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Define N = {1,2,3,...} and N = NU{0}. Let Q[z] be the polynomial ring over the rational
numbers Q. The Stirling numbers of the first and second kind are the connection coefficient
between power basis {"},,>0 and the falling factorial basis {(x) |, }n>0 where (z) [o=1 and
() lp=a(x—1)---(x—n+1) for n > 1. That is, the Stirling numbers of the first kind s,,
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Abstract

We define a generalization of the Stirling numbers of the first and second kinds
and develop a new rook theory model to give combinatorial interpretations to these
numbers. These rook-theoretic interpretations are used to give a direct combinatorial
proof that two associated matrices are inverses of each other. We also give combinato-
rial interpretations of the numbers in terms of certain collections of permutations and
in terms of certain collections of set partitions. In addition, many other well-known
identities involving Stirling numbers are generalized using this new model.

Introduction

are defined by the equation

and the Stirling numbers of the second kind S, ; are defined by the equation

n

(ZL’) ln: Z Sn,kxka

k=1

" = Z Sn() Lk -
k=1
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They are also defined by the recursions

Sn4+1,k = Snk—1 — NSnk (1~3)
where 5o =1 and s, = 0 if either £ < 0 or £k > n, and

Sna1k = On -1+ kSn i (1.4)

where Spo =1 and S, = 0 if either & < 0 or k > n. If we let ¢, = (—1)"*s,,, then the
Cn,i's satisfy the recursion
Cnylk = Cnj—1+ Nk (1.5)

where cpp = 1 and ¢, = 0 if either £ < 0 or & > n. There are several combinatorial
interpretations of the S, ;’s and ¢, ;’s. For example, S, is the number of set partitions
of {1,...,n} into k& nonempty parts and ¢, equals the number permutations o in the
symmetric group S, that have k cycles. The S, ;’s and ¢, ;s also have nice interpretations
in terms of rook theory. Let F'(0,1,...,n — 1) be a rook board whose columns heights are
0,1,...,n — 1 reading from right to left. Then S5, ; equals number of ways to place n — k
rooks on F'(0,1,...,n — 1) so that no two rooks are in the same row or column, and ¢,
equals number of ways to place n — k rooks on F'(0,1,...,n— 1) so that no two rooks are in
the same column.

The goal of this paper is to develop the combinatorics of what we call the poly-Stirling
numbers. Let p,,2° + pg,x*? + -+ 4 py,x* € N[z] where 0 < s; < s; whenever 7 < j. We

define the numbers sﬁfi) and Szf,f) by the following recursions, respectively:

s§f§> =1 and SZ(,? =0if k <0ork >n, and (1.6)

it = il ~ P O <k <nt Land n 20

and
ng;) =1 and Sﬁf,f) =0ifk<0ork >n, and (1.7)
S = P p(k)SPE 0 <k <n+1andn > 0.

(z)

If we replace s, with (—1)”"“(;&15?, then we have the recursion

cgfg) =1 and c’;(;j) =0ifk<0ork >mn, and (1.8)
n(ﬂk = Cfl(i)_l +p(n)ci(7? if0<k<n+1andn>0.

We will call the sequence of numbers in Equation (1.7) the poly-Stirling numbers of the
second kind for p(x), the sequence of numbers in Equation (1.6) the poly-Stirling numbers
of the first kind for p(x), and the sequence of numbers in Equation (1.8) the signless poly-
Stirling numbers of the first kind for p(z).

We develop a new rook theory model to interpret the numbers Sﬁf,f) and CZ(? We then use
this model to prove various identities for the poly-Stirling numbers. We also give alternative
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combinatorial interpretations of cfl(i) in terms of certain collections of permutations and Sﬁf,f)
in terms of certain collections of sets partitions. For example, we shall show that Sﬁ; is the
number of m-tuples of set partitions (P, ..., Pt™) of {1,...,n} into k parts such that the
set of minimal elements in the parts of P(® is the same for all 4. Similarly, we show that
(—1)" s is the number of m-tuples of permutations (oV, ... o™ of {1,...,n} into k
cycles such that set of minimal elements in the cycles of ¢ is the same for all .

It is also the case that for any p(z) € N[z, the matrices ||sﬁ(i)|| and ||Sﬁ(,f)|| are inverses
of each other. This follows from general inversion formula due Milne [4] or can be directly
verified by using recursions (1.6) and (1.7). We use our combinatorial interpretations the
Szf,f)’s and sflfi)’s to give a direct combinatorial proof of this fact.

The outline of this paper is as follows. In Section 2, we will develop a rook theory model
which we call m-partition rook boards. This allows us to give combinatorial interpretations
of the poly-Stirling numbers SZE:) and cﬁ(:) in the special case where p(x) = 2. We shall call
such poly-Stirling numbers 2 -Stirling numbers. We shall show that various simple identities
satisfied by the x™-Stirling numbers are just special cases of more general formulas for the
appropriate analogues of rook and file numbers for m-partition Ferrers boards. In Section 3,
we use the theory of m-partition boards to show that the matrices defined by the z™-Stirling
numbers of the first and second kind are inverses of one another. In Section 4, we will
generalize the results in Section 2 in order to discuss poly-Stirling numbers in full generality,
first describing the case where p(0) = 0 and then describing the case where p(0) # 0.

2 m-~Partition Boards & Rook Placements

Let B = F(by,by,...,b,) be a Ferrers board with column heights by, bs, . .., b,, reading from
left to right, where 0 < by < by < --- < b, are nonnegative integers. For any positive integer
m, we may define B, called the m-partition of B, to be the board B where each column
is partitioned into m subcolumns. We will define, for any board B, C(j)(B(m)) to be the j™*
column of B reading from left to right and C’(ZJ)(B(m)) to be the ['" subcolumn, reading
from left to right, of the j** column of B. Finally, the cell which is in the #** row from the
bottom of C; ;(B™)) will be denoted by ¢(t,1, j). An example of these types of boards can
be seen in Figure 1, where B = F(0,1,3,4,4) and m = 2.

Garsia and Remmel [1] define two kinds of rook placements in the board B™): nonat-
tacking placements and file placements. We let Ny () (B (m)) denote the set of placements of
mk rooks in B such that the following three conditions hold.

i.) If any subcolumn C(; iy(B™) contains a rook, then for every 1 < [ < m, the subcolumn
(4,9)
C(l,j)(B(m)) must contain a rook. That is, if any subcolumn of the j* column contains
a rook, then every subcolumn of the j** column must contain a rook.

(ii.) There is a most one rook in any one subcolumn.

(iii.) For any 1 < [ < m and any row ¢, there is at most one rook in row ¢ that lies in
a subcolumn of the form C’(ZJ)(B(m)). That is, there is at most one rook in the [*"
subcolumn of any column.



c(3,24)

(2)
C,{B")

(1,2

Figure 1: The board B®, with B = F(0,1,3,4,4).

We shall call an element of Nkv(m)(B(m)) a nonattacking placement of mk rooks in B™,
Another way to think of nonattacking rook placements is that as you place rooks from left
to right, each rook r that lies in a cell ¢(t, [, j) cancels all the cells in the same row ¢ that lie
in subcolumns corresponding to [ to its right. Then a placement of rooks satisfying (i) and
(ii) above is a placement of nonattacking rooks if no rook lies in a cell which is canceled by
another rook to its left. For example, on the left in Figure 2 we have pictured a nonattacking
rook placement P € Nk7(m)(B(m)) where B = F(0,1,3,4,4), m = 2, and k = 2. Here we
denote each rook by an “X” and we have placed dots in the cells that are canceled by these
rooks. Note that since rooks only cancel cells that correspond to the same subcolumn, we
do allow the possibility of having rooks in the same row in a given column.

We let Fy, () (B™) denote the set of placements of mk rooks in B™) such that the
following two conditions hold.

(i.) If any subcolumn C(; ;(B'™) contains a rook, then for every 1 <1 < m, the subcolumn
C(.5(B™)) must contain a rook.

(ii.) There is at most one rook in any subcolumn.

We call such placements file rook placements. For example, on the right in Figure 2 we have
pictured a file placement Q € ]:k,(m)(B(m)) where B = F(0,1,3,4,4), m = 2, and k = 2.
We then define
rk,(m)(B(m)) = |Nk’(m)(B(m))| and

Sy (B™) o= | Fp oy (BM™)],

and we call 7y, () (B™) the k'™ m-rook number of B and fy () (B™) the k™" m-file number
of B,

Next we shall prove some basic properties of the m-rook numbers and m-file numbers for
Ferrers boards. First we show that these numbers satisfy some simple recursions.

