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Abstract

In this paper, we discuss the properties of hyperfibonacci numbers and hyperlucas
numbers. We derive some identities for hyperfibonacci and hyperlucas numbers by the
method of coefficients. Furthermore, we give asymptotic expansions of certain sums
involving hyperfibonacci and hyperlucas numbers by Darboux’s method.

1 Introduction

Dil and Mezé [1] introduced the definitions of “hyperfibonacci” numbers F{" and “hyperlu-
cas” numbers L’

FO=3N"F"Y, with FO=F, F’=0 F’ =1,
k=0

LO=N"L Y with 1O =1L, LY =2 L[=2r+1,
k=0
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where 7 is a positive integer, and F,, and L,, are Fibonacci and Lucas numbers, respectively.
The generating functions of E" and LY are as follows:

[e.e]

t
En =
2%% n 1—t—) 11"

o0

S e = 2t
il (1—t—2)(1 —t)

The first few values of F\" and L are as follows:

FWM 0,1,2,4,7,12,20, 33,54, 88, 143, 232, 376, 609, 986, 1596, 2583, . . . ;
F:0,1,3,7,14, 26,46, 79, 133,221, 364, 596, 972, 1581, 2567, 4163, 6746, . . . ;
LY 2.3 6,10,17,28,46, 75,122,198, 321, 520, 842, 1363, 2206, 3570, 5777, . . . ;
L? 2,5 11,21, 38,66, 112, 187, 309, 507, 828, 1348, 2190, 3553, 5759, 9329, 15106, . . . .

There are some elementary identities for F and LY when r = 1,2. For example,

FV = F»—1,
F® = F,4—n—-3
= Z(?’L — ]{?)Fk,
k=0
LY = L,,—1
= F,+ F—1,
L® = 4F,,, —1)+3F, —n
= Lpis—(n+4).

For the above values and elementary identities of F\" and LY, see [4] (A000071, A001924,
A001610, A023548).

Hyperfibonacci numbers and hyperlucas numbers are useful, and Dil and Mez6 [1] derived
some equalities for Fibonacci and Lucas numbers by applying them. Hence, hyperfibonacci
numbers and hyperlucas numbers deserve to be investigated. In this paper, we discuss
properties of F\” and L. We establish some identities for F\"’ and L{”. Furthermore, we
give asymptotic expansions of certain sums related to £\ and L\,

For convenience, we first recall some notation. Let a = (1++/5)/2. It is well known that

a” — (=1)ra™"
\/5 )

and F), and L, satisfy the following recurrence relation

E, =

L,=a"+(-1)"a™,

Wyir =Wo+Woq, n>1. (1)
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As usual, the binomial coefficient (;L) is defined by

n!

(n): m!(n—m)!’if ez m;

m 0, if n <m;

where n and m are nonnegative integers. Throughout, [2"]f(z) denotes the coefficient of 2™
in f(z), where

f(z) = Z fn2™.
n=0

If f(t) and g(t) are formal power series, the following relations hold [2]

"] (af (t) + bg(1)) = alt"]f(t) + b[t"]g(2), (2)
[t"Ef (1) = [ f (1), (3)
[ f(0)g() = Y W I )" g(t). (4)

The above relations (2)—(4) will be used later on.

Now we recall the notation of the binomial transform of a sequence, the inverse binomial
transform of a sequence and Euler-Seidel infinite matrix [1, 5|. Let {ax}72, be a sequence.
The binomial transform of {a;} is given by >, (})ax, the inverse binomial transform of
{ar} is given by >°1_ (1) (—1)*ay, and the Euler-Seidel infinite matrix corresponding to the
sequence {ay} is determined by the following formulas

a[r?} =a, (n>0),

= a1 ) (w20, k20),

where al¥ is the element at the (k+1)th row and the (n+ 1)th column. The sequences {ag? ]}
and {al"} satisfy [1]

n - n
' =3 (1)al ©

k=0
n n I
=3 (7)ol ©)
k=0
Let a(t) and a(t) be the generating function of {aL]} and {a([)n]}, respectively,
a(t)y ="l a(t) =Y ag't"
n=0 n=0
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2 Main Results

In this section, we derive some identities for E and LY. Later, we give asymptotic
expansions of certain sums involving F\"”) and L.

