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Abstract

André proved that secx is the generating function of all up-down permutations
of even length and tanz is the generating function of all up-down permutation of
odd length. There are three equivalent ways to define up-down permutations in the
symmetric group S,. That is, a permutation ¢ in the symmetric group S, is an up-
down permutation if either (i) the rise set of o consists of all the odd numbers less
than n, (ii) the descent set of o consists of all even number less than n, or (iii) both
(i) and (ii). We consider analogues of André’s results for colored permutations of the
form (o, w) where o € S, and w € {0,...,k — 1}" under the product order. That is,
we define (04, w;) < (0441, w;+1) if and only if 0; < 0541 and w; < w;11. We then say
a colored permutation (o,w) is (I) an up-not up permutation if the rise set of (o, w)
consists of all the odd numbers less than n, (II) a not down-down permutation if the
descent set of (o,w) consists of all the even numbers less than n, (III) an up-down
permutation if both (I) and (II) hold. For k > 2, conditions (I), (II), and (III) are
pairwise distinct. We find p, g-analogues of the generating functions for up-not up, not
down-down, and up-down colored permutations.

1 Introduction

Let P ={1,2,3,...} denote the set of positive integers, E = {2,4,6,...} denote the set
of even integers in P, and O = {1,3,5,...} denote the set of odd integers in P. Let P, =
{1,...,n}, E, = ENP,, and O, = ONP,,. Let S, denote the symmetric group, i.e., the set
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of all permutations of P,,. Then if 0 = 0y05...0, € S,, we define Des(c) = {i : 0; > 0411}
and Ris(o) = {i : 0; < 0441}. We say that o is an up-down permutation if

01 <09 >03<04>05""",

or, equivalently, if Des(c) = E,,_; or Ris(c) = O,,_;. Similarly, we say that o is an down-up
permutation if
01> 09 < 03>04<05""",

or, equivalently, if Ris(c) = E,,_; or Des(o) = O,,_;. Clearly if 0 = 01090, € S, is an
up-down permutation, then the complement of o,

oc°=m+1—0)(n+1—09) - (n+1—0y,)

is a down-up permutation. Thus the number of up-down permutations in S, is equal to the
number of down-up permutations in S,,. Let UD,, denote the number of up-down permuta-
tions in S,,. Then André [2, 3] proved the following.

sect = 1+ZUDnm and (1)
nek
tTL
tant = ZUDna. (2)
neO

The goal of this paper is to find analogues of André’s results for colored permutations.
That is, we shall consider pairs of the form (o, w) where o € S,, and w € {0,1,...,k — 1}".
Thus if w =w;---w, and 0 =0y ---0, € 9,, then we will say that o; is colored with w; in
(o, w). Alternatively, we can think of (o, w) as an element of the wreath product CjS,, of the
cyclic group C), and the symmetric group S,,. Ci .S, is the group of k™n! signed permutations
where there are k signs, 1 = €%, €, €2, ..., €~ where € is a primitive k-th root of unity. Hence
we can think of I" € Cy1 S, as a pair (0, w) where 0 = 07 ...0, € S,, and the sign of o; is €
for i = 1,...,n. Throughout the paper, we shall abbreviate S,, x {0,...,k — 1}" by Cx 1 S,
even though our results do not use the group structure of Cx 1 S,. .

To define the analogues of up-down permutations in C% ! .S,, we need to define the
analogues of the descent set and the rise set of a colored permutation. That is, suppose < is
a partial order on the set of pairs (7, j) € {1,...,n}x{0,...,k—1}. Thenifoc =0y...0, € S,
and w =w; ... w, € {0,...,k—1}", we define

Des((o,w)) = {i: (04, wi) = (0i1,wis1)} and
Ris<((o,w)) = {i: (05, wi) < (0ip1, wir1)}-
We then say that (o, w) is an up-down permutation if
(al,wl) < (Uz,wg) - (Ug,wg) < (0’4,11}4) - (0’5,1115) R (3)

Now if < is a total order, then counting the number of up-down permutations is uninteresting.
For example, Adin and Roichman [1] used the following total order to define their notion of
flag major index on Cy 1 S,:

(Lk—1)<---<nk-1)<(Lk=-2)<--<(nk—2)<---<(1,0) <--- < (n,0).
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If we use such a total order < and we pick an assignment of colors, (1,w,),...(n,w,), to
1,2,...,n, then < induces a total order on the pairs (1,w,),...,(n,w,). Hence for this
assignment of colors, there are clearly just UD,, pairs (o, w) which satisfy (3). Hence relative
to a total order <, there are k"UD,, colored permutations (o, w) € Cy .S, that satisfy (3).

However if we use the product order on {1,...,n} x {0,...,k — 1}, then we have a
completely different situation. That is, we define the product order < on {1,...,n} x
{0,,...,k — 1} by declaring that (i, j1) < (i2,72) if and only if i; < iy and j; < js. Again
we can define the analogue of the descent set and rise set of a colored permutation in Cy.S,,
as

Des((o,w)) = {i: (04, w;) > (0441, wi1)} and (4)
Ris((o, w)) = {i: (03, wi) < (0i41, wig1)} ()

We can then define three different natural analogues of up-down permutations. That is, we
define the following three sets of permutations in Cy ! S,:

1. U-Dyj = {(o,w) € Cx 1S, : Ris((o,w)) = O,_; and Des((o,w)) = E,_1},
2. U-NU, . = {(o,w) € C 1S, : Ris((o,w)) = O,_1}, and
3. ND-D,, ={(0,w) € Cy1S,, : Des((o,w)) = E,,_1}.

Here U-NU stands for “up-not up” and N D-D stands for “not down-down.” Clearly U-D,,
is contained in both U-NU, ; and ND-D, ;. However, both of these containments are strict
and U-NU,  # ND-D,, . For example, if £ =2 and n = 3, then

(1 2 3, 11 0) € U—NU372 — (U—D372 U ND—Dg,Q) and
(132,100) € ND-D3y— (U-D35UU-NUss).

Let u-d,, = |U-Dy 1|, nd-d,,, = |ND-D,, x|, and u-nu, = |U-NU,|. Then the main
goal of this paper is to find expressions for the following generating functions:

U-day, 12" U-dop 41t
At) = _— B(t) = e
> e
U-NUgyp k12" U-NUp 1 ot 2T
ct) = _ D(t) = :
*) Z (2n)! 7 *) Z 2n+1)! 7
n>0 n>0

t2n+1

nd-day, 12" nd-dap 41,5

E t - _ d F t = i

0 =2 oy A () 2 2n + 1)
n>0 n>0

The generating functions A(t) and B(t) are simply Hadamard products of the generating
functions for up-down permutations of S,, and the generating functions for sequences of
words w = wy ... w, € {0,...,k — 1}* such that

w; < wy > w3z < Wy 2> Wy < We et



The generating function for such words was found by Rawlings [16]. The generating functions
for C(t), D(t), E(t) and F(t) are more interesting. For example, we shall show that

c) (k—1)!
o dk! th—1
G cost
k- .
D) - ;ljtk—ll thlsint

dtk—1

k—1
k=1 cost

and (6)

(7)

For k < 4, the generating functions and their initial terms are listed below:

egf for u-nug, i

egf for u-nug,41

{u-nuy, i fn>1

sect
1
cost—tsint
2
(2—t2) cost—A4tsint

I N O

tant
sint4tcost
cost—tsint
4t cost+(2—t2)sint
(2—t2) cost—A4tsint
(18t—13) cos t+(6—9t2) sin t

6
(6—9t2) cos t—(18t—t3) sint

(6—9t2) cost—(18t—t3) sint

1,1,2,5,16,61,...
2,3,14, 49, 376, 1987, . ..
3,6,44,201, 2436, 16768, . . .
4,10, 100, 565, 9356, 79584, . . .

It is easy to see that if (o,w) = (01...09,41, W1 ... Wopy1) i in U-NUz,i1, then the
reverse of (o, w),
(o,w)" = (Oops1-..01, Wapyq ... W),

will be in ND-Ds,, 41 so that

k-1 .

Z nd-dop 1 5 - t*"1 B jtk,ltk” sint ®)
- k—1 .
"0 (2n +1)! A th-Tcost

Thus D(t) = F(t).
We shall prove that

-1
_Eznw@w,ﬁn_ (k- 1)! (k —1)!
Elo) = (2n)! B (2 A k=1 it ’ 9 L fk—1g-it

n>0 dtk—1 dtk—1

k—1 . k—1 .
(éitk—l tk—lezt> (gtk—l tk—le—zt>

(k — D)1 th~1 cost

“dtk—1

P (it) Po_y (—it)

However the generating function for E(t) is not the same as for C(t).

