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A nonempty subset A of {1,2,...,n} is said to be relatively prime if gcd(A) = 1. Nathanson
[5] defined f(n) to be the number of relatively prime subsets of {1,2,...,n}, and for k£ > 1,
he defined f(n) to be the number of relatively prime subsets of cardinality & of {1,2,...,n}.
Nathanson [5] defined ®(n) and ®x(n), respectively, to be the number of nonempty subsets
and the number of subsets of cardinality k& of {1,2,...,n} such that gcd(A) is relatively
prime to n. Sloane’s sequence A085945 enumerates f(n) and A027375 enumerates ®(n).
Let |z | denote the greatest integer less than or equal to x, p(n) the Euler phi function and
w(n) the Mobius function. Nathanson [5] obtained the following explicit formulas for these
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Abstract

A nonempty subset A of {1,2,...,n} is said to be relatively prime if ged(A) = 1.
Let f(n) and fir(n) denote respectively the number of relatively prime subsets and
the number of relatively prime subsets of cardinality & of {1,2,...,n}. Let ®(n) and
@4 (n) denote respectively the number of nonempty subsets and the number of subsets
of cardinality k of {1,2,...,n} such that gcd(A) is relatively prime to n. In this paper,
we obtain some properties of these functions.
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Theorem 1. The following hold:
(a) For all positive integers n,

(b) For all positive integers n > 2,
B(n) = 3 ()2, @)
dn

(¢) For all integers n and k,

(d) For all integers n and k,

o = (") (@)

Generalizations may be found in [2, 3, 4]. In 2009, Ayad and Kihel [1] studied some
properties of the functions f(n) and ®(n). They showed that f(n) is never a square if n > 2,
and for any prime [ # 3, f(n) is not periodic modulo [. Moreover, they proved the following
equality.

Theorem 2. For any integer n > 1, we have

Fn+1)— f(n) = %@(n—kl). (5)

In this paper, we give a new simple proof of the above result and obtain some properties
of these functions.

Theorem 3. For all integers n and k, we have

Pr(n+1) = fi(n +1) = fe(n) + frra(n +1) = frra(n). (6)

Remark 4. Note that for any positive integers n, fi(n + 1) = fi(n) = 1. By Theorem 3, we
have fo(n+1)— fa(n) = ®1(n+1) = p(n+1). Thus for n > 2, we have fo(n+1)— fo(n) =0
(mod 2), and f5(2) = 1, thus fo(n) =1 (mod 2) for all n > 2.

Remark 5. By Theorem 3, for all n > 2 we have fa(n) — fo(n — 1) = ¢(n). Thus
> o) = X (fali) = foli = 1)) = faln),
2<i<n 2<i<n

hence

2
fa(n) = 37% + O(nlogn).



Remark 6. Let p,q be primes. Note that ®(p) = 2P — 2 and ®(pq) = 2P — 2P — 27 4 2.
Thus ®(p) = (I)( q) = 2 (mod 4). And ®(n) = 0 (mod 3) for all n > 3 (see [1]); thus
®(p) = P(pg) =6 (mod 12). Hence ®(p) and P(pqg) are neither a square nor a cube.

To prove Theorem 2 and 3, we need the following lemma.

Lemma 7. For all integers n and k,

Ln+1J_L2J:{ 1, ifk|(n+1);

k k 0, otherwise.

2 Proof of Theorem 2.

By (1) we have

n+1 n

fn+1) = fln) =) u(d)(2! = > u(d) (2 —1)

1

d=
=" (@) (28 — 2y 4 p(n + 1),

By (2) and Lemma 7,

n

fin+1) = f(n) = Z pld)2") + p(n + 1)

d\n+1

=3 p(dy2tnd

dln+1

1 ne1 1
dln+1

This completes the proof of Theorem 2.

3 Proof of Theorem 3.

Case 1: k=1. fi(n+1) = fi(n) = 1. By (3) we have

fn+ D= () =S w(d) <L;J> -3 i) (Lnédj)



By (2) and Lemma 7, we have

P =) = > w7

i1
- n+1
- ; ’“‘(d)( d 1)
din+1 )
- > (M
din+1
-y M(d)";l = By(n+1).
d|n+1

Thus by (4) and Lemma 7, we have

filn+1) = fi(n) + frix1i(n +1) = frpa(n) = Z 'u(d>< kt?l) " (L%D)

) Z ICE
- d%:lu(d) (nf) = Pp(n+1).

This completes the proof of Theorem 3.
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