large k& with
k # 2m~1 (mod 2™).

For example, if m = 2 then pa(Gao(k + 4c)) = p2(Gapo(k)) + 2¢, for k > 3 and k # 2
(mod 4). For I > 0, p2(Gam (k)) seems to have a larger set of positions excluded from
the period. Typically, kK =0,1,...,l—1 (mod 2™) are all excluded. We also propose

Conjecture 3. po(Gom+s o(2°k)) = pa(Gam o(k)) for s > 1.

This evidently holds if 2" !k by (6) and (7), or if k¥ < 2™. This latter observation
proves that Conjecture 3 follows from Conjecture 2 by induction on k. In fact, repeated
use of Conjecture 2 implies that if po(Gam+1(2k)) = p2(Gam o(k)) then

pQ(Gmeo(k’—i—sz)) = p2(G2m70(k>) +2c = pQ(GQm-‘rl’O(Qk)) +2c = p2(G2m+1’0<2k+C2m+1)>.
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