(k — 1)!51;_,11 th=1cost’
where Py(z) = Zizo 24 (i)%(d —m)!). In fact, we shall prove that
d 2 2 2
piori-in = Sy o (1) @y, ) @ es-ny
d
(d)2 (d\ [(d+ 5\ .
= 2 () )



Thus Py(it)Py(—it) is a polynomial with integer coefficients of degree 2d where only even-
degree terms are non-zero. For k < 4, we get the following results:

k egf for nd-da, Pr_1(2) {nd-d,  }n>1

1 sect 1 1,1,2,5,16,61,...

2 S 142 2,10, 14, 85, 376, 3457, . ..

3 At 2+ 4z + 22 3,12, 44, 423, 2436, 35398, . . .

4 86 (216074 A5t T4 10 641824922+ 25 4,22,100, 1315,9356, 185804, . ..

(6—9t2) cos t—(18t—t3) sint

In fact, we shall show that the generating functions C'(t), D(t), E(t) and F(t) are special
cases of more general generating functions which keep track of more statistics over more
general sets of elements in Cj ¢ S,,. That is, for any k > 2, let

(C18)® = {(o,w) € C4 1S, : 0,1 C Rise((o,w))} and (10)
(Ck1Sn)e = {(o,w) e Cx1 S, : 0,1 N Des((0,w)) = 0}. (11)

Thus (C;1S,)® is the set of (o, w) € Cx1S, which are forced of have rises at all odd positions
and (Ci1Sy)(2) is the set of (o,w) € C1 S, which do not have a descent at an odd position.
Then we shall find generating functions for certain statistics on (Cj2S,,)? which specialize to
C(t) and D(t) and generating functions for certain statistics on (Cj 1 Sy, )(2) which specialize
to E(t) and F(t). The techniques that we shall use to derive our generating functions over
(Cr18,)? or (O Sn)2) are based on ideas from a paper by Mendes, Remmel, and Riehl
[13] who, for any &k > 2 and 0 < j < k — 1, found generating functions for permutations
o € S, such that Des(o) = {j + sk : k > 0 & j + sk < n}. Mendes, Remmel, and Riehl
derived their generating functions by applying certain ring homomorphisms defined on the
ring of symmetric functions I' over infinitely many variables x1, x5, ... to simple symmetric
function identities. We will also find our generating functions over (Cy?S,,)® or (Cy 2 Sn)2)
by applying ring homomorphisms defined on A to simple symmetric function identities. To
derive our generating functions over (Cj 1 .S,)), we shall also need to find the generating
function for (o, w) € Cy 1S, such that Des((c,w)) = 0.

The outline of this paper is as follows. In Section 2, we shall derive the generating func-
tions A(t) and B(t). In Section 3, we shall provide the necessary background on symmetric
functions that we shall need to derive the generating functions C(t), D(t), E(t) and F(t).
In Section 4, we shall give the derivations of the generating functions that specialize to C(t)
and D(t). Finally in Section 5, we shall give the derivations of the generating functions that
specialize to E(t) and F(t).

2 The generating functions for up-down permutations

In this section, we shall give expressions for the generating functions for A(t) and B(t).
To state our results, we first need some notation. Suppose that f(t) = >_ ., fat" and
g(t) = 2,50 gnt". Then the Hadamard product f(t) ® g(t) of f and g is defined by

FO) @ g(t) = fagat™ (12)

n>0



Let P* denote the set of all words over the alphabet P and P* denote the set of all non-
empty words in P*. We let ¢ denote the empty word. For any w = wyw,...w, € P*, we
let /(w) = n denote the length of w, |w| = Y7 w;, and z(w) = []_, x,. For example,
ifw=12132454, then f(w) = 8, |w| = 22, and z(w) = ¥3xiw32325. Given w =
wiws ... w, € P, we define the descent set Des(w), the weak descent set WDes(w), the rise
set Ris(w), and the weak rise set WRis(w) as follows:

Des(w) = {i:w; > w1}, (13)

WDes(w) = {i:w; > w1}, (14)

Ris(w) = {i:w; <w;11}, and (15)

WRis(w) = {i:w; <wiqq}. (16)

Definition 1. Let w = wyws ... w, € P*.

1. We say that w a strict up-down word if wy; < wy > w3 < wyg > ws - - -, or, equivalently
if Ris(w) = O,,—1 and Des(w) = E,,_;.

2. We say that w a strict down-up word if w; > wy < ws > w4y < ws - - -, or, equivalently
if Des(w) = O,,—1 and Ris(w) = E,,_;.

3. We say that w a weak up-down word if w; < we > wsg < wy > ws - - -, or, equivalently

if WRis(w) = O,,_1 and WDes(w) = E,,_;.
4. We say that w a weak down-up word if wy > wy < w3z > wy < ws - -+, or, equivalently

if WDes(w) = O,,_; and WRis(w) = E,,_;.

We let SUP,,, SDU,,, WUD,,, and WDU,, denote set of all words in {1,...,n}* which
are strict up-down, strict down-up, weak up-down, and weak down-up, respectively. By
convention, the empty word e and all one letter words belong to all four sets. Clearly, if
w=wwsy...w, €P: then w e SUD, (WUD,, respectively) if and only if the complement
of w relative to n,

w" =Mnm+1—-—w)n+1—wy)...(n+1—-w,) € SDU, (WUD,, respectively).
We let SUP,, ,, SDU,, 1, WUD,, 1, and WDU,, ,,, denote set of all words in P}, of length m

which are strict up-down, strict down-up, weak up-down, and weak down-up, respectively.
Carlitz [4] proved analogues of André’s formulas for strict up-down words. In particular,
Carlitz [4] proved that

(17)

L+ Y [SUD, 2™ =

meEk

and Z |SUD . m|2™ =

meO

1
Qn(2)

where

Pu(z) = Z(—l)k<;€—:_k1)z2k“ and (18)

) = (") (19)



Rawlings [16] proved analogues of (17) for weak down-up words. That is, Rawlings proved
that

m 1 m
L+ ) |WDU, |2 = e and > [WDU,,p|z" =

(20)
meE meO

where

Ru(z) — Z(—D’f(n;kk)z”“ and (21)

k>0
Su(z) = (-1 (Q”kikl ) 2L (22)

By our observations above, these are also the generating functions for weak up-down words.
Carlitz and Rawlings proved their generating functions by recursions. In fact, Carlitz devel-
oped recursions for the up-down words w weighted by z(w) and Rawlings actually proved
a generating function for weak down-up words w weighted by ¢/“lz¢(®). Recently, Fuller
and Remmel [8] showed that the generating functions of words w according to the weight
x(w)2"™) of words in either SUD,, and WU, can be expressed in term of quasi-symmetric
functions. Fuller and Remmel proved their results combinatorially via some simple invo-
lutions and their methods actually extend to a much broader class of words with regular
up-down patterns.

