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Abstract
We calculate here both exact and asymptotic formulas for the number of regions
enclosed by the edges of a regular drawing of the complete bipartite graph K, ,,. This
extends the work of Legendre, who considered the number of crossings arising from
such a graph. We also show that the ratio of regions to crossings tends to a rational
constant as n increases without limit.

1 Introduction

A graph G is called bipartite if its vertex set can be partitioned into two parts, A and B say,
such that every edge of G has one end in A and the other in B; see [2] or [3], for example.
In a complete bipartite graph, denoted by K,;, each of the a vertices in A is connected via
an edge to each of the b vertices in B.

In [4] the author calculated the number of crossings in a regular drawing of K, ,. By
‘regular drawing’” we mean that parts A and B of the vertex set of K, , are positioned at
coordinates {(0,m) : m = 1,2,...,n} and {(1,m) : m = 1,2,...,n} respectively (or at
least have some similar arrangement). As an example, a regular drawing of K77 is shown in
Figure 1. For the sake of clarity the z-axis has been stretched somewhat, but note that this
does not alter the number of crossings or regions.

In this article we broaden the scope of the work carried out in [4], and go on to consider
the enumeration of the regions enclosed by the edges of a regular drawing of K, ,,. We obtain
both exact and asymptotic formulas for 7(n), the number of regions. It is also shown that
the ratio of regions to crossings tends to a rational constant as n increases without limit.



Figure 1: A regular drawing of the complete bipartite graph K7 7.

2 Some notation and preliminary results

In preparation for the enumeration of r(n) in the following section, we define here some
notation and provide two lemmas. Let Vj,, denote the vertex of K, , positioned at (k,m),
where k € {0,1} and m € {1,2,...,n}, and let E;; denote the edge of K, , joining Vj,
to Vi ;. Two distinct edges, E;; and E,,, intersect if, and only if, either 1 < p < i and
1<g<nori<p<nandl<gqg<j.

Note that if F; ; and £, , intersect then we may write p = i + ka and ¢ = j — kb for some
non-zero k € Z and a,b € N such that ged(a,b) = 1. The point of intersection of E;; and
E,, is known as an (a,b) crossing. It is straightforward to show that this has coordinates

p
a aj+bi
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For example, we see in Figure 2 an (a,b) crossing for which a =3, b=2,i =2, j = 6 and
k= 1. The edges Ey6 and Fs 4 intersect at
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It is worth mentioning here that there is the possibility for more than two edges to
intersect at a particular (a,b) crossing. Furthermore, E; ; is involved in an (a,b) crossing if,
and only if, there exists an edge E,, such that p =i+ ka, ¢ = j — kb, ged(a,b) = 1 and

either £ =1 or k = —1. Finally, let N(a,b) denote the total number edges of K,,,, that are
involved in (a, b) crossings.




Figure 2: An (a,b) crossing witha =3,b=2,i=2, j =6 and k = 1.

Lemma 1. Let a,b € N such that 1 < a,b <n and ged(a,b) = 1. Then

B n? — 2ab, if n > 2max{a,b};
N(a,b) = { 2(n —a)(n —b), otherwise.

Proof. Since N(a,b) = N(b,a) by symmetry, we may, without loss of generality, assume that
a > b, so that max{a,b} = a. The set S of edges involved in (a,b) crossings is given by

{Ei;:1<i<n—a and b—l—lgjgn}U{Em:a—l—lgign and 1<j<n-—b}.

Suppose first that n < 2a. In this case the two sets on either side of the union are disjoint,
and the cardinality of S is thus given by 2(n — a)(n — b).

