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THIRD MAC LANE COHOMOLOGY VIA CATEGORICAL RINGS
M. JIBLADZE AND T. PIRASHVILI
(communicated by George Janelijize

Abstract
A notion of categorical ring is introduced. Categorical rings are
proved to be classifiable by the third Mac Lane cohomology group.

Introduction

In the fifties, Saunders Mac Lane invented a cohomology theory of rings using the cubi-
cal construction introduced earlier by Eilenberg and himself to calculate stable homology
of Eilenberg-Mac Lane spaces. As shownSh [his theory coincides with the topological
Hochschild cohomology for Eilenberg-Mac Lane ring spectra. In particular, the third di-
mensional cohomology group is expected to provide classification of 2-types of ring spec-
tra. Some algebraic models for such 2-types have been constructél in this paper
we consider one such algebraic model of different kind which in our opinion is especially
straightforwardly related to 3-cocycles in Mac Lane cohomology.

This is the notion of categorical ring—a category carrying the structure of a ring up
to some natural isomorphisms satisfying certain coherence conditions. Our axioms for the
categorical ring present a slightly modified version of the notion of Ann-category due to
Quang [L0). Axioms we use reflect defining relations of Mac Lane 3-cocycles. Our main
result is Theoremd.4 which asserts that for any rin§ and anyR-bimodule B there is a
bijection

H?(R; B) ~ Crext(R; B)

between the third Mac Lane cohomology grougiofvith coefficients inB and equivalence
classes of categorical ring8 with 7o(#) = R, m1(#) = B, and the induced bimodule
structure coinciding with the original one.

In [10], Ann-categories of a particular kind—the so called regular ones—are consid-
ered. These correspond to the ring spectra whose underlying spectrum splits into a product
of Eilenberg-Mac Lane spectra. Itis shown iri] that regular Ann-categories are classified
by the third Shukla cohomology grouf]]. The latter is the Barr-Beck-Quillen cohomol-
ogy group for the category of associative ringp [

Difference between the above two cases is quite subtle. In fact, Shukla and Mac Lane
cohomologies are isomorphic up to dimension 2 (in dimensions 0 and 1 both also coincide
with the Hochschild cohomology; this coincidence extends to dimension 2 if the under-
lying abelian group ofR is free). The third Shukla cohomology group embeds into the
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third Mac Lane cohomology group, and failure of isomorphism is measured by an explicit
obstruction furnished by the following exact sequence (8e4,[[5], [2]):

0 — H3yuaa(R; B) = H*(R; B) — H(R;2B).

It can be shown that in terms of categorical rings, the above Hi; B) — H°(R; 2 B)
sends an element @13 (R; B) represented by a categorical riggjto the element

0-0+02% 0400
of Aut4(0) = B, where0 is the neutral object with respect to the additive structirey} :
x4y — y+ x is the commutativity constraint, and the isomorphisms betwesard0 + 0
are the canonical ones.

1. Recollections on symmetric categorical groups
Let us begin by recalling

(1.1) Definition. A categorical group.</ is a groupoid equipped with a monoidal
structure—i. e. a bifunctor : &/ x &/ — &7, an objecO € & and natural isomorphisms
(a,byc) i (a+b)+c—a+ (b+¢), Aa): 04+ a — aandp(a) : a + 0 — a satisfying
the Mac Lane coherence conditions—together with a choice, for each abjects, of
another object-a € & and of an isomorphisn{a) : —a + a — 0.

A braiding on a categorical groug’ is a collection of isomorphismga, b} : a + b —
b + a turning <7 into a braided monoidal category;symmetriccategorical group is a
braided one whose monoidal structure is symmetric, i. e. the inverse, bf is equal to
{b, a} for any objectsy, b.

Categorical groups are also known in the literature under the naPiearf categories
There is much literature on them, see e. g. reference$3dn The fact that categorical
groups are classified by third group cohomology was discoveredZn pAs one more
example of relatively early fundamental work on the topic one could name 4. g. [

We will need some specific facts and auxiliary notation concerning symmetric categori-
cal groups. More on braided and symmetric categorical groups can be found €5]g. in [

It is easy to see that for any monoidal functbr= (f, f+, fo) : & — &' to a cate-
gorical group, the canonical isomorphisfa: f(0) — 0 is determined by the rest of the
structure. Namelyf, is equal to the composite

f(0) 0
/\(f(O))‘ll wa(o))
0+ f(0) —f(0) + £(0)
L(f(()))‘1+f(0)l Tf<o>+f<x<o>> (1.2)