Now it is easy to see that if (o,w) = (o1 op,wy - - wy,) € Cy 1S, where Ris((o,w)) =
O,,—1 and Des((o,w)) = E,_1, then it must be the case that Ris(c) = O,,_; and Des(c) =
E,, 1 so that ¢ is an up-down permutation and w; < wy > w3 < wy - -+ so that w is a weak
up-down word over the alphabet {0, ...,k — 1}. It then follows that

U—dgn t2n 1
At) = Z (2n7’)€! = <Rk(t)) ® sect (23)

n>0

and

U-dop 1 2" Sk(t
B(t) = n; G = (Rk((t))) ® tant. (24)

We can also define a strong product order <; on P x {0, ..., k—1} by defining (i1, w;) <,
(19, ws) if and only if iy < iy and w; < we. We then define

Dess((o,w)) = {i: (0j11,w;)} <5 (07, wiy1)} and
Riss((o,w)) = {i: (o5, w;) <s (0441, wix1)}-

~—

We say at that (o, w) € Cx .S, is a strong up-down permutation if Ris;((o,w)) = O,,—; and
Des;((0,w)) = E,,_1. We let su-d,, ; denote the number of strong up-down permutations of
Ci 1 S,. Then clearly,

- Su-dop p1*" 1
A(t) = Z (Qn)k‘ = (Gk(t)) ® sect (25)

n>0



and

— Su—d2n+1,kt2n+1 Fk t
B(t) = g A (Gk((t;) ® tant. (26)

3 Symmetric Functions

In this section we give the necessary background on symmetric functions needed for our
proofs of the generating functions over (Cy 1 S,)? or (Cj2 Sn)2)-

Let A denote the ring of symmetric functions over infinitely many variables zq, xo, . ..
with coefficients in the field complex numbers C. The n'" elementary symmetric function e,
in the variables x1, zo, ... is given by

E(t) =) ent" =[] +xit)

n>0 i
and the n'" homogeneous symmetric function h,, in the variables x;, xs, ... is given by
" 1
H(t) = nzzohnt = H e
Thus
H(t) =1/E(-t). (27)
Let A = (Aq,...,Ar) be an integer partition, that is, A is a finite sequence of weakly increas-

ing nonnegative integers. Let ¢(\) denote the number of nonzero integers in A. If the sum
of these integers is n, we say that \ is a partition of n and write A = n. For any partition
A= (A,..., ), let ex = ey, ---ey,. The well-known fundamental theorem of symmetric
functions says that {e) : A is a partition} is a basis for A or that {eg,e;,...} is an alge-
braically independent set of generators for A. Similarly, if we define hy = hy, - - hy,, then
{hx : X is a partition} is also a basis for A. Since {eg, €1,. ..} is an algebraically independent
set of generators for A, we can specify a ring homomorphism € on A by simply defining 6(e,,)
for all n > 0.

Since the set of elementary symmetric functions e, is a basis for A, one can expresses
hy = >\, @rnex for any n > 0. Up to a sign, the coefficient ay, equals the size of a
certain set of combinatorial objects depending on A. A brick tabloid of shape (n) and type
A= (A1,..., ) is a filling of a row of n squares of cells with brick of lengths Aq, ..., \x such
that bricks to not overlap. One brick tabloid of shape (12) and type (1, 1,2,3,5) is displayed
below.

Figure 1: A brick tabloid of shape (12) and type (1,1,2,3,5).

Let B, ,, denote the set of all A\-brick tabloids of shape (n) and let B ,, = |By,|. Through
simple recursions stemming from (27), Egecioglu and Remmel proved in [7] that

h = (=1)""VBy e (28)

AFn



Next we define a class of symmetric functions p,, ,, which have a relationship with e, that
is analogous to the relationship between h,, and e,. These functions were first introduced in
9] and [11]. Let v be a function which maps the set of nonnegative integers into the field F.
Recursively define p,,, € A,, by setting py, = 1 and letting

Doy = (=1)"v(n)e, + Z “lerpn_w

for all n > 1. By multiplying series, this means that

(Z ent”) (pr ) = (an o >t” = (=1 u(n)ent™,

n>0 n>1 n>1 n>1

where the last equality follows from the definition of p,,,. Therefore,

n_ Zn21(_1)nflv(n)ent”
nZZIpn,,,t st (29)

or, equivalently,

1+ any n— 1+ 2”21(_1)n(6” - V(n)en)t”‘

=
=1 2 nzo(—1)"ent"

When taking v(n) =1 for all n > 1, (30) becomes

1
I+ pn,ltn - =1+ ]’L t"
Z ZnZO( ]_)ne tn Z

n>1 n>1

(30)

which implies p,; = h,. Other special cases for v give well-known generating functions.
For example, if v(n) = n for n > 1, then p,, is the power symmetric function ) . z'. By
taking v(n) = (=1)"x(n > k + 1) for some k > 1, p, (_1)kymzki1) 18 the Schur function
corresponding to the partition (1%, n).

This definition of p, , is desirable because of its expansion in terms of elementary sym-
metric functions. The coefficient of ey in p,, has a nice combinatorial interpretation similar
to that of the homogeneous symmetric functions. Suppose T is a brick tabloid of shape (n)
and type A and that the final brick in 7" has length ¢. Define the weight of a brick tabloid
w,(T) to be v(¢) and let

wu(B/\,n> = Z 'IUZ,(T)

T is a brick tabloid
of shape (n) and type A

By the recursions found in the definition of p, ,, it may be shown that

pn,u - Z(_ 1)n_£()\)wy<B)\,n)€)\

AFn

in almost the exact same way that (28) was proved in [7].
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Forn > 1 and A F n, let

l—gq 0 1 n—1 P —4q n—1 0, n—1
njy = =q¢ +q +-+q" [nlpg= =p" ¢+ +pq
e lpa = &2
[n]g! = [n]q---[1q [n]pg! = [n]pg - [Lpg
[n] _ [n]4! [n} _ [n]p.q!
>\ q [Al]Q' T [)‘f]ql )\ D,q [Al]pﬂ! o [)\E]p,q!
be the ¢- and p, g-analogues of n, n!, and (t\b), respectfully. We shall use the convention that
0], = [0],,4 = 0 and [0],! = [0],,' = 1. The ¢- and p, g-analogues for the exponential function
are defined by
t" o (n t" n
eq[t] = Z ‘q(Z) ep,q[t] = Z 'q(2>.
[n]q n>0 [n]pvq

n>0

For any permutation o € S,,, we define the number of inversions inv(o) and the number
of coinversions coinv(o) of o by

inv(o) = ZX(Ui > 0;) and coinv(o) = Zx(m < 0;)

1<j 1<j

where for any statement A, x(A) = 1 is A is true and x(A) = 0 if A is false. Note that
inv(o) and coinv(o) make sense if o is any sequence of non-negative integers.

We end this section with three lemmas that will be needed a later sections. All of the
lemmas follow from simple codings of a basic result of Carlitz [6] that

n _ inv(r)
HEPIK

(1k0n—k)

where R(1%70"7%) is the number of rearrangements of k 1’s and n — k 0’s. We start with
a lemma from [13]. Fix a brick tabloid T" = (by,...,byu)) € Bun. Let IF(T) denote the
set of all fillings of the cells of T = (b1, ..., by,)) with the numbers 1,...,n so that the
numbers increase within each brick reading from left to right. We then think of each such
filling as a permutation of S,, by reading the numbers from left to right in each row. For
example, Figure 2 pictures an element of IF(3,6,3) whose corresponding permutation is
4612157810112309.

4 6 121 1 5 7 8 100 13 2 3 9

Figure 2: An element of [F(3,6,3)

Then the following lemma from [13] gives a combinatorial interpretation to
p=t ()]
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Lemma 2. If T = (by,...,byy) is a brick tabloid in B, ,,, then

> (bzl) { n :| _ inv(o), coinv(o)
p = q p .
biv- e bugo) 2 |

c€lF (T

Let DF(T) denote the set of all fillings of the cells of "= (b, ..., by,)) with the numbers
1,...,n so that the numbers decrease within each brick reading from left to right. It is
easy to see that if o € IF(T'), then 0" € DF((byy,.--,b1)) and inv(o) = coinv(c") and
coinv(o) = inv(¢”). Thus we also have the following lemma.

Lemma 3. If T = (by,...,byy) is a brick tabloid in By, then

A
by, ... 7b€(u) P4 oeDF(T)

n+k—1

k—1
of the sizes of the partitions that are contained in a n x (k — 1) rectangle. Thus we have the
following lemma.

Another well-known combinatorial interpretation for [ }q is that it is equal to sum

Lemma 4.

> wrtotan PR
9 Tlok-1 )

0<a;<--<an<k—1

4 The generating functions up-not up permutations

In this section, we shall derive two generating functions that can be specialized to give
the generating functions for C'(¢) and D(t) stated in the introduction. If (o, w) € Cx1.S,, we
let

Risg((o,w)) = {2i:2i € Ris((o,w))} and (31)
ris(o)g((o,w)) = |Risg((o,w))|. (32)
We let (O 0 S,)® denote the set of (o, w) € Cy 1 S, such that O,,_; C Ris((c,w)). Thus if
(o,w) € (Cr1S,) P, (0, w) is forced to have rises at all odd positions and ris(o)g(o, w) counts
how many elements of the form 2i are in Ris((o,w)). In particular, if (o, w) € (Cj 1 S,)?
and ris(o)g(o, w) = 0, then (o, w) € U-NU,, .
Our first theorem of this section is the following.