Various identities involving Fibonacci and Lucas numbers were established. The following
sums were investigated [3, 7, §]

Z Flejz"'ij? Z lesz'”ij‘

Jitg2+-+j=n Jitg2+-+jr=n

For example,

(n — 1>Ln + 2Fn71
Z Fj Fj, =

e b} ’
Jitj2=n

> LjLj, = (n+1)Ly,+2F, .
Ji+j2=n

Now we derive some identities for F\” and L. Denote

_ (r) pa(7) (r) _ (r) () (r)
Anir= > EVE)FY Bu,= > LPLY Ly

J1 Jk
Jitje+-+jg=n Jitjet+-+jr=n

These sums are interesting because they can help us to find some new convolution properties.
For A, \, and B, ,, we have

Theorem 1. Let k, n > 1 and r > 1 be positive integers. For A, i, and B, ., we have

(TL + 1)Ln+4 — 2Fn+1

A2 = n+5—=2F, 4+ 9)

5 )
5 9)L, 4L,
Bn2y = n+9—10F, 4 —2F, 1 + (5n+9) ;4 i 8 (10)
An,k—i—l,r - Z An,k,rF’j(T)a (11)
=0
Bn,k+1,r - Z Bn,k,rLg‘r)- (12)
=0
Proof. Let
t 2—1

E®) = 1I—t—)(1—1t) L) = QI—t—)(1 -0ty



Clearly,

F1 (t)

An,2,1
Bn,2,1

IR,
e2()
EIE2(E) — Al F2(E) + [ P2

Apon —4A4101 +4A0 1021



Then we get

S FEVEY = [MFA1)
Jitjz=n
ol (a? —a™?)? o? a2 20(a? — a™?)
= It ]E{ G-17 (a2 (ttaP (-D{-al)
2071 (a? — a7?) 2
) . |
t—Dt+a)  (t—aN)(t+a)
1 (a?—a?)? ot ot
= ]S{ =17 Ta—a2  Oxaup
2(a* —a ) (a® + a™?) 49 o o 1
N 1—1 —2{@(@ - )+oz+oz }1—0&
2 -2 a! 1
+2{a Ha? —a )_a+a1}1—|—a1t}
= [t”]%{ a” — ZZ n+1)t"+z e o " (n + 1)t

+2 [oz o?—a?) - - i;_l} i(—l)"a—"z&"}

n=0
> i ot 1)\ —n—4 i
_ [t”]{Z(n+1)t"+Z +(5 J'a (n+ 1)t" +2F Y "
n=0 n=0 n=0
9 S
_g(a _a72)2[an+4 ( 1>na7n 4]t
n=0

= [t"] i(n + 1)t + [t7] i %t" + [t"]4it”

o 2 oo
—[t")2) " Fowat™ — [t"] - > ot
n=0 n=0

By applying (3) and the definitions of F,, and L,,, we have (9). Naturally, we deduce that
A(n+3)Lorg — 4(n+ 2)Lyys + (n+ 1)L
5)

By using (1), we prove that (10) holds. By means of (4), we can show that (11) and (12)
hold. O

Bpoir = n+9—10F, 4+ " 9F, .



It is interesting that we can get congruence relations from (9) and (10)

1)L — 2F,
Apon = <n —2F, 4+ (n+1) ng4 nH) (mod 5),

(5n + 9)Lyya + 4Lnys
)

Bn’271 = <n — 10Fn+4 - 2Fn+1 + ) (mod 9)

When £ or r gets large, it is difficult to compute the closed forms of A, ;, and B, j .

However, we can give their asymptotic values. Now we recall a lemma [6].

Lemma 2. Assume that f(t) = ) oqant" is an analytic function for [t| < r and with a
finite number of algebraic singularities on the circle |t| =r. a1, ag, -+, aq are singularities
of order w, where w s the highest order of all singularities. Then

l
oo = (070 ¢ (S anlanag + o)) (13)
k=1

where T'(w) is the gamma function, and

gr(ag) = lim (1 — (/) f(2).

t—ay

Theorem 3. Suppose that k and r are fized positive integers. For A, ., and By, when
n — oo,

e = g () e o], (14
Bupy = (k”i)! {(2522;1"‘)k<1 +a)fa" + o(a"))}. (15)
Proof. Let
e (t) = .

(1 —t—2)k(1 —t)kr

We know that fg,(¢) is analytic for |[t| < 1/a, and with one algebraic singularity on the
circle |t| = 1/a. The order of 1/« is k. One can compute that

lim (1 — at)* fi, () = ( a )k(1+oz)'”.

t—»l/a 062 + 1

By using Lemma 2, we can prove that (14) holds. Using the same method, we can prove
that (15) holds. O

In addition, we give asymptotic expansions of other sums for £\ and L.



