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Abstract

In this paper we introduce and investigate the so-called quasi-Fibonacci numbers
of order 11. These numbers are defined by five conjugate recurrence equations of order
five. We study some relations and identities concerning these numbers. We present
some applications to the decomposition of some polynomials. Many of the identities
presented here are the generalizations of the identities characteristic for general recur-
rence sequences of order three given by Rabinowitz.

Introduction

Wituta, Stota and Warzynski [9] analyzed the relationships between the so-called quasi-
Fibonacci numbers of order 7. In this paper we are focused on the generalization of the
identities and some facts derived in [9] to the quasi-Fibonacci numbers of order 11 A,,(9),
B, (5), C.(5), D,(5), and E,(0), n € N, § € C, defined by the relations (see also Section 3
in this paper for more details):

(L46(E™+"™)" = An(6) 4+ Ba(0) (€7 + &) + C(6) (£2™ + ™) +

+ Dy (8) (5™ 4+ £5™) + E,(6) ('™ + ™)

for m,n e N, m <5, 0 € C, where £ € C is a primitive root of unity of order 11.

Additionally, the following important auxiliary sequence is considered:

An(8) = 5A,(8) — Bp(6) — Cu(8) — Do(8) — Ep(5).
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Moreover, in order to make shorter expressions and formulas we introduce the following
notation:

I <m7r> . <m7r) ¢ <i27r>
= _— — S1n _— = _—
m COs 11 /)’ Sm S 11 /)’ eXp 11 )’

Om =&+ and Tm(0) =1+ 0y,
for m € Z and § € C. We note that

Om — 2k2m and Tm((S) =1+ 25k2m

and
Om On = Omtn + O|\m—n]|, (11)
Omn = O(11—m)n, (12)
Omn = U|m|n7 (13)
l+o01+09+ 03+ 04+ 05 =0. (1.4)
Moreover we have
Tw(3) =2kn,  Tm(—3) =2sp, (1.5)
and T (kas) Ty (k)
r{h2s 2r\Ivs 2
m\ ——— =T\ — = 1 k rs — 2 kT‘S’ 16
T(szm) T<2k2m> + R (1.6)

where T,.(z) denote the r-th Chebyshev polynomial of the first kind. For example, from the
last formula we get

(202, — 2) = Tm(ngfm)> —2k2 (1.7)
T
T (8 Ky = 103, +3) = 7 ;(]ii”)) — 212, (1.8)

for every m € N.

2 Minimal polynomials, linear independence over QQ

Let W, (x) be the minimal polynomial of cos(27w/n) for every n € N. W. Watkins and
J. Zeitlin described in [8] the following identities

T (z) = To(z) = 2° [ [ al2)

ifn=2s+1and



if n = 2s. In the sequel if n = 2s + 1 is a prime number, then we get
TS+1<ZC) — TS(CC) = 23\Ijl<x)\11n(x)’

which for example implies the formula
1
v =— (T —T:
1() 32(r — 1)( 6(z) 5(2))
B 1
C 32w —1)
1 3 3 1
_ 5, + 4 .3 9 92 9 =
=z +2$ T Sx +16I+32'
Lemma 1. Let £ = exp(i2n/11). Then

(320° — 162° — 482" + 202° + 182% — 5z — 1)

5
pii(x) = H(x—om) =a° + a2t —42® - 32* + 3w + 1

m=1
1s a minimal polynomial of the numbers o,,, m = 1,2,...,5. Moreover, we have the identity
1
Vi(2) = 55pu(22).
Corollary 2. The numbers ks,,, m = 0,1,...,4 are linearly independent over Q.

Proof. 1f we suppose that
a+ bcos(2m/11) + ccos(4mw/11) 4+ d cos(67/11) + ecos(87/11) =0
for some a,b,c,d,e € QQ, then by the formulas

cos2a = 2cos?a — 1,
cos3a = 4cos® a — 3cos a,
cosda = 8costav — 8cos? o + 1,

the number cos(27/11) would be a root of some polynomial € Q[x] having degree < 4, which
by Lemma 1 is impossible. O]

Corollary 3. Every five numbers which belong to the set {1,01,09,03,04,05} are linearly
idependent over Q.

Proof. 1t follows from the identity (1.4). O

The following observation will play a central role in our arguments.

Lemma 4. Let ay,as,...,a, € R be linearly independent over Q and let fi,gr € Q[],
k=1,2,...,n. If the identity holds

D fel@)ar =" gx(0) a (2.1)

for every 6 € Q, then fi(0) = gx(d) for every k =1,2,...,n and é € C.

Proof. Since f;(0) € Q and gx(0) € Q for any 6 € Q we get from (2.1) that fi(J) = gx(d) for
every k =1,2,...,n and § € Q. The last equality implies that all, respective coefficients of
polynomials fi and gy are the same. So fi(0) = gx(d) foralld e Cand k=1,2,...,n. O



3 Quasi-Fibonacci numbers of order 11

Let us start from the following basic result.

Lemma 5. Let § € C and n € N. Then the following identities hold

T (0) = an(8) + b, () 0 + €1 (8) oom + di(8) O3 + €1(0) Tam + fr(0) O5m (3.2m — 1)
Th(0) = Ap(0) + By(0) 0y + Cr(0) 02 + Dy (8) 03m + En(5) 0am (3.2m)
for everym =1,2,...,5, i.e.,

71'(0) =a,(8) + b, (0) o1 + ¢, (0) 02 + d(8) 03 + €,(5) 04 + fr(0) 05 (3.1)

:An(é) + Bn(é) o1+ Cn((S) o9 + Dn(é) o3 + En((S) 04

75 (8) =a,(8) + b, (8) 02 + cn(0) 04 + dy(0) 05 + €,(0) 03 + f(0) 01 (3.3)
=A,(0) + Bn(6) o2 + C,(0) 04 + D, (6) 05 + E,(5) 03

73 (8) =an(0) + b,(0) 03 + ¢,(6) 05 + d,,(9) 02 + €,(6) 01 + fn(0) 04
=A,(9) + B,(6) o3 + C(0) o5 + D, (0) 02 + E(0) 07,

T4 (0) =, (0) + b,(9) 04 + ¢,,(9) 03 + d,,(9) 01 + €,(0) 05 + [(0) 02
=A,(0) + Bn(0) 04 + Cr(0) 03+ Dy(6) 01 + En(0) 05

72 (0) =a,(9) + b, (0) 05 + ¢, (0) 01 + dn(8) 04 + €,(0) 02 + fn(6) 03 (3.9)
=A,(0) + Bn(0) o5 + Cn(0) 01 + Dy (0) 04 + E,(6) 09, (3.10)
where
ao(9) =1, bo(6) = ... = fo(6) =0
((an1(0) = an(0 )+25b (9),
bny1(9) = 5an(5) bn(0) + 8¢, (0),
cn1(0) = 6bn(0) +cn( ) +ddn(0), (3.11)
Qs (6) = 5cn<5> 00 (0) + en(6), |
ent1(0) = 0dn(0) + en(d) + 01 (0),
[ fnr1(6) = 5€n( )+ (140)fa(9)
and