Theorem 2.1. Suppose that B = F(by,...,b,) and B = F(by,...,b,,b,1) are Ferrers
boards. Then for all0 < k <n+1,

P (B™) = 1y (BT™) + (bt — (k = 1)) 7,y (B™) (2.1)

4



| | |
I I I
I I I
I I I
: : :
X ° X X
I I I
: : :
I I I
I I I
I I I

I I
X1X|® ° |
I I

Figure 2: Nonattacking and file rook placements in the board B®), with B = F(0,1, 3,4, 4).

and
Femy (BT = iy (BU™) + 071 froi (my (BT™). (2.2)

Proof. For (2.1), we will classify the nonattacking rook placements Nkﬁ(m)(B(m)) according
to whether they have rooks in the last column. That is, if P € N}, () (B™) has no rooks
in the last column, then P can be viewed as an element of N () (B™) so that such rook
placements are counted by 7y () (B™). If P € N, () ((B™) has rooks in the last column,
then let P* denote the rook placement in qu,(m)(B (m)) that results from P by removing
all the rooks in the last column. Now if we are given such a P*, we claim that there are
(bps1 — (k — 1))™ ways to extend P* to a rook placement in Ny ) (B™). That is, in each
subcolumn C(; 41, there will & — 1 cells which are canceled by rooks in P*. Thus, we have
bny1 — (k — 1) choices of where to put a rook in C 1) to extend P*. It follows that the
number of nonattacking rook placements in Nj, () (B (m)) that have rooks in the last column
is counted by (b1 — (k — 1))™7p_1,(m) (B™).

The recursion (2.2) can be proved in the same way. That is, fh(m)(B(m)) counts those
file placements in fk,(m)(B (m)) that have no rooks in the last column. If Q* is file placement
in F—1,(m)(B™) which has no rooks in the last column, then there are b, ;| ways to extend
Q* to a rook placement in Fk,(m)(f} (m)) by adding rooks in the last column because for file
placements, there are no restrictions on where we can add rooks in any subcolumn C(; ;4 1).
Thus, the number of file placements in Fk,(m)(];’(m)) that have rooks in the last column is
counted by 0™, fr—1,(m)(B™).

O

2.1 m-Partition Boards & x""-Stirling Numbers

Now we consider the special case of the poly-Stirling numbers where the polynomial p(z) =
™. In such a case, we shall refer to such numbers as z™-Stirling numbers. In particular,
the x™-Stirling numbers of the first kind, sflt};, are defined by the following recursions:

sto=1land s, =0ifk<0ork>n and (2.3)

Sﬁm = sf:,;_l — nmsfltr,:, if0<k<n+1andn >0.
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We now define s7, = (—1)""*c. ;. Thus, the integers ¢, called the signless =™ -Stirling
numbers of the first kind, satlsfy the recursions:

cto=1land ¢, =0if k<Oork>n and (2.4)
Cf—zl,k = cf:,;_l + nmcﬁtz if0<k<n+1andn>0.

Finally, the ™-Stirling numbers of the second kind, Sn ., satisfy the following recursions:

S(‘)”O:landSﬁk—Oifk<Oork>n and (2.5)
n+1k—S$k 1+kmSmk1f0<kz<n+1andn>0

Now if we let B = F(0,1,...,n—1) and B = F(0,1,...
we see that

,n—1,n) in Theorem 2.1, then

Pr1—k,(m) (B™) = P b=1),(m) (B™) 4 K™ 7 () (BT™) (2.6)
and B
Fott—kom)(B™) = o ety omy (B™) + 0™ g oy (B™) (2.7)

Thus, we have the following theorem which gives our promised rook theory interpretation
for the x™-Stirling numbers.

Theorem 2.2. Let m € N and B= F(0,1,...,n—1). Then

S = Takm) (B™), (2.8)
Cit?;c = fnfk,(m) (B(m)), (29)

and
st = (=1 fugo (my (B™). (2.10)

It follows from a general inversion theorem of Milne [4] that the ™-Stirling numbers of the
first and second kind are inverses of each other. We will use our rook theory interpretations
of the 2™-Stirling numbers to give a direct combinatorial proof of this fact in the next section.
Moreover, notice that when m = 1, then the 2™-Stirling numbers defined here match exactly
with the standard notion of Stirling numbers of the first and second kind. In the case where
m = 2, these numbers are discussed in both Riordan [5] and Stanley [6] where they are
referred to as triangle central factorial numbers.

Next we shall prove two general product formulas for m-rook and m-file numbers. These
formulas will then be specialized to give the analogues of (1.1) and (1.2) for the 2™-Stirling
numbers.

Theorem 2.3. Let m € N, n € N, 2 € R, and suppose that B = F(by,by,...,b,) is a
Ferrers board. Then

H(xm +0;") = Z Fokmy(B™) (™)*. (2.11)



Figure 3: An example of the board Bé2), with B = F(0,1,3,4,4), along with a corresponding
example of a file placement.

Proof. We will prove that this result holds for the case where x is any nonnegative integer.
The stated result then follows as a corollary to the Fundamental Theorem of Algebra.

Given a positive integer m, we define the board Bém) to be the board B™ with z rows
appended below, each with n columns partitioned into m subcolumns. We refer to this part
of the board as the z-part and the part that corresponds to B will be called the upper
part of B;E«m). We will say that these two parts are separated by the high bar. An example
of this type of board can be seen in the lefthand side of Figure 3, where B = F'(0,1,3,4,4),
m = 2, and z = 5. For B™ , we will label the cells in the upper part of this board exactly
as we would in the board B . For the z-part of Bém), we will label the rows, from top to
bottom, with 1,2, ..., z. If a rook r is placed in column C’(l,j)(Bém)) in the z-part in the row
labeled with ¢, then we say that r lies in the cell ¢, (3,1, j).

We let fn’(m)(Bg(cm)) denote the set of all placements of mn rooks in B such that the

following two conditions hold.
(i.) There is a rook in every subcolumn.

(ii.) If any of the m rooks placed in a given column lie above the high bar, then all m rooks
in that column must lie above the high bar.

We call this type of placement a file placement in B™.

placement can be seen in the righthand side of Figure 3.

Given x € N, we count the number of file placements in B{™ in two different ways. First,
see that for each i, we have 0" ways to place the m rooks above the high bar and 2™ ways
to place m rooks below the bar in column . Thus, we have []"_ (2™ 4 b]") file placements

An illustration of this type of

of mn rooks in B™. On the other hand suppose that we fix a file placement Q of m(n — k)
rooks in B . Then we can count the number of ways to extend Q to file placement of mn
rooks in B{™ by adding rooks below the bar in each of the k£ columns that have no rooks.
There are x™ ways to place the rooks below the high bar for each such column. Thus, the



number of file placements of mn rooks in B™ is

Y @ =Y BT

k=0 Qefnfk,(m) (B(m))
[l

Note that in the special case of Theorem 2.3 where B = F'(0,1,...,n — 1), we see that
(2.11) reduces to

n

[[@™+6@—-nm E:cnk . (2.12)

i=1
Since Theorem 2.3 shows that (2.12) holds for all integers > 0 and (2.12) is a polynomial

identity if follows that (2.12) holds for all z. If we replace ™ by —z™ in (2.12) and then
multiply by (—1)", the we obtain the following corollary.

Corollary 2.4. For m € N and n € N°,

H(x (t—1)" ank : (2.13)

Next we prove a product formula for m-rook numbers.

Theorem 2.5. Let m € N and n,z € N and suppose that B = F(0,1,2,...,n—1). Then

n

(@™)" =)k (B™) 2™ (@™ = 1) (2™ = (k= 1)™). (2.14)

k=0

Our proof will be a modification a general product formula proved by M. and Remmel

[3]. Given B, m, and z, we will construct an augmented board By’ (™) First we start
with the board B™. Then B2"™ is formed by adding columns of heights 0, 1 -1,
reading from left to right, that c0n81st of m subcolumns below the z-part of B We call

the extra cells that we added to B{™ to form BZ"""™ the lower augmented part of B (m)
and call the line that separates the z-part and the lower augmented part of B2*™ the low
bar. For example, we have pictured such an augmented board on the left in Figure 4, where
B=F(0,1,3,3,4), m =2, and z = 3.

Next we define the set of nonattacking rook placements, N, () (Bz ™)) " of mn rooks

in B2 to be the set of placements P in B2*9(™ such that the following three conditions
hold.

(i.) There is at most one rook in each subcolumn.

(ii.) For any given column C(;)(Bz"" (m))

the high bar, below the low bar, or in the x-part of B;

either all m rooks in that column are placed above
aug, m)

(iii.) No rook lies in a cell which is canceled by another rook.

8
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Figure 4: An example of the board Bg"” @ with B = F(0,1,3,3,4) along with a corre-
sponding example of a nonattacking rook placement.

Here rooks that are placed in either the z-part or the lower augmented part of By o\ (m)

do not cancel any cells; however, rooks placed in the upper part of Baug ) do cancel cells.
If a rook r is placed in a cell ¢(¢,1,j) in the upper part, then r will cancel all the cells in
B™) of the form c(t, s, j) for s > I plus the lowest cells in the lower augmented part in the
subcolumn C' ;) for s > [ that have not been canceled by a rook that lies in subcolumn Cf,, ;)
of B to the left of . To better illustrate this cancelation, we have pictured an element of
N m) (B2 (™)) in the righthand side of Figure 4. We have placed dots in those cells that
are canceled by the rooks in column 2 and %’s in the cells that are canceled by the rooks in
column 4. The other rooks do not cancel any cells.

Finally we define the weight of a placement P € N, () (Bz” )y Cw(P), to be (—1)a®)
where la(PP) equals the number of columns in P which contain rooks which lie in the lower

augmented part of By 2u9:(™) e are now in a position to prove the previously stated theorem.