On the other hand, if n > 2a then the sets on either side of the union have elements in
common. In fact, the set of edges common to both is given by

{Eij:a+1<i<n—a and b+1<j<n-—>}.
The cardinality of this set is (n — 2a)(n — 2b), so that

S| =2(n—a)(n —b) — (n—2a)(n—2b)

=n? —2ab
in this case, thereby proving the lemma. O]

In order to illustrate Lemma 1 it is convenient to consider the n x n matrix M, (a,b) with
entries m; ;(a,b), 1 <1i,j < n, such that m, ; = 1if E, ; is involved in an (a, b) crossing, while
m;; = 0 otherwise. We let My, (p, ¢, 7, s) denote the (r —p+1) x (s — ¢+ 1) submatrix of
M,,(a,b) whose top left and bottom right elements are m,, ,(a,b) and m, s(a,b) respectively.

If n < 2a we obtain two disjoint submatrices of 1s. Consider, for example, the matrix
Ms5(3,1) shown below, in which the disjoint submatrices M,;(1,2,2,5) and Mg,(4,1,5,4)



of 1s can clearly be seen. In this case
N(a,b) = N(3,1)

=2(5-3)(5—1)
= 16.
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For n > 2a the submatrices of 1s overlap. For example, the matrix M;(3,2) is given
below. We can see the overlapping submatrices of 1s M,,(1,3,4,7) and Mg,(4,1,7,5). In
this case

N(a,b) = N(3,2)

=7-2.3.2

= 37.
0011111
0011111
0011111
1111111
1111100
1111100
1111100

Lemma 2. The number c(n) of crossings in a reqular drawing of the complete bipartite graph
K, , is given by

cn)= > (n—a)(n—>b)— > (n—2a)(n—20b).
1<a,b<n 1<2a,2b<n
ged(a,b)=1 ged(a,b)=1

Proof. This appears as one of the main results in [4], a full proof of which is given there. [J

With regard to notation, note that the first sum above is taken over all pairs (a,b) such
that 1 < a <n, 1 <b < n and ged(a,b) = 1, and that it is not necessary that b > a.
A similar comment applies to the second sum. The sequence {c¢(n)} appears in Sloane’s
On-line Encyclopedia of Integer Sequences [6] as entry A159065.



3 An exact formula for r(n)

Theorem 3. The number r(n) of regions in a reqular drawing of the complete bipartite graph
K, is given by
r(n)=(n—1°+ Y (n—a)(n—b).

1<a,b<n

ged(a,b)=1
Proof. The method of proof adopted here to enumerate r(n) is to browse a regular drawing
of K,,, from left to right in order to associate each region with a unique vertex or a unique
crossing, and then to use Lemmas 1 and 2.

First, by the construction of K, ,, each vertex Vj,,, m = 1,2,...,n, is associated with
the n — 1 regions emanating from it to the right. This contributes n(n — 1) to r(n). On the
other hand, the vertices Vi ,,, m = 1,2,...,n, have no regions emanating from them as we
browse from left to right.

Next, let us consider the regions associated with crossings. Note that, as we browse a
regular drawing of K, , from left to right, each region, other than those mentioned in the
previous paragraph, is associated with precisely one crossing. In other words, there is a
unique crossing at the leftmost point of each of these regions (it is of course possible for
several regions to share a particular crossing). This uniqueness is a consequence of the fact
that no edges in a regular drawing of K, , are vertical. Furthermore, other than for the
(n —1,1) crossings, each crossing of K, ,, has exactly ¢ — 1 regions emanating from it to the
right, where ¢ is the number of edges involved in that particular crossing. The (n — 1,1)
crossings, of which there n — 1, are the rightmost ones, each with abscissa ”T_l Each of these
crossings involves exactly two edges and has no regions associated with it; remember that
r(n) enumerates regions enclosed by K, ,. Thus, in order to obtain the number of regions
associated with crossings, we can sum the number of edges involved with each individual
crossing and then subtract both the total number of crossings and the number of (n — 1,1)
crossings.

Using the above, in conjunction with Lemmas 1 and 2, gives

r(n)=n(n—1)—cn)—(n—1)+ ZN(a,b)

1<a,b<n
ged(a,b)=1
=(n—17%= Y (n—a)(n—b)+ Y (n—2a)(n—2b)
1<a,b<n 1<2a,2b<n
ged(a,b)=1 ged(a,b)=1
- Z (n® —2ab+ f(a,b,n)), (1)
1<a,b<n
ged(a,b)=1

where f {a,b}
0, if n > 2maxqa,by;
fla,b,n) = { (n — 2a)(n — 2b), otherwise.