(=F(0) + f(0)) + F(0)  —f(0) + f(0+0)

<f<o>,f<o>7f<0>>\\ / ~F(0)+£4(0,0)

—f(0) 4+ (f(0) + £(0))
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We will use the well-known fact that a monoidal funcipr .« — &/’ between categor-
ical groups is an equivalence if and only if it induces an isomorphismycmnd ;. Here,
w1 of a categorical group is defined to be the automorphism group of its neutral object, and
the homomorphisnf : m (<) — m1(«/’) induced by a monoidal functof assigns to
a : 04 — 04 the composite

(0% fo f(0e) ) f(%ﬂﬁﬂ)yu
It is equally well known that in a categorical groug, hom(z, y) has a structure of a
bitorsor underr, (<) for any isomorphic objects, y of <. In more detail, horti:, y) has
compatible left horty, y)- and right honfz, z)-actions which are principal, i. e. for any
0, ¢+ x — ythereis a unique : x — z with ¢’ = ¢y (namelyy = ¢~ 1¢’) and a
uniquev : y — y with ¢’ = vy (namely,u = ¢’x~1). And on the other hand for any
categorical group? the mapsr; (/) —hom(x, ) sendingx : 0 — 0 to the composite

-1

are group isomorphisms for any objegtwhich allows to transfer the above bitorsor struc-
tures from honf, x), resp. hony, y), to 71 (7).

In particular, for any two parallel morphisms ¢’ : x — y there exists aniquea €
m1 (/) making the diagram

0+ %04y
A(x)i lMy)
x L) Yy

commute. It will be more convenient for us to depict such circumstances by a diagram of
the form

In such cases we will also write = ¢’ + .
Note that exchanging order gfand¢y’ introduces a sign, i. €. one has

® ®
PN PN
x el Yy < xT —« Y;
\_/ \_/
@’ @

in the diagrams that we will encounter, this order is not specified as it can be unambiguously
recovered from the context.

We will need the following simple fact concerning this formalism.

(1.3) Proposition. Let f = (f, f+) : & — </’ be amonoidal functor between categorical
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groups. Then for any parallel arrows, ¢’ : x — y in </ one has

o] fle)
/_\ /'_\
T oy = f@)  fa@  f(y)
\_/ N~ T
@ f(@")

Proof. There is a commutative diagram

f#(o)+f(p)
_—

0+ f(z) 0+ f(y)
fo '+ (@) fo ')
£0)+ £ “E f0) + i)

f+(0,2) f+(0,9)
£(0+2) flate) F0+y)

FA (=) F( )

fla) — ()
By the aforementioned uniqueness, the proposition follows. O

(1.4) Corollary. For any parallel arrowsy;, ¢; : ; — y;, @ = 1,2, in a braided (in
particular, symmetric) categorical group’ one has

®1 ®2 w1t+p2
Tl a1 Y1, X2 Qaz Y2 = 1 +2xo aitaz Y1+ Ya.
~ 7 ~__ 7 N~ T
@ @ P1+en

Proof. It is well known that for a braided category” the functor+ : o« x & — &
acquires a monoidal structure (in fact it is known that for any monoidal category there is
a one-to-one correspondence between braidings and monoidal functor structuk@s on
Since obviouslytx (a1, as) = a1 + aq for anyag, as € m1(«7), the statement follows
from (1.3). O

For any four objects, b, ¢, d of a symmetric categorical groug’, by

(28):(a+b)+ (c+d) — (a+c)+ (b+d)
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will be denoted the composite canonical isomorphism in the commutative diagram

+ (c+d)

% m
((a+0b)+c)+d a+ b+ (c+d)
\(Hd bc/

(a4 (b+0)) getred ((b+¢)+4d)

(a+{b,c})+ a+({b,c}+d)

(a+ (c+Db)) a+ ((c+b)+d)

(a,c+b, d)

/b) lyd a+{c,b,d)

((a+c)+b) + a+(c+(b+d)

N

2. Categorical rings

+(b+d)

Our algebraic models for 2-types of ring spectra are certain bimonoidal categories which
we call categorical rings. They can be called “rings up to coherent isomorphisms”, in the
sense that (a) isomorphism classes of objects of a categorical ring form an associative ring;
and (b) the structure of a categorical ring on a category is an equivalence invariant, i. e.
any equivalence between a categorical ring and another category allows one to transfer the
categorical ring structure along it.