Proof. We claim that (2.14) arises from two different ways of computing the sum

> w(P). (2.15)

]PGNn (m)( Bz (m))

First we see that in column 1, there are 2" ways to place m rooks, and thus for the second
column, we have no canceled cells Hence there are 1™ ways to place m rooks above the high
bar, "™ ways to place rooks in the z-part of B2*%™ and 1™ way to place a rook below the low
bar. Thus the sum of the weights of the rooks in the second column is 1" +2™ —1" = 2™. In
general, if we have placed rooks in columns Cy) (Bﬁ”g’(m)), e C(t,l)(Bgug’(m)) where exactly
s of the columns have rooks above the high bar, then there will be ¢ — 1 — s uncanceled



cells above the high bar and ¢+ — 1 — s uncanceled cells below the low bar in subcolumn
Cun (B (™). Then in column ¢, there are (£ — 1 — s)™ ways to place m rooks above the
high bar, 2 ways to place m rooks in the z-part, and (¢ — 1 — s)™ ways to place m rooks
below the low bar. In such a case, the weights of the rooks in the ¢ column will contribute
(t—1—8)"+a2™—(t—1—5)" =2™ to (2.15). It then follows that

(z™)" = > w(P).

PeNn (m)( auq (m))

Now suppose that we fix a placement IP of m(n— k) rooks in B™). Then we Want to count
the number of ways extend P to a placement in AV, ) (B2"*™). Let Cu) (B B3"9™) be the ith
column, reading left to right, which has no rooks in that column. By constructlon, ti =1so
that there are ™ ways to add rooks below the bar in column C,(Bz"" (m)) For 1 <i <k,
there will be ¢; — (i — 1) columns to the left of C,)(Bz" (m ) which have rooks above the
high bar and these rooks will cancel ¢; — (i — 1) cells in each subcolumn of C,(Bz" (M) i
the lower augmented part of the Be"*™ . Thus, there will be t; — (; — (i — 1)) = (i — 1)
uncanceled cells in each subcolumn of C(,)(Bz" ™)) in the lower augmented part of the
B’wg . We then see that if we sum the Welghts over all possible ways to place the m rooks

in column Clup (B2 ™Y we will get 2™ — (i — 1)™. Tt follows that

> i S S G G R G R i
PEN,, (m)( Bavg: (m)) k=0 PENn—k,(m)(B(m))

n

= Zrn_k,(m)(B(m)) ij(]?m — 1m) R (ZEm _ (/{? i 1)m)

]

We note that it is possible to prove formulas which are similar to (2.14) for any Ferrers
board F(by,by,...,b,). That is, the author and J. Remmel [3] developed a rook theory
model which allows one to prove more general product identities in rook theory. Suppose
we are given any two sequences of nonnegative integers B = {b;}?_; and A = {a;}",, and
two functions, sgn,sgn : [n] — {—1,+1}. Let B = F(by,ba,...,b,) be a skyline board. M.
and Remmel’s a rook theory model is defined with an appropriate notion of rook numbers
rr(B, A) such that the following product formula holds:

n n k

[ +sen(i)b:) = > roi(B. B, A) H v+ Y sgi(s)a,). (2.16)

i=1 k=0 =1 s<j

Thus by replacing = by ™ and picking A and B appropriately, we can obtain identities of

the form -
H ™+t Zrn k(B,A) H(a:m — ™), (2.17)
i=1 Jj=0

10



of which (2.14) is a special case. (The m-rook theory model presented in this paper suffices to
develop the rook-theoretic interpretations for the poly-Stirling numbers, although the more
general rook theory model found in M. and Remmel [3] is more complicated.)

Theorem 2.5 yields the following corollary involving the Sﬁj;’s

Corollary 2.6. For m € N and n € N°,
)= S (@™ =1 (a7 = (k= 1)), (2.18)
k=0

Another simple identity satisfied by the 2™-Stirling numbers of the second kind, which
is a generalization of a well-known formula, is the following.

Theorem 2.7. For any k > 1,

2 S = T ) (2.19)

n>k

Proof. Let ¢(t) = 3,5, Seyt". From our combinatorial interpretation we see that the only
way to place (n — 1)m rooks in B'™ where B = F(0,1,...,n — 1) is to place every rook at
the top of its column. Thus 7} = 1 for all n and hence ¢, (t) = 755 Then we know that

a
or(t) = > S

n>k

= Z(Sz:nl,k—l + kmsﬁfl,k)t"
n>k

= Z Dt Z KT it
n>k n>k

= tép1(t) + KM tu(t).

Thus, ¢x(t) = mqﬁk_l(t), and our result follows by induction.
]

2.2 Set and Cycle Structure Interpretations of x"-Stirling Num-
bers

Stirling numbers are intimately related to set partitions and cycle structures. We will show in

this section that x™-Stirling numbers have combinatorial interpretations relating to m-tuples

of set partitions and cycles.
Let [n] :== {1,2,3,...,n}. For m > 1, let P(m) (P(l) P®@ .. P™) be an m-tuple of

unordered set partitions of [n]| into k parts and H = {P \ the parts of P, and P; have

the same minimal elements for every 1 <i < j < m}. We set H((),o = {0}.
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Theorem 2.8. Let n be a nonnegative integer and let m € N. Then Sj’{j; = |H$ZW,L€)\ for every
0<k<n.

Proof Fix m € N. First we note that |H m)| = 0 whenever k < 0 or k > n, and I = {0},
S0 |H |—S”CO =1. Forn=1, |17} |—S$O =0 and |l_[11\—59‘*’1 _1s1nceH(1) is just
the m tuple ({1} S A{1}). Proceedlng by induction, we will pick n > 1 and assume that
|H |—Sx forevery0<k:<n

Suppose that P +1 k€ H;H p- If {n+1} is in a part by itself in P®) € P(Jrl i» then {n+1}

is in a part by itself in PU) e P(Jrl p forevery 7 = 1,2,...,m. Thus, we can transform an
m-tuple Pr(:Z) L PT(LZ . by adding the part {n+1} to every partition of pm k .- Similarly, if

{n+1} is not in a part by itself for some P®) € P(Tl .» then {n+1} is not in a part by itself
in any PY) ¢ Pfﬁik for j =1,2,...,m. Thus, we can transform an m-tuple Péy ™, Pé& k
by adding n + 1 to any of the k parts of each partition in PXZ), of which there are k" ways
of doing this.
Thus,
L2l = L |+ k)
= ST kST

ﬁ-"ﬁl,k-

O

As an example of this type of object, notice that we can compute S§22) = 5, and thus

there are the following five elements in the set H§22) That is, there are five pairs (2-tuples)
of set partitions of {1,2,3} into 2 parts such that every pair in the partition has common
minimal elements. Specifically,

({13{2,3}, {1}{2,3}),
({13{2,3},{1,3}{2}),
({1,33{2}, {1}{2,3}),
({1,33{2}, {1, 3}{2}),
({1, 2343}, {1, 2}{3}).

For m > 1, let C n;; = (0(1), o@ ... o) be an m-tuple of permutations of [n] with k
cycles and define Qi k = {C | the cycles of 0 and ¢/ have the same minimal elements
for every 1 <i < j < m}. Set Q(m) = {0}.

Theorem 2.9. Let n be a nonnegative integer and let m € N. Then c k = |Q | for every
0<k<n.

12



Proof. Fix m € N. First we note that |Q m)| = 0 whenever k < 0 or k > n, and Qoo = {0},
S0 ]9070 | =cfy =1. Forn =1, \Qlo | =¢fy = 0and |Q11 | = ¢f] = 1 since 911 is just
the m-tuple ((1), (D). Proceedmg by induction, we will pick n > 1 and assume that
|Q7(:;”€)] = ¢, for every 0 < k < n.

Suppose that C(Jrl i € Qo If (n+1)isacyclein C; € CfM 4> then (n+1) is a cycle in

ni, k
;e +1 , for every j =1,2,...,m. Thus, we can transform an m-tuple Cfln,z) L CT(LT1 N
by adding the cycle (n + 1) to every collection of cycles of C\" (m k 1 Slmllarly, if (n+ 1) is not

a cycle for some C; € C’nT)l ., then (n+1) is not cycle in any C; € C'nJrl pforj=1,2,.
(m

Thus, we can transform an m-tuple C’,(Ln,? — C +1 & by inserting n 4+ 1 immediately after one

of the elements in each of the cycle structures in C k , of which there are n™ ways of doing
this.
Thus,

QU =190+ el
= ch;_l+nmcijz

o ™M

Cn+1,k‘

3 A Combinatorial Proof That ||S kHHsnkH =1

In this section, we will use our combinatorial interpretations of the z™-Stirling numbers of
the first and second kind to give an involution-type combinatorial proof of the fact that

1S llsmill = 1.

Theorem 3.1. The lower triangular matrices defined by ||SZ || and ||s2]| are inverses of
one another.