Note that

> flabn)+ > (n—2a)(n—2b) = > (n—2a)(n—2b). (2)
1<a,b<n 1<2a,2b<n 1<a,b<n
ged(a,b)=1 ged(a,b)=1 ged(a,b)=1

Then, from (1) and (2), we have

r(n) = (n— 1)+ Z (n® — 2ab — (n — a)(n — b) + (n — 2a)(n — 2b))

1<a,b<n
ged(a,b)=1

=(n—17%+ > (n—a)(n—b),
1<a,b<n
ged(a,b)=1

as required. O

The first few terms of {¢(n)} and {r(n)} are given in Table 1. At the time of writing,
the latter sequence does not appear on the website [6]. However, with a(n) as the nth term
of A115004, we have r(n) = a(n) + (n — 1)

1 2 3 4 5 6 7 8 9 10
¢n) |O 1 7 27 65 147 261 461 737 1143
0 2 12 40 96 204 368 634 1012 1544

Table 1: The number of crossings ¢(n) and regions r(n) in a regular drawing of K, ,.

By regarding each crossing of K, , as a vertex, a regular drawing of K, ,, induces a graph
G on 2n + ¢(n) vertices. The following corollary provides a formula for the number of edges
of G.

Corollary 4. The number of edges e(n) of G is given by

e(n) =n*+2 Z(n —a)(n—10) — Z(n —2a)(n — 20b).
1<a,b<n 1<2a,2b<n
ged(a,b)=1 ged(a,b)=1
Proof. Using Euler’s formula V + F' = E + 2 it follows that
2n+c(n) +r(n)+1=e(n)+ 2.
The stated formula for e(n) is then obtained by using Lemma 2 and Theorem 3. O

In Table 2 we see the first few terms of {e(n)}. As was the case with {r(n)}, this sequence
does not appear in [6].



n‘12345678910
e(n)‘l 6 24 T4 170 362 642 1110 1766 2706

Table 2: The number of edges e(n) of G.

4 An asymptotic formula for r(n)

Theorem 5.
3n?
r(n) ~ —

om?’

Proof. 1t is straightforward to show that

Using this, we obtain

(n—1)*+ Z(n—a)(n—b):(n—l)z—l—Zab

1<a,b<n 1<a,b<n

TL4

S —,

4

Now, since the probability that two numbers chosen at random from {1,2,3,

coprime tends to % as n increases without limit (see [1], for example), we have

n* 6  3n?
T T e

Corollary 6.
r(n)

— s —

c(n)

Proof. This follows on using Theorem 5 with the result ¢(n) ~ g%;l from [4].

as 1 — OQ.

Q| W~

...,n} are

]

It is interesting to compare this to the corresponding situation for a complete graph K,
formed from a regular n-sided polygon by drawing in all the diagonals. Exact formulas for
the number of crossings I(n) and regions R(n) in this case are given in [5]. The sequences

{I(n)} and {R(n)} appear in [6] as A006561 and A007678 respectively. Since

nt nt
I(n) ~ 21 and R(n) ~ o0
we see that
R(n)
—— =1 as n— o
I(n)



There would appear to be no simple geometrical explanation as to why, for large n,
there are approximately 4 regions for every 3 crossings in a regular drawing of K, ,. If
it were the case that the proportion of crossings comprising exactly two edges and the
proportion of regions that are triangular both tended to 1 as n increased without limit then
this would indeed provide a geometrical interpretation of Corollary 6. This is because every
such crossing sits at the corner of 4 regions, and every such region has 3 vertices. However,
it seems that the proportion of crossings comprising exactly two edges tends to some limit
L such that L < 1 and the proportion of regions that are triangular decreases with n.
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