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The purpose of this note is to prove Hadamard product versions of the Chebyshev
and the Kantorovich inequalities for positive real numbers. We also prove a
generalization of Fiedler's inequality.
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1. Introduction

In what follows, the capital letterd, B, C, ... denotem x m complex matrices,
whereas the small letters b, c, . . . denote real numbers, unless mentioned other-
wise. By X > Y we mean thatX — Y is positive semidefiniteX > Y mean

X — Y is positive definite). FOA = (a;;) andB = (b;;), Ao B = (a;;b;;) de-
notes the Hadamard product dfand B. According to Schur’s theoren| Page
23] the Hadamard product is monotone in the sensedhat B, C > D implies
AoC > BoD. The tensor product @ B is them? x m? matrix

CLHB cee (IlmB
(1.1) : :
amlB tee ammB

Marcus and Khan inlJ0] made the simple but important observation that the Hadamard
product is a principal submatrix of the tensor product. The inequality

(1.2) (i wiai) (i: wibi) < Zn: w;a;b;

holds for alla; > a3 > --- > a, > 0,by > by > --- > b, > 0 and weights
w; > 0, ¢ = 1,...,n. Hardy, Littlewood and Polya6] page 43] attribute this
inequality to Chebyshev. For< a < a; < b,w; > 0,7 =1,2,...,n, Kantorovich’s

inequality states that

o (B E) )
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In Section?, we state and prove matrix versions of inequalitieg)(and (L.3) involv-
ing the Hadamard product. A generalization of Fiedler’s inequality is also proved in

this section. There are several generalizations of Kantorovich and Fiedler’s inequal-
ity; see R, 3, 8, 9.
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2. The Chebyshev and Kantorovich Inequalities:
Matrix Versions

We begin with a Hadamard product version of inequality’).

Theorem 2.1.LetA; > ---> A, >0andB; > --- > B,, > 0. Then

wherew; > 0, i = 1,...,n, are weights.

Proof. We have

(2.2) (Z wi) (Z w;(A; oBZ-)) - <Z wiAi) o (Z wiBZ->

= ) (waw;(A; 0 By) — ww;(A; o B;))

ij=1
_ % zn: (wiwj(Aj o B;) — wyw;j(4; o B;)
ij=1
+ wjwi(A; o B;) — wjwi(A; o BZ))
— % 2”: wyw;j(A; — Aj) o (B; — Bj).

1,j=1

Since the Hadamard product of two positive semidefinite matrices is positive semidef-

inite, therefore the summand in2is positive semidefinite.

]
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Our next result is a Hadamard product version of inequalit§) (.

Theorem 2.2.Let A,,..., A, be such thad < al,,, < A; < bl,, i =1,...,n

(herel,, denotes then x m identity matrix). Then
(2.3) <Z V[/il/QAiW;ﬂ) o (Z Wz‘l/QAiIVViI/2>
=1 =1
a? + b?
—  2ab (Z Wi

3
\_/
/_\
-
\_/

forall W; >0,i=1,...,n
Proof. We first prove the inequality

2 2
(2.4) pl/2 A pl/? OQ1/2371Q1/2 4+ pl2A-ipl/2g Q1/2BQ1/2 < a+b

(Po@),

when0 < al,, < A, B <bl,,andP,(Q > 0. Let A = UDU* andB = VI'V* with
unitaryU andV, and diagonal matrice® andI'. Then

AB '+ A" @ B=UV)( Dl +T"'@D)(UxV)*
2 b2
<(U®V) (L

ab
a’ +b?
ab
where the inequality follows froml(3). Thus we have

(In® Im)) UeV)

(L, @ 1),

(25) P1/2AP1/2 ® Q1/23_1Q1/2 + P1/2A_1P1/2 ® Q1/23Q1/2
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_ (P1/2 ® QI/Q)(A ® B—l + A—l ® B)(PI/Q ® QI/Q)
a® + b?
< P .
<~ (PoQ)
Since the Hadamard product is a principal submatrix of the tensor product, the in-

equality ¢.4) follows from (2.5). On takingB = A and@ = P in (2.4) we see that
(2.9 holds forn = 1. Further, by 2.4) we have