Proof. Consider the sum

k
ank: k,] (31)

k=0 7=0
By definition, %, = (—1)""*¢!",, so we have
n k
)=
> (—1)FsEe. (3.2)
k=0 j=0

Now, we can think of this sum as representm% a certain weighting over pairs of rook
placements (U, V) € (N (m) (BT, Fij.om) ( . Specifically, if for any Ferrers board

13



B we define w(U) = (1)¥ = 1 for every U € Ny (m)(B) and w(V) = (—1)* for every
V' € Fi,(m)(B), then (3.2) becomes

n k

> w(U)w(V). (3.3)

F=0 =0 (U V)EW, -k (my (BE™) Fie oy (BL™)
We now consider the involution / with the following properties:

(i.) If for (U, V) € (N (m)(BU™), Fij oy (By, B!")) U has m rooks in its last column, then
IU,V)=(U"V") € (Nn-k_l,(m)(Bﬁlm ),Fk_j,(m)(B,ﬁ’ﬁ)l)), where

a. U* is the placement U with the rooks in the last column removed, and

b. if U had a rook in C(; ) in the w' available cell, after cancelation, from the bottom

of the board B(m) then V* is the placement V' copied into the larger board, B,(:j:l,

with a rook placed in the cell ¢(w,(, k) of Bk+)1.

(ii.) If for (U*,V*) € Ny p1,m)(BY™), Frjin, (m)(Bl(:i)l)), U* has no rooks in its last
column but V* does, then we reverse the above step.

(iii.) If for (U, V) € (Nok.(m)(B™), Fij my(BI™)) meither U nor V has m rooks in the
last column, then remove the minimum number of columns, s, from both boards such
that at least one of the two placements remalmn now has m rooks in the last column.
We now have a new pair (U, V) € (Na—k,(m)( )s Fr—j,om) (B ;ms)) We now repeat

the above steps of I on (U, ‘7) to get a pair (U*7 V*). We then add s empty column
back to each board.

An example of parts 1 and 2 of the involution can be seen in the lefthand side of
Figure 5, where both (U,V) and (U*,V*) are shown. In this figure we have (U, V) €
(No) (BE), Foy(BYY)), and (U*,V*) € (M) (BY), Fa 3 (BYY)). In the righthand side
of Figure 5, an illustration of the third part of our involution is shown. Here (U,V) €
(NQ,(g)(ng)), .7:2,(3)(B§3))) with neither containing a rook in the last column, but V' contain-
ing rooks in the second column from the right, that is, s = 1. Once we remove the last
column of each board, we get new placements (U , V) and from there, since V contains rooks
in its last column, we can invoke part 2 of I to give us (U ", V*) We now add one empty
column back to each board to complete the involution.

It is clear from [’s definition that I(I(U,V)) = (U,V). Moreover, if w(U)w(V) = +1,
then w(U*)w(V*) = —1 and also if w(U)w(V) = —1, then w(U*)w(V*) = +1, thus [ is a
sign-reversing involution. We can now see, through I, that unless I(U,V) = (U, V) each
pair of placements will have a counterpart (U*, V*) such that w(U)w(V) +w(U)w(V*) = 0.
Thus,

n k

> > w(U)w(V).

F=0 020 wvye_ g gy BE™)Fij (my B
1UV)=(UV)
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T

Figure 5: An example of Parts 1 and 2 of the involution I on the left side and an example
of Part 3 on the right.

However, the only fixed points of I are those placement pairs which have no rooks in either

placement. So, for a fixed n, k must equal n and j must equal k, or equivalently, w(U)w (V) =

(=D =1=x(n=j).
O

4 Poly-Stirling Numbers

4.1 Notation

In this section we wish to generalize the rook model setting of m-partition boards discussed
in Section 2. Throughout this section, we shall fix a Ferrers board B = F'(by, by, ..., b,) and
a polynomial p(z) = ps, ™ + pe,x** + - - 4 p,,@% € N[z], with 0 < s; < s; for all i < j. We
will then define a set of y m-partition boards B(p(x)) := {BtV, B¢2) . BGw)} where B
is a degenerate board with n columns. The best way think of B(®) is that this board contains
special columns of height 0 into which we allow rooks to be placed, and a more detailed
description of the placement rules for such boards will be given in a subsequent section. We
will call B(p(x)) the polyboard associated with B and p(x), and we will refer to the board
B©2) as the 2" subboard of B(p(x)). In Figure 6, we see an example of a polyboard where
B = F(1,2,3,5,5) and p(z) € N[z] is of the form py + p1z + pez?. Note that the coefficients
of p(z) are irrelevant when constructing B(p(x)).
We wish to consider rook placements in these polyboards, and so we first define C;) (B(p(z)))

to be the j™ column of B+, and we will refer to the collection of the j™ columns of the
y boards in B(p(x)) to be the j7 column of B(p(z)), denoted by C(;)(B(p(z))). We also
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Figure 6: An example of the polyboard B(p(z)), with B = F(1,2,3,5,5) and p(x) = py +
Pt + pox®.

let C7 ;) (B(p(z))) be the I subcolumn of the j* column of B=). If a rook r is placed in
column CF ;,(B(p(x))) in the t" row from the bottom of B®2)| then we say that r lies in
the cell ¢(z,¢,1, j). As a convention, we will say that CF ;,(B(p(z))) lies to the right (left) of

C(le,’j,)(B(p(x))) whenever j > j' (j < j'), and accordingly, we will refer to the rook which
lies in the leftmost column of B(p(x)) as the leftmost rook in the board.

4.2 Poly-Rook & Poly-File Numbers

Given B(p(z)), we shall define both nonattacking and file rook placements in the polyboard.
This is best done by analyzing two different cases: p(0) = 0 and p(0) # 0. We begin by
studying the case where p(0) = 0, that is, our polyboard has no degenerate board.

4.2.1 CaselI: p(0)=0

We now consider placements of nonattacking rooks in B(p(x)). These are placements of
rooks such that the following two conditions hold.

(i.) if any rook is placed in the j* column of a subboard, then that may be the only subboard
which contains a rooks in its j** column, and

(ii.) within any particular subboard, the nonattacking placement rules from Section 2 apply
to that board.

We shall call such a placement of rooks into B(p(x)), in which &k columns total among all of
the subboards of B(p(x)) contain rooks, a k-placement of nonattacking rooks in B(p(z)). In
such a k-placement, cancelation will occur in the following manner:

(i.) If r is the leftmost rook placed in the j* column of the 2" subboard of B(p(z)), then r
cancels as described in Section 2 within the z** subboard. The rook r will also cancel
the lowest cell in each subcolumn to its right in every other subboard in the board
B(p(x)), and every cell in the j* column of all other subboards.

(ii.) If o is any other rook which has been placed in the w'* subboard of B(p(x)), then 7/
cancels as described in Section 2 within the w* subboard. The rook 7’ will also cancel
the lowest cell in each subcolumn to its right, which has not yet been canceled by a
rook to its left, in every other subboard in the board B(p(x)), and every cell in the j
column of all other subboards which has yet to be canceled by a rook to its left.
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Figure 7: An example of a nonattacking k-placement in the polyboard B(p(x)), with B =
F(1,2,3,5,5), k = 3, and p(x) = piz + psa®.

An example of such a placement and the corresponding cancelation can be seen in Figure 7,
where B = F(1,2,3,5,5), k = 3, and p(x) = pyz + p3x3. In this figure, a cell labeled with
an “¢” has been canceled by the rook labeled as “X;”.

We also consider file placements in the polyboard. These are placements of rooks such
that the following two conditions hold.

(i.) if any rook is placed in the j'* column of a subboard, then that may be the only subboard
which contains rooks in its j* column, and

(ii.) within any particular subboard, the file placement rules from Section 2 apply to that
board.

For these placements, any rook which is placed in the j** column of a subboard will cancel
all cells in the j** columns of all other subboards. An example of this type of placement can

be seen in Figure 8, where again B = F(1,2,3,5,5), k = 3, and p(z) = p1x + psz®.

4.2.2 Case II: p(0)#0

We now consider the nonattacking and file placements of rooks in B(p(z)) in the case where
our polynomial p(x) € N[z] has a nonzero constant term. For nonattacking configurations,
the same placements rules apply as in the case where p(0) = 0, and we will call such a
placement of rooks into B(p(z)) in which &k columns of B(p(x)) contain rooks a k-placement of
nonattacking rooks in B(p(x)). The difference between these two cases lies in the cancelation,
which is described here:

(i.) Suppose a rook r is the leftmost rook placed in the C(;(B(p(x))).
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Figure 8 An example of a file k-placement in the polyboard B(p(x)), with B =
F(1,2,3,5,5), k = 3, and p(x) = prz + psa®

a. If r is placed in the j* column of the board B, it cancels no cells in B® and it
cancels the lowest cell in each subcolumn to its right in each of the other boards.
It will also cancel every cell in the j column of every other subboard of B(p(z)).

b. If r is not placed in the board B, it cancels only the cell in the j* column in
B and among the remaining boards it will cancel as described in the case where

p(0) = 0.

(ii.) Suppose 7' is any other rook which has been placed in the C) (B(p(z))).

a. If 7/ is placed in the board B it cancels no cells in B and it cancels the lowest
cell in each subcolumn to its right, which has yet to be canceled by a rook to its
left, in each of the other boards. It will also cancel every cell in the i"® column
of every other subboard of B(p(x)) which has yet to be canceled by a rook to its
left.

b. If 7/ is not placed in the board B it cancels only the cell in the i*" column in
B and among the remaining boards it will cancel as described in the case where

p(0) = 0.

An example of such a placement and the corresponding cancelation can be seen in Figure 9,
where B = F(1,2,3,5,5), k = 3, and p(x) = po + p1x + p3x>. In this figure, a cell labeled
with an “/” has been canceled by the rook labeled as “X;”.