Theorem 5. For all k > 2,

2.5

n>0

t?n

Z qinv(U)pCOinV(U)r|w|xriS(U)E((g,w)) _
(0,w)E(CytSan )2

n]p,q!

1 _
— (33)
1 p( 2 ) (z—1)mt2m r2m4-k—1
S ) D Rmlp.q! ey L
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Note that when we set x = 0 and p = g = r = 1, then (33) reduces to

Z U-NUsy, x> B 1
| o t2m(—1)m (2m+k—1)(2m—k—2)---(2m+1
n>0 (2n) ZmZO (Q(m)!) ( A (k—1)! - )
<kr —1)!
o (34)
dtk 1t cost

which is the generating function of C'(¢) claimed in the introduction.

Proof. Define a ring homomorphism 6 : A — Q(p, ¢, r, x), where Q is the set of the rational
numbers, by setting

[2n+k71} )
0(en) = (=1 — )" == rple (35)
[2n]p,q!
if n>1 and
9(62714-1) = 0 (36)
if n > 0. Then we claim that
O(hons1) =0 (37)
for all n > 0 and
[Qn]p,q!0<h2n) _ Z qinv(o)pcoinv(a)r\w\xris(a)E((a,w)) (38)
(o,w)E(C1San) (@
for all n > 1. Note that
O(ha) =Y (=1)"""" B, mf(e,)- (39)

ukEn

First suppose that n is odd. Then clearly every partition p of n must have an odd part and,
hence, 0(h,) = 0 since (egr41) = 0 for all £ > 0. If n is even, then the only p such that
f(e,) # 0 on the RHS of (39) are when all the parts of ;1 are even. That is, © must be of the
form 2\ where A = (Aq,..., \g) is partition of n and 2\ = (2Aq,...,2X). Thus

[2n]p,q!0(han) (40)
= [20]q! D (=1 By (e,
ukn
() [2bj+k—1} )
2n um 2b;—1 bi—1 k—1 1p j
= [2n]p,! Z Z H(—l) T (w = 1) Wﬁ 2
/‘L}_n (261 ..... 26[(’”)662‘“(2”) ]:1 ’

am

— S (%) 2n IREIEUE L
2 2 b 2by, ..., 2by, []=1 k—1 |

pEn (2b1,..., 2b£(u))662u’(2n) ) P,q j=1

Next we want to give a combinatorial interpretation to (40). By Lemma 2 for each

brick tabloid 7' = (2by, .. ., 2b interpret p=i ()] 2 th fth
rick tabloid T = (2by, ..., 2by()), we can interpret p>i=t \ 2 [le ..... 2bg(m]p’qas e sum of the
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weights of fillings of 7" with permutations o € S, such that o is increasing in each brick and
we weight o with ¢™(?)p©™(?) By Lemma 4, we can interpret the term Hf(:“l) [Qbfktkfl}r as
the sum of the weights of fillings w = w; - - - wy, of T" where the elements of w are between
0 and k£ — 1 and are weakly increasing in each brick and we weight w by 7!, Finally, we
interpret Hf(z“l)(x —1)%~1 as all ways of picking a label of the even cells of each brick except
the final cell with either an x or a —1. For completeness, we label the final cell of each brick
with 1. We shall call all such objects that can be created by these choices filled labeled brick
tabloids and we let Fsy,, denote the set of all filled labeled brick tabloids. Thus a C' € Fy,
consists of a brick tabloid T, a permutation o € S,,, a sequence w € {0,...,k —1}*" and a
labeling L of the even cells of T" with elements from {x,1, —1} such that

1. all the bricks of T" have even length,

2. o is strictly increasing in each brick,

3. w is weakly increasing in each brick,

4. the final cell of each brick is labeled with 1, and

5. each even numbered cell which is not a final cell of a brick is labeled with x or —1.

We then define the weight w(C) of C to be ¢™(?)pem (@) vl times the product of all the
x labels in L and the sign sgn(C') of C to be the product of all the —1 labels in L. For
example, if n =12, k =4, and T = (4,6, 2), then Figure 3 pictures such a composite object
C € Fip where w(C) = ¢®p*r'7z? and sgn(C) = —1.

Thus
[2n],4!0(h2n) = ) sgn(C)w(C). (41)
CeFon
L X 1 -1 X 1 1

Figure 3: A composite object C' € Fis.

Next we define a weight preserving sign-reversing involution Iy : F3, — Fa,. To define
I, (C), we scan the cells of C' = (T,0,w, L) from right to left looking for the leftmost cell
2t such that either (i) 2¢ is labeled with —1 or (ii) 2t is at the end a brick b; and the brick
bj+1 immediately following b; has the property that o is strictly increasing in all the cells
corresponding to b; and b;;; and w is weakly increasing in all the cells corresponding to b,
and b;+1. In case (i), [;(C) = (1",0',w’, L") where T" is the result of replacing the brick b
in T' containing 2t by two bricks b* and b** where b* contains the cell 2¢ plus all the cells in
b to the left of 2¢ and b** contains all the cells of b to the right of 2¢, 0/ = o, w' = w, and
L' is the labeling that results from L by changing the label of cell 2¢ from —1 to 1. In case
(i), L(C) = (T",0',w', L") where T" is the result of replacing the bricks b; and b, in T by
a single brick b, 0/ = o, w' = w, and L’ is the labeling that results from L by changing the

13



label of cell 2¢ from 1 to —1. If neither case (i) or case (ii) applies, then we let I,(C) = C.

For example, if C' is the element of Fi5 pictured in Figure 3, then [;(C') is pictured in Figure
4.

Figure 4: [,(C) for C' in Figure 3.

It is easy to see that [} is a weight-preserving sign-reversing involution and hence Iy
shows that
20, 0(hon) = > sen(C)w(C). (42)

CEan,Il(C):C

Thus we must examine the fixed points C' = (T,0,w, L) of I;. First there can be no
—1 labels in L so that sg(C) = 1. Moreover, if b; and b, are two consecutive bricks in T’
and 2t is that last cell of b;, then it can not be the case that oy < 0911 and wy < Wy
since otherwise we could combine b; and b;y;. For any such fixed point, we can think of
the pair (o, w) as an element of Cy ! Sy,. It follows that if cell 2t is at the end of a brick,
then 2t ¢ Risg((o,w)). However if 2v is a cell which is not at the end of brick, then our
definitions force o9, < 09,41 and wa, < we,1; so that 2v € Risg((o, w)). Since each such cell
2v must be labeled with an z, it follows that sgn(C)w(C) = ¢™v(@)peomv(@)plwlgris(@)s((ow)
Moreover our definitions force that Oy, ; C Ris((o,w)) so that (o, w) € (Cj 1 Sa,)?. Such
a fixed point is pictured in Figure 5. Vice versa, if (o, w) € (Cj, 1 S,)?, then we can create
a fixed point C' = (T, 0,w, L) by having the bricks in 7" end at cells of the form 2t where
2t ¢ Risg((o,w) and labeling each cell 2t € Risg((o,w)) with = and labeling all other even
numbered cells with 1. Thus we have shown that

[2n]p,q!9(h2n) = Z qinV(U)pCOinV(U)T‘w‘xris(g)E((o-yw))
(0,w)€(C1San) @

as desired.

Figure 5: A fixed point of I;.
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Applying 6 to the identity H(t) = (E(—t))™!, we get

> 0(ha)tr = N 2

n>0 n>0

t2n

n] ' Z qinv(a)pcoinv(a) ,r|w| xris(o)E (o,w)
P9 (0w)€(CraSan) @)

1
LY (—)"0(en)
B 1
- 2m 2m(*1)2m‘1(w*1)m‘1p(2£n) 2m+k—1
L+ 3 (1)t 2m],.q] ey L
B 1—x
a 1 p(2£n)(w—1)mt2m 2m+k—1
R D R v (!
which proves (33).
Theorem 6. For all k > 2,
et (o), coinv() Julris(0) (o))
mvio comvio w ris(o)e((0o,w —
BN e B DR L -
n>0 pa (U,w)6(0k252n+1)(2)

(2’71271)( —1)m2m=1 o 14k
Dot [me_u,,,q e L

(3) e yymezm o1y
1_5U+Em21p[2W[ k—1 ]r

Note that when we set x = 0 and p = g = r = 1, then (33) reduces to

a0 Ty I g
>0 (2n + 1)! S o t272(;;)m (2m+k71)(252:{3?2)..‘(%“)
o éi;cill tF=lsint
N (?;:1 th=1 cost

which is the generating function of D(t) claimed in the introduction.