An(0) = an(0) = fu(6),  Bn(d) = ba(0) — fu(0),
Cn((s) = Cn(‘S) - fn((s)a Dn<5) = dn(é) - fn(d)v En(d) = en((s) - fn(5)>

for everyn =0,1,2,.... Hence, the following identities are derived:

A (8) = an(8) + 26b,(8) — den(8) — (1 + 6) fu(6)
= A, (8) + 26B,,(6) — 6B (5),
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Br11(0) = 040 (9) + bn(9) + 06, (0) — den(0) — (1 +0) fu(0)
= §A,(8) + Bu(6) + 6C(6) — 6E,(5),

Cr41(0) = 0ba(9) + ¢n(9) + 0dn(d) — 56n( ) = (1+0)(9)
= 0B,(6) + Cr(0) + 0D, (6) — 6 E,(6),

D1(0) = 0¢4(0) + () — (1 +0) fu(0 )
= 06C,(0) + Dn(9),

Eni1(8) = 0d,(6) + €4(6) — den(0) — fu(0)
=0D,(0) 4+ (1 = 0)E,(6),

i.e., the following system of linear equations holds

Api1(0) = Ap(6) +20B,(9) — dE,(0),

Bni1(8) = 04, (5)+B (0 )+5C (0) = 0En(9),

Cn11(0) = 0Bu(0) + Cn(9) + 0 Dn(9) — 0E(9), (3.12)
Dn11(0) = 6C,(6) + D (),

En+1() oD () ( ) n(6)7

where A()((S) = 1, Bo((S) Co((;) = (5) = Eo(é) = 0.

Proof. Proofs of the identities (3.2m — 1) for every m = 1,2,...,5 by induction follow. For
n =1 we have

Tm((s) = a1(5) + b1(5) Om + 01(5) Oom + d1(5) O3m + 61(5) O4m + f1(5) O5m-

Suppose that for some n € N the equalities (3.2m—1), m = 1,2,...,5, holds. Then by (1.1),
(1.2) and (3.11) we get

T 1 (0) = T () 7 (0) =
= (14 80m) (an(8) + b,(8) 0 + 1 (8) Oom + dn(8) T3m + €4(8) O + [ (0) O5m) =
(1 + (50m) a,(0) + (0 + 0 (oom + 2)) b, (9) + (02m + 9 (o3m + Um)) cn(0) +
+ (O3m + 6 (Oam + 02m)) dn(6) + (U4m+(5(05m+03m)) €n(8) + (05m + 6 (T5m + 0am)) fa
:( +25b (0)) 4+ (0.an(8) + bn(0) 4+ 8 ¢ (6)) o + (8 b,(8) + € (8) + & dn( )02m
+ (6 cn +5en(6))agm+(5dn(5)+en(5)+5fn(a))a4m+(6en(5 +(146) f.(6)
= an+1(5) + bnr1(0) Om + n41(8) o2 + dng1(0) O3m + €n41(0) Oam + frs1(9

)U5m:

) O5m

which by the principle of mathematical induction means that (3.2m—1) hold for every n € N
and m=1,2,...,5.
Formula (3.2m) from (3.2m — 1) and (1.4) follows for every m =1,2,... 5. O

Definition 6. We call all elements of the sequences {A,(0)}, {Bn(0)}, ..., {E.(0)} the
quasi-Fibonacci numbers of order (11,9) (see Table 1 at the end of the paper). To simplify
notation we shall write {A,}, {B.}, ..., {En} instead of {A,(1)}, {Bn(1)}, ..., {E.(1)},
respectively. We call the elements of the sequences { A, }, { By}, ..., {En} the quasi-Fibonacci
numbers of order 11 (see Table 2 at the end of the paper).



Corollary 7. In the sequel, for 6 =1 we obtain the following recurrence relations:

An-‘,—l = An +2B, — En7
Bn—i—l :An+Bn+Cn_Ena

Coi1=B,+C,+ D, —E,, (3.13)
Dn+1 = Cn + Dn,
En+1 - -Dn

Corollary 8. Adding identities (3.k) for odd and even k = 1,...,10 respectively we obtain
the identity:

1 (0) +73(0) + 75'(0) + 74°(0) + 75'(0) =
= 5an(8) = bn(9) = a(8) = dn(8) = €n(8) = fu(d)
= 54,(8) — B, (8) — Cu(6) — Dy(8) — E,(6)
= A, (0). (3.14)

Hence, by (1.5) the following identities holds:

5
27" AL (3) =D kY (3.15)
m=1
and ;
27" A (—3) =D s (3.16)
m=1
Moreover, from (3.1}) we obtain
5 5 5
> coeff (4(8);0") = > op =2" Y kb, =
m=1 m=1 m=1
=5 coeff (A,(0);6") — coeff (B, (6);0") — ... — coeff (E,(0);6") = coeff (A,();6").

Hence, by (3.15) we get
coeff (Azq(0);67") = 2" A, (3)

and
5

coeff (Agn_1<5); (52”_1) S Z(—l)m k.

m
m=1

In Table 3 twelve initial values of the sequences {A(1)} (see also A062883 in [0]), {A(1/2)}
and {A(—1/2)} are presented.

Corollary 9. By (1.7) and (3.2m) we have the identity

= A,(5) +2 (Bn(é) Ko + Cu(8) K + D (8) ks + En(0) kgm)


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A062883

for & = 2k3,, — 2 and for every m = 1,2,...,5. Furthermore, by (1.6) and (3.2m) the
following general formula hold

2" k27 = An(6) + Bu(0) 0 + Col6) 02 + Dy(8) 03m + En(8) 0am =
— A,(6) +2 (Bn(cS) K + Con(8) kam + Din(8) ks -+ En(8) kgm)

for 0 = T.(kom)/(2 kam), m,r € N. We note that x divides T,(x) iff r is an odd positive
nteger.

Corollary 10. Since degs (7’]}1) =n for everym =1,2,...,5, by (3.2m) form=1,2,...,5
it can be easily deduced the following formula

max { deg (An(é)),deg (Bn(é)),deg (Cn(é)),deg (Dn(é)),deg (En(é))} =n.

Hence, by (3.12) and Table 1, if deg(D,(0)) = n for n =5,6,... then also deg(C,(d)) =n
forn =5,6,..., and deg(E,(0)) = n for infinite many n € N (see also the Section 6 in this
paper).