Hadamard Product Versions

CL2 + b2 Jagjit Singh Matharu and
W-l/QAZ-W;/QoW-1/2A71W.1/2+W»1/2A-_1W.1/2oW-l/QAjW;/Q < (VVzOVV]) Jaspal Singh Aujla
’ ’ oo ‘ Lot ! T ab vol. 10, iss. 2, art. 51, 2009
fori,7 =1,...,n. Summing ovet, j, we have
26 2 n W1/2A W1/2 W1/2A 1W1/2 a2 + b2 n S Title Page
. . i . (@) . N . < fe) i),
(2.6) E;K AW o (WP AW, ﬂ_( = >E;( ) .
44 44

which implies that

< >
1/2 1/2 1/2 4—175,1/2 a“+0b
<ZVVZ AiWi >O<Z Wi Ai 1Wi ) < ( 2ab > (Z Wi>O<Z WZ) : Page 7 of 13

i=1 i=1 = i=1
Go Back
0
. . Full Screen
The next corollary follows on takin®/; = w;l,,,i = 1,...,n.
Close

Corollary 2.3. Let Ay, ..., A, besuchthat < al,, < A; <bl,,,andw; > 0, i =

1,...,n be weights. Then journal of inequalities
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Remarkl. The case: = 1 of Corollary2.3is proved in [f]. The example

A:(2 1)7 6L:?,—\/E b:3+\/3

11 2 2

shows that the inequality

_ + b)?
Ao Al < (a
° —  dab

I

need not be true.
For our next result we need the following lemma.

Lemma2.4.Let0<r <1.Thend"+ A" < A+ A ' forall A > 0.
Proof. Suppose thatl = UI'U* with unitaryU and diagonal matrix'. Then
A"+ AT = U@ + T "U*
SUC+T YU =A+ 47"
sincez” + 2" < z + 2! for any positive real numberand0 < r < 1.

Theorem 2.5.Let0 < o < 5. Then
(zn: W-I/QAQW-1/2> o (zn: W'1/2A4_QW'1/2>
=1 =1
< (i W.l/QA@WW) o (i W.l/QAf5W.1/2>

i=1 i=1

forall A, >0andW,; >0,i=1,...,n.
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Proof. We first prove the inequality

2.7) (W/i1/2A?Wil/2> o (VV;/QAj_ale/Q>

1/2 s—atrr1/2 1/2 gayys1/2
+ (Wz AW, ) © (Wj AFW; )
< (WPaiw!?) o (W) a;w)?)
— ? ? ? J J J Hadamard Product Versions

_ Jagjit Singh Matharu and
+ (Wi1/2‘4i ﬂVVil/2> o (WJ‘1/2A§?WJ‘1/2> Jaspal Singh Aujla

vol. 10, iss. 2, art. 51, 2009

for0 <a < . Let0 <r <1.Then

1/2 sryrs1/2 1/2 4—r1rs1/2 1/2 4—rrrs1/2 1/2 4ryrs1/2 :
<VVz AW, ) & (Wj AW ) + (VVZ AW, > ® <VV] ASW; ) Title Page
_ 1/2 1/2 r —r —r r 1/2 1/2 Contents
—(Wi oW, )(Ai®Aj + A ®Aj)<Wi oW, )
. W1/2 W1/2 A Ail r A Ail - W1/2 W1/2 K v
—(i®j)<(i®j)+(i®j)>(i®j) p >
1/2 1/2 1 _1\—1 1/2 1/2
S<VVZ ®W; >((Ai®Aj )+(Ai®Aj ) )(VVZ ® W; ) Page 9 of 13
wgere the inquality follows from Lemmia4. Takingr = «/ and replacing4; by Go Back
A} andA; by Aj, we have Full Screen
1/2 qarrs1/2 1/2 4—aqrr1/2 1/2 4—aqgr1/2 1/2 qrarrs1/2 Close
(WP arwi) & (WA ) = (Wi aiew!®) o (W) 2w )
1/2 4Bryr1/2 1/2 4—Bry,1/2 1/2 1 —Bry,1/2 1/2 4 B1y-1/2 journal of inequalities
< (Wi Ay W, ) ® (Wj A;TW; ) + (Wi AW, ) ® (WJ A;W; ) : in pure and applied
mathematics
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product, the preceding inequality implies (). Summing ovet, j in (2.7), we have

