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Abstract

In this article, we present two extensions of Sofo’s theorems on integral representa-
tions of ratios of reciprocals of double binomial coefficients. From the two extensions,
we get several new relations between integral representations and binomial coefficients.

1 Introduction

Recently, Sofo [10] extended the result in relation to the integral representations of ratios
of reciprocals of the double binomial coefficients with the help of Beta function in integral
form. In [10], Sofo investigated integral representations for

> fala,b, g, k),
n=0

which is a function of the reciprocal double binomial coefficients and derivatives, and then
Sofo reproved many results in [4, 5, 12].

For the completion of this article, we reproduce the I'-function defined through Euler
integral

F(x):/ u*leT"du  with  R(z) >0,
0
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and Beta function

L(s)I'(t)

——= d R(t
TG0 or R(s) >0 and R(t) >0

1
B(s,t) = / 271 = ) dy =
0
which is very useful in the work of simplification and representation of binomial sums in
closed integral form. The reader may refer to [1, 2, 7, 13]. Throughout this paper, N and R
denote the natural numbers and the real numbers, respectively.

In fact, Sofo first gave the following theorem in [9] about the relation between the integral
representations and double binomial coefficients.

Theorem 1. Fort € R and a, b, n, j and k € N subject to |t| <1 and j, k > 0, then
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The jip41Fj1x(t) in this theorem is the general hypergeometric series, the readers can
refer to Bailey [3] and Slater [11].

In recent work [10], Sofo extended Theorem 1 by the following theorem.

Theorem 2. Fort € R and a, b, ¢, d, n, j and k € N subject toa > b, c > d, j, k> 0 and

|tbb(a —b)*d4(c — d)<

| <1,
a%ct
then
‘ - tn
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]1 k—1
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(1-— Jl
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where

U = tab(1 — )" Py(1 — y)* <.

The purpose of this paper is to present two extensions of Sofo’s Theorems 1 and 2, and

then get some new results on the relations between integral representations and binomial
coefficients.



2 The first extension of Sofo’s theorems

In this section, we prove an extension of Sofo’s theorems, which will lead to several new
relations between double integral representations and binomial coefficients.

Theorem 3 (The first extension). Fort € R and a, b, ¢, d, n, i, j, k and | € N subject to
a>b,c>d, 5, k>0, 1>0 and

tbb(a —b)*bd?(c — d)*

| <1,
a’c”
then
Q(a,b,c,di,j, k1 1) = e )
n=0 bn—i—z)(dn—l—l)
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y(1—y)" " U(1+U)
—b)(c — dzd
(a (c / / 1= U) xdy
] i—1,10 k—1—1
y'(1 U
+[(a=b)(k=1)+ (c—d)(j — 1) // 1_[(]) v) dxdy
_ ] i—1,1 k—1—1
+(j —)( —l// -z yU(l y) dxdy,
where

U= tab(1 — )" Py(1 — y)* <

Obviously, when a = b, ¢ = d and i = [ = 0, Theorem 3 reduces to Theorem 1 which is
due to Sofo [9]. Letting i =1 =0, a # b and ¢ # d in Theorem 3, we obtain Theorem 2
which is given by Sofo [10].

Proof. The summation of double binomial coefficients in this theorem can be expressed as
follows:

ZTn+i+1)[(a—bn+j—il((a—bn+j—1i
I'lan+j+1)

Q(a/7 b7 C7 d7 i?j’ k’ l7t> =

L]

F(dn+l+1)[(c—d)n+k—l]F((C—d)nJrk—l)tn
L(en+Fk+1)

X

i[a—bn—l—j—z”(c—d)n—irk—l]t"

=0

x Blbn+i+1,(a=bn+j—4)B(dn+1+1,(c—dn+k—1).
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Expanding the beta functions by the integral function, we express the Q(a,b,c,d,i,j, k, [, t)
as follows.

NE

Qa,b,¢,d,i, j k1, 1) = [(a—b)nJrj—i] [(c—d)n+k—z]t”
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Exchanging the double integral function and summation, we get
Qabedightt= [ [ 20-o - {3 be - dev
0o Jo n=0
+[a—b)(k—1)+ (c—d)(j —i)]nU™ + (j — i) (k — l)U"} dzdy
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where we have applied the derivation operator in the last equality to evaluate the summa-
tions. Here the requirement [tb°(a — 0)?~°d%(c — d)¢~%/a%¢| < 1 is for convergence. O



2.1 Example

Lettinga=c=j=2,b=d=i=k=t=1and [ =0 in Theorem 3, we have the following
result:

[e.9]

Q(2,1,2,1,1,2,1,0,1) = Z(M

= G )

//:cyl—:r —y)[1+azy(l—2)(1—y)] dvdy
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2.2 Example
Lettinga=3,c=k=2andb=d=1i=j=1=1=11in Theorem 3, we get
Q(37172717171727171 Z 3n+1 2n+2
n=0 n+1)(n+1)
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2.3 Example
Lettinga=j=3,b=c=i=k=2and d=1[0=1t=1in Theorem 3, we have

o

1
Q(3,2,2,1,2,3,2,1,1) IZW
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In fact, Q(3,2,2,1,2,3,2,1,1) can be expressed as the Hakmem series [6] as follows:
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2.4 Example

Lettinga =4, b=c=j=k=2andd=1i=1=1%=11in Theorem 3, we derive the
following relation.

[e.e]

Q(42,2,1,1,2,2,1,1) = Y s

= (321?) Coit)
2y (1 —2)?(1 —y)[1 + 2%y(1 — 2)*(1 — y)]
=
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2)*(1—y)
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Ty
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3
[1—ay?(1—2)(1 - y)?]

dxdy

) dxdy.

3 The second extension of Sofo’s theorems

In this section, we give another extension of Sofo’s Theorems 1 and 2. The following theorem
is about the relation between three binomial coefficients and triple integral representations.

Theorem 4 (The second extension). Fort € R and a, b, ¢, d, e, n, j, k and m € N subject
toa>0b,c>d, j, k, m>0 and
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Clearly, when a = b, ¢ = d and e = 0, Theorem 4 reduces to Sofo’s [9] Theorem 1. Letting
e =0, a # band ¢ # d in Theorem 4, we obtain Theorem 2 which is presented by Sofo [10].
The proof of this theorem is as same as we have given for Theorem 3. Now we present some
examples of this theorem.

3.1 Example
Letting a = b, ¢ = d and t = £1 in Theorem 4, we obtain the following results:

o)

T (CL,CL,C, 6767]7 m j:l cm cn en—+m
Z e

k—1 1— m—1
= jkzm/ / / —y) ?) dxdydz,
1 F xycz®

which is due to Sofo [8].

3.2 Example

Lettinga =c=2,b=d=e =7 =k =m =1t =1 1in Theorem 4, we have the following
result:

T (27172717171717171 Z 2n+1 2n+1) (n+1)
n=0 n n n
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3.3 Example

Lettinga =3, b=c=2andd =e=k =j =m =1t =1 in Theorem 4, we establish the
following result:

> 1
T(3.2,2,1,1,1,1,1,1) = S —
( )= 2 ey ey ey
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