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Abstract

We study labeled trees and find that this is a class of combinatorial objects which
is perfect for the study of some exponential generating functions.

1 Introduction

In this paper we study the counting of various trees with labeled nodes and weighted edges

and its exponential generating functions. Section 1 is about rooted plane trees. Section 2 is

about labeled trees. In Section 3, we give some examples of labeled trees and its exponential

generating functions. In Section 4, we discuss weighted and labeled trees and its exponen-

tial generating functions. In Chapter 1 of [4], two tree representations of permutations are
studied, here we study the combinatorics of the second tree representation through gener-

ating functions and show the connections with some classical sequences. A similar study

corresponding to the first tree representation of [4] has been done in [2, 7].
The counting of trees (rooted plane trees) is the Catalan sequence, cg = 1,1,2,5, 14,42, ...

Traverse the tree starting from the root going up on the left side of the branches and coming
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down on the right side of the branches. On the way down if we encounter a right branch
we go up. Label the nodes in order with [n] = {0,1,2,3,...,n} by preorder, i.c., label the
nodes at the first visit.

Example 1. Rooted plane trees of order n =3, c3 =5
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2 Labeled Trees
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In this section we define labeled trees and study some well known partitions of permutations.
Let P = ajasas - - - a, be a permutation, locate the smallest number a;. Partition P = Fa; B
by F' the part before a; and B the part after a;, then inductively label the first node of the
left most branch by a; and put the subtree for F' on top of a; and the subtree for B to the
right of a;. Note that the labeled tree satisfies the following conditions:

(1) Increasing on any path going up,

(2) Increasing from left to right of the immediate siblings of a node.

Definition 2. A labeled tree is a tree with nodes labeled by [n] = {0,1,2,3,4,... ,n}
which satisfies the above two conditions. It is also called an increasing tree, please refer to
[4].

Example 3.  We read the labeled trees in postorder and they correspond to permutations
as follows: For n = 3, the third tree has two choices (2 or 3) for position 2 and the count is
s3=1+14+24+1+1=6.
Permutations: 321, 231,213,312, 132,123.
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It is well known that the counting of labeled trees is n!, please refer to [4, Prop. 1.3.16]
for the properties of this section. You can also find related subjects in [1, 5].



3 Some Examples of Labeled Trees

In this section we study some examples of labeled trees and its exponential generating func-
tions(EGF). Let A(z) = > Sa,2™ and B(z) = Y Lb,a™ be the exponential generating
functions for the sequences {a,}, {b,} , then

A@)B() = ¥ 15 (Darb_x)z" (1)

On the other hand, if we let ¢,, be the number of labeled trees and partition the tree by
the first node of the leftmost branch, then we have the recurrence

tn =300 (") titaik- (2)

We choose k numbers from {2,3,4,...,n} to form a subtree on top of node 1 and the
rest to the right of node 1.

By the similarity of (1) and (2), it certainly is appropriate to study its exponential
generating functions instead of ordinary generating functions.

Remark 4. A tree is said to be a 1-2 tree, if every vertex has outdegree at most two.
The counting of 1-2 trees is the Motzkin sequence, 1,1,2,4,9,21,51,.... The counting of
labeled 1-2 trees is the sequence of zig-zag permutations, to = 1,1,2,5,16,61,272, ...

The following are the list of labeled 1-2 trees for n = 3,4
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ts=(1+1+2+1) =5,
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tb=01+1424+1 +3+34+1+3+1) =
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Theorem 5. Let b; be the number of labeled 1-2 trees and y = f(x) = > ., bl(”;r—tl), be the
2x47

ezponential generating function. Then f(r) = y = tan =5 — 1 = secx + tanx — 1, the
exponential generating function of the sequence of zig-zag permutations.

Proof. Partition the trees by the out degrees of the root. We have the recurrence relation
n—2 (n— n— n—1)!
by = bur + Xho (") Bkbnc1ohot = bacs + 3hp kbt (3)
Thus y = f(x) satisfies the differential equation
Z_‘Z - 1 + y + % n—1
Note that the second part in (3) is the coefficient [2—=;] (y%), since we need the coefficient

(n—1)!
of [£7], so [y%dr = %
Solving the above differential equation, yields

f(z) =y =tan 2T — 1 =secz + tanz — 1. O
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Example 6. The counting of the complete binary tree is 1,0,1,0,2,0,5,0,... and the
counting of labeled complete binary tree is 1,0, 1,0, 4,0, 34, 0,496, ...

Let b; be the number of labeled complete binary trees and the exponential generating
function

y = f(x) =X, o bigmy then

dy =1+ Qly

Solve the differential equation

y = V2tan NG =z + 108+ Lab + T+ Bloaf 4 O(2).

Example 7. The counting of the labeled complete ternary trees is the sequence by =
1,0,0,1,0,0,15,0,0,855, ... Its exponential generating function satisfies the differential equa-
tion

dy -1+ y

Solvmg the dlfferentlal equation and express x in terms of y

(fln(zﬂr\/_) B In(y2 = /By +(V/6)2)+ VB(V/6) (arctan( 2y —5))++V3V6r)

B 1 .10 1 .13 1 .16 19
- ——y +252y — 550Y T 1Y ey T OWY).

