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Abstract

In this paper, by using the Lipschitz summation formula, we obtain Fourier expan-
sions and integral representations for the Genocchi polynomials. Some other new and
interesting results are also shown.

1 Introduction

It is well-known that Genocchi polynomials G, (x) are defined [8] by

= < (1)

In particular, the quantities G,, £ G,(0) for n > 0 are called Genocchi numbers, with
Goni1 = 0 for n > 1 and, for example,

Go=0, Gi=1 Gy=-1, Gy=1, G¢=-3, Gs=17, Gy1p=—155, G2 =2073.
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This is Sloane’s sequence A001469.
The n-th Genocchi function G,,(x) may be introduced in the following way: for 0 < z <1
and n > 0, R R R
Gn(r) 2 G,(r) and Gu(z+1) = —G,(2); (2)

forx € R and r € Z,
Gu(z) = (-)G,({2}) and Gu(z +7) = (—1)"Ga(2), (3)

where the symbols {2} and || denote the fractional part of x and the greatest integer not
exceeding z respectively. Sometimes we also call @n(x) the periodic Genocchi polynomials.
For convenience, in what follows, we would still employ G,(x) to stand for the periodic
Genocchi polynomials, when no confusion appears in the context.

It is also well-known that Euler polynomials F, (z) for n > 0 may be defined [1, 2] by

n

2e** > z
i1 LB < (4)

By (1) and (4), we can obtain the following relation between Euler polynomials E,,(z) and
Genocchi polynomials G, (x):

Gn(z) =nE, 1(x), (5)
Ba(s) = — = Gua0). (6)

In this paper, by using the Lipschitz summation formula, we establish Fourier expansions
and integral representations for Genocchi polynomials and present an explicit formula for
Genocchi polynomials at rational arguments.

2 Fourier expansions for Genocchi polynomials

Recall [5] that the Lipschitz summation formula states that

—2mikp

p2mi(ntp)T o e

(n 4 p)t-o  (=2mi)> T+ k)’

n+upu>0 keZ

where o € C, either R(a) > 1 for p € Z or R(a) > 0 for p € R\ Z, 7 belongs to the upper
half of the complex plane, and I' is Euler gamma function.

In virtue of the Lipschitz summation formula (7), we obtain Fourier expansions for Genoc-
chi polynomials as follows.

Theorem 1. For eithern=0and 0 <x <1l orn>0and0 <z <1,

2.7l e(?k—l)m’x
Cul®) = Ty g 2k —1)" )
4-nl N cos[(2k + ) — nr/2)
D kZ:O (2k + 1) ' (9)
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Proof. For 0 <z <1, utilization of (1) and the generalized binomial theorem yields

2 k: 1 2 2miTx e ) 1
ZGk 71'27' _ €' —9 (_1)k627rz(k-|-:r)7'7 |7_| < = (10)
! k=0

e?m'r + 1 92

Differentiating n — 1 times with respect to the variable 7 on both sides of (10) gives

klkn

2 = .
Z Gk 7” T 27_” n—1 Z n 1627r2(k‘+$)7'. (11)

n)l k=0

On the other hand, replacing 7 by T—l-% and letting & = n and p = 2 in Lipschitz summation
formula (7) lead to

(TL _ 1) 67(2k+1)7m:p OO | omilk4a)
— n Yi¥) x T. 12
(—mi)" Z(2k+27+1 ,; ‘ (12)
Combining (11) and (12) reveals
27TZ k=1 k—n —1)"27(n — 1)! e—(2k+1)7rix
ZGk _ Syt = 1) > . (13)
—n)! ! ~ (2k + 27+ 1)»
Taking 7 — 0 in (13) gives the equation (8).
Since i ™" = e~ "2, the equation (9) follows as a direct consequence of (8). O

The following corollary is a straightforward consequence of Theorem 1.

Corollary 2. For eithern=0and0 <z <1l orn>0and0 <z <1,

Gan(a) = (~1y 22 i Coi[z(ikfl)lﬁf d (14)

and
Gop(w) = (-1 2 E 2 kz e (15)
Remark 3.  From Fourier expansions of Euler polynomials (see [1, 3, 6]) and the equa-

tion (5), We can directly derive the formula (9) and Corollary 2. Conversely, we can also
recover some known Fourier expansions of Euler polynomials by applying the relation (6),
Theorem 1 and Corollary 2.

3 Integral representations for Genocchi polynomials

Now we are in a position to state and prove the uniform integral representations for Genocchi
polynomials as follows.



Theorem 4. Forn € N and 0 < R(z) <1,

oo 7t . _ =7t
Go(z) = 2n/ e™ cos(mx — nmw/2) — e ™ cos(mx + n7r/2)trh1 dt. (16)
0 cosh(2mt) — cos(2mx)

Proof. Utilizing

i s[(2k + 1)mx — nn /2]

p (2k + 1)~

and

o0 !
/0 e dt = — (17)

for n > 0 and R(a) > 0 reveals that
4n & nw| [~
G, (z) = _nm n—1_—(2k+1)t
(x) — Zcos [(Qk: + D7z 5 } / t" e dt
k=0 0
dn [ G
S / ¢t Z e~ (2Dt cog {(2/{: + 1)mx — T} dt
™ Jo — 2
dn [ .
= {cos (712_7r> Z e Rt cos[(2k + 1)ma]
™ Jo k=0

+ sin (%) Z e~ CEHDt6in[(2k + 1) 7] }t"‘l dt.

k=0

By making use of

- i ht
(R gin[(2k + 1 sin x cos
kzzoe sin(2k + 1)z = cosh(2t) — cos(2z)
and
oo . ht
(k1) ok + 1)z] — cos x sin 18
kzzg ‘ cos|(2k + 1)z] cosh(2t) — cos(2z) (18)
for ¢t > 0, which may be deduced from
i (wi—t)(2k+1) _ coswsinht + isinz cosht
e =
cosh(2t) — cos(2x)
for t > 0, and applying the transformation ¢ = 7s, the desired formula (16) follows. O]

It is easy to see that Theorem 4 implies the following integral representations for Genocchi
polynomials.