Theorem 4. Let n be a positive integer. When n — oo,

S ()R = e -, (16)

(@2+1)(2—a)"

2 (Z) Ly = % +o((2—a)™), (17)
> (3 ) = =B ap, (1)
2 (Z) (D' = (@2-a)a”+o((-a)"), (19)

Proof. We only give the proofs of (16) and (18). The proofs of (17) and (19) are similar to
those of (16) and (18), respectively, and they are omitted here. Let F; k(r) be the first row,
and we get the Euler-Seidel infinite matrix A. Then let F, ,ET) be the first column, and we get

Euler-Seidel infinite matrix B. The elements of A and B are denoted by a and bl By
using (5) and (6), we obtain

n & n T
A= 2R
k=0

By means of (7) and (8), we get

- n r n
Z(k)Fkg) - ag]

k=0
e a2
- T
K1 — 1)

We know that the function a(t) = is analytic for |t| < 2 — a with one

—t(1+1)"
(—+)1 is analytic

(12 =3t +1)(1 —2¢)

algebraic singularity a; = 2 — a on the circle [t| = 2 — «, and a(t) =

12 —
for |t| < a~! with one algebraic singularity 3; = —a~! on the circle |t| = a~!. The orders of
aq and 3y are 1. We can compute that
, t a(l+a)”
lim (1— a(ty = LT
A (=550 a?+ 1
_ t a2 —a)
im (1 + F)a(t) = a1



By using Lemma 2, we prove that (16) and (18) hold. O

Theorem 5. Suppose that m and r are fized positive integers. When n — oo,

ZF(T (J—I—m 1) _ a”*léIQiciz)”erO(an)’ (20)
ZL,&’L(‘”?”) = (1+a)™™a" + o(a™). (21)

Proof. We can verify that

n

r j+m_1 n—j t j ]_
XF‘( ) = LI g ma g g

=0
t
= ["
| ](1 —t—t2)(1 —t)mtr’
- i +m—1 2 —t
L (Y = [ .
S S
7=0

By using Lemma 2, we have (20) and (21). O

In the final of this section, we compare the accurate values with the asymptotic values.
In Theorem 4, let

“— (n\ all+a)"
X, = FOy, = .
prt (k;) k (a2 +1)(2 —a)"

n X, Y, X, — Y|/ X
50 | 9.2737156629317196 x 102 | 9.2737269219308562 x 1020 | 1.2141 x 10~
100 | 7.345448671565505 x 1077 | 7.3454486715782857 x 10" | 1.7399 x 10 12
150 | 5.818115698360039 x 102 | 5.8181156983601641 x 10°2 | 2.1352 x 10~

Table 1: some values of X,, and Y,,

From the above table, we find that the value of | X,, — Y,,|/X,, gets smaller and smaller
with the increasing of n.

3 Remarks
Consider the sequences {ulf’} and {v{"} defined by
i uMm = -
= (1—pz—22)(1—2)"
i S n 2 —pz ’
" (1—pz—22)(1—-2)

9



where p > 0. It is clear that u{” = F\" and »") = L") when p = 1. The conclusions of F."
and L\ can be generalized to the cases of {u{’} and {v”}. For example, put

_ (r), (r) (r) _ (r), (1) (r)
Unr = Z Uy, Ui, Ui’y Vagr = E : Uj, Vg, Yy
Jitjettje=n Jiti2t+ig=n

Then we have

n—1 2
(0) (0) ©N_ 2,0 (0) (0)
lL%2J pg(p2_+>4)(vn +_2Un+l'+>vn+2> pg(unﬁl'+'2un '+’un71)
2 (0) np—%p—%4
R RO L a1 iy 29
pp* +4) " P’ 22)
Un,k+1,r = Z Un,k,rug‘r)- (23)
7=0

We can verify that

t2

Una = g —ppa = t)?

\ 1 t2 1/ 1 1?2
- [t]{A<1+7)2(t+7)2+Z<1—T—1_1+r> (1— 1)

+1 1 t? 2 1 1 t? 1 N 1
Ad—-7r1)2(t—-712 A(l4+7)\1—-7t 1+7)7+1\t+7 1-t

22 -1 1 1
_A(l—l—T)(l — 71 <t—|—7 +t—71) VA
22 1 1 1 1 1
+A(1—71)<1—71 B 1—|—T) (t—Tl * 1—t)1—71}

n 1 . n 0 0 0 1 . n
_ ]{MZ(WF D20, + 20, + 00 ,) + EZ(H—F 1)+
n=0

n=0

3 2y 2y ) ST Y t”+2},
n=0 n=0

n=0

where A = p? +4, 7 = ’%Z. Hence (22) holds. The proof of (23) is similar to that of (11),

and it is omitted here. The identities about {v,go)} can be found in the same way.
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