Corollary 11. Taking into account the equations (from the last to the first one, respectively)
of the recurrence system (3.12), we obtain:

( 5Dn(5) = En+1(5) - (1 - 5)En(5)7

52C,(8) = 6Dpyr (8) — 6D, (6)
= En2(0) + (6 = 2)Epa(0) + (1 — 0) E(9),

F3 B (6) = 02C,1(6) — 62C, () — 3Dy (8) + 3 E, (6)

: = Epny3(8) + (8 — 3) Eny2(8) + (3 — 20 — 6%) 1 (9) (3.17)
+(62 4+ 0 — 1)E,(9),

52 A, (6) = 03Bs1(0) — 03By (8) — 62C(8) + 64 E, (9)
+(—8%+40° 430 —4)E,1(0) + (6* + 0% — 26 — 6 + 1) E,,(0)

\

and, finally:
§* A1 (8) — 6*AL(8) — 20°B,(8) + 8°E, () = 0, (3.18)

1.€.

Eni5(0) + (6 — 5)Epys(0) + (—40% — 46 + 10) Epy5(0)+
+ (=36° +126% + 60 — 10) By, 12(8) + (36" + 66° — 126 — 40 + 5) B 1 (6)+
+ (6% — 36" —36° + 452 + 0 — 1)E,(0) = 0. (3.19)

Immediately from equations (3.13) or (3.17) and (3.19) for 6 = 1 we obtain the following

formulas:
En+1 = Dn7

Cn = Dn+1 - Dnu
Bn - Dn+2 - 2Dn+1 + Dn—17
An - Dn+3 - 3Dn+2 + Dn+1 + 2Dn7

(3.20)
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and
D,y —4Dy 3+ 2Dy 0 +5Dy 1 — 2D, — D,,_1 = 0. (3.21)

The characteristic polynomial p1;(X; d) of the recurrence equation (3.19) has the following
decomposition (see general formula (3.39) below):

P1(X;6) == X%+ (0 — 5) X + (—46% — 40 + 10) X® + (=36 + 126 + 65 — 10) X? +
+ (30" +66° — 120° — 46 + 5) X + (0° — 36" =38 +458* +5 - 1) =
5
= || X=7.(3). (322

Sketch of the proof: We have

1<m<n<5b P >
5 5
m=1 m=1
1 : 1.4
5(5—105+52_5+25 522(‘72m+2))(£)10—(5—4627
m=1
etc. ]

It follows from decomposition (3.22) that there exist numbers «, 3,7, €, ¢ € R such that:
En(0) = a1 (0) + 875(0) + 7 75'(6) + 27 (0) + ¢ 75'(0)

for every n € N. Solving the respective system of linear equations:

E.(6) = 0, n=1,2,3,
E4((5) - 54,
E5(0) = 55 —6°,
we obtain:
5
11 E,(6) = Y (0um — 05m) T (6) (3.23)

m=1

(04 — 05) ((5) + (03 — 01) 7o (0) + (01 — 04) 73 ()

+ (05 — 02) )+ (02 — 03) 72 (0)

=2(k1 — k3) (1 + 25k2) +2(ke — ko) (L4268 ka)" +2(ka + k3) (1 + 20 kg)"

+2(—ky —ka) (1 =26 ks)" +2(ka — ko) (1 — 26 k1) ",



which implies, the following identities for 6 = %:
11 " "
+ (ko + ks) k3™ — (k1 + ka) k" + (ks — ko) k2"
=25 32/{%” - 23284k§" +23335k§” - 25354/@%” + 25 s5k§”,
and for § = —1 (by (1.5)):

11
1 2n+1 2n+1 2n+1 2n+1 2n+1
WEn(_E) = S2.57 — 54 59 + S5 S3 — 835, + 51 155 (325)

Now, from (3.17), (3.23), (1.1) and (1.2) the following decomposition may be generated:

(11 Enia(6)) — (1=6) (11 E,(0))) = (3.26)

5

== Z Tam = Osm) (T (6) — 1+ 8) 722(0)

11D, (6) =

Ir—l %I»—t

= o ) om ) 70) = 3 (o~ )9

(O’ —035) 11'(8) + (05 — 01) 73(6) + (02 — 04) T5(0)
+ (01 — 02) T4 (0) + (04 - 03) 75 (0)
=2 (ki +ke) (1+28ko)" —2 (ki + ko) (1+28ks)" +2 (ks + ka) (1 +25 k)"

+2 (ko —ka) (1 —26ks)" —2 (ks + ko) (1 —28k:1)",

which implies the following identity for § = %:
%Dn(%) = (k1 — ks) k7" — (ko + ko) k3" + (ks + ky) k3" (3.27)
+ (kg — ky) k3" — (k3 + k'ﬁ) k2"
=25y 83k — 25456k3" + 25356 k3" + 251 53k7" — 25, 54 k2",

and for 6 = —1 (by (1.5)):

11
SIS n(—%) = 59 835" — 54 56 55" + 59 8¢ sgn + 51 8383" — 5184 sgn. (3.28)
Next, by (3.17), (3.26), (1.1) and (1.2), we obtain:
11
5 5
= Z (03m — T5m) O T (6) = Z (02m — 05m) T (0)
m=1 m=1

(02 - 05) () + (04 - Ul) 75 (0) + (05 - ‘74) 73 (9)

+ (03 — 02) 74'(8) + (01 — 03) T8(6)

=2 (ki +ka) (14+26ks)" —2 (ko +k3) (1+26ks)" +2 (ks — k1) (1+ 25 k)"
+2 (kg —ka) (1—26ks)" +2 (ko — ko) (1 —20k1)",
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which implies the following identity for 6 = %

11

W(Jn(g) = (k1 + ko) k7" — (ko + k3) k2" (3.30)
(ks — k) K27+ (kg — k) B2+ (g — hig) k2"
:28384]{7%”—28355]{' —25182/{3 28185]€4 +25254]€5 s

and for § = —1 (by (1.5)):

11
) W(—3) = s35087" — S38553" — S1.8285" — $1.855;" + S2 54 52" (3.31)
Now, by (3.17), (3.23), (3.26), (3.29), (1.1) and (1.2), we may generate the formula:
11
11B,(6) = K(Cnﬂ(d) Cn(0)) + 11 (E,(0) — Dn(6)) = (3.32)

5
( Oom — U5m Om + O4m — O5m — O03m + U5m> ;:L((S) = Z (Om - USm)Tz((S)

m=1 m=1

2 (ki + ko) (1+28ks)" +2 (ks — ko) (1+20ky)"
+2 (ks + ko) (L+20ke)" —2 (ks +ka) (1—26ks)" —2 (ks + ko) (1 —25k1)",

Il
Mm

hence, for § = % we obtain:

11
2n+1

By (3) = (k1 + ko) k" + (R — ko) k3" (3.33)
+ (ks + ko) k3" — (ks + k) k" — (k1 + ke) k3",
and for § = —1 (by (1.5)):