Corollary 5. Forn € N and 0 < R(z) <1,

sin(mz) cosh(mt)

no1(z) = 4(2n — 1)(-1)"! N 2 dt 1
Gon-1(w) = 4(2n = 1)(=1) /0 cosh(27t) — cos(2mx) (19)
and
©  cos(mx)sinh(mt) o 4
Gaon(x) = 8n(—1)" =" dt. 20
an(@) = 8n(=1) /0 cosh(27t) — cos(27mx) (20)
Remark 6.  The uniform integral representations for Genocchi polynomials are not found

in the classical literatures such as [1, 4, 6]. So the formula (16) is presumably new.

Remark 7. Our method used in this section can also be applied to establish uniform
Fourier expansions and uniform integral representations for both Bernoulli and Euler poly-
nomials.

Remark 8. Please note that Theorem 1 can be derived from Theorem 4.

4 Corollaries of uniform integral representations
Finally, we present some corollaries of Theorem 4.

Corollary 9. Forn € N and 0 < R(x) <1,

Gn(z) = (—1) (logt)"*dt. (21)

ne1dn /1 cos(mx — nw/2) — t? cos(mx + n7 /2)
0

" t* — 2t2 cos(2mx) + 1
Proof. Substituting

cosh(27t) = —e%t 26_2ﬂt
into (16) gives

* e cos(mx —nw/2) — e ™ cos(mx + nw/2)
Gn(z) =4 "t 22
(@) n/o et 4 e=2mt — 2 cos(2mx) (22)

Further carrying out the transformation u = e~ in (22) yields the desired formula (21). O

It is easy to see that the following formulas can be deduced from Corollary 9.

Corollary 10. Forn € N and 0 < R(z) <1,

A4@2n—1) (1 (1 +t?)sin(nx) ~
_ (_1\n—1 2n—2
Gon-a(z) = (=1) m2n—l /0 t* — 2t2 cos(2mx) + 1 (log?) df (23)
and
8 M (1 —12) cos(mx) _
= (—1 n—1 """ l 2n—1 ) 24
Gion(2) = (—1) 2n /0 t* — 2t% cos(2mx) + 1< og?) dt (24)



In [4, p. 35, (21)], it was listed that

otom) = =L B,

where ((s) is the Riemann zeta function defined by

=1
C(S) = E?

n=1

s>0

and B,, for n > 0 are Bernoulli numbers defined by

z > 2"
i ZB”H’ |z| < 2.
n=>0

By (25) and
G2n - 2(]- - 22”)B2n7

it follows that

(—1)"122(1 — 227)(2n)!
(271')2”

¢ 7 Gry1(7) — Gpya(a)
/a G,(t)dt = o

GZn =

¢(2n).

Combining the formula

in [8] and the integral formulas

2t(1 —t2 2t si
/ m (2t2 AL, S arctan( smx) +C,
— COS

2x) + 1 1—¢2
4t(1 + ¢
/ t+ — 2t2 cos dr= 10g<

—_— | |~

2z) + 1 t2 4+ 2tcosz + 1

t=(—1)"(n— 1)!(21“ — 1) C(n+1),

0

t
/1 log(1 — t)(logt)" !
0 t

dt=(-1)"(n—1)(n+1)

in [7] with (29) and Corollary 10 gives the following corollary.
Corollary 11. Forn € N and 0 < R(z) < 1,

4 1 : -1
Gonr(z) = (—1)"1 n(2n +1) / arctan{zt sm(mc)} (logt) ds
0

71-2n+1 1 — t2 t

and

2 t

Gon(z) = (_1)71—1Mn_1)/0 log {tQ — 2t cos(mx) + 1] (log t)2n—2 "

t2 4+ 2t cos(mx) + 1

(27)

(28)

(29)



By (19), (24) and (31), the following integral representations for Genocchi numbers can
be obtained.

Corollary 12. Forn > 0,

Gop = (—1)"4n/ t*"Lesch(wt) dt
0

8n [ (logt)?!
_ n+1
=0T / g

o 1 o 2n—2
_ (_1)%14”(27;” 1)/ 10g<1 t) (logz;) it
0

s 141
Finally, we give an explicit formula for Genocchi polynomials at rational arguments.

Theorem 13. Forn,q € N and p € 7Z,

(2 ()5 e

where
- 1
C(S7a) - ; <n+a>s (33)

for R(s) > 1 and a ¢ Zy is Hurwitz zeta function (see [/, 6]).

Proof. The formula (9) can be rewritten as

4-n! <= coslnm/2 — (2k — D7z
S5 coslor /2 (2% D))

Gnlw) = 2k — 1)

n
k=1

By (33) and the elementary series identity

S FE) =D flagk+4), qeN, (34)

j=1 k=0

we obtain the desired formula (32) by setting x = %. This completes the proof. O]

From Theorem 13, we can easily deduce the following corollary.
Corollary 14. Forn,q € N and p € Z,

R

o () 1 25225

Remark 15.  We can directly obtain the formulas (35) and (36) by using the relation (5)
and the formulas (12a) and (12b) in [3]. Similarly, we can also derive the corresponding
formula for Euler polynomials at rational arguments by applying the relation (6), Theorem 13
and Corollary 14.

and
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