(2.1) Definition. A categorical ringis a symmetric categorical groug together with a
bifunctor (denoted by juxtapositiotf x #Z — %, an objectl € %, and natural isomor-
phisms

[r,s,t] : (rs)t — r(st)
(associativity),
A(r):lr—r p(r):rl —7r
(left and right unitality),

[rsd) :r(so+s1) — rso+rs;
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(left distributivity),
(28] : (ro+m1)8s =195+ 118

(right distributivity).

Itis required that th¢ , | together with\. andp. constitute a monoidal structure (i. e. the
appropriate pentagonal and triangular coherence diagrams commute for it) and moreover
the following diagrams commute for all possible objectgaf

to
T[St1>

’I“(S(to + t1)> T(Sto + Stl)
sto
[r,s,tV Yf
(rs)(to +t1) r(sto) + r(sty)
\ 4
(rs)to + (rs)t
7"50 + T81
éU 750
(r(so + s1)) (rso)t + (rs1)t
[r,so+s1,t] |( ‘/ [r,s0,t]4+[r,s1,t]
((s0 + s1)t r(sot) + r(s1t)

io\\/

Slt
Sot + Slt
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(22

(ros +rs)t ————— (ros)t + (r1s)t

(79 s]t \ 71,8,t]

((7’0 +T1)8)t st —l—rl st
k /
(ro +71)(

[179)

1(ro +71) lrg + 1ry

m AA (r1)

ro+ 71

To—l—?“l)l rol +r1l
(r1]

r(s00 + So1) + 7(S10 + S11)

[0 toon) a1t
7((s00 + S01) + (810 + $11)) (rs00 +rso1) + (rsio + 7s11)
r(500 501y (7300 rsot )y
r((s00 + 510) + (501 + 511)) (rso0 +7s10) + (rso1 +7511)

[r500+51° > [’" ?1)8 >+[T 2[1)} >

so1+s11

(s00 + 510) + 7(S01 + S11)
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(ro +11)(s0 + 51)

ro(so + s1) +ri(so + s1) (ro +71)s0 + (ro +71)81
]| | olen]

<’I‘QSQ T051>
(roso + ros1) + (1150 +7151) (roso +1150) + (ros1 + T151)

T180 T1S1

(roo +701)s + (110 + 7r11)8

7"00+7"01 roo 7‘10
T10+T11 7‘01 7‘11

((roo +ro1) + (110 +711)) (roos +ro1s) + (rios + riis)
(o 7o >sl lms: )
((roo +710) + (ro1 +711)) (roos + 7108) + (1018 + r11s)

’I“()[] Jr’l‘l() %101
7"01 +r1p ° 10 11

(roo + 710)s + (ro1 +711)8

It can be shown that the notion of categorical ring is essentially the same as the one of
Ann-category from 10], in the sense that a categorical ring satisfies coherence conditions
from [10] and vice versa. Note however that the notiorragfular Ann-category is strictly

stronger; it corresponds to categorical rings whose symmetry morpHism$ are equal
to the identity ofa for all objectsa.

Morphisms of categorical rings are defined as follows:

(2.2) Definition. A 2-homomorphisnf : # — %’ is a quadrupléf, f, f., f1) wheref
is a functor from# to %', f., f. are natural morphisms of the form

fe(ro,mi) = f(ro) + f(r1) — f(ro +71),
f(ry8): f(r)f(s) — f(rs)

andf; : f(1#) — lg is a morphism such thdtf, ., fo) and(f, f., f1) are monoidal
functor structures with respect to the monoidal structures correspondingmna- respec-
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tively, with f as in (L.2), and moreover the diagrams

f(r,s0)+f.(r,s1)

{f(r)%z;’» f(r)f(so) + f(r)f(s1) = f(rso) + f(rs1)

f+(rso,rs1)

\
/

f(r)(f(so0) + J{ f(rso+rs1)
f(T)er(So,S1) f(T)f(SO + 81) - f(’I’(SO + 51)) f([r‘;(lj >)
f.(r,s0+s1)
and
fro,s)+f.(r1,s)
<}”E:§§f(s)]/f(ro)£(8) + f(r1) f(s) = f(ros) +f(7‘%:)
(f(ro) + f(r1))f(s) f(ros +ris)

/
\

F4(ro,r1)f(s) F({70s
' Flro + 1) f(8) ——> f(tro +r0)s) 0D
f.(ro+ri,s)
commute for all possible objects involved.
We will need the following fact in what follows:
(2.3) Proposition. In any categorical ringZ one has
® re er
xX « Yy = rx ra ry, xr ar yr.
@’ ro’ o'r