(44)

Proof. Let 6 be the ring homomorphism defined in Theorem 5. In this case, we will derive

(43) by applying € to the identity

n21(—1)"*1y(n)ent”

n_ 2
an’ut - n n
ZnZO(_l) ent

n>1

where

[2n],4[20)-

p?r12n+ k — 1],

2n—1 n— k—
p( 2 ) [2n]p,q! [2 k1—+1 1}7«

S BTyl P

v(2n) =

15

(45)

(46)



for n > 1 and v(2m + 1) = 0 for m > 0. We have defined v so that

(12w — 1) pCe ) 2o — 14 k-1
2 = . 4
v(2n)0(€zn) 2n — 1], k—1 |, (47)
Again it is easy to see that
0(p2nt1,0) =0 (48)

for all n > 0 since the expansion of ps,.1, in terms of the elementary symmetric functions
only involves e,,’s where p contains an odd part. The key fact that we have to prove is that

[27’L + 1]p,q!9(p2n+27y) = Z qinv(d)pcoinv(a),r\w\xris(a)E((g,w)) <49)
(0,w)€(C1S2p41)P

for all n > 0. Note that

20 + 1p.,4'0(p2n+2,) (50)
= 20+ gl S (—1)2 2 W0, (Byy 2ur2))B(en,)
pEn+-1
= [2n + 14! Z (_1)2n+24(u) Z V(2bg()) %
puFn+1 (2b1 ..... 2bz(u))682#7(2n+2)
o) [2bj+k71] .
[T(-02 @ — sttt (9)
i [ij]pﬂ

Zop(uy~t

D) (1 — 1)L 2y — 14k — 1
= [2n+1pq! D 2 : - [“W } x

2bp(y — 14! E—1
pn41 (2b1,...,2by( ) ) EBap (2n4+2) 2be() = g

“ﬁ‘l pU2) (2 — 1) [ij + k- 1}

j=1 [2bj]p7q! k=1
=2 > (™) () -t x
- b b 2by, ... 2byy—1, 2be — 1
pEn4-1 (2by,..., 2b€(u))682m(2n+2) P

(p)—1
200y —1+k—1 1120+ k-1
— 1\beg—1 |2V 1\bi—1 [ 4Y
(x—1) [ b1 ”(3: 1) k-1

roj=1

Again we want to give a combinatorial interpretation to (50). By Lemma 2 for each brick
tabloid T" = (2by,. .., 2by,)), we can interpret

p<2bf<g>1>pz§&fl<2;ﬂ'>{ 2n+1 }
2b1, ey QbZ(u)—lu 2[){(#)_1 P,

the sum of the weights of fillings of the first 2n+1 cells of 7" with a permutation o € Sy, 11
such that o is increasing in each brick and where we weight o with ¢™(@)p©™ () Note that
T has 2n + 2 cells so we will assume that the last cell of T is filled in and we will not place
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anything in that cell. By Lemma 4, we can interpret the term [%"'(“)k__l;r k_l} Hf(:“l) ! [bektkfl} .
as giving the sum of the weights of fillings w = w; - - - wq,11 of the first 2n + 1 cells of T
where the elements of w are between 0 and k£ — 1 and are weakly increasing in each brick
and where we weight w by r1*l. Finally, we interpret (x — 1)« ~1 Hf(z“l)_l(a: —1)%"! as all
ways of picking a label of the even cells of each brick except the final cell with either an x
or a —1. For completeness, we label the final cell of each brick with 1. We shall call all such
objects that can be created in this way filled labeled brick tabloids and let Gy, 12 denote the
set of all filled labeled brick tabloids. Thus a C' € Gs,.o consists of a brick tabloid 7', a
permutation o € Sy,1, a sequence w € {0,...,k—1}*""! and a labeling L of the even cells

of T with elements from {z,1,—1} such that
1. all the bricks of T" have even length,
2. o is strictly increasing in each brick and fills in the first 2n + 1 cells,
3. w is weakly increasing in each brick and fills in the first 2n + 1 cells,
4. the final cell of each brick is labeled with 1, and
5. each even numbered cell which is not a final cell of a brick is labeled with x or —1.

We then define the weight w(C) of C to be ¢™(?)pem (@) vl times the product of all the
x labels in L and the sign sgn(C') of C to be the product of all the —1 labels in L. For
example, if n =12, k =4, and T = (4,6, 2), then Figure 6 pictures such a composite object
C € G5 where w(C) = ¢*p3rtiz? and sgn(C) = —1.

Thus
20+ 1], 0(pans2n) = D sgn(Chw(C). (51)
CeGani2
L X 1 -1 X 1 1

wflfoO|] 1} 1} 3] 0| 0| 12| 2| 2| 3|1
o2 3|10} 11 1| 4| 6| 7| 8| 9|5

Figure 6: A composite object C' € Gys.

Next we define a weight preserving sign-reversing involution Is : Gopio — Gopyo. Io is
essentially the same as I; of Theorem 6. That is, we scan the cells of C' = (T, 0, w, L) from
right to left looking for the leftmost cell 2¢ such that either (i) 2¢ is labeled with —1 or (ii) 2¢
is at the end a brick b; and the brick b;;, immediately following b; has the property that the
o is strictly increasing in all the cells corresponding to b; and b;;; and w is weakly increasing
in all the cells corresponding to b; and bj4y. In case (i), [o(C) = (1T",0',w', L") where T"
is the result of replacing the brick b in T' containing 2t by two bricks b* and b** where b*
contains cell 2¢ plus all the cells in b to the left of 2¢ and b** contains all the cells of b to the
right of 2t, 0/ = o, w' = w, and L’ is the labeling that results from L by changing the label
of cell 2t from —1 to 1. In case (ii), I(C) = (T",0’,w’, L’) where T" is the result of replacing
the bricks b; and b;1; in T by a single brick b, 0’ = o, w' = w, and L' is the labeling that
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results from L by changing the label of cell 2¢ from 1 to —1. If neither case (i) or case (ii)
applies, then we let Io(C') = C. For example, if C' is the element of G5 pictured in Figure 6,
then I5(C') is pictured in Figure 7.

L X 1 1 X 1 1
w| O 1 1 3 0 0 1 2 2 3|11
o] 2 3 10| 11] 1 4 6 7 8 9 5

Figure 7: I,(C) for C in Figure 6.

Again, it is easy to see that [, is a weight-preserving sign-reversing involution so that

27+ 1],,0'0(pansa,) = > sgn(C)w(C). (52)
C€eGany2,I2(C)=C

Thus we must examine the fixed points C' = (T, 0,w, L) of I5. First there can be no
—1 labels in L so that sg(C) = 1. Moreover, if b; and b;;; are two consecutive bricks in T
and 2t is that last cell of b;, then it can not be the case that oo < 02y and war < Worgs
since otherwise we could combine b; and b;4;. For any such fixed point, we can think of
(o,w) as an element of Ck ! So,41. It follows that if cell 2¢ is at the end of a brick, then
2t ¢ Risg((o, w)). However if 2v is a cell which is not at the end of brick, then our definitions
force o9, < 09,41 and we, < wo, 11 so that 2v € Risg((o, w)). Since each such cell 2v must be
labeled with an z, it follows that sgn(C)w(C) = g™ (@) peonv(@)plwlgris(a)s((ew)  Moreover our
definitions force that Oy, ; C Ris((o,w)) so that (o, w) € (Ck 1S2n41)@. Such a fixed point
is pictured in Figure 8. Vice versa, if (o, w) € (Cj1S2,.1)?, then we can create a fixed point
C = (T,0,w, L) by having the bricks in 7" end at cells of the form 2¢ where 2t ¢ Risg((o, w)
and labeling each cell 2¢ € Risg((o,w)) with = and labeling all other even numbered cells
with 1. Thus we have shown that

[2” + 1]p,q!9(p2n+2,u> = Z qinv(g)pCOinv(U)r‘w‘xriS(U)E((UﬂU))
(ow)€(CriSant1)@

as desired.

