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Abstract

We establish monotone bijections between subsequences of the Farey sequences and the half-
sequences of Farey subsequences associated with elements of the Boolean lattices.

1. Introduction

The Farey sequence of order n, denoted by F,, is the ascending sequence of irreducible
fractions % € Q such that % < % < % and 1 < k < n; see, e.g., [3, Chapter 27], [4, §3],
[5, Chapter 4], [6, Chapter III], [11, Chapter 6], [12, Chapter 6], [13, Sequences A006842
and A006843], [14, Chapter 5.

The Farey sequence of order n contains the subsequences
Fri=(teF,: h<m), (1)

n

for all integers m > 1, and the subsequences
gr="Ler: k—h<n-m), (2)

for m < n — 1, that inherit many familiar properties of the Farey sequences. In particular,
ifn>1andm>n—1, then 7' = F,;if n > 1 and m <1, then G" = F,.

The Farey subsequence F" was presented in [1], and some comments were given in [10,
Remark 7.10].

Let B(n) denote the Boolean lattice of rank n > 1, whose operation of meet is denoted
by A. If a is an element of B(n), of rank p(a) =: m such that 0 < m < n, then the integers n
and m determine the subsequence

bAa b
F(B(n).m) - = (gassrsszon | sy - 0 € B, o) >0)
:(%e]—"n: h <m, k—hgn—m)

(3)

of F,, considered in [7, 8, 9, 10].
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Notice that the map

F(B(n),m) = F(Bn),n —m) , 5=, =[]0 (4)
is order-reversing and bijective, by analogy with the map
Fo= Ty gt W=l 0 (5)

which is order-reversing and bijective as well; here [f] € Z? is a vector presentation of

the fraction %

We call the ascending sets

F=2(B(n),m) = (L € F(B(n),m): 2 <1),
and
F=3(B(n),m) = (& € F(B(n),m) : &> 1)

the left and right halfsequences of the sequence F (]B%(n), m), respectively.

This work is a sequel to note [7] which concerns the sequences F (B(2m),m). See [7] for
more about Boolean lattices, Farey (sub)sequences and related combinatorial identities.

The key observation is Theorem 3 which in particular asserts that there is a bijection
between the sequence F," = and the left halfsequence of F (IB%(n), m), on the one hand; there
is also a bijection between the sequence F, =™ and the right halfsequence of F (B(n), m), on
the other hand.

Throughout the note, n and m represent integers; n is always greater than one. The
fractions of Farey (sub)sequences are indexed starting with zero. Terms ‘precedes’ and
‘succeeds’ related to pairs of fractions always mean relations of immediate consecution. When
we deal with a Farey subsequence F (]B%(n), m), we implicitly suppose 0 < m < n.

2. The Farey Subsequences F," and G,

The connection between the sequences of the form (1) and (2) comes from their definitions:

Lemma 1 The maps

Fir— g b B2R KR
and
gm — Frm B kb P =11,

are order-reversing and bijective, for any m, 0 < m < n.
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Following [2, §4.15], we let fi(-) denote the M&bius function on positive integers. For
an interval of positive integers [i,{] := {j : ¢ < j < [} and for a positive integer h, let
¢(h;[i,1]) == [{j € [1,1] : ged(h,j) = 1}|.

We now describe several basic properties of the sequences G which are dual, in view

of Lemma 1, to those of the sequences F,~™, cf. [10, Remark 7.10].

Remark 2 Suppose 0 < m < n.

(i) InGy' = (g0 < g1 <+ < gigp|—2 < Gjgyr|-1), we have

0 _ 1
1

— — n-1 -1
=1, 9= min{n—m+1,n} ’ ggml-2= > dgpl-1 = 1 -

(ii) (a) The cardinality of the sequence G equals

1+Z j; [max{1,j + m — n},j])
J€[1,n]
=1+ > oG+ D el +m—n,j)
JE€[L,n—m+1] JjE[n—m+2,n]
=14+ D) ([5) - 3 2] )1+

d>1

(b) If g: € G — {3}, then

t= 3 o max{l,j+m—n}j-g]))

jeln]
= > o@Llad)+ D, eUili+m—nli-all)
JE[1,n—m+1] jE[n—m+2,n]
14 Zmd»(m (12 -4 |22 1))
d>1
- > min{[=p) | <1—gt>J}> .
j€lL,[n/d]]
(ili) Let e Gm, 9 <2 <.