Proof. It follows from the definition of categorical ring that for anye &% the morphisms
[rZ ), resp.{ _r], constitute a structure of a monoidal functor on the endofunctaoesp.
- Z — X% of Z (with respect to the additive monoidal structure). The proposition is thus

particular case of1(.3). O

3. Third Mac Lane cohomology group

We refer to 7, 8] for the original construction of Mac Lane cohomology. Here we will
only explicitate the definition of the third cohomology group as this is all that we need.
To make expressions shorter, we will need the cross-effect notation. Recall that for a map
f: A — B between abelian groups, its first cross-effect is a map

(—]-);:AxA—B
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given by
(z|y);=fl)+ fly) — flz+y).
(3.1) Definition. For a ring R and anR-bimodule B, the groupC?(R; B) of Mac Lane
3-cochains ofk with coefficients inB consists of quadruples., ¢.., ., ¢+ ), of maps
¢ty i RP— B
and
oy :R*— B
which arenormalizedin the sense thap., ¢.. andy,. take zero values if one of their
arguments is zero, and moreover satisfies
e+ (0 0) = 90+(r0 r1) <P+(r1 o) _90+(0r1) <P+(T00r01) =0
for all g, 71 € R. The group structure is given by valuewise addition of functions.
The subgroupZ3(R; B) C C3(R; B) of 3-cocycles is singled out by the following
equations:
re. (57 ta u) - W'(T& ta U) + (p.(T, Sta u)
_QO~(T7 S, tu) + 2 (T7 S, t)u :07
ro.4(8,to,t1) — @4 (rs, to, t1) + ©.4 (7, sto, st1) = (to | tl)w.(ns,f) ,
0.4 (r, sot, s1t) — @. (7, S0, 51)t =@4.(rso, rs1,t) — T0+.(S0, 1, 1),
P4 (ros,m18,1) — @4 (r0, 71, 81) + Py (o, 1, )t == (ro [ 11), (— 500

7S00 T'So1 500 So1

P+ (7‘810 TS11 ) — o+ (810 S11 ) = ((5007 510) | (8017 511))@ (ry—,—)
— ((s00s s01) | (510,811)) 05, (5,—,— >

050 ros1) = (’r‘o ‘ 7“1)5(;%(7750}81)

P+ (7-130 T181
— (0| 81)904_.(7“077‘17_) ’
T00 To1

— ¢+ (730 ri1 ) s = (00, 710) | (7“01,7“11))%.(,,,’5)

— (oo, ro1) | (7“10,?”11))%_(_7_75) )

T00S 7‘018)

P+ (Tlos T118

((ro6 ron ) | (7150 7191 )y
— (3565 mo1 ) | (930 7033 ),
+ (900 7o) | (61 vt )y, =0
The subgroupB?(R; B) C Z3(R; B) of 3-coboundaries consists of those quadruples
(., 0.4, 1., ¢4+) for which there exist maps, v, : R? — B such that

@.(r,8,1) =ry.(s,t) = 7.(rs,t) +7.(r, st) = 7.(r, 8)t,
@.4(r, 50, 81) =174(80,51) — Y4(rs0,751) + (S0 [ 81)., (1 »
@+-(ro, 71, 8) =74 (ros,m18) = y4(ro,71)s = (1o [ 71).—5) »
) =

¢+ (i 191 ) = ((roo, 701) | (r10,711)),, — ((r00,710) | (ro1,7m11)).,,
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forallr,... € R.
Finally, we define

H3(R; B) := Z*(R; B)/B*(R; B).

4. Characteristic class of a categorical ring

Suppose given a categorical riggas in2.1 Then the seR = 7y (%) of isomorphism
classes of objects o is a ring, and the group = (%) of automorphisms of the zero
object of #Z has a canonical structure ofm(#)-bimodule, withra, resp.ar, for any
r € mo(#) and anya : 0 — 0, given by

T 7 7.
0 —— 70 =% 70 =% 0,
resp.

——1
T _ af _ T
0 —— 07 2% 07 % 0,

wherer is any object from the isomorphism classand the morphisms, resp..7y, come
from the monoidal functor structures on resp.-7 indicated in the proof oR.3.

We are going to assign t@ a cohomology class
(%) € H?(70(%); m1(Z))-

For that, we arbitrarily choose an objecbf # in each isomorphism class € 7y(%);
moreover we arbitrarily choose morphisms

o.(r,s):rs —rs

and

oy(ro,r1) g+ 1y =10 + 71

These morphisms give rise to several not necessarily commutative diagrams. They define
elements ofr (%) as in sectiori.

