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Harmonic numbers are important in various branches of combinatorics and number theory,
and they also frequently appear in the analysis of algorithms and expressions for special
Recently, many papers have been devoted to the study of harmonic number
identities by various methods; see, for instance, [1, 2, 3, 4, 5, 6, 7]. We recall the definition