11

1 o on on o
WB’”(_E) = 545557 — 51 8355" + 515455 — 59 855;3" — 895352 (3.34)

Immediately from Corollary 8 we derive the identity:

55 A,(0) = 11 ( Z ™ ) + C(8) + Dy(6) + En((S)) (3.35)

Mm

(114 0 + Gom + O + Tam — 405 ) T (0)

3
° 1

( (1 + 0m + 0o + O3 + Oam + Usml‘i‘lo - 505m) T (0)

~~
=0

=1

=5 Z (2 = o5m) T (6),

m=1

3
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and thus we obtain the following trigonometrical form of A, (¢):

11A,(0) =s2(1+28ky)" + 57 (1+265ks)" + 55 (1+20ks)" +
+53(1—20ks)" +s3(1—26k)". (3.36)

Hence, for 6 = % we obtain:

11

WAn(%) = 52k 4 ST k3" 4+ 82 k3" + sa k3t 4 2 k2, (3.37)

and for § = —1 (by (1.5)):

11

WAn(_%) = 525" + 57850 + 57 55" + 85 57" + 53 52" (3.38)

The next lemma is an attempt at generalizing the Lemma 3.13 from [9]. In view of an
extensive form of the formulas, only some identities will be presented here.

Lemma 12. The following identities hold:
a) (decomposition using Newton’s formulas for elementary symmetric polynomials):

[T (X=mn6) =X° — A,(6)X* + % (AZ(0) — Az (0)) X (3.39)

m=1

(A3( ) 4+ 2 A3, (8) — 3 A2,(0) A, (6)) X2

CDlH

+ ﬂ (AL(8) — 6 Az, (8) A2 (8) + 8 Az, (8) An(6) — 6. Agn(6) +3.42,(0)) X
+(6°=36"-38+48°+6-1)".
b)
2 A (6) — 11 A, ( ZUW (3.40)

11 (B, (6) — An(8)) + 2 Ay Z O (Ani1(0) — AL (5)), (3.41)

which tmplies also the recurrence formula:

Ani1(0) = (20 +1) Au(6) + 116 (B,(8) — A, (9)); (3.42)
11 (Cp(8) — An(8)) + 2 A, Z TomT (3.43)
11 (Dy(8) — An(8)) + 2 Ay Z T3mT(6), (3.44)
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11 (B, (8) — An(6)) + 2 Ayl ZO—W (3.45)

¢) (we set here A, = A,(1) and E,, = E,(1))

5
11(Epp1 An = By Anr) = (505m + 3 (0m + 0um)) (—0m)" (3.46)
m=1

n

5
—+ Z (2 + 03, — O9my — 0_4m)) (Um — O4m — U5m)

=2mt! ((—5k1+3k2—3k3)l~cg+(5k2+3k4+3k6)k?+(—5k3+3k2+3k6)kg
+ (5ks —3ks — 3k1) kY + (5ke + 3ka — 3 k1) kT + (1 + kg (1 — 2k2)) (k2 (1 +2k1))"
+ (1= ki (1= 2ka)) (ks (1 —2k2))" + (L4 ka (1 +2ks5)) (ko (1 + 2k3))"
(1 iy (1 23) (ks (1= 200))" (1= ki (14 20) (Ko (1 = 2k5))").

Proof. (a) The decompositions (3.39) from Vieta’s formulas, formula (3.22) and the following
(version) of Newton’s formula for elementary symmetric polynomials [2] follows:

m 1 0  ...0
1 72 m 2 . 0
Xm=—|™ T m ... 0 (3.47)
m! | . . . . .
m Mm-1 Thm—-2 - T
where n; = le + (]j% + ...+ x%’ X; = Z XT1To ... Tj. Indeed, for Tm — TTZ((S),

1<mi<me<...<m;<n

m=1,2,...,5, from (3.47) we get

A, (6) | 0 0 0
A A) 2 0 0
o= 1| As() As(5) A, (0) 3 0 |-

An(®) Aol Annn(0) Agsn(®) - As()

(5 (AR (0) — Az(9)), for m = 2,
=4 a(A%<5>+2Asn<6>—3An<5)A2n<5)), for m = 3,
L etc.

We note that for this case we have

5
[ X=709) =X =1 X+ o X7 — s X2+ xa X — xs.

m=1

12



Moreover, from (3.22) we have

5
Xs = [[ 7n(6) = =0° +36" =48 -5+ 1.

m=1

(b) (3.40): By (3.14) and (3.35) we have:

2AL(6) =11 A, (6) =2 > 70 (8) =D (2= 0m) 70 (8) = D o5mTin(9).

(3.41): From (3.14) we obtain

S () = 70) = 30 () = 1) 75 = 3 a0)

m=1 m=1 m=1

1

S (-An—l-l (5>

%IH

On the other hand, by (3.32) and (3.14) we get

Z OmT(8) = Z OsmT Z — 5m) T2 (8) = 11 (B, (5) — A, (8)) + 2.4, (6).

Formulas (3.43), (3.44) and (3.45) from (3.40) and formulas (3.2m — 1), m = 2, 3,4 can
be easily deduced.

(¢) The following ten simple equalities form the technical base (by hand calculation) of
the proof of identity (3.46):

(1+01)(1+03):—05, (1+01)(1+02) 01— 04 — 05,
(1+01)(1+U4):—02, (1+01>(1+U5) 05 — 09 — O3,
(14 02)(1 + 03) = —0y, (14+02)(1+04) =09 — 01 — 03,
(1+02)(1+05):—O'1, (1+03)(1+0’4) 04 — 09 — 05,
(14 04)(1 + 05) = —03, (14+03)(1+05) =03 — 01 — 04
]
4 Summation formulas
Lemma 13. We have:
0> Cul8) = Dns1(0), (4.1)
0 Ba(0) = Cn1a(8) + 6 Y (En(8) = Dn(9)) = Cnsa(8) — En:a(0),  (4.2)
03 " En(8) = Ai(6) — An11(8) +20 Y Bn(0) (4.3)
. 1= Anr(8) + 20n41(8) — 2By (6), (4.4)

13



and, from (3.19) we obtain:

0" " En(6) = —Enys5(6) + (4 — 6)En4a(6) + (40° + 35 — 6) En3(0)+

+ (30% — 807 — 30 + 4) Eny2(0) + (=36 — 36 +46* + 5 — 1) Eny1(0) + 0% (4.5)

52Dn(5) = En1(0) +5ZEn(5) (4.6)

53 (1 = 6 Dy (8) = Ewn(6) (47)
Ex(8) = D.(6)

A1 " T—o (4.8)