In particular, for anyr, s, t € (%) the diagram

() —2 g
[T’V hr,st)
(rs)t ¢.(rs,t) rst
0. (r,si\ a.(rs,t)
=

produces an elemeat(r, s,t) € m (%) measuring deviation from its commutativity. Sim-
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ilarly for anyr, sg, s1 € mo(£) deviation from commutativity of the diagram

—— ——  o.(rs0)+o.(r,s1) — —
- >
789 + 1581 TSy + 18

iy oy

r(sy + 59) @4 (r,50,51) rso + 181

roy (80,81)

\

S0 + S1

r(s0 + s1)

o.(r,s0+s1)
is measured by an elemept, (r, s, $1) € 71 (%£); for anyrg,r1, s € mo(#) the diagram

- — o.(ro,8)+o.(r1,s) —

7:05 +7rys TS + 718
<7"Os]// hrgs,rls)
Ty \

(',_"0 + ’[_“1); g0+.(’r’0,7“1,s) m
\( - /
o4 (ro,m1)s
\ ~ .z
T0+T'18 (7”0+7”1)S

o.(ro+ri,s)

givesy..(ro,71,s) € m1(#); and for anyrog, ro1, 710, 711 € 7o (Z) the diagram

roo + To1 + 710 + 711

o4 (r00,701)+0+(T10,711) oy (roo+roi,r10+7r11)
(7:00 + ;01) + (7:10 + 7:11) Too + To1 + 710 + T11
GES e+ (40 720)
(oo +710) + (o +713) To0 + 710 + 701 + 711
04 (700,710)+0 4 (T01,711) o4 (roo+rio,mo1+711)

roo + 710 + To1 + T11

givespy (715 1 ) € m(A).

Thus the above diagrams give rise to a 3-coclain the Mac Lane complex afy (%)
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with coefficients inm (£). Explicitly, it is defined by
@.(r,s,t) = 0.(rs,t) o o.(r,8)t + o.(r,st) oro.(s,t) 0 [7_", g,ﬂ ,
©.+(7,80,81) = 0.(1, 80 + 51) 0 704 (50, 51) + 04 (rs0,751) 0 (6.(r, 80) + 0.(r,81)) © [1: -0 > ,

@4-(ro,71,8) = 0.(ro +71,8) 0 0 (r0,71)s + 04 (r08,715) 0 (0.(r0, 8) + 0. (1, 8)) 0 <T‘1J 5} ;

04 (790 791) = o4 (oo + 710,701 + 711) © (04 (100, T10) + 04 (T01,711)) © <;‘1)2 ;‘1)1 >

+ o4(roo + ro1,710 + T11) © (U+(7”0077”01) + 04+ (r10,711))-

We have
(4.1) Proposition. The above cochain is a cocycle.

Proof. We have to check the eight equalities frof1j. These equalities are deducible
from considering eight diagrams below. In all of these diagrams, all quadrangles commute
by naturality, the inner pentagons are filled by the indicated elements&f) using (L.4)

and Q.3 as needed, whereas the outer perimeters commute since each of them coincides
with a coherence diagram from the definition of categorical ring.

r(stu) "L2EON (5 u))
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=
+

| “O
“w
=

(T3:07) To(su)

awn__nowuﬁwf.u.b

S

&\

03) tosu T20g(s%2)

5 N L

N ) o+ (s) ——= T 5+ D5 ER Al (% + 094 <— ("2 + "9)s) 4
S T(5%4) 0+09(su) 0 7 ((12°07) +o5)t
N (T909'su) T Aﬁun_.o“msv.b (T94-07's5u)

.m, (T9¢su) 04 (07'5u) 0 A + owv (Ta4-09°¢ mv.bx

3]

= - /

& (T540g52) + ((T24902)s‘4) 0

w \ /

= " (13¢550) (0354 b Lsu + 0354 1+ otmw (T3403¢s) +chu 2
o [frsa] 4P T (Tyseoasta) +-5 p AOM%
|m Aﬂwwp&v.bxﬁvﬁcwwpsV,b Aawm.roﬁ\im.v‘_vb.m

©

2 1984 4+ 095.4 (Tg5 + 095)u

2 L I e e )Y

P} I7s

2 Ea.p.i&@ AM% (B4 ore) o)

= - /

5 (25)4 + (%5)- (95 + %9s)0

© T1g

= (o]

o

S
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[#1st 4]+ [205 4]
(378)4 + (%) 1(Ts) +3(Os)