L X 1 X X 1 1
w| 0 1 1 3 0 0 1 2 2 3|1 1
o 2 3 7 111 1 4 5 6 8 9] 10

Figure 8: A fixed point of I5.
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Applying 0 to the identity (45), we get

t2n+2

D = Yy 2 @

n>1 n>1 P (6 w)e(CriSans1) @
Zle(—1)2m_1t2m1/(2m)9(62m)
L+ 3,5 (=1)"0(en)

(2m71

2 2 )( —1) 1 rop—14k—1
Zle time [an}p,q [ " k—1 ]T

2m
myp2m (12 (z—1)m—! (*s") 2m+k—1
1+Zm21(_1)2 t2 2mlp.q! d [ k1 ]r

<2n71

2 )( —1)™ 12n—1+k—1
_Zmzl tame [2n-1i,,,1 [n k—1 L

<272ﬂ) (z—1)mt2m om+tk—1
L—a 43, o o )

That is, we have shown that

t2n+2 . . .
Z [Qn - 1] Z qlnv(a)pcomv(a)r|w|xrls(a)E((a,w)) _ (53)

|
n>0 T (o) E(CrSani1)@

t2mp(2n51)(x_l)m 2n—1+k—1
R R e e o] P N

(%) e yymezm omsk-1y
L=z + 3 P — Lo 1,

Then dividing both sides of (53) by ¢ yields (43).
[

5 The generating functions for not down-down permu-
tations

In this section, we shall prove two generating functions which specialize to the generating
functions E(t) and F'(t) described in the introduction. In particular, we let (C},05,)2) denote
the set of all (o, w) € Cy 1S, such that O,,_1; N Des((c,w)) = 0. We let

NonDesg((o,w)) = {2i:2i € Des((o,w))} and (54)
nondesg((o,w)) = |NonDesg((o,w))|. (55)

It is easy to see that the generating functions

t2n inv(o) . coinv(o nonde o
1+ Zl T § i)l prondess (7). (56)
n>

L (O’,’u})e (CleQn)(2>
and
2t inv(o),.coinv(c),.|w| .nondesg ((o,w))
ZW D, gmprmplilgrondee(io), (57)
n>0 p.q: (o;w)e (CrlS2n+1)(2)
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specialize to E(t) and F'(t) respectively when we set t =0 and p=q=1r = 1.

Our strategy for finding these generating functions is very similar to finding the generating
function (33) and (43). That is, if one reflects on the proof of Theorem 5, the main role of the
definition of a ring homomorphism 6 : A — Q(p, ¢, r, x) was to ensure that [2n], ,!0(hs,) could
be interpreted as the sum of the weights of labeled fillings (7', L, o, w) such that (o, w) was
strictly increasing within each brick relative to the product ordering. Then the combinatorics
of the involution I; showed that

[2n]p7q!0(h2n) — Z qinv(o—)pCOinV(o—)’r“w‘xris(U)E((U,w))
(o,w)€(CrlSan )@

from which we could find the generating function by applying the ring homomorphism to
the identity H(t) = 1/E(—t). Now suppose that we could define a ring homomorphism
A: N — Q(p,q,r, x) so that [2n], ,/A(ha,) could be interpreted as the sum of the weights of
labeled fillings (7', L, o, w) such that (o, w) was non-increasing within each brick relative to
the product ordering. Then it is not difficult to see that we can define an analogue of the
involution I; where replace the condition that (o, w) is strictly increasing in each brick by
the condition that (o, w) is non-increasing in each brick to show that

[2n]p,q!A(h2n> _ Z qinv(a)pcoinv(a)T|w|xnondesE((07w)) (58)
(U,w)E(CkZSQn)<2)

We shall show at the end of this section that

" inv(o),.coinv(o), . |w

n>0 [n]p,q. (o,w)END,, .

1

ey, o ey

[2m]p,q!

where N D, is the set of permutations o € Cy ¢ S,, such that Des((o,w)) = (). Then clearly

t2n

Z(p7Q7r7t) _’_Z(p)qara _t>
1+

5 Z qinv(a)pcoinv(o)r|w| and

|
n>1 [271]7”‘1‘ (o,w)EN Doy 1,

Z(pu q,7, t) — Z(p7 a,T, _t) Z gt inv(o), coinv(c), .|w|
=y — g™ @ pee @yl
2n 4+ 1], 4! Z

2 !
77/20 ’ (U,w)GND2n+17k
Hence for all n > 1,
Z(pg,qp,’l”,t>+Z(p2,qp,7”, _t) inv(o coinv(o),.|w
5 e = D ()™t
np7q

(Uzw)END?n,k

= 3 g (60)
(o’,’LU)ENDQn,k

20



since for all 0 € Sy, inv(o) + coinv(c) = (%). Similarly,

2n+1 =
2 Bnrilp.g!

2 2
Z(p 4P, T t) - Z(p 4D, T, _t) Z (pq)inv(a) <p2>coinv(a)r|w|

(O’,’w)eNDng,Lk

_ p(2n2+1) Z qinv(o’)pCOiHV(U)lel (61)

(G’,’LU)ENDQ,,L+1J€

since for all o € Sy, 11, inv(o) + coinv(o) = (2n2+1)

We define our desired ring homomorphism A : A — Q(p, ¢, 7, z) by setting

(_1)2n—1($ - 1)n—1 Z<p27PQ7 r, t) + Z(p2>pQ7r7 _t)

[2n]p,q!
(_1)2n—1<$ B 1)n—1 2m inv(o), coinv(o), .|w
_ O p(%) Yo e, (62)
p.a- (0,w)EN Doy, i,
if n>1and
A(62n+1> O (63)

if n > 0. Again it is easy to see that

A(th—i-l) 0 (64)
for all n > 0. Now
2n]p,q!A(h2n) (65)
= [20]p0! (=)™ By o) Ale)
ukEn
2 o £(p) (_1)2b]'—1<x _ 1)bj—1
= [2n],.,! n— y
pq ; (2b1 2b2:)eg 1_[1 [ij]p,q!
o B () 2,(2n) J

Z(p* pg,r,t) + Z(p*, pg, 1, —t), L
2 Tyt

jlp.q!
()

— Z Z Zf(:'ﬁ)p(%) 2n H(x — 1)t x
b 2by, ..., 2by

pEn (201, 2bg(u))662u7(2n) Pq j=1

i_[ Z qinv(o')pcoinv(o)r\w\

(o,w)EN Doy i

Next we want to give a combinatorial interpretation to (65). By Lemma 2, for each
o) [2b;
brick tabloid T" = (20, . . ., 2by(,)), we can interpret pzjil () [ mn } as the sum of the
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weights of fillings of T" with a permutation 7 € Sy, such that 7 is increasing in each brick
and we weight 7 with ¢™("p™ (") Next the product

(p)
H Z qinv(o)pcoinv(a)r|w|

Jj=1 (an)ENDm;j,k

can be interpreted as all ways to pick a permutation (¢@), w()) € Cy 1 Sy, for each brick 2b;
in T such that Des(c@), w)) = @ with weight ¢ w?)peoinv(e?w)plw?] - For example,
Figure 9 pictures such a choice for o and choices for (¢, w®), (6@ w®), (¢ w®) for
the brick tabloid T' = (4,6,2). Here we have written the (¢, w¥))’s in two line arrays as
we did in the previous proofs, namely, the bottom line of the array gives o) and the top
line of the array gives w¥). We can then combine these two diagrams into single diagram
which is pictured at the bottom of Figure 9 by rearranging the elements of ¢ in each brick
b; according to the permutation o) and bringing down the top sequence w?) to be the top
sequence in each brick. The result is a pair (o, w) such that (o, w) has no descents that occur
between two cells in the same brick and where we weight the pair (o, w) by ¢™"(@) peeinv(@)plwl,
Finally, we interpret Hf(:“l) (x — 1)%~! as all ways of picking a label of the even cells of each
brick except the final cell with either an = or a —1. For completeness, we label the final
cell of each brick with 1. We shall call such objects filled labeled brick tabloids and we let
ICo,, denote the set of all filled labeled brick tabloids that arise in this way. Thus a C' € ICy,
consists of a brick tabloid T', a permutation o € S, a sequence w € {0,...,k —1}*" and a
labeling L of the even cells of T" with elements from {x, 1, —1} such that

1. all the bricks of T" have even length,

2. if i € Des((o,w)), then ¢ must be the final cell of some brick,

3. the final cell of each brick is labeled with 1, and

4. each even numbered cell which is not a final cell of a brick is labeled with x or —1.