(a) Let zq be the integer such that kxg = —1 (mod h) and m —h+1 < zqg < m.
Define integers yo and t* by 1y = % and t* = Lmin{”fmktx}ffyo, e }J

The fraction 20 precedes the fmctwn in G

yo+t*k

(b) Let zo be the integer such that kxo = 1 (mod h) and m—h+1 < zop < m.
Define integers yo and t* by yo = M and t* = Lmin{”_mktx}f_yo,"_kyo }J

. zo+t*h n m
The fraction T succeeds the fmctzon . in gr.
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(iv) (a) If % < Z]—ﬁ are two successive fractions of G then
J J

kjhj+1 - hjkj+1 - 1 .

hi _ hivr o o - - m
(b) If £ < o <y, OTe three successive fractions of G"* then

hjyr _ hjthjto kjtkjto
kjv1 — ged(hj+hjpekjt+kjt2)/ ged(hjt+hjye,kjtkjve)

(c) If k~ < Z]_ﬁ < Z“—iz are three successive fractions of G then the integers h;, k;,

hj+2 and k]+2 are related in the following way:

hj = mln{ JJ;Q:IF”’ k]+2j+h;3+}21:ﬁ m}J hj+1 — hj+2 s
k; = mm{ ”j:n, i43 ﬁﬁgﬁ m}J ki1 — Ejto
hji2 = |min { kjr’ k’kﬁ’zﬂ*}:;i” }J hjy1 —hj |
]i’j+2 = _mln { IZJJJ_:L’ k]z]l?j}iljn }J kjj+1 — k,’j .

(v) ]f € G, where n > 1, for some k > 1, then the fraction

Lmln{nkml 17nkl}J . I_ ln{nkmf—l7n;€‘,—1}J 1 m
Flmin{ =T =T} 11 pr’ecedes . and the fraction + Flmin{ ST T} 1 succeeds 3 in G,

3. The Farey Subsequence f(]B(n),m)

Definition (3) implies that a Farey subsequence F (IB%(n), m) can be regarded as the intersec-
tion

F(B(n),m)=Frngr.

Its halfsequences can be described with the help of the following statement:

Theorem 3 Consider a Farey subsequence ]-"(IB%(n), m). The maps

F=3(B(n),m) — F,, AR = [49-14, (6)
fé”m—>7<((),m)7 By b Bl (19118, (7)
#3 (B(n),m) — G2, Lo 2ok =251, ©8)

and
gam" — F72(B(n),m) , Al = =[98, (9)
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are order-preserving and bijective.

The maps
F=H(B(n),m) — G2 e R R
Giot — F=1(B(n),m) ,  pe i W= [T4]-0]
2 (B(),m) — Fo ekt e [ (0
and
Fin =P @) fegh. WeBR.

are order-reversing and bijective.

Proof. For any integer h, 1 < h < m, we have
H% € F(E(n),m) : % < %}‘ =¢(h;[2h+ 1,h +n —m))

= > @ (=)= D A (1] -9

de[L,h]: d|h de[1,h): d|h
=¢(h;[h+1,n—m]) = |{% eFn", % < %}‘

and sce that the sequences F<2 (B(n),m) and F, are of the same cardinality, but this
conclusion also implies |F = (B(n),m)| = |F2~™|, due to bijection (4). The proof of the
assertions concerning maps (6), (7), (10) and (11) is completed by checking that, on the

. Th . h . . h;
one hand, a fraction ;2 precedes a fraction k’—ii in 7™ if and only if the fractlon .
J J

n—m kj+h;
precedes the fraction —45— in F<z 2(B(n),m); on the other hand, a fract1on precedes a

k +h+1
hjt1 n—m kji1 >1
fraction o in . ~™ if and only if & e - precedes T +h in =2 (B(n),m). The remaining
assertions of the theorem now follow, thanks to Lemma 1. O
For example,
_ (0 _ 1 _1_1_1_2_1_3_2_3_4_5_1
Fo=(1<5<3<i<3<3<3z<i<i<i<s<§<i),
4_ (0 _1_1_1_1_2_1_3_2_3_4 1
Fo=(1<s<5<3<3<3<3<3i<i<i<i <3i),
4_ (0 1 1_38_2_3_4_5_1
Gs = (¥ <3 <3<5<3<i<i<g<i),
_ (0 1 1_3_2_3_+4 1
F(B(6),4) = (% <3 <3<3<i<i<s  <1)
_ (0 1 1
Foa=T2=3 <z <1i)
24-6 _ 0_1_1_2_3 1
94 (T<z<3z<i<i <3),
24 _
96 Fo= (3 <3  <1i)
6-4 _ 12 _ 0_1_1_1_°2 1
Fi=F= (f<i<z<sz<i <3)