We also consider file placements in the polyboard. These are placements of rooks such
that the following two conditions hold.

(i.) If any rook is placed in the j* column of a subboard, then that may be the only
subboard which contains rooks in its j** column.

18



T 77
3 Dl 13
T 1
3 Mabs| 133
———————
o
Xo| 2] -
1 3 3 11122222222
- — — | | 1
| ‘X1l 2| 3 | 1 1 1 1 L 11111111111:1:111111
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Figure 10: An example a file k-placement in the polyboard B(p(x)), with B = F'(1,2,3,5,5),
k=3, and p(x) = po + p1x + psa®.

(ii.) Within any particular subboard, the file placement rules from Section 2 apply to that
board.

For these placements, any rook which is placed in the j** column of a subboard will cancel
all cells in the j** columns of all other subboards. An example of this type of placement can
be seen in Figure 10, where again B = F(1,2,3,5,5), k = 3, and p(z) = po + p1x + p3a’.

Now, given any p(z) € Nz|, we let N, ) (B(p())) denote the set of colored nonattacking
k-placements in the polyboard B(p(z)) such that that the following two conditions hold.

(i.) The rooks placed in the columns of B(*=) are colored with distinct colors, ¢, ...  Cps., -

(ii.) If any rook placed in the j* column of a subboard is colored with color ¢,, then every
rook placed in the j** column must be colored with ¢, as well.

We also define Fj, ) (B(p(x))) to be the set of colored file k-placements in B(p(x)) under
the exact same coloring conditions as Ny p() (B(p(x))).
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We then define
Thp@) (B(P(2))) = [Nip@ (B(p(z)))] and

Jep@)(B(p(2))) = [Frpa) (B(p(x)))];

and we call 7y ) (B(p(z))) the k™ poly-rook number of B(p(z)) with respect to p(z) and
frp) (B(p(x))) the k™ poly-file number of B™ with respect to p(x).

Next we shall prove some basic properties of the poly-rook and poly-file numbers for
polyboards. We begin by showing that these numbers satisfy some simple recursions.

Theorem 4.1. Suppose that B = F(by,...,b,) and B = F(by,...,b,,b,1) are Ferrers
boards and let p(x) € N[z]. Then for all0 <k <n+1,

Thp(a) (B(P(2)) = Thp(a) (B(p(x))) + plboga — (B = 1))7s—1p0) (B(p())) (4.1)
and

Fra@)(B(p(x)) = frp@)(B(P(x))) + pOns1) fitpw) (B(p(2)))- (4.2)

Proof. For (4.1), we classify the colored nonattacking k-placements in N ) (B(p(z))) ac-
cording to whether they have rooks in the last column. That is, if P € N ) (B(p(2))) has
no rooks in the last column, then PP can be viewed as an element of N, () (B(p(z))) so that
such rook placements are counted by 7y ) (B(p(x))). If P € N ) ((B(p(x))) has rooks in
the last column, then let P* denote the rook placement in J\/’k_Lp( )(B(p(z))) that results
from P by removing all the rooks in the last column. Now if we are given such a P*, we claim
that there p(b, 11 — (k— 1)) ways to extend P* to a rook placement in Ny ) (B(p(x))). That
is, in each subcolumn C(; 41, there will & — 1 cells which are canceled by rooks P*. Thus
we have b1 — (k—1) ch01ces of where to put a rook in C(;;,41) to extend P*. It follows that
the number of colored nonattacking rook placements in Nj, () (B(p())) that have rooks in
the last column is counted by p(bn41 — (k — 1))rk—1p0) (B(p(x))).
Showing that recursion (4.2) holds can be proved in a similar fashion.
[

It is also worth noting here that Theorem 2.1 follows directly from this theorem by letting
p(z) = 2™ for m € N.

4.3 Polyboards & Poly-Stirling Numbers

We return to the various types of poly-Stirling numbers defined by Equations (1.6), (1.7),
and (1.8) in Section 1. In particular, the poly-Stirling numbers of the first kind with respect

to p(x), s P%) are defined by the following recursion:

nk’

sg(g)—landsﬁfi):Oifk<Oork>n and

e = Shils P 0 <k <ntTandn 2 0.

20



We now define SZE? = (—1)”_’“621 Thus, the integers ¢’ i » called the signless poly-Stirling
numbers of the first kind with respect to p( ), satisfy the recursion:

cgfg) adcfl(k:Olfk:<Oork>n and
Ci(icikzci() +p(n )cfli) if0<k<n+1andn>0.

Finally, the poly-Stirling numbers of the second kind with respect to p(z), Sg(k), satisfy the
following recursion:

Sg(éc)zland5£(,f):0ifk<00rk>n and
SH) =S+ p(k)SPY 0 <k <n+1andn > 0.

Now if we let B = F(0,1,...,n—1) and B= F(0,1,...,n — 1,n) in Theorem 4.1, then
we see that

Pt kp(@)(B(P(T))) = Tng1-kp(a) (B(0(2))) + p(k) i p) (B(p(2))) (4.3)
and

Fri=kp(@) (B(0(2))) = fasi-kp@) (B((x))) + p(1) fatp@) (B(p(x))). (4.4)

Thus, we have the following theorem which gives our promised rook theory interpretation
for the poly-Stirling numbers.

Theorem 4.2. Let B= F(0,1,...,n—1) and let p(x) = N[z]. Then

St = Pkt (B(p(@))). (4.5)
A = Fabp)(B(p(@)), (4.6)
and
) = (1) fu ) (B(p(2))). (4.7)
Corollary 4.3. Given p(x) € N[z], ||5£(Z)H _ ||5‘ZS§)H_1-

It is again a direct result of general inversion theorem due to Milne [4] that the matrices
formed by poly-Stirling numbers of the first and second kind are inverses of each other;
however, we could use our rook theoretic interpretations to give a direct combinatorial proof
of this fact using an involution similar to the one given in the proof of Theorem 3.1.

Next we shall prove two general product formulas for poly-rook and poly-file numbers.
We will first define two rook settings in order to make these assertions possible, and then
these formulas will be specialized to give the analogues of (1.1) and (1.2) for the poly-Stirling
numbers. These settings will be generalizations of m-partition boards, augmented boards,
and polyboards. We begin with the case of file placements.
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Consider the y-tuple of boards B, (p(z)) = {Bg(fl), B ., B;Sfy)} for some x € N, where
BY is defined in Section 2. If s1 = 0, then the board BY will be look like two copies of
the board B, one which lies above the bar and one which lies below. That is, the z-part
of BY is also degenerate. We will refer to the upper parts of each board as such, and if
we talk about the wupper part of B.(p(x)), then we are referring to the set of upper parts
of each board in B,(p(x)), and we use the same convention when talking about the z-part
of B.(p(x)). We then say that the upper part of B,(p(z)) is separated from the z-part of
B,(p(x)) by the bar of By(p(x)). Let F, p)(Bz(p(x))) denote the set of colored placements
in B, (p(x)) such that that the following four conditions hold.

(i.) Every column of B,(p(z)) must contain a rook.

(ii.) If any rook is placed in the j* column of a subboard of B,(p(w)), then that may be
the only subboard which contains rooks in its j* column.

(iii.) Within any particular subboard, the file placement rules from Section 2 apply to that
board.

(iv.) The same coloring rules apply as before.

We define that any rook placed in the upper part of the j* column of a subboard of B, (p(z))
will cancel the upper parts of the j* columns of every other subboard in B,(p(x)), and any
rook placed in the z-part of the j** column of a subboard of B, (p(z)) will cancel the z-parts of
the j columns of every other subboard in B,(p(x)). An example of this type of placement
and the corresponding cancelation can be seen in Figure 11, where B = F(1,2,3,5,5),
p(x) = po + p1x + pszd, and x = 5.

Theorem 4.4. Suppose n € N° and p(z) = ps,a* + pg,a® + -+ + py,a® € Nz]. If
B = F(by,bs,...,b,) is a Ferrers board, then

n

L@@ +p(0.)) =D fa k) (Bp() (p(2))". (4.8)

i=1

Proof. Given a rook board B = F(by, by, ...,b,) and p(x) € N[z], we fix x € N to show that
(4.8) represents two ways to count |F, ) (B (p()))|. We first consider the number of ways
that we can place rooks in each column, starting with the leftmost column and working to
the right. In the first column of B,(p(x)) there will be x** + %2 + - . + x® ways to place
rooks below the high bar, and there will be bj* + b2 4 - - - 4+ b7 ways to place rooks above
the high bar. However, the total number of placements is different since we are considering
colored placements, and thus the total number of colored placements of rooks below the bar
is pg, 2% + Pe,x°? + - - - 4 p,, % = p(x) and the total number of placements above the bar is
Ps, b7 + D, b3 + -+ + pg, b1 = p(by1). So, the total number of placements in the first column
of B.(p(z)) is p(z) + p(by). In general, in the j column of the B,(p(x)), there will be p(x)
total colored placements below in the z-parts and p(b;) colored placements above the bar,
and thus
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Figure 11: An example of a file rook placement in Bs(p(z)), with B = F(1,2,3,5,5) and
p(x) = po + pr1v + psz’.

n

Frpter (Balp(@))] = [[(0(@) + (b)),
i=1

Next, suppose that we first fix a placement P € F,,_j ) (B(p(x)))) above the bar. We
claim that there are (p(z))* ways to extend P to a placement Q € F, ) (B (p(x))) such
that Q N B(p(z)) = P. That is, we want to count the number of ways to extend P to a
placement Q € F,, ) (B (p(x))) by placing additional colored rooks below the bar in those
columns which contain no rooks from P. Here, we see that for each empty column, there are
exactly p(x) ways to place colored rooks in that column. As there are k£ such columns, we
have

[ Fop) (Balp(@)] = Y > (p())*

k=0 PEF,,_k p(z)(B(p(x)))

= Y fackp@(Bp(@)) (p(x)".