P

(2¢78) 0u+(2'0s) 0 2(Ts‘ua) 0+47(0s‘s) 0

| (115%4) G4+ (105%4) |
2184 + 2054 2154 + 2054
Aytﬁﬁb (2¢Tsu) 04 (2°054) 0

5 e
I (2's + 298)4 ——= GH‘W + wo‘mvm 1154 + 205, NAE + 0su4) <—— 9(Tsu + Os.)
& ((3°75) 04 (208) 0) | H(150) 0+ (05'4) o)
u (21s490s‘4) T Qamiwﬁmsv+b (¢ 1sut0su) tdh
..w @Hmdomv+bw mAH% + o%v& m?m;,omxv.,rb
S - U7
& /
- (2(Ts40s)u) 0 (2¢(Ts+0s)u) 0
[}
® \ /
& (3 15°08) +hu 2(Ts + 08).s (Ts + 0s)u P(15908°0) 0
2 tos /= ! (4T5405%0) b ! wA %
MJ GQmLﬁomVers w?mgﬁcm(v.b
2 < z
e
m (275 4 0s)u 2(Ts 4 Os.t)
5 - - - -
2 s s
..m Q?wrowv& yhowfrb.&
= ’ < z <
£ \ /
g (1" + %)) (s +%5)4) _

[#7s+054]
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5 \

(3s) " + vaoslvwm g+wmow 75 i+ 04

(3s) 0 (TT? s) o / 7
(28¢Ta‘0u) +dh Cmi&ﬂob.b

§4T4) 04(25404) 0 AALATOLV

b\*a

wm Tu‘ys oL

A\
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O

To show that the above rule indeed determines an assignment of a cohomology class to
each categorical ring, we must also show

(4.2) Proposition. A different choice of representative objects» r and morphisms
o/(r,s) 175 — 18,
o’ (ro,r1) : 7:0 + 7:1 — 1o+
leads to a cocycle’ which is cohomologous tp.

Proof. By (3.1), 3-cocyclesp andy’ are cohomologous if and only if there exist maps
v.,7v+ : R x R — B such that the following four equalities

Pl(r,s,t) =.(r;5,t) + 17.(s,1) = 7.(rs, t) + 7.(r, st) = 7.(r, s)t,
@4 (r,80,81) =01 (7, 50, 51) + 774 (50, 51) — Y4(780,751) + (S0 [ 81),, (1) »

¢y (ro,m1,8) =p4.(ro, 71, 8) + v+ (108, 718) = Y4 (ro, 11)s — (ro | 1), () »

@l (790 1) =4 (736 791) + ((roos ro1) | (r10,711)),, — ((ro0, 710) | (ro1,711)),,

are satisfied for all possible elements.. of R.
Let us then choose arbitrary morphisms
Firor
for all » € R and define the mapg, and~., as above forp, to measure deviation from
commutativity of the diagrams

o.(r,s)

rS—————————>1rS8

[ B— o]
ol(r,s)
and

o4+ (ro,r1)

’l"O"‘TlHTo—FTl

;"0-&-;"1 l Y+ (r0,71) \L ot

Tot+Ty ~ro+ 71

‘Tﬁr(roﬂ“l)

That is, we define

v.(r,8) =0o'(r,s)ors + rsoo.(r,s)
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and

Y (ro,r1) = 0 (ro, 1) © (7:0 +7:1) + 1o+ 11004 (ro,m1).

The above four equalities then follow from considering the following four diagrams, in
view, as before, ofl(.4) and @.3), where ‘©5” marks the strictly commuting quadrangles:

ro.(s,t) o
rst
ry.(s,t) /;;\1
(e ot ~~ (7, st)
r(st) ro! (s,t)——> rst ~. (r,st) 7.
o/ (r,st)
=7 - . @ (r,s,t) N . B o
(rs)t (rs8)t—> (rs)t / rst <——rst oy
\a.’mst) o/ (rs,t)

y. ()t 5. (rs,t)

0. (r8)t o (rs,t)

- - o.(rys0)+o.(r,s1)
rsy 18 T80 + rs1

rsg+rsy ~.(ry80) 47 (rys1) reg+rsy

- Lol (risg) ol (rs1) m
m4(50:51) 1Sy +1rs; —————>rsg + rsy V+(rs0.751)

f -
\

_ ~ r(sg+s1) - - 7 @{+(T\b’0=s1) S r(50+51)
r(sg+ ) ———>1(s¢ +5) r(so + s1) < r(s0 + s1)

o4 (rsg,rsy)

rolt (so.s1) o/ (rso+s1)

O ';SO + 51 y.(rys0+s1)

T4 (50,51) o.(r,s0+s1)