Theorem 3 allows us to write down the formula

F(B(2),m)| = ||+ 1| = 1= |Findrn )| . | it _ g
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for the number of elements of a sequence F (B(n),m), cf. [10, Proposition 7.3(ii)]. Recall that

| FPl =14 41 i(d) - ([5] — 3 [5]) - [5 + 1], for any Farey subsequence F? with 0 < p < ¢;

see [10, Remark 7.10(ii)(b)]. Notice that the well-known relation ., 7i(d)- | 5| = 1, for any

positive integer ¢, leads us to one more formula: |F?| = 3 + Zd21ﬁ(_d) B (1E] -5 18]

Thus, we have
F(Bln),m)| = 5 + SO d): | ol | (a4 | vt )
gk )| 2t ] (5] - etz )

) =2 Y2 (e )<tz )
that is,
F®B(n),m)| —2=3 " ud)-| 2= .

In particular, for any positive integer ¢ we have

Soad) |57 = |F(BE),Y)| -2=2|F]-3.

d>1
Proposition 4 Consider a Farey subsequence f(]B(n), m).

(i) Suppose m > 5. The map

1 1 _ _
F=2(B(n),m) — F=2(B(n),m) ,  Fe o, L= [32]0, (12
15 order-reversing and bijective. The map
1 1 _ _
F=2(B(n),m) — F=2(B(n),m) . g g0, Ble (5] 0

15 order-preserving and injective. The map

FS%(B(n),m) — FZ%(IB%(n),m) ,

Ealisy
1
Ed
L
ok
1
ol
—
==
ok

1s order-reversing and injective.

(ii) Suppose m < . The map

FEB)m) » FEE@m) . Eogly, WeBAE. 0
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15 order-reversing and bijective. The map

F=2(B(n),m) — F=2(B(n),m) , gz, W= [32]-0
15 order-preserving and injective. The map

F=2(B(n),m) — F=2(B(n)m) , g0 =900

1s order-reversing and injective.

Proof. To prove that map (12) is order-reversing and bijective, notice that F" == F,_pn,
and consider the composite map

<1 (6) (5) (M, <1
F—?(B(n),@—hﬁl_m h Fn-m ™ Fn-m p_op ]'—n_m—ﬂ,i—)?(B(n),m) k—2h

k—h k—h 2k—3h °

>

Similarly, under the hypothesis of assertion (ii) we have G2™~" = F,.: consider the composite
map

>1 (8) (5) 9) _~1
h f*Q(B(n),m) >Fm o2h—k Fm——Fm k—h Fm 97*7(B(n),m) h
k — h = h = 3h—k

to see that map (13) is order-reversing and bijective.

T

The remaining assertions follow from the observation that map (4) is the order-reversing
bijection. O

We conclude the note by listing a few pairs of fractions adjacent in F (B(n), m); see [8, 9]
on such pairs within the sequences F (IB%(Qm),m). We find the neighbors of the images of
several fractions of F (B(n), m) under bijections from Theorem 3, and we then reflect them
back to F(B(n), m):

Remark 5 Consider a Farey subsequence ]:(IB%(n), m), with n # 2m.

(i) Suppose m > 3.

1

: n—m+1
5, and the fraction

(n—m)+1
2 min{n—m,LmTflJ 1
3min{nfm,|_mTflj 1

The fraction s2=2=L_ precedes succeeds %

2(n—m)—1
2 min{n—m, LWTHJ}—l
3min{n—m, LWTHJ}fl

The fraction precedes %; the fraction succeeds %

If we additionally have n —m > 1, then the fraction

3(n—m)—4 . :
2/(";“) . if n —m is even,

.
2
—m— 3(n— -1 . .
"’2”1/(";”) , if n —m is odd,

n

1. '
precedes 3; the fraction

_ 3(n—m)—2 . .
"m/ (n—m) if n —m is even,

if n —m is odd,

succeeds % .
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(ii) Suppose m < 3.

The fraction 5"~ precedes 3, and the fraction 5" succeeds 1.
. mm{m,[" g”lj}f min{m, | = 1J}+ 1
The fraction Frnin (i, =L} 2 precedes ; the fmctzon mmin (i, [ =TT 2 [T G W succeeds 3

If we additionally have m > 1, then the fraction

1)/3m 3m=2 " if m is even,
m/ Smil if m is odd,

precedes %; the fraction

1)/3m sm=4 " if m is even,

m/?’m L if m is odd,

succeeds % .
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