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Abstract

Recently Agoh and Dilcher proved a convolution identity involving Stirling numbers S(n, r)
of the second kind. We prove an identity where S(n,r) is replaced by a more general doubly-
indexed family A(n,r). Another admissible choice for A(n, ) is the family of Stirling numbers
of the first kind.

1. Introduction

Let S(n,r) denote a Stirling number of the second kind, the number of unordered partitions
of an n-element set into r nonempty subsets. Recently Agoh and Dilcher [2, Theorem 1]
proved the following identity holds

s = ¥ = Snm) 0

it trp=r j=1
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where n =n; + --- + ng and r > max;(n — n;).

We give a simpler proof of a more general identity. In particular our identity specializes
not only to (1) but also to its analogue with the S(n,r) replaced by Stirling numbers of the
first kind. The key to our approach is the use of the Lagrange inversion theorem.

2. The Main Theorem

The Stirling numbers of the second kind have the exponential generating function

i::S(n,r)

(e —=1)"
=
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[4, Chapter 1 (24b)]. Our generalization concerns any doubly-indexed family of numbers
with exponential generating functions of this form. Let f(x) = 3°°, cx2* be a formal power
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series over a field of characteristic zero and with ¢; # 0. Define A(n,r) for n > r > 1 by
f(x)r 0 x"
— =% Aln,r)—.
7! nz:; (m,7) n!

Thus when f(z) =¢e” — 1, A(n,r) = S(n,r). Define

B(n,r) = “A(n, ).
(n.r) = (AT
We can now state and prove our main theorem.
Theorem 1 With the above notation, let ny,...,nx be positive integers, n = ny + - -+ + ny

and s be an integer with 0 < s < min;n;. Then

Bn,n—s)= > [[Bnjn;—s)). (2)

S1+-+sp=s j=1
S1yeeey 5120

Proof. The power series f has a compositional inverse F', also a power series with constant
term zero, satisfying F'(f(z)) = f(F(x)) = x. The Lagrange inversion theorem [5, Theo-
rem 5.4.2] states that n[z"|(f(z)") = r[z7"](F(x)~") where [™](¢(x)) denotes the coefficient
of 2 in the formal Laurent series ¢(x). As

f(:)?" = i B(n,r)x:

then B(n,r) = 2[z"](f(z)") = [z7"](F(z)™™). Define for n > 1, g,(z) = >0=5 B(n,n — s)a*.
Then g, (z) consists of the terms up to that in z"~! in the power series (x/F(z))". It is
convenient to write this as a congruence

T

(o) = (5is) (mod )

in the ring of formal power series. If n =mny 4 --- + ny then

1;[1 (Ffw)> | - (fo)> =onle) - (mod &™),

Comparing the coefficient of * when 0 < s < min;n; gives

1:[ Gn,; (:U)

k
B(n>n_8): Z HB(nj>nj_Sj)'
1+ tsp=s j=1
815004,8 >0

|

Taking f(z) = e” — 1 and setting » = n — s and r; = n; — s;, identity (2) reduces to (1).
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Let ¢(n,r) denote the (unsigned) Stirling number of the first kind, the number of permu-
tations of {1,...,n} with r cycles. Then

& " 1 1 T
£ 0.0 -4 o)

= n!

3, §1.2.9 (26)]. By taking f(z) = log(1/(1 — x)) Theorem 1 gives

)! E(rj—1)!
c(n,r) = ——c(ng, )
(TL - 1)' 7’1-1--2&-:%7”]1—[1 <nj N 1)' "
Tlyeees ’I‘kzl

whenever n = ny + - -- 4+ ny and r > max;(n — n;).

3. Another Identity of Agoh and Dilcher

We now give an alternative proof of Proposition 5.1 in [1].

Theorem 2 For integers m, n > 1 and 1 < r < m + n the following identity holds:

(m—1)!(n — 1>!S(m tn,r) = Ti U 1();(i_1)2' — 1)!S(m,i)S(n,r — 1)

(m+n—1)! P
n—r . _1
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where the By are the Bernoulli numbers.

Proof. Note that this is the same as [1, Proposition 5.1] on replacing their & and m by m
and n, their d by » — 1 and performing some rearrangement.

Let f(z) = e* — 1. Then f has compositional inverse F'(x) = log(1 + z). Define T'(n, )
for integers 1 < r <n by

Then ( D |
et — 1) o) " 00 "
— _— = T
P P R S TP
Differentiating gives
e'(e” = 1)t =>"T(n,r)z""

Thus
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Now use this formula to define T'(n,r) for all integers n and r, noting that T'(n,r) = 0 if
n<r.

By the Lagrange inversion formula T'(n,r) = [z7"](log(1 + z))™™. Let m, n > 1 and
1 <r<m-+n. Then

T(m+n,r) = [z7"](log(l +z)) ™(log(l+z)) ™" = Y T(m,i)T(n,r—1).
We split this sum as follows: T'(m + n,r) = X1 + X9 — X3, where

S = S T(m, )T (n,r—i), So= Y T(m,iT(n,r—i), and ZngZ::T(m,i)T(n,r—i).

=1 1=r—n
The first sum 1is

¥ = iT(m,i)T(n,r —1)

= ‘iz—l'sz)T(n,r—i)
i=1
= % i (i — )1S(m,i)e"(e* — 1)1
U e e o
= m[$ le*(e® —1) ;(Z - 1)!S(m,z)m.
By [1, Lemma 3.1],
: ! 1

S (i - DIS(m ) o = ()"

=1

By the definition of the Bernoulli numbers

L1, B
e —1 =z j:Oj—i—lj!
Differentiating m — 1 times gives
dam1 1 (m —1)! X Bjim @7
-1 m—1 — — (=1 m ﬂ_
(=1) dzm—1ler — 1 xm (=1) jz:(:)j—i—mj!
Thus
El — [xm—&-n—l]ea:(ex _ 1)7”—1
(D" &S Bigm ¢ owja -
o : n e®(e® 1)"
=101 &5 Gt
_1 m n—r B . ‘
= T(m+mn,r) (=1) Z A (n—j,7)
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Similarly

It follows that

Tim+n,r) = 2T(m+n,r)— 33 — : n—jr
( ) ( ) =23 (m_l)!§(]+m)j' ( )
(—1)71 m—r Bj+n (m _; T‘)
(n =1 = (G +n)j! ’
Rearranging gives
T(m+n r) = 7i:lT(m Z)T(n r —i) + (_1)m Tf Bj+m (n _ 7")
’ i=1 7 ’ (m =1l = (7 +m)j! 7
(_1)n m—r Bj+n
1 . T(m — j,
(n — 1)! = (] +7’L)]' (m ) T)
Using the definition of T a further rearrangement yields
(m —1D!(n —1)! =Dl =i 1) . ,
(m+n—1)' S(m+n’7ﬂ) o ; (T—l)' S(m,z)S(n,r Z)

# ey e (s )

j:0j+m
m-—-r . m_l
+(—=1)" ﬂ( , )Sm—j,r
(=1) ]Z_%]Jrn j ( )

as required. O
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