Th‘so+51
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0. (rg.8)+o.(r1,9)

roS+ 1y oS + 118
ros+r1s v (rgs8)+7. (r1,8) ros+rys

ol (rg,s)+o!(r1,s) o4 (ros,r1s)

Y4 (ro.r)s ros +rys — > rgs +r1s Y+ (ros:T1s)

ﬁ;o ;] o/, (Ros.r1s)
1
(ro+71)3 @l (r0,71,9) \ (ro+r1)s

(ro +71)s —————> (1, +71,)s (ro +11)s < (ro + r1)s
o/ (rg.r1)s o/ (ro+71,9)

o4 (ro,r1)s o (ro+71,5)

ro+r1s

00 + r01 t r10 T 711

o4 (r00:701)+o4 (10:711) rgg+r01+710+711

Y4 (r00,m01)+v4(r10:711)

o4 (roo+ro1:m10+711)

(roo +7r01) + (r10 + 711) 700 + ro1 + T10 + r11
(}oo+;01)+(%11)ﬂr(’“00’m1)+a£)ﬁ11) J+(roo+ro1r10+r11
(roo + ro1) + (r10 + 711) o (roo+701,m10+711)
700 7 700 7 iy
00 701 00 701 /(700 701 S
Too " 700" < S
<T10T11> © <7‘101‘11> e (198 ) T rig Y rig
(roo + r10) + (To1 + 711) o/ (ro0+710:m01+711)
(;‘09;‘10)4%7“01 +;‘11)7/+(7'00,T10)+C’l+(7‘01’7‘11) A4 (roo+T10,701+711

(roo + r10) + (To1 + 711) 00 + 710 + ro1 + 11 o4 (roo+7r10:m01+711)

Y+ (roo,r10)+74 (ro1,m11)

o4 (r00:710)+74(701:711) rog+r10+701+711

o0 + 10 + ro1 + r11
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We have thus obtained a map from the set of all categorical gagsth 7o(%#) = R,
71 (%) = B and matching bimodule structure to the graip(R; B). Let us next show
that this map factors through a quotient of the former set to yield a map

(=) : Crext(R; B) — H3(R; B),

where CrextR; B) denotes the set of equivalence classes of categorical ringsawith
equal toR andm; equal toB, two such being considered equivalent if there exists a 2-
homomorphism between them inducing identitiesiband B.

Indeed, in the same way as ih.?) we more generally have:

(4.3) Proposition. For any categorical ringsZ and.%’ such that there exists a 2-homo-
morphism% — %’ inducing identity maps ony andn;, one has.%Z) = (%').

Proof. Given a 2-homomorphisnfi : # — %', let us chooseando ., o, for Z as above,
and then choose the corresponding maps#6bas follows:

= f(r),
o'(r,5) = (f'rf EAGOR f<rs>f"—'<’”flfrs),

f+(;ov"_"1)
e

o' (ro,r1) = (f;‘o + f7_‘1

In view of (1.3), (1.4), sincef induces identity onry, i. €. f4 is the identity map, one
has the diagrams

f(;o +7—"1) fU—M(TOM) Iro +7"1> .

- f;f.(é,i) frfo (,) - —
frfsft) ——— ( ) frfst
f.(r,st)
f.(r,st)
- — f(m (s:t))
— f (rst)
r ;Z fo.(r,st)
- -7 _ 7,8,t R
(frf3)ft e Jrst)

I (N % flo k %;
f(rst)
fo.(r,s) x /

frsft
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Ts 4+ O0sfuf
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m,.iom.s
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Tsaf +0suf < (Tsu)f + owxv\A 'sfaf 4 Osfaf
(Ts‘u) 0 f+(0s‘s)" bx Tsta) f+(0sta) f
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froo +ro1 + frio +ri

fU+(7‘0077‘01)+f0+(7“10V

f(;oo + 7:01) + f(;lo + 7:11) F+(rootronmotri)

f+ (;007;01)+f+ (Tm’V

(froo + fron) + (Fryg + fr11) F+Gootrormotrn) — f(roo + ro1 + 710 + r11)
\{(tbr(T007T01)+U+(7‘10,T11))
f((;oo + 7:01) + (7:10 + 7:11)) foi+(roo+7ro1,m10+711)
fi’oo fiol > iuo 5’01 T00 T01 f T4
< frio fria f< "10 T11 > LP+(T10 m ) ng‘z,j:gl ?
f((v:OO + 7:10) + (7:01 + ;'11)) fot(roo+7r10,r01+711)
f(o4(roo,r10)+0+(ro1,m11))

(froo + frlo) frol + frll f+ r0(70,r01+r11 (7’00 + 710 + 701 + 7’11)

I+ (Too ’”10 )+Hf+( ’"01 \

Frog +710) + froy +711)

fl7+(7“00,7“10)+f0+(7“01m

froo + 710 + fro1 + i1

f+(roo+rio,ro1+ri1)

where unlabeled polygons strictly commute by coherencg ahd naturality. These dia-
grams show that the cocyclesand¢’ representing characteristic classes of, respectively,
% and%’, are cohomologous. O

We have thus defined a map
(=) : Crext(R; B) — H*(R; B).