Mz

0% (N —n+1)(2B,(9) —5ZA +1)4. (4.10)

n=1
Proof. (4.1): By (3.17) and Table 1 we get
N N

62 Co(0) = (Dns1(8) = Da(0)) = Dy+1(8) — Di(8) = D4 (9).

n=1

(4.2): By (3.17) and Table 1 we get

N N N

0 Bu(0) =) (Cos1(8) = Cu(8)) +8 Y (Buld) = Du(0)) =

n=1 n=1

=Cn11(0 ) + 52 — E,a(0) =

= Cn11(6) — C'1(5) + E1(0) — En41(0) = Cn41(9) — En41(9).
(4.3): Follows from (3.18).
(4.4): Can be derived from (4.3) and (4.2). The other proof from formulas (3.23), (3.29)
and (3.35) follows: first, by (3.23) we get
J § e
) ZEH((S) =1 (04m — O5m) T =11 Z (04m — T5m) T (0) =

n=1 n=1 m=1 m=1 n=1
5

5 & TNH(§) — 7, (8 Tim — Osm | N1
o mz (o1m = oom) = Tri(c)i) —~ 1( - % > — (7 (0) = T(9)), (4.11)

m=1 m

14



but we have

O4m — Osm o O4m + O5m 9 O5m

:U5m_2(04m_02m+1):

Om Om Om
=2 (O_Qm - USm) —2 (U4m - J5m) - (2 - USm)>

which, by (4.11), (3.29), (3.23) and (3.35) implies

5 Z E,(8) = 2 (Cn41(6) — C1(0)) — 2 (En+1(6) — E1(8)) — (An41(6) — A1(9)).

Hence, by Table 1 the formula (4.4) follows.
(4.7): By (3.18) we obtain
0 Dn(0) = En11(6) — (1 —6) En(9),
0 (1=08)Dn-1(8) = (1 = 0) En(6) — (1 = 0)* En—1(9),
0 (1=0)* Dn-2(8) = (1 = 0)* En-1(8) — (1 = 8)* En—2(9),

S(L=0)N"D(6) = (1 =0V Ey(6) — (1 —6)N EL(6),
which, after summation implies the formula (4.7).
(4.9): By (3.18) we have

5 A Boi1(8) = Bu(8)) +6 Y En(8) =0 > Cu(0)

Hence, by (4.1) and (4.3) we get the desired formula
= (By+1(0) = B1(8)) + (1 = An41(8) +2Cn3a(6) — 2 En41(0)) — Dy (6).
(4.10): From (3.18) we deduce the following system of equalities
An1(0) — An(0) =20 By (6) — 6 En(0),
2AN(0) —2AN_1(0) =40 BNy_1(6) — 26 En_1(9),
3AN_1(0) =3 ANn_2(d) =60 Bn_2(0) — 30 En_2(9),

Mz

n:l

N Ay(6) = N A1(6) =2N 6 B1(d) — N6 Eq(0),
which, after summation implies the desired formulas.
Corollary 14. (See also Corollary 23.) From (4.7) for 6 = 5 we get

N-1

2 B (3) = ) 2" Da(3)
n=0
and N
~2(3)" Exaa(=3) =Y (3)" Da(-3)-
n=0

15



5 Reduction formulas for indices
Lemma 15. The following identities hold:

Apin = AnA, + 2B, B, + 2C,,C,, + 2D, D,, + 2E,, E,,

Byin = AnB, + B, A, + B,,C, + C,. B, + C,,D,, + D,,,C,, + D, E,, + E,,, D,,,

Crmin = AnCy + BBy, + By Dy, + Dy, B, + C, Ay + Cp By + B Gy, (5.1)
Dy = An Dy + B,,C,, + By B, + Dy A, + Cy By, + Enby, + BBy,

Epin = AnEy + By D, + B Ay + Dy By, + CCy + Dy By + B Dy,

and (the special cases when m =n):

Agn = A2 +2B2 +2C2 4+ 2D2 + 22,

Baon = 2A,B,, + 2B,C,, + 2C,D,, + 2D, E,,,

Chn = 24A,C, + 2C,E, + 2D, B, + B2, (5.2)
Dy, = 2A,D,, +2C,B, +2B,E, + E?,

By, = 2A,E, +2E, D, + 2D, B, + C2.

The proof runs similar to the proof of Lemma 3.16 from [9].

Lemma 16. We have the identity:

Ap(9) 2By (6) — Ey(9) 2Ck(6) — Dx(0) — Ex(9)
By(6)  Ax(d) + Ci(8) — Ei(6) By(6) — Ex(0)
A= Cp(6) By(d) + Di(6) — Ex(5) Ap(0) — Dy(6)
Dy, (9) C(9) By(6) — Dy(0) — Ex(9)
E5(0) Dy(6) — Ex(6) Ci(9) — D(0) — Ex(9)
—Ck(é) + Dk<5) —Bk(5) - Ck(5) + 2Ek((5)
—Dy,(6) + Ex(9) — By, (6) — Cr(0) + 2E3(9)
By (6) — Ck(8) — Di(d) — By (4) =
Ap(0) — Ci(6) — Di(9) —Ci(0) + Ex(0)
Be(8) — C(6) — Di(6) + En(8) An(8) — Bi(6) — Cu(0) + Di(0)

= (8 +36"+30° 482 —5+1)" (5.3)

The proof of this lemma runs like the proof of Lemma 3.21 from [9].

Lemma 17. The following identities hold:

A A A A A
i@ =3 Bak®) =30 Cok() = %00 Duckl0) = 30 Eui(0) = 3

where A; arise from the determinant A by replacing its i-th column by the vector (A, By, Cy,
D, E,)" (the Cramers rule for respective system of equations).

The proof is similar to the proof of Lemma 3.20 from [9].
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Remark 18. After multiplication we obtain

(1) ((1)™" = (2 4+ 09)" = 2(7 ( )" (3.4)
=2 () (D) or + Culd) o D)t D) o). 1)

On the other hand, by (3.4) and (3.10) we get:

((1)™ (m(1)) ™ =
= (Agn + By 09 + Cy 04 + Doy 05 + Eoy, 03) (Agn + By, 05 + Co, 01 + Doy, 04 + Esy, 02) =
= 05 (A, (Bay — Cop + Eayp) — Bay (Cop — Eoy) + Eay (2Con — Doy — Eay)) +
+ 03 (Cap (Con — Aoy — By + Day) + Bay (Ban — Day) + Eay (Ao + Ban) — D3, — E3,) +
+ 04 (Bay (Ban — 2 Cay — Doy + Fay) + Cay, (Dan + Eoy) 4 Day (Azy — Doy + Eay) — E3) +
+ 05 (Ao (Ban + Dan — Ca) + Cay, (Can — 2 Bay + Doy + Eoy) — Doy (Do + Eay)) +
+ (Azn (A2 — Csn) — Bay (2C20 — Dy — 2 Eoy) 4 Doy (2Cay — Doy — Eny) — E3).