(i W-l/quW»l/2) o <i W»1/2A'O(W-1/2>

=1 =1
n n
1/2 1/2 1/2 41— 1/2
< (S wiraw! ) o [ ST WA w2
=1 i=1 Hadamard Product Versions
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Corollary 2.6. Let0 < a < . Then

(i Af‘) o (i Aja> < <i Alﬂ> o (i Ajﬁ) Title Page
= =t =1 j=1 Contents

forall A, >0,i=1,...,n. <4 >
Proof. TakingWW; = I,,, in Theorem2.5we get the desired result. l < >
Corollary 2.7. Let0 < . Then Page 10 of 13

In < (Z WS”AEW”) ° <Z WAzl ) —

— — Full Screen
forall 4, >0andW; >0,i=1,...,n, where3}_" | W; = I,,. Close
Proof. Takinga = 0 in Theorem2.5 gives the desired inequality. ] journal of inequalities
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Next we prove a convexity theorem involving the Hadamard product.
Theorem 2.8. The function
f(t) — A1+t o Blft + Alft o Bl+t
is convex on the interval-1, 1] and attains its minimum &t= 0 for all A, B > 0.

Proof. Sincef is continuous we need to prove only thais mid-point convex. Note
that for A, B > 0 ands, tin [—1, 1] the matrices

Altstt Alts Al=(s+t) Al—s
( Alts  Al+(s—t) > ) ( Al-s Al—(s—1) ) ’
Blts+t Bl+s Bl1-(s+1) Bl-s
( Blts Bl+(s—t) ) ) ( Bl—s Bl—(s—t) )
are positive semidefinite. Hence the matrix
P A1+s+t OBI (s+t) +A1 (s+t) Bl+s+t A1+s OBl—s +A1_s OBl+s
- Alts o Bl—s —|—A1 s o Blts Al—i—(s—t) o Bl—(s—t) +A1_(5_t) o Bl+(s—t)
is positive semidefinite. Similarly, the matrix
A1+(s—t) OBI s—t) —|—A1 s—t) OBl+(s t) Al+s oBl—s+A1—soBl+s
Y= Alts o Bl-s +A1 s o Blts Al-‘r(s-i-t) OBl—(s+t) +A1—(s+t) o Bltstt
is positive semidefinite. Hence
_( fs+t)+ f(s—1) 2f(s)
(2:8) X+Y—( 2/ () F(s )+ f(s—1)

is positive semidefinite, which implies that

£(9) < gl + 1)+ (s = 1),
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This proves the convexity of. Further, note thaf(¢) = f(—t). This together with
the convexity off implies thatf attains its minimum at O. ]

Corollary 2.9. The function
g(t)=A'o Bt 4 Ao B

is decreasing or0, 1/2], increasing on(1/2,1], and attains its minimum &t = 3
forall A, B > 0.

Proof. The proof follows on replacingl, B by A'/2, B!/? andt by £ in Theorem
2.8 ]

A norm|||-||| onmxm complex matrices is called unitarily invariantifr X V||| =
||| X ||| for all unitary matrice€/, V. If Ais positive semidefinite andl is any matrix,
then

|40 XI[| < max al[|X]]]

for all unitarily invariant normsg|| - ||| [1]. Thus the proof of the following corollary
follows from Corollary2.9 using the fact thag(1/2) < g(t) < g(1) = ¢(0).

Corollary 2.10. Let0 <t < 1. Then,
2|||AY2 0 B2 < |||A" 0 B + A" o B[|| < ||| A+ BI||

for all unitarily invariant norms|| - ||| and all A, B > 0.
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