Let us now construct a map in the opposite direction.

For a 3-cocyclep = (¢.,¢.4,¢1.,04) of R with coefficients inB let %, be the
following categorical ring. The set of objects @i, is R. The set of morphisms iB x R,
where (b, r) is a morphism fromr to r. Identities are morphisms of the for(, »), and
composition is given by(b,r) o (/,r) = (b + V', r). Categorical group structure is as
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follows. Addition of objects and morphisms is given by
(bo,r0) + (b1,71) = (bo + b1,70 + 71);
the neutral object i$0, 0), with the neutrality constraints given byr) = p(r) = (0,7),
the associativity constraint is given by
<Ta3at> = ((10-5-(6 §)7T+S+t)7

and the symmetry by

{T7S} = (‘P+(86>7r+8)'
Note that the latter two equalities are equivalent to the equality

(roorory = (sa+<;f‘;3:~‘$i>, > J>

0<i4,j<1
Next, we define multiplication of objects and morphisms by
(b,7)(b',r") = (br' + 7V, 77"),
the unit byl, the associativity constraint for the multiplication by
[r,s,t] = (p.(r,s,t),7st)
and the unitality constraints by
A(r) = (=¢.(1,1,7),7),
p.(r) = (o.(r,1,1), 7).
Moreover, we define the distributivity constraints by the equalities
[rsh) = (@-4(r, 50, 81),7(s0 + 51))
and
(79 8] = (¢4.(ro, 1, 8), (10 +71)8).

It then turns out that commutativity of the coherence diagrams necessa#, fow be a
categorical ring correspond precisely to the equations expressing the cocycle condition for
©p.

Now suppose we are given two cohomologous 3-cocygles, i. e. there is a 2-cochain
~v = (v.,74) satisfying the required equalities. We then define a 2-homomorpffiism
(f, f+. fs f) : Z, — Z, as follows. Since the underlying categories/®f and%,., are
identical, we can defing to be the identity functor. Moreover we define

fi(ro,r) = (y4(ro,m1), 10 + 11),
fArs) = (7.(r, 5),75)
and
fl = (V(L 1)) 1)
Then again it is straightforward to verify that the coherence conditiond ftwr be a 2-

homomorphism precisely amount to the equalities expressing the fagt’'thdters from
by the coboundary of.
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We have thus obtained a well-defined map
% : H*(R; B) — Crext(R; B)

in the opposite direction.

Now it is obvious that constructing the characteristic cl@gg) we can choose the maps
o., o4 inthe beginning of sectiofito be identities, which will produce the cocyaidack.
Thus(Z.,,) is equal to the cohomology classfSo one composite of our maps (frafi?
to itself) is in fact identity. For the other composite to be also the identity, it thus remains
to construct, for any categorical rizg, a 2-homomorphism betwee# and.%,, for some
cocyclep, inducing identity onrg and 7. For this, let us return to the construction of
the characteristic class o%; for that construction, we have chosen an objedf % in
each isomorphism class € m(#) = R and morphisms., o, which then produced
the cocyclep representing#). Obviously these choices can be made in such a way that
0=0,1=1,0.(0,7) = X(7), 04(r,0) = p(7), o.(1,7) = X\.(F), ando.(r, 1) = p.(7).

Let us then use these data to define a fungtorZ, — Z. On objects this functor is given
by f(r) = 7 and on morphisms by
For) =7 2 047 2 047 A 5
This f then extends to a 2-homomorphisfn= (f, f+, f., f1) : Z, — Z with f. = o,
f+ = o4 andf; = identity of 1.
Summarizing all of the above, we have thus proved

(4.4) Theorem. For any ring R and anyR-bimoduleB there is a bijection
H3(R; B) ~ Crext(R; B)

between the third Mac Lane cohomology ®fwith coefficients inB and equivalence
classes of categorical ring® with 7o(#) = R, m1(#) = B and the resulting bimod-
ule structure coinciding with the original one.

O
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