Hence, comparing the coefficients in the expression o,,, m = 0,2,3,4,5 we obtain, by
Lemma 4, the following interesting identities:

2" An(3) = Azn (A2n = Con) = Bon (2Con — Dan — 2 ) (5.5)
+ Dy, (2Csy, — Dsy, — Eoy) — B3,

2" By (3) = Asu (B2 — Can + Ean) — Ban (Con — Ban) (5.6)
+ Es, (205, — Doy — Eay),

2" Gy (%) Bon (BQn 2C5n — Do + EQn) + Cay, <D2n + EQn) (5.7)
+ Doy, (AQn — Doy, + E2n) E3,.

2" Di(3) = Asu (Ban + D2n — Ca) (5.8)
+ Con (Con — 2 Boy + Doy + Eny) — Doy, (Day + Esy),

2" Eyn (%) = Can (Con — Asn — Ban + Dap) + Ban (Ban — Do) (5.9)

+ E2n (AQn + B2n) - Dgn - E22n

6 Some new recurrence formulas

The following recurrence formulas determined the coefficients of the polynomials A, (A),
B, (A), ..., E.(A).

Lemma 19. Let A € C\ {0}, n € N. Then the following recurrence formulas hold

(-1)" A,(A) = A" (A, (A, — B, — D) + B, (D, + 2E,) + C,, (D,, — C,, — E,,) — E)
n—1

+

n

) 1 A (6.1)

VRS

e
Il

0
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|
—
SN—
3
Sy

3
—~
>
S—

=A" (Cn(An—i—ZBn—Cn—Dn—En)—i—Dn(Dn—l—En—An)—Aan)

) (0 B (6:2)

= A" (C, (B, — Cy — Dy + E,) + Dy, (D, — Ay) + E, (A, + B, — E,))

+
gl
R

|
—_
~—
3
9
~~ =~
!

+Y (1) ) (63
(—1)" Dn(_A) = A" (B, (By+ Cy+ By — Ay — D) + E, (A, + D, — C, — E,) — A, D,,)

k) (—1)* Dp(A); (6.4)

=A" (B, (B, + E,— A, — D,) +C, (A, — C,) + E, (2D, — E,))

+ 3 (Z) (—1)*1 B (A). (6.5)

_I_
M1
VRN

|
—_
~—
3
=
—~~ =
2l

i
L

Ed

Proof. We have the equality:
Tl(l) Tg(]_) = —0s5.

Hence we get (6 € C\ {0}):
o ox= (1 . )
AW = G- 6+o) =3 (1) oot e ot = 3 (1) Cor),
k=0 k=0
which by (3.2), (3.6) and (3.10), implies the identity

(An+Bn01+On02+Dn03+EnU4)(An+Bn03+CnU5+DnO'2+EnO'1) =

=y (Z) (—1)*(An(3) + Ba(}3) 05+ Cu(}) 01 + Do(2) 04 + En(2) 02).

k=0

After the calculation of the left side of the above identity and the following substitution:
0'3:—1—0'1—0'2—0'4—0'5

and making use of the linear independence over QQ of the numbers 1, oy, 09, 04, 05 (see
Corollary 3), we obtain:

Wi(ﬁ“ﬁmwzm%r&—%Haﬂ%”&”

k
k=0
+C, (D, — C, — E,) — E?
etc., which, after the substitution of A := 1/6 and minor transformations, implies identi-
ties (6.1)—(6.5). O]
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Corollary 20. If deg (An(A)) =n then
coeff (A,(A); A") = (=1)"(Ay (A — By —Dy) + B, (D +2 E,) + Cy, (Dn, — C, — E,) — E2)
and
coeff (B, (A); A™) = (—1)"(Cy (A +2 B, — Cy— Dy — E,) + Dy, (D + E, — A,) — A, By).
Problem. Is it true that

deg (A, (A)) = deg (B,(A)) = deg (Cn(A)) = deg (Dn(A)) = deg (E,(A)) =n

for everyn =5,6,...7

7 Some convolution type identities

Lemma 21. We have
7'1(1) ’7'2(1) 7'3(1) =1+ o1 + 09.

Hence, for 6 € C, § (1 —9) # 0, we obtain
WO = ((1=6+01) + (F+0)) =

—Z( )= o a0/ ) (1),

which by (3.2), (3.4) and (3.6), implies the identity:

(An+Bn01+Cn02+Dn03+EnU4) (An+BnU2+CnU4+DnU5+En03) <
(An+BnU3+CnU5+Dn02+En01) =

=3 ()19 (1) 4 Btk o+ ol Dul )

4 Bi(5) o) (Aaci(3) + Buck() 02 + Gk (3) 04+ Dk (3) 05 + Buci(2) 03).

Hence, after some calculation, by comparing the absolute terms and the coefficients in the
expressions o1, 0z, 03 and o4 we get the following five independent identities:

A 4+ B +2C3+ DX+ E}— A2 (Co+ Dy) — Br (A + D) +Cr (D — Ay — B, —2E,,) +
+D:(2E,— A, —B,—-3C,) — E2(A,+2B,) + 4, B, (D, +2E, — C,,) +
+ A, D, (30 —2E,) + B,C, (2D, + E,) + D, E, (B, —2C,) =

kz: ( ) 5n ' [A (%6) (An—k(%) - Dn—k(%)) +
+ Ci (125 )(B 8(3) = Coi(3) — nk( )) By (3 5)( (%)4_0” k(%))—l—

+ Dy, % (En k(};)_ >+Ek % <2 —B,_ k(%))}, (7.1)
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+ D2 (C, — B, + E,) — E2 (2B, +2D,) + A, B, (E,, —2C, — D,,) +
+ D, E, (A, +3B,+C,) — Cy (A, E, + B, D,,) =

- :0 <Z>(1 gyl ot [Ak(l—ia) Bni(3) + Be(5) (En,k(§) A (Y) - BH@)) .

E}—-D}+A’D,+B2(3C,—A,—2E,) —C2B,+D. (A, +B,+C,+ E,) +
+A4,E, (C,—2D,)—E; (3C,+2D,)+B,E, (2C,+4D,—A,)+C, D, (2E,—5B,) =

=3 () a0t [aeks) Baad) + Buls) (Gonel) - An_k@)) .
(i) (s (3) = Bu(3)) + Deli5) (Ann(3) = Bus () = Coe () + Duci(3)) +

+ Be(5) (Comi(3) = Daca —En_k@))}, (7.3)

=

)
(

|
SN—

B+ A2 (C,—B,)+B.(C,—A,— D, — E,) +C: (D, —3B,) + D2 (E, — C,,) +
+E} (A, -3D,)+A,C, (2B, + D, —3E,) + B,C, (E, — D,) +

n

+ DBy (5B, + o) = Y- ()= 5* [Au(iks) Cune(3) +

# Bu(ete) (Ducsld) — Aue(2) ~ Bu(d) + E i) +

+Culi25) (Bus(3) + Dui(5) = Bui(5)) = Delis) Baa () +

etc.
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8 Polynomials associated with quasi-Fibonacci
numbers of order 11

