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On the Sperner Capacity of the Cyclic Triangle
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Abstract. Using a single trick it is shown that the Sperner capacity of the cyclic triangle equals log 2.
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This paper should be considered as an appendix to [1], and we refer to this paper for most definitions
and explanatory remarks. We restrict ourselves to the proof of the following statement:

THEOREM. The size of a subset S of {0, 1, 2}" with the property that for every distinct
pair of vectors ¢ = (z;), y = (yi) € S, we have z; — y; =1 (mod 3) for some index
J, is less than or equal to 2"

Proof. Identify {0, 1, 2} with GF(3), the field with three elements. For each
vector y € GF(3)" consider the polynomial

FX)=Xi-n-1)X2--1)...(Xn -y - 1).

We have F;(z) = (—1)" is nonzero, for every 2 € GF(3)", but if z, y are different
elements from the subset S, then F,(z) = 0, so the polynomials F,, y € S form an
independent set in the vector space V of polynomials in the variables X, ..., X,
of degree at most 1 in each separate variable. It follows that |S| < dim(V) = 2"

Note that the constant 2 in the result is best possible since the collection S
of all (0, 1)-vectors of length n and weight |n/2| satisfies the conditions of the

theorem and has size (Ln72J .

Essentially the same proof can be used to prove the following generalization,
that can also be found in [1]:

THEOREM. Let D be a set of d residue classes modulo p. The size of a subset
S of {0,1,...,p— 1}" with the property that for every distinct pair of vectors
z = (x;), y = (y:) € S, we have z; — y; (mod p) € D for some index j, is less than
or equal to (d + 1)".

Proof. Identify {0, 1, p — 1} with GF(p). For each vector y € GF(k)" consider
the polynomial
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FX) = [J(X1 =1 = )Xo =2 = 1) ... (Xn = 9 — ).
i€D
We have again that F,(z) is nonzero, for every z € GF(p)", but if z, y are
different elements from the subset S, then F,(z) = 0, so the polynomials
F,, y € S form an independent set in the vector space V of polynomials in the
variables X;, ..., X, of degree at most d in each separate variable. It follows
that |S| < dim(V) = (d + 1)".
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