]

Note that in the special case of Theorem 4.4 where B = F'(0,1,...,n — 1), we see that
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Equation (4.8) reduces to

n n

[T +p6 - 1) =" &9 (p())*. (4.9)

=1 =0

ol

If in Equation (4.9) we replace p(z) with —p(z) and multiply both sides by (—1)", we obtain
the following corollary:

Corollary 4.5. For n € N° and p(z) € Nx],

[Lw(@) — i = 1)) = 3" ()" (4.10)

Now we will prove a product formula for poly-rook numbers. Consider the y-tuple of
boards B (p(z)) = {Beot) pavet=) - prols)y for some 2 € N, where B2 i
defined in Section 2. We call B{"(p(x)) the augmented polyboard with respect to B and p(x).
In the case where s; = 0, B2 will be the same as B!”. That is, B2"*”) will consist of
a degenerate board and a degenerate x-part, but no lower augmented part. We will refer to
the upper parts of each board as such, and if we talk about the upper part of B*9(p(x)),
then we are referring to the set of upper parts of each board in B2 (p(x)), and we use
the same convention when talking about the z-part of B,(p(x)) and the lower augmented
part of B9 (p(z)). We then say that the upper part of B{"(p(x)) is separated from the
x-part of B2 (p(x)) by the high bar of B9 (p(z)) and the z-part is separated from the lower
augmented part by the low bar of B*9(p(x)). We allow placements in B2 (p(z)) such that
that the following four conditions hold.

(i.) Every column of B*"9(p(zx)) must contain a rook.

(ii.) If any rook is placed in the j* column of a subboard of B,(p(x)), then that may be
the only subboard which contains rooks in its j* column.

(iii.) Within any particular subboard, the file placement rules from Section 2 apply to that
board.

(iv.) No rook lies in a cell which is canceled by another rook.
Here cancelation in this board is defined as follows.

(i.) Suppose r is a rook placed in the first column of B2"9(p(x)).

a. If r is placed above the high bar in the subboard B$"9*» then above the high bar,
r will cancel within the upper part of B2 (p(z)) as described previously (that is,
as if there is no z-part or lower augmented part). It will also cancel the lowest cell
to its right in each subcolumn of the lower augmented part in each of the other
remaining subboards.
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b. If 7 is placed in the z-part in the subboard BJ"9*»  then r will cancel the z-parts
in the first column of every other subboard in B (p(z)).

(ii.) Suppose 1’ is any other rook which has been placed in the j* column of B9 (p(x)).

a. If 7’ is placed above the high bar in the subboard B9« then again, 1’ cancels
above the high bar in all boards as it would if there were no x-part or lower
augmented part. It will also cancel the lowest remaining uncanceled cells to its
right in each subcolumn of the lower augmented part in the remaining subboards
which have yet to be canceled by a rook to their left.

b. If 7’ is placed in the z-part, then 7’ will cancel the z-parts in the 5% column of
every other subboard in B39 (p(z)).

c. If ' is placed in the lower augmented part, then 7’ cancels all uncanceled cells in
the lower augmented parts of the j* columns of the remaining subboards.

Now for any p(z) € N[z], we then let N,, p,)(B:(p(z))) denote the set of colored place-
ments in B*9(p(x)) such that the above placement and cancelation rules hold as do the same
coloring rules as before. An example of these placement and cancelation rules are illustrated
in Figure 12, where B = F(1,2,3,5,5), p(z) = po+p1x +p3z?®, and = 3. Finally, we assign
to each colored placement of rooks P € N, ) (Bx(p(z))) a weight v(P) = (—1)24®) | where
LA(P) is the number of columns in P which contain rooks which lie in the lower augmented
part of B%9(p(x)). We are now in a position to prove another product formula, this one
involving the poly-rook numbers.

Theorem 4.6. Suppose n € N° and p(z) = ps,x*' + ps,a*® + -+ + py,a* € Nz]. If
B=F(0,1,...,n—1) then

n

(P(@)" =D Tu-kp)(B(0(2))) (p(x) = p(0))(p() = p(1)) -+~ (p(x) = p(k = 1)).  (4.11)

k=0

Proof. Given a rook board B = F(by,bs,...,b,) and p(x) € N[z], we fix 2 € N to show that
(4.11) represents two ways to enumerate the sum

S(B, p(x)) = > v(P). (4.12)

IEDE-/\[n,p(a:) (B;ug (p(l’)))

First we see that in column 1, there are z*' 4+ 2°2 4 --- + z° ways to place uncolored
rooks, and so there are p(z) total ways to place colored rooks in the first column of our
augmented polyboard. Thus for the second column, we have no canceled cells. Hence there
are 1°1 4+ 1%2 + ... + 1% = p(1) ways to place colored rooks above the high bar, p(x) colored
placements in the x-part, and 1°* + 1%2 + ... 4+ 1% = p(1) colored placements in the lower
augmented part. The total weight of these placements is p(1)+p(z) —p(1) = p(z). In general,

if we have placed rooks in columns 0(1)(133“9’(’”)), . ,C(t,l)(Bgug’(m)) where exactly s of the
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Figure 12: An example of a nonattacking rook placement in B3"(p(z)), with B =
F(1,2,3,5,5) and p(z) = po + p1x + psz>.
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columns have rooks above the high bar, then there will be t — 1 — s uncanceled cells above
the high bar and £ —1— s uncanceled cells below the low bar in every subcolumn of column t.
That is, in column ¢ there are (t—1—8)% 4+ (t—1—8)24-- -+ (t—1—5)% = p(t—1—s) ways
to place colored rooks above the high bar, p(z) ways to place colored rooks in the x-part,
and (t—1—s)"+(t—1—95)2+---+(t—1—35)% =p(t —1—s) ways to place colored rooks
below the low bar. In such a case, the weights of the rooks in the #*" column will contribute
p(t—1—35)+pz) —p(t—1—5)=p(x) to (4.12). It then follows that S(B, p(z)) = (p(z))".

Now suppose that we fix a placement P of rooks in n — k columns of B(p(z)). Then
we want to count the number of ways extend IP to a placement in N, p(,) (B3 (p(z))). Let
Ciun (B3 (B(p(x)))) be the i’ column, reading left to right, which has no rooks in that
column. By construction, ¢; = 1 so that there are p(x) ways to add rooks below the bar
in column C, (B¢ (B(p(x)))). For 1 < i < k, there will be t; — (# — 1) columns to
the left of C,)(B2*9(B(p(x)))) which have rooks above the high bar and these rooks will
cancel ¢; — (i — 1) cells in each subcolumn of C,) (B3 (B(p(z)))) in the lower augmented
part of the B*9(B(p(x))) and they will cancel no cells in the xz-part. Thus, there will be
ti—(t; — (i—1)) = (i — 1) uncanceled cells in each subcolumn of C(,)(B2"(B(p(x)))) in the
lower augmented part of the B¢"9(B(p(x))). We then see that if we sum the weights over all
possible ways to place colored rooks in column Cl,)(B3"(B(p(x)))) will get p(z) — p(i — 1).
It follows that

S(B,p(x)) = Z Z H p(j—1))

n k
= D Tuekatw)(Bp(@)) [ [ (0(@) = p(G = 1)).
k=0 j=1
L]

We now have the following product formula involving poly-Stirling numbers of the second
kind.

Corollary 4.7. For n € N° and p(z) € Nx],

Z s ,? —p(j —1)). (4.13)

7j=1

Following the method in Section 2, we can also now prove the following generalization of
a well-known formula involving the Stirling numbers of the second kind.

Corollary 4.8. For k € N and p(z) € N[z],

P "
ank (1—pM)t)(1 = p(2)t) - (1 — p(k)t)’

n>k
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4.4 Set and Cycle Structure Interpretations of p(z)-Stirling Num-
bers

In this section, we show that p(x)-Stirling numbers have combinatorial interpretations in
terms of certain collections of m-tuples of set partitions and cycles. Fix a polynomial p(x) =
po + pix + -+ + ppax™ where p; € N° and p,, # 0. For each i such that p; > 0, fix a set of
colors ¢i,...,Cp, -

We shall start with giving a combinatorial interpretation of Sf;f,f) in terms of certain
collections of unordered set partitions in the case where p(0) # 0. For m > 0, let PT(JZ) =
(PMW, ..., P™) be an m-tuple of unordered set partitions of {0,1,...,n} into k 4 1 parts
and let ﬁﬁjj” = {]57(52) | such that the parts P and PY) have the same minimal elements
for every 1 <i < j <m}. Weset P,o =110 = ({0,...,n}) for all n > 0.