By taking into account the Chebyshev polynomials 7, (z) again we obtain, for 7, = 74(9),
k=1,2,...,5:

(0, =2cos 2 = (7, — 1),

O, = 2 cos =8 4’” = 2Ty (cos B) = 2Ty (55 (1 — 1)) = 5 (77 — 27, + 1 — 26?),
o3 = 2 cos 2 6’” = 2T3(cos2k—”) = 2T3(—( — 1)) =
= (18 — 312 + (3 —30%)1, — 1 + 36?),
o4 = 2 cos & 8’” = 2T4(cos 2"”—”) = 2T4(2—5(7'k — 1)) =
= Sr(me — 472 4+ (6 — 40%)77 + (—4 + 80%) 7, + 1 — 467 + 20%),
o5 =2 cos 1T = 2Ty (cos ZT) = L (77 — 5730 + (10 — 50%) 72+
+ (—10 +150%)72 + (10 — 3062 4 56%)7 — 6 + 2062 — 56%).

\

Therefore, immediately from equation (3.1) we obtain the equality:

1 1
o =A,(6) + an((S)(Tk -1+ ﬁCn((S)(T,f — 21+ 1 — 252)

L D (0)(7 — 872 4 (3 — 3674 — 14 362)
+ —E,(0) (18 — 477 + (6 — 40*) 77 + (=4 + 85*) 7, + 1 — 467 + 26%),

ie.,

>

W1 (1;0) := 7 — lE ((S)T,;l + | — %Dn(é) +

6+4(52 E,(0)+ 2

& ( B} )
(4 —86%)E,(0) + (=3 +30%) D, (6
(— (

+ 5
- [
+ 5
_|_1

=9

$B,(6) — A,(0)] =0,

which means that:
p11($; 5)‘Wn,11($;5), n = b.

For example for 6 = 1, we have the relation:

(2° — 4a* + 22 4+ 52® — 20 — 1) [:1:” — B0t + (4E, — D,)a+

+ (=2E, + 3D, — C,)2* + (-4E, +2C, — B,)r + E, — 2D, + C, — A,

for all n > 5.
More precisely, the following decomposition can be deduced:
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Lemma 22. We have:
n—4
pu(;6) ( 3 Ek(d)x”_4_k> = Wi (2:0). (8.2)
k=1

For § =1 we obtain special decomposition:

n—2
(2° — da* +22° + 5% — 22 — 1) < Z Dkx”2k> =
k=3

= 2" — B2’ + (4E, — D)z + (=2E, + 3D,, — C,))2*+
+ (—4E,+2C, — B,)x+ E, — 2D, + C, + B, — A,, (8.3)
and, after differentiating of (8.3):

n—2
(52" — 162° + 62 + 102 — 2) ( > Dkx"_Q_k) +
k=3

!/
+ (2° — 42" 4 22° + 52% — x—l(ZDkx _) =

=na" ' —4E,2° + 3(4E, — D,)2* +2(~C, + 3D,, — 2E,)x — B, + 20, — 4E,. (8.4)
Hence, by applying (8.3), we get

n—3

(2° — 4a* 4+ 22° + 522 — 22 — 1) (Z (n—2—k Dkx"3k):

k=3

= (:p5 — 4zt + 223 4 5a® — 2z — 1) (n 2" — 4B, 2% + 3(4E, — D,)r*+
4 2(—Cy + 3D, — 2E,)x — By + 2C,, — 4En>+
+ (=5a* + 162° — 622 — 10z + 2) (m" — Bt 4 (4B, — Dy)a® + (=2E, + 3D, — C,)a?+
+ (—4E, + 2C, — Byt + By — 2D, + Cy + By, — An). (8.5)
Corollary 23. We have:
> Dy=-A,+2C, 2B, +1, (8.6)

n—2

(~1)"™ 3" (~1)FDy, = (~1)" — A, + 2B, — 2C,, + 2D, — 2B, (8.7)

n—3

(=)™ (=1)f(n— 2= k)Dy = (=1)"(n — 15) + 154, — 29B,+ (8.9)

1260, — 21D, + 14E,,
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and

n—2
> kDp=1-(n+1)A, + B, +2(n+1)C, — 3D, — 2(n + 1)E,. (8.10)
k=3

9 Some properties of zeros of polynomials D,(z)

Let us set: .
D, (z) = ZDkx”_k, n € N.
k=1
Then,
Di(x) =0, Dy(x) =0, Ds(x) =1,
Dy(z) =z + 4, Ds(x) = 2° + 4o + 14,

and we obtain the recurrence relations (see (3.21)):

Dn+5(l’) = {L’n+2 + 4Dn+4(CL’) - 2Dn+3(l') - 5Dn+2(l')—|—
+ 2D, 11 (x) + Dy (), n>1.

All polynomials D, (z) for n =2k + 1, k € N, k > 2, have an even degree, for example:

D;(z) = 2t + 42 + 142” + 43z + 126,
Dy(z) = 2 + 42° + 142 + 432 4 1262 4 3572 + 993.
As follows from calculation, these polynomials have no real roots for n < 200.
However, all polynomials D, (z) for n = 2k, k € N, k > 2, have an odd degree, for
example:
Dg(x) = 2° + 42* + 142 + 43,
Dg(r) = ° + 4x* + 142° + 432 + 1262 + 357.
Remark 24. Polynomials Doy (x) have exactly one real root sy, which is less than zero (for

k < 100). The roots sy form an increasing sequence from ss = —4 to $190 = —2.699746 (by
numerical calculation). All numerical calculations were performed using Mathematica.'

10 Jordan decomposition

Apy1(6) Ay (9)
Coni(8) | =W©) | Cu() |, nen, (10.1)
Eni1(6) E,.(9)

! Mathematica is registered trademark of Wolfram Research Inc.
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where

126 00 -6
51 60 =5

WeE)=1]0 6 165 -5 |. (10.2)
00 51 0

0 0 046 1-9

Matrix W(J) is diagonalizable, because of the following decomposition:
W((S) = A . dlag [Tl(é), 7'2(5), e ,T5((5>} . Ail, (103)

where:

A= [Kla K27 K37 K47 K5]

and

- _ _ - _ _ _ _ _ _31T
Km:[0m4—|—20m3—20 2 _ 20t o?—0t—1-—0c'l-0?%-0>-02—0 3} ,

m m ’rm m m m

for every m = 1,2,...,5. We note, that:

1
Al = (L Lo L Lo L] - | =13 7 22 —15 17 |,

where
_ m+3 _m+3 _m+3 _m+3 _m+31T
Lm_ [0.1 09 03 0y 05 } )

form=1,2,...,5.
Notice, that the characteristic polynomial w(\) of the matrix WW(d) has the form:

w(A) = pu (A; 5)-

11 Final remarks

Quasi-Fibonacci numbers of order (7, ¢) and (11, d) constitute a special case of the so-called
quasi-Fibonacci numbers of order (k, ¢), where k is an odd positive integer, k > 5 and 6 € C.
These numbers are defined to be the elements of the following sequences of polynomials:

{ani®}, .y CZ0),  i=1,2,... (k)
where ¢ is the Euler’s totient function, which are determined by the following relations:

Q+0E+N)" =anm@)+ > anpw () (€ +*) (11.1)

i€{2,3,...,(k—1)/2}
(i,k)=1
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forl =1,2,..., %, (I,k) =1, n € N, where ¢ € C is a primitive root of unity of order k
and where f is the increasing bijection of the set {i e N: 2 <i < (k—1)/2 and (i, k) =1}
onto the set {2,3,...,¢(k)/2}. In the sequel, if k is a prime number, relations (11.1) have

the following simpler form:

(k—3)/2

1+ +EN)" =ani(®) + D ania(9) (€ + ) (11.2)

=1

forl:1,2,...7% and n € N.

Quasi-Fibonacci numbers of order (k, d) possess many interesting properties and natural
applications. We remark that these are for the most cases derived immediately from rela-
tions (11.1). For example the quasi-Fibonacci numbers enable us to describe the coefficients

of the following polynomials in the pure algebraic language:

20 (21 21
H (X—COSn (2k47:1)>’ H (X—sm(%fl) cos” <2kf1>>>
le{1,2,..., k} le{1,2,..., k}
(1,2k+1)=1 (1,2k+1)=1
etc. (see for example [9, 10]). It is possible also to do it for many other trigonometric sums,
for example, in [10] the following identity was derived (plus twelve others like this one):

2 cos(25) {/2cos(%E) 4 2 cos(2F) /2 cos(3F) 4 2 cos(3F) {/2cos(3F) = v =2 — 3/49;

which is a variation of the known identity of Ramanujan (see [1]):

{feos (37) + {fcos (1) + {feos (%) = /1 (5 -3 V7).

It seems almost definite that some types of the identities will be characteristic of only a
certain kind of the quasi-Fibonacci numbers of order (k, 0), with respect to the odd k € N,
k > 5. Accordingly, it is relevant to analyze these numbers separately and independently,
for different values of k.

We note that quasi-Fibonacci numbers of order (5, 1) are equal to the classical Fibonacci
numbers. Moreover, for simplicity of notation, the quasi-Fibonacci numbers of order (11, ¢)
discussed in our paper are denoted by (see the relations (11.2) above for & = 11 and the
relations (3.2m) for m = 1,2,3,4,5 in Section 3):

A, (0) :==anq1(0) B,(0) :== a,2(0) Cn(6) = an3(9)
D, (0) := an4(9) E.(0) == anz(9).
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Table 1:

[ An(6) = A11.0(5) D,,(0) = D11.,(0)
1 0
1 0
26% + 1 0
662 + 1 53
661 4+ 1262 +1 463
—8° +306% +206% + 1 48° + 1063

196% — 66° + 905* + 3062 + 1

—65 + 245° + 2062

—767 + 13365 — 218° + 2106% + 4262 + 1

1467 — 7% + 846° + 356°

B, (0) = B11,n(9)

En(0) = E11,(0)

0 0

B 0

26 0

36% + 30 0

126 + 46 5t

96° + 306% + 50 —6° 4+ 5%

—065 + 545° 4+ 608° + 66

580 — 66° + 156%

2857 — 760 + 1895° + 1056° + 76

—607 + 3505 — 216° + 3562

Cr () = Cr1n(9)

0

0

52

302

45% + 662

—0° + 206% 4+ 1062

146% — 68° + 606% + 1562

N[O WO N[O W= O3S Ww N —=OS

—757 + 9865 — 2165 + 1406 + 2162
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Table 2: Table 3:

n| Ay | Bo | Co | D | B | [ n]AQ)] A1/2) | Au=1/2) ]|
0] 1 0 0 0 0 0] 5 5 5

1| 1 1 0 0 0 1| 4 9/2 11/2

2 | 3 2 1 0 0 2 | 12 25/4 33/4

3| 7 6 3 1 0 3| 25 39/4 55/4

4] 19 16 10 4 1 4] 64 257/16 385/16

5| 50 44 29 | 14 | 4 5 | 159 437/16 693/16

6 | 134 | 119 | 83 | 43 | 14 6 | 411 1517/32 2541/32

7 | 358 | 322 | 231 | 126 | 43 7 | 1068 2671/32 4719/32

8 | 959 | 868 | 636 | 357 | 126 8 | 2808 | 38017/256 70785,/256
9 | 2569 | 2337 | 1735 | 993 | 357 9 | 7423 | 68169/256 | 133705/256
10 | 6886 | 6284 | 4708 | 2728 | 993 10 | 19717 | 245935/512 | 508079/512
11 | 18461 | 16885 | 12727 | 7436 | 2728 11 | 52529 | 1782735/2048 | 3879365,/2048

Table 4:
" n ‘ -An(l/Q) ‘ Eﬁxl/Z) ‘ C%(l/Q) ‘ l)n(l/Q) ‘ -E%(1/2) H
0 1 0 0 0 0
1 1 1/2 0 0 0
2 3/2 1 1/4 0 0
3 5/2 15/8 3/4 1/8 0
4 35/8 7/2 7/4 1/2 1/16
) 251/32 209/32 119/32 11/8 9/32
6 911/64 779/64 241/32 207/64 53/64
7 3327/128 1449/64 1897/128 7 65/32
8 6095/128 1345/32 229/8 3689/256 289/64
9 5593/64 19941/256 27949/512 7353/256 4845/512
10 164407/1024 36903/256 105641/1024 57361/1024 19551/1024
11 604487/2048 545721/2048 12397/64 220363/2048 4807/128
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Table 5:

H n ‘ An(_l/z) ‘ Bn(_1/2) ‘ Cn(_l/z) ‘ Dn(_1/2) ‘ En(_1/2) H
0 1 0 0 0 0
1 1 172 0 0 0
2 3/2 1 1/4 0 0
3 5/2 15/8 3/4 1/8 0
4 35/8 72 7/4 1/2 1/16
5 | 253/32 ~209/32 121/32 11/8 11/32
6 | 935/64 781/64 253/32 ~209/64 77/64
7 3509/128 -1463/64 2079/128 -231/32 55/16
8 6655/128 -1375/32 33 -3927/256 561/64
9 3179/32 -20757/256 34067/512 -8151/256 10659/512
10 | 195415/1024 | -39325/256 136609/1024 | -66671/1024 | 48279/1024
11 | 753709/2048 | -598345/2048 | 136367/512 | -269951,/2048 | 52877/512
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