We then define the weight w(C) of C to be ¢™(?)pem(@)rlvl times the product of all the
x labels in L and the sign sgn(C') of C to be the product of all the —1 labels in L. For
example, if n = 12, k = 4, and T = (4,6,2), then the composite object C' pictured at the

bottom of Figure 9 is an element of K5 where w(C) = ¢*p*¥r'52? and sgn(C) = —1.
Thus
[2n],q!Alh2n) = > sgn(C)w(C). (66)
CEIC2n

At this point, we can follow the analogous steps in Theorem 5 to prove that

2l Alh) = 3 gm@pein @)l grondess(ow))
(0,w)€(CrlS2n) (2)
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T 2 3 10| 11| 1 4 6 7 5 12
1 1 2 2 3 3
( (),w()) ( (),w()) ()'W()

1 0 1 3 0 3 0 2 1 1

1 3 2 4 6 3 5 2 1 2

L X 1 -1 X 1
w 1 0 1 3 0 3 0 2 1 1
o 2 10 3 11] 9 6 8 4 5 112

Figure 9: A composite object C' € Kys.

Applying A to the identity H(t) = (E(—t))™!, we get

STAB = Y Z

n>0 n>0

t2n

n]paq : (0—76)6 (CkZSQn)@)
1

1+ anl (—t)"Alen)

Z qinv(a)pcoinv(o) T\e\ :L,nondesE (o,€)
|

1
omyom (D2 (z—1)m—1 [ Z(p2,pq,rt)+Z(p?,pg,r,—1)
L1437y (=1)2me2m ], o1 5 2m
’ [2m]p,q!
11—z

Iy, Gz (Z(pzmqmt)JrZ(

[2m]p,q!

1—=x

—r+

Z(p2,pq,r,(:tfl)l/zt)JrZ(pZ,pq,?‘,f(x—l)l/%t) '

2

Thus we have proved the following.

Theorem 7. For all k > 2,

tQTL

1+ Z [2n] ' Z qinv(a)pcoinv(

n>1 P (0,0)€(CriSan)2)
11—z
—r + Z(p2’qp’r’(x—l)l/zt)JrQZ(pQ7qp7r,—(x—1)1/2t) '
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Note that setting x = 0 and p = ¢ = r = 1 in (67) and using Corollary 11, we obtain
that

nd_dQn,thn o 1
Z (2n)! T ZAL L)+ Z(1,1,1,—it)
2

n>0

1

1 1 1
dF 7l 1 it T = th—1git
dek—1 dtk—1

k—1 . k—1 .
((ftkqtkileﬂt)(ikﬁtkileﬂ)

dF 1 1 (e—itteit
QT ( 2 )

( k-1 tk—le—it)( dk-1 tk—leit)

[\

dtk—l dtk—l
tk=1cost

dk71
dtk—1

Let .
-
Fiarh) = Gt

for k > 2. Observe that if D = % is the ordinary differential operator, then

tk*le’it (68)

D0 9l0) = 3 (1) DO ol (69)

k=0

Hence in the special case where f(t) = e and ¢(t) = ", we have that

Pu(t) = Xn: (Z) et (n) Loy t*
= ¢t i (Z)z(n — k)liek

k=0
where (n) lo=1and (n) |s=n(n—1)---(n—s+1) for s > 1. It follows that

Po(it) Po(—it) = its Z (Z)Q(n — )k’ (5 " T)Q(n — (s —r)I(=i)*"

- i(@)&ﬁ g(—l)s—r (7:)2(71 —)! (S ﬁ r)z(n —(s=m)l.

Note that when s is odd, then term

r=0

since the r-th term in the sum is the negative of (s — r)-th term in the sum. Thus

Py (it) Py (—it) = 2; 120 i(—ns—r (:)z(n —7)! (28”_ T>2(n —@2s—r).  (70)

r=0
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We can rewrite the sum

as a hypergeometric series. That is, we can rewrite this sum in terms of rising factorials (a),
where (a)g =1 and (a), =a(a+1)---(a+mn—1) for n > 1 to obtain that

i(—U” (Z)Q(n —)! <S ! r>2(” —(s—1)! =

(=1)*nn!(=n)ss o~ (=10 (=28)r(=25), 1 _
(25)!(25)! > (n—2s+1).(1), r
(=1)*nln!(—n)s,
(25)!(2s)!

This is a special case of the following hypergeometric series identity found in [15]:

sby(—n, —2s,—2s;n —2s+1,1;1). (71)

JFy(bye,—2m:1 —b—2n,1 —c—2n;1) = (i?();g’gc(;j:((: i;)z” (72)

Using (72), we see that (71) is equal to
(=D nlnl(=n)as (25)!(=n)s(=25)s(=1 = 25)as _
(25)1(28)!  sH(=n)2s(=28)25(=n — 25),
(=1)nin! (=1)°n |, (=1)*(2s) Ls (=1)*(n+25) oy _
(2s)! sI(=1)%(2s)/(=1)*(n + 2s) s

s ()

where a [p=1and a |,=a(a—1)---(a—n+1) for n > 1. Hence

P (it) Py (—it) — i EZ;); (Z) (” j S) 25, (73)

s=0

2s

Thus we have the following corollary.

Corollary 8. For k > 2,

nd-dsy, t*" le:é ((k(;sl))v!)Q (kgl) (k_?rs) £

1+ ke ) (74)
; (2n)! j;,ll th—1cost
We can also prove an analogue of Theorem 6. That is, suppose that we define
1 —1 2n—1 —1 n—1 A 2 t A 2 —t
v(2n) = (=)™ (@ —-1) ( W per,t) + 205 per =) )
A(ezn) 2n — 1],¢! 2 Bn—1lpq
2n—1
(O o Ve AN et Vi v, coinv(o,),
— inv(o,w), coinv(o,w),.|w 75
Alean) [2” — 14! Z ! P ' (75)

(0,w)ENDap_1k
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for n > 1 and v(2m + 1) = 0 for m > 0. In this case we have defined v so that

V(QH)A(egn) _ (_1) " ([L’ _ 1')n (Z(p »Pq, T, t) _ Z(p yPq, Ty _t) |t2"1[2n—1]p,q!)
(o )@ - 1

20 — 1], 2
2n—1
_ inv(o,w), coinv(o,w),.|w|
— T Y g p rlvl (76)
P (0,w)ENDap 1k

We can then follow the same sequence of steps as in the proof of Theorem 6 to prove that

21 + 1], ¢! Apania,) = > g™ (@) promv(o) plelgnondese((o.w)
(o,w)E(CRS2n+1)(2)
Applying A to the identity (45), we get
£2n+2

n o __ inv(o),.coinv(o),.|w|,.nondesg ((o,w))
S8 = Tt S ey

n>1 P (w)e (CrlS2n+1)(2)
Dot (=17 (2m) Al eam)
L+ s (=) Alen)

S (—1)2mLgzm (—1)7;’:;(5;[11!)”’1 (Z(p2,pq,nt)—QZ(pQ,pqm—t) ’t2m—1[2m—1]p,q!>
— S | )2mgem = 1)2?2;;](;_!1)%1 (Z(p2,pq,r,t)+22(p2,pq,r,_t) |t2m[2m]p7q!>

—t(z — 1)1/2 S ((:v[—221_/i]22;*1 <Z(p2qumt)—QZ(pQ,pqm—t) |t2m4[2m—1}p,q!>
- Lt o (2 0 <Z(p?,pq,nt>+22(p2,pqm—t)|t2m[2m}pvq!)