We define @gfg) = {0} and @Zfz) ={0}if k<Oork>n. Forn>1and 0 <k <n,let
@Zfi) denote the set of sequences (Pé?,z, e PXZ)) such that the following conditions hold.
(i.) TIfp; =0, then _:,)C = {0}.

)

(ii.) If¢ > 0 and p; # 0, then Pél,l consists of an i-tuple of unordered set partitions
QU ..., QU)) ¢ I:ISV),C. In addition, we will color certain elements in the unordered

set partitions that appear in ]5751,1 according to the following rules.

a. The elements in any unordered set partition that occurs in Pr(f,)f which lie in the
part that contains 0 or are the minimal element in its part are not colored.

b. For each 1 < s < n, if s is not in the part containing 0 and is not a minimal element
in its part, then s is colored with the same color from c;,...,c,,; in each of the
unordered set partitions (QU+), ..., Q).

(iii.) Py consists of the set partition ({0,...,n}) where some of the elements 1,...,n
may be colored with one of the colors c;,. .., ¢y 0-

(iv.) For each 1 < s < n, if there exists a j > 1 such that s is a colored element in one
of the unordered set partitions occurring Péj,z, then s is in the part that contains 0 in

all unordered set partitions that occur in PT(LZ,)C if i # 7 and p; # 0. Moreover, s is not
colored in Py .

(v.)  The set of common minimal elements in Pff,)c are the same for all 1 < ¢ < m where

pi # 0.

(vi.) If s > 0 is not one of the common minimal elements in (P,E?,z, . ,]57%)), and if s is

not always in the set with 0, then in exactly one of the i-tuples PS,)C where p; # 0, all
occurrences of s must be colored.

Theorem 4.9. Let n € N° and let p(z) = po+p1x + -+ -+ pma™ € NO[z] where py # 0. Then
Szf,f) = |@ﬁ€i)| for every 0 < k < n.
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Proof First observe that [©] @) = 0 whenever k < 0 or k > n, and 00, @) — {0} so that
]@]&U | = Sp(x = 1. We now see that for all n > 0,

Sp+1 0 = Sn 1+ (0 )Sp(m)

Thus, it follows by induction that Sp o =p(0)"foralln > 0. Now suppose that (P( )

n,07 " * p?Y?) €
@f;fg). Then for every j such that p; # 0, all unordered set partitions that appear P(Jg are

just {0,...,n}. Thusif j > 1 and p; # 0, then no elements are colored in ]575]8 This means

that each of 1,2,...,n must be colored in P,(L?g . Since there are pf ways to color the elements
of PY 0, it follows that |® )| = p(0)" in this case.
For n = 1,

SP () _ SP(I) + (1)517(95) —

In this case our definitions ensure that if (Péoo, . ) @1 1, then for every j such that
p; # 0, every unordered set partition that occurs in PT% is just {0}, {1}. Thus no elements
are allowed to be colored and hence |OF @ | = 1.

Proceeding by induction, we pick n > 1 and assume that O] W) = Sﬁk for every

0 < k < n. Now suppose that £ > 1 and (Péojlk, . PTEH ) € @Z(fflk Then if {n + 1} is a

part in one of the unordered set partitions that occur in (Pﬁr)1 P Pﬁ:i i), then {n+1} is

a part in every unordered set partition that occurs in (Pﬁgl . PT(LT% .). Moreover it must

be the case that n + 1 is not colored in P i1 1t then follows that if we remove {n + 1}

from every unordered set partition which occurs in (P&)L ey Prgﬂk) and we remove n + 1
from P +)1 ., then we will obtain an element of @Zfi)_l.
If {n+1} is never a part in any of the unordered set partitions which occur in (PT(BF)L P PT(LTi )

then for all j > 0 such that p; # 0, n + 1 is not a minimal element in its part in any of
the unordered set partitions that occur in P7§J+)1  for any j with p; # 0. This means that
we can remove n + 1 from all such unordered set partitions and end up with an element

of @ZS?. However, if we start with an element (QSL, . ,QS?Z)), we can create an element
(Pgi)l’k, e f_’r(fﬁk) € @n+1 . by picking an 7 > 0 such that p; # 0 and a color c,; where

1 < s < p;, and adding n + 1 colored with ¢s; to one of the existing parts, other than
the part that contains 0, in each of the unordered set partitions in Qg’)k Since we have k
choices for each of the unordered set partitions in the i-tuple Q(i)k, there will be p;k* ways

to do this. Then for each j # i, we are forced to put n + 1 the part containing 0 in each
of the unordered set partitions which occurs in Q () . Moreover, n + 1 must be uncolored in

thb;q The only other way that we can create an element (P,E(fw . P,ETl x) € @n L1 from
(an, . Q ) is to color n + 1 in Q;OL with one of the colors ¢y ,...,¢p0. In that case,

we must add n + 1 to the part containing 0 in all unordered set partitions that occur in
the i-tuple Qs)k where ¢ > 0 and p; # 0. Thus we have an additional py ways to create an
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element (PTE(J]F)L,C, . Pr§+1 L) € @Z(fl . from (Qfloi, . ,Qgﬁ)) It follows that

2 = 0P+ Zpkf ey
7=0

= S 4RSI
_ Spf)

n+1,k"
]

As an example of this type of object, notice that we can compute 53:5 St _ 14, and

thus there are fourteen elements, listed below, in the set @ g HIH). That is, there are 14
triples of set partitions of {0,1,2,3} into 2+ 1 = 3 parts such which satisfy the above
conditions. For clarity, suppose that we can color elements from our partition corresponding
to ]53(702) with the color yellow (Y), elements from the partition corresponding to P?)(’lz) with

either the color red (R) or the color blue (B), and elements corresponding to P?)(?Q) with the
color green (G). We will denote an element E colored with the color C by Eg.

{0,1,2,3) | {0,1}{2){3} | ({0,1}{2}{3}. {0, 1}{2}{3}).
{0,1,2y,3) | {0,2}{1}{3) | ({0,2}{1}{3},{0,2}{1}{3}).
{0,1y,2,3) | {0, 11{2}43) | ({0,2}{1}{3},{0,2}{1}{3}).
{0,1y,2,3) | {0, 11{2}43} | ({0,2}{1}{3},{0,2}{1}{3}).

{0,1y,2.3) | {0, 1{2}{3} | ({0}{1, 2613}, {0}{1. 2 H{3}).

{0,1y.2,3) | {0.3}{1}{2) | ({0}{1}{2. 3¢}, {0}{1H2,30}).

{0,1y.2,3) | {0.3}{1}{2) | ({0}{1}{2. 3¢}, {0}{L.36}{2}).

{0,1y.2,3} | {0.3}{13{2} | ({0}{1,36}{2}, {0}{LH2,3¢}).

{0,1y.2,3} | {0.31{1}{2} | ({0}{1. 36342}, {0}{L 36 }{2}).
{0.1y.2,3} [ {0H{1,35H2} | ({0.3}{1}{2}, {0, 3}{1H2}).
{0,1y,2.3) | {0}{1.3xH2} | ({0.3}{1}{2}, {0, 3}{L}{2}).
{0.1y.2,3} [ {0112 36} | ({0.3}{1}{2}, {0, 3}{1}{2}).
{0,1y.2,3} | {0H{1}2.3x} | ({0.3}{1}{2}, {0, 3}{1H2}).
{0.1y.2,3v} | {0.3}{1H2} | ({0.3H{1}{2}, {0, 3H{1}{2}).

Now if pg = 0, then for all n > 0,
St = i+ p(0)ShG =0

In this case, we let @Z . be the set of elements of (Pn by 737(1”; ) € @p & SO no element
s > 1 that lies in 73( 0 1s colored. By our argument in the proof of Theorem 4.9, this forces

S g) = {0} for all n > 0 so that S} @ — |@ | Then, essentially the same argument that
we used to prove Theorem 4.9 will prove the following theorem.

Theorem 4.10. Let n € N° and let p(x) = p1x + -+ + ppa™ € N°[z]. Then Szf,f) = |(:)fl(,2)|
for every 0 < k <n.
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Next we will give a combinatorial interpretation of cfl(i) in terms of certain collection of
permutations in the case where p(0) # 0.

Let C*g',? be the set of m-tuples of permutations of {0,1,...,n} into k + 1 cycles and let
fgf,? denote the sequences (M), ... o™) ¢ (77(:,? such that the set of minimal elements of
the cycles of o are the same for all 7.

We define Agfg) = {0} and AZE? =0ifk<Oork>n Forn>1and0 <k <n,let
Aﬁfi) denote the set of sequences (07(1?,1, o ,C_'Sj;)) such that the following conditions hold.
(i) If p; =0, then CY) = {0}.