Using the Lagrange Inversion Formula, we find
y=a+ Lot 15,7 4 850,10 4 121605, 13+

Example 8. We define a Bell tree to be a 1-2 tree with the right branch a single file. For
labeled Bell trees, the counting is the Bell number sequence 1, 1,2, 5,15, 52,203, ...

The recurrence relation is a,, = > (") ax = (1) and its exponential generating function
Y=> an nil),x"“ satisfies the differential equation

dy _ ye

Solvmg the differential equation we have

y= exp(exp(z) —1) =1+ a4+ 2>+ 22% + 2a* + 2a® + 2228 + Bha’ 4+ O (a®)

For n = 4, there are 16 labeled 1-2 trees The only labeled 1-2 tree that is not counted
as Bell trees is the last one in Remark 4.

Example 9. Trees of height at most two. The recurrence relation is the same as in the
previous example.

Example 10. Trees of height at most three. The recurrence relation is
by =>_ (2_1) ay * b,_1_x, where ay, is the counting of trees of height at most two.

y = yf, where f is EGF of {a,} as in the previous example.

Iny=[f= [exp(exp(z)— 1),
y = exp([(exp(exp(x) — 1))dz) = 14+ x + 2 + 2 +23 4+53 >+ O(a9).

4 Weighted Labeled 1-2 Trees

There is a bijection between labeled 1-2 trees and Motzkin paths. Here we use the idea in
weighted Motzkin paths by assigning weights to the edges. For a node of out degree 1 we
assign weight b for that single edge and for a node of out degree 2 we assign weight 1 for the
left edge and weight ¢ for the right edge. The weight of a weighted labeled tree is the product



of the weights of all edges. Let WT, (b, c) be the set of all labeled and weighted increasing

trees of order n with weights b, ¢ and w,, be the total weight of all trees in W7, (b, ¢), then
we have the following.

§or 2o g 0

b3 + 1(be) + 2(be) + 1(be) = b3 + 4bc.

- U@U@U@U‘@

wy = 1(bY) + 1(b%c) + 2(b%c) + 1(b*c) + 3(b%c) + 3(b%c) + 1(b%c) + 3(c?) + 1(c?)
= b + 11(b%c) + 4%



Theorem 11. Let y = f(x) = (HH),x"H be the exponential generating function of {w,}.
Then it satisfies the followz’ng differential equation
’ c c— 2
y =@ =14by+ 5yt =500+ Dy +2) = 5+ 07+ 255,
The solutzon s as follows:

2 _ _ —b 2 —bbe+26—2b _  b%x
Case 1. 2¢ —b =0.y= =" — =2 — cu-2) — o@=ba)’
2 = \/20 b2 V2c—b%z b
Case 2. 2¢—b*>0.y = —|— tan(¥=5>* 4 arctan m),
ex :1:\/b2 2¢)—1 Vb2 —2¢ —/b2—2¢
Case 3. 2c—V* < 0. y = Tijl(exp(z\/bz)ﬂi) , T = DEVEES2C py — boviloge

Proof. By similar idea in Theorem 5 we can obtain the differential equation, then solve the
separable differential equation. ]

Example 12.  Labeled 1-2 trees with weights b = 3, ¢ = 4, the sequenceis 1,1, 3,13,75,541, ...

(A000670). The sequence counts the number of ways n competitors can rank in a competi-
tion, allowing for the possibility of ties.

y =1+ 3y + 57,

exp(z)—1
Y= 2=expl@)

Example 13. Labeled 1-2 trees with weights b=4, ¢=8, the sequence is 1,4,24,192, ...
A002866.

_ 16z __ nnt1 2" (n+1)! n41
Y= 8—am — =2 2nm =3 (i) T i

Example 14.  Labeled 1-2 trees with weights b = 1,¢ = 2, the sequenceis 1,1, 3,9, 39, 189, ...

(A080635). It counts the number of permutations on n letters without double falls and with-
out initial falls.

y=1+y+y’,

y =3 tan\[($+3\[)—%—x+1a§2+lx + 3t 4 Byd 4 20 4 O (a7).

Example 15.  Labeled 1-2 trees with weights b = 5, ¢ = 12, the sequenceis 1, 5,37,365, .. .,
(A050351). It counts the number of 3-level labeled linear rooted trees with n leaves.
y =1+ 5y+6y>.

_ exp(a)-1 5,2 37 o BByt 4 45005 | 13821 46
Y= S—Sexp(az) =+ gu° + G+ Srat 4+ Tpat + e’ + Oz ).

Example 16.  Labeled 1-2 trees with weights b = 2, ¢ = 4, the sequence is 1, 2, 8, 40, 256, . ..
(A000828).

Yy =1+2y+ 4%

yz%—l—%(tan(m—l— %))—m—f—x —|—4x3—|—5x4+32 5+122 6+O( )
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