—t(x — 1)V Z(p2,pqmt)—2Z(p2,pq7r,—t))

—x+ Z(p2,pqmt)JrQZ(p?,pqﬂ“ﬁt)
—t(x — DY2(Z(p?, pq, 1. t) — Z(p*,pq, v, —t))
—QLE + Z(p27pQ>rv t) + Z(p27p(J7r7 _t> ‘

That is, we have shown that

t2n+2

inv(c), coinv(eo),.|w|,.ris(o)g((o,w))
B rra NP DI L (0

n>0 T (o,w)€(CriSan+1)(2)
—t(x — V)2 Z(p*, pg, 7, t) — Z(p*, pq,r, —t))
T 2+ Z(pa, ) + Z(p2,pg, 7, 1)
Then dividing both sides of (77) by ¢ yields the following result.
Theorem 9. For all k > 2,

t2n+1

2 BT

n=20 P (0,w)€(CraSan+1) (2)

—(.CL’ B 1)1/2 (Z(p27p(L r, ($ - 1)1/2t) B Z(p27pqara _(‘T B 1>1/2t>)
=2z + Z(p?, pq, 7, (x — 1)1V2t) + Z(p*, pg, v, —(x — 1)1/21)

Z qinv(a)pcoinv(o) r |w] :L,nondesE((a,w)) _

(78)
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Note that when we set x = 0 and p = g = r = 1, then (78) reduces to

(2n+1)!  Z(4L,1,1,it) + Z(1,1,1, —it))

3 N1 20+ —i(Z(1,1,1,it) — Z(1,1,1, —it))

n>0
SR -1 —it dF k-1 it
—1 (—dtk,lt e — gttt e

— k—1 . k—1 .
C(litk—l tk—l e—it + éltlc—l tk—lezt

_iélt’:_ll (et — e~it)

f;: (et 4+ e~it)

k—1 .
éitk_fl sint
k—1 N
4 cost

dek—1
which is the generating function of F'(¢) claimed in the introduction.
We note that the generating functions of Theorems 6 and 9 are two different generating
functions that can be specialized to
k—1
c?tk—ltk_l
dk71
dtk—1

sint

th=1cost

We end this section by proving a result which specializes to (59).
Theorem 10. For all k > 2,

tn . .

inv(o),.coinv(o),.|lw|,.des((o,w)) __

1+E —[n] i E q P r'lx =
n>1 VP (6 e,

1—=x

B : (79)
z—1)t)" [n+k—
L—z+305 %[ 0,
Proof. Define a ring homomorphism I" : A — Q(p, ¢, r, x) by setting
i,
I(e,) = (—1)" Yz —1)""! i qu(2), (80)
p,q-

Then we claim that

[n]p,q'r(hn) _ Z qinv(a)pcoinv(a)r|w|$des((a,w)) (81)

(o,w)ECKUSH
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for all n > 1. That is,

[n]p,q!Fm”) 2
= [n]p! Z(—l)”—f(“)Bm(n)F(e“)
pkEn
w P, e
B yn—() _1\b—1 _1\bi—1 L k=1 dp (T
= [”]p,qlz( DA Z H( DY@ =1 [bjlp.q! o
pu-n (b1 ..... b((u))eBu,(n) Jj=1 ’

()

_ L P I § (S e i
2 2 1 br. . bew) []e=n k—1 |,

pEn (2b1,..., ZbZ(u))GBZ,u,(Qn) p,q j=1

Next we want to give a combinatorial interpretation to (82). By Lemma 3 for each brick

. . S (bj) n .
tabloid 7" = (b1, ..., byy)), we can interpret g#=1\2 [bl be( >] as the sum of the weights
""" )7 p,q

of all fillings of T" with a permutation o € S,, such that ¢ is decreasing in each brick and we
weight o with ¢™v(@)p©™(?) By Lemma 4, we can interpret the term Hf(:“l) [bjljfl_ '] as the
sum of the weights of fillings w = wy - - - w,, where the elements of w are between 0 and k— 1
and are weakly decreasing in each brick and where we weight w by r*!. Finally, we interpret
Hf(z“l) (x — 1)%~1 as all ways of picking a label of the cells of each brick except the final cell
with either an x or a —1. For completeness, we label the final cell of each brick with 1. We
shall call all such objects created in this way filled labeled brick tabloids and let H,, denote
the set of all filled labeled brick tabloids that arise in this way. Thus a C' € 'H,, consists of
a brick tabloid 7', a permutation o € S,,, a sequence w € {0,...,k — 1}", and a labeling L

of the cells of T" with elements from {x,1, —1} such that
1. o is strictly decreasing in each brick,
2. w is weakly decreasing in each brick,
3. the final cell of each brick is labeled with 1, and
4. each cell which is not a final cell of a brick is labeled with x or —1.

We then define the weight w(C) of C to be ¢™(?)pemV(@)rlvl times the product of all the
x labels in L and the sign sgn(C) of C' to be the product of all the —1 labels in L. For
example, if n = 12, k = 4, and T = (4,3, 3,2), then Figure 10 pictures such a composite
object C' € Hyy where w(C) = ¢®p3r!7z® and sgn(C) = —1.

Thus

[1]pg T (ha) = Y sgn(C)uw(C). (83)
CEHn

Next we define a weight preserving sign-reversing involution I3 : ‘H, — H,. To define
I3(C'), we scan the cells of C' = (T, 0,s,L) from right to left looking for the leftmost cell ¢
such that either (i) ¢ is labeled with —1 or (ii) ¢ is at the end a brick b; and the brick b;44
immediately following b; has the property that the o is strictly decreasing in all the cells
corresponding to b; and b;1; and w is weakly decreasing in all the cells corresponding to b,
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Figure 10: A composite object C' € Hs.

and b;+1. In case (i), I3(C) = (1",0',w’, L") where T" is the result of replacing the brick b
in T" containing t by two bricks b* and b** where b* contains the cell ¢ plus all the cells in b
to the left of ¢ and b™* contains all the cells of b to the right of t, 0/ = o, W’ = w, and L’ is
the labeling that results from L by changing the label of cell ¢ from —1 to 1. In case (ii),
I3(C) = (T",0',w', L") where T" is the result of replacing the bricks b; and b;4; in 7" by a
single brick b, 0/ = o, W' = w, and L’ is the labeling that results from L by changing the
label of cell ¢ from 1 to —1. If neither case (i) or case (ii) applies, then we let I3(C') = C. For
example, if C'is the element of His pictured in Figure 10, then I3(C) is pictured in Figure
11.

Figure 11: I3(C) for C in Figure 10.

It is easy to see that I3 is a weight-preserving sign-reversing involution and hence I3
shows that
]y T(h) = > sen(Chw(C). (84)

CEHn,I3(C)=C

Thus we must examine the fixed points C' = (7,0, w, L) of I3. First there can be no
—1 labels in L so that sg(C) = 1. Moreover, if b; and b;;; are two consecutive bricks in T
and t is that last cell of b;, then it can not be the case that o, > 0441 and wy > w44 since
otherwise we could combine b; and b;41. For any such fixed point, we can think of (o, w) as
an element of Cj ¢.5,,. Such a fixed point is pictured in 12. It follows that if cell ¢ is at the
end of a brick, then ¢ ¢ Des((o,w)). However if v is a cell which is not at the end of brick,
then our definitions force o, > 0,1 and w, > w,;1 so that v € Des((o,w)). Since each such
cell v must be labeled with an =, it follows that sgn(C)w(C) = ¢™V(@) peoinv(o)ylwlgdes((aw)
Vice versa, if (0, w) € CxS,, then we can create a fixed point C' = (T, 0, w, L) by having the
bricks in 7" end as cells of the form ¢ where t € Des((o, w), labeling each cell ¢ € Des((o, w))
with x, and labeling the remaining cells with 1. Thus we have shown that

[n]pﬂlr(hn) = Z qinv(g)pCOinV(U)r\’w\xdes((a,w))
(0,w)ECKS2n,

as desired.
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Figure 12: A fixed point of I3.

Applying T to the identity H(t) = (E(—t))~!, we obtain

Z F(hn)tn _ Z #n' Z qinv(o)pcoinv(a)r\w\xdes(a,w)

n>0 n>0 VP (5 ) eCiiSh
B 1
1+ anl(_t)nr(en)
B 1
mam ()M (z—1)m -1 (gz) m-+t+k—
L+ s (1)t o Em]p’i! : [ 1—;—1 l]r
B 1—x
. ) @mnymem ko
— T+ CO (™ L
which proves (79). [

Observe that if we set z = 0 in (79), we obtain (59) as desired. Moreover, if we set z = 0
and 7 = 1 in (79), then we obtain that

14 Z t" Z qinv(a)pcoinv(cr) _

|
=1 e e,

1

(g) —t)" (n+k—1)(n+k—2)---(n+1
14 ¥,y L b b))

(k—1)!

(k—l)!—i—ZnZl(]([zn)]%(nij—1)(n+k—2)---(n+1)
(k—1)!
éitlz_—ll th ey q(—1)
Thus we have the following corollary.

Corollary 11. For all k > 2,

" inv(o), coinv(c k—1)!
1+ > ™ U:d“( L (85)

v -
n=1 [n]p’q' (o, w)END,, i, dtkfltk 161’7‘1(_t)
and Aot (k—1)
Ny, " o — .
LE ) T T (86)
n>1 dtkF—1

where ndy, j; = [N Dy, |.
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