)

(ii.) If7> 0 and p; # 0, then C’fﬂk is an i-tuple of permutations (¢(*9, ... ¢®)) € fff,)k.
In addition, we will color certain of the elements that occur in the permutations in
C’T(LZ),C according to the following rules.

a. For each 1 < j < i, the minimal elements in each cycle ¢U% are not colored and 1
is not colored.

b. For each 1 < s < n, if s is not a minimal element in its cycle and is not in the

cycle that contains 0, then s is colored with a fixed color from ¢ ,, ..., ¢y, ; in each
of the permutations (¢, ... ¢@)). In addition, if s is in a cycle (0,b1,...,b,)
that contains 0 and s is colored, then s cannot be b; and s is colored with a fixed
color from ¢y, ..., ¢, ; in each of the permutations (o39 ... o(9).
(iii.)  Cou consists of the cycle (0,...,n) where some of the elements 1,...,n may be
colored with one of the colors ¢y, ..., Cp0

(iv.)  For each 1 < s < n, if there exists a j such that s is a colored in some permutation
in C’gi, then s is in the cycle of the form (0,a4,...,a,) in all C_’T(LZL such that i # j and
p; # 0 where s is not colored. Moreover, if s = a;, then any occurrence of 1,...,s —1

in that cycle must be among ay,...,a;_1. If j # 0, then s is also not colored in C’T(f,l.

(v.)  The set of common minimal elements in a cycle of the permutations that occur in
C,Sl)k are the same for all 1 < i <m where p; # 0 and they are never colored.

(vi.) If s > 0 is not one of the common minimal elements in (C'(?,l, ce 77(:',?

n
not always in the set with 0, then then in exactly one of the i-tuples 77% where p; # 0,
all occurrences of s must be colored.

), , and if s is

Theorem 4.11. Let n € N° and let p(x) = py + p1x + -+ + ppx™ € NO[x] where py # 0
Then ci(z) = ]Afbfz)\ for every 0 < k < n.

Proof. First observe that |Aﬁ(’i)| = 0 whenever £ < 0 or k& > n, and Agf{f) = {0} so that
A = =1
For n =1,
47 =45 +pO)sy = 1.
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In this case our definitions ensure that if ( ]Eof , C’ ) € Al 1, then for every j such that
p; # 0, every permutation that occurs in C’{l) is just (0)( ). Thus, no elements are allowed

to be colored and hence |A’f(f )| = 1. Next

)

) = A+ p0) 1) =

In this case our definitions ensure that if (C’g, o ,C’ ) € Al o » then for every j such that
p; # 0, every permutation that occurs in C_’ffg is just (O, 1). Now 1 cannot be colored in any
permutation that occurs in C_'&)) for any ¢ > 0 where p; # 0. Thus the only element that can
be colored is the 1 which occurs in the permutation (0, 1) in (_3’1(?0). Since we can color the 1
in py ways, it follows that ]A’ffg” = p(0).
Note that for all n > 1,
Iile =i+ pn)eng

)

Thus, it follows by induction that cp(x) =p(0)p(1)---p(n—1) for all n > 1. Now assume by
induction that ]Ap(x)| = p(0)p(1) - -p(n — 1) and suppose that (C ()), o ,(7%)) € AZ%). By

definition, C’( o consists of the n + 1-cycle (0,1,.. ., ) and for all 7+ > 0 where p; # 0,
consists of an i-tuple (¢(*9, ..., o)) where each U is an n + 1-cycle (0, . 047(5 Z)).

We can then create an element of Aﬁ(fl o from (07(107 .

C'( o ) in two different ways. First
we can add a colored version of n + 1 at the end of the cycle (0,1,...,n) in C_’T(L?()). Then we
are forced by condition (iv.) of our general definition of Aﬁfi) to add an uncolored version

of n+ 1 at the end of every cycle in C}';, ") for all i such that p; # 0. There are py ways to do
this dependmg on which color we use for n + 1 when we add n + 1 at then end of the cycle
in C o- The other way we can create an element of An 1,0 from (C_’,(fg, . C_*%)) is to pick
an ¢ > 0 where p; # 0 and a color ¢;; from ¢y 4,...,¢c,,; and insert n 4+ 1 colored with ¢, ;
1mmed1ately after some element from 1,...,n in the each of the cycles o9, ... o that

occur in C’ Note we cannot insert thls colored version of n + 1 immediately after 0 in
any of the cycles by condition (ii.)b. of our definition of AZE?. We are then forced to add

an uncolored version of n + 1 at the end of every cycle that occurs in C’(]O where j # i. It
follows that there are n different ways to insert the colored version of n 4+ 1 in each of the
cycles o) . o9 g0 that there are a total of p;n’ Ways to do this. It follows that there
po+ > pin' = p(n) ways to create a new element of An—l—l o from (0(0()]7 o ,C’(m)) Finally,

n

it is easy to check that if we start with an element of AP +1 o and remove n + 1 from each of

the (n + 2)-cycles that occur in that element, we we end up with an element of A}’ @ ). Thus,
it follows that

AP o] = p(n)|ALE)| = p(0) - - p(n)

as desired.

Proceeding by induction, we will pick n > 1 and assume that lAP x)| = ) for every
0 < k < n. Now suppose that £ > 1 and (Cn+1k,... C',(Hlk) € An—l—lk Then if (n+1)
is a cycle in one of the permutations that occur in (C”SJZL,C, . C_’T(H)l ), then (n +1) is a
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cycle in every permutation that occurs in (07(11421 PR 707(171)1 ). Moreover, it must be the
case that n + 1 is not colored in C_’T(gzl’k. It then follows that if we remove the cycle (n + 1)

from every permutation which occurs in (C( ) cm ) and we remove n + 1 from the

n+1,k> ) Yn+1k
(n 4 2)-cycle in 07(21,1@’ then we will obtain an element of Ap(i) ;- If (n 4 1) is never a

cycle in any of the permutations which occur in (C’T(L(izl’k, . 07(1711 .), then for all j > 0 such

that p; # O n + 1 is not a minimal element in its cycle in any of the permutations that
occur in Pn /1, This means that we can remove n + 1 from every permutation that occurs

in (07(1221 PR ,Cf:z)l,k), and end up with an element of Affﬁ). We can create an element
of APY) Y1 from (C_’TSO,)C, o C_’(m)) €AYy ") in two different ways First, we can add a colored
version of n+ 1 at the end of the cycle (O 1,...,n)in C & S0 that we are forced by condition

(iv.) of our definitions of A” (ﬂ » to add an uncolored version of n + 1 at the end of every
cycle in 07(1,1« for all ¢ such that p; # 0. There are py ways to do this depending on which color
we use for n + 1 when we add n + 1 at then end of the cycle in C’ff,l. The other way we can

create an element of Afffik from (C’ff,l, e 07(17,2)) is to pick an ¢ > 0 where p; # 0 and a color
¢ from ¢y, ..., ¢y, and insert n 4+ 1 colored with ¢, ; immediately after some element from
1,...,n in the cycle structures of the permutations ¢, ... o9  Note we cannot insert
this colored version of n + 1 immediately after 0 in any of the cycles by condition (ii.)b. of

our definition of Aﬁfi). We are then forced to add an uncolored version of n + 1 at the end

of every cycle that occurs in C’ o Where j # . It follows that there are n different ways to
insert the colored version of n + 1 in each of the cycles of (1% ... o) so that there are a
total of p;n' ways to do this. It follows that there py + Z?:l pin' = p(n) ways to create a

new element of AP”) 1k rom (C_’(O) C_’f:,z)), and so

O
APE ] = AP+ p(n)|ADG)]
= &9 +pn)dy)

as desired.

Now if pg = 0, then for all n > 0,
it =p(0)---p(n) = 0.

In this case, we let Ai(ﬁ) be the set of elements of (C’é?,)g, . C(m)) €AY ) $0 that no element
s > 1 that occurs in n+ 1-cycle in (77(1?,1 is colored. By our argument in the proof of Theorem

4.11, this forces Ai(ﬁ) = {0} for all n > 0 so that cﬁfg) = ]Afl%)\. Then, essentially the same
argument that we used to prove Theorem 4.11 will prove the following theorem.

Theorem 4.12. Let n € N° and let p(x) = p1z + -+ + ppma™ € N0[z]. Then ci(i) = |Aifz)|
for every 0 < k < n.
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5 (-Analogues of Poly-Stirling Numbers

For any positive integer = we can define the g-analogue of = to be

1_ x
[x]q:1+q—|—q2+---+qxl:1—_2.

There are two natural g-analogues of the numbers described in Section 4, namely, we can
take the g-analogue of p(x) to be either p([z],) or [p(x)],. Thus, for example, we can define

the g-analogues of sflfz) and Sf;f,f) by the following recursions:

ngg)(q) =1 and SZEZ)(Q) =0ifk<O0ork>n,and (5.1)
sitna) = s (@) = p(lo) 7 (@) O <k <nt Land o 20,

and
S&%")(q) — 1 and Sﬁfg)(q) =0if k< 0or k> n, and (5.2)

SHE) (a) = S (@) + (k) )SP(q) iE0< k< n+1andn>0.

However, we can define a second g-analogue of sifi) and Sﬁ’(,f) by the following recursions:

5207,(8:)@) =1 and gifi)(q) =0if k<0or k>n, and (5.3)
Sita(a) = 515 (0) = p)]os) 3 (@) 0 < b <t Land n > 0,

and
Sg’(g:)(q) =1 and Sﬁfg)(q) =0ifk<0or k>n,and (5.4)
St k(@) = 57504 (a) + [P(RD)sSIE (@) i 0 < k < m ot Land > 0,

It can be shown how to find appropriate g-statistics related to the m-boards considered
in Section 2 to give combinatorial interpretations of both sﬁfi)(q) and Sﬁf,f)(q) and §ZE;§)(q)

and Sﬁf,f)(q). This will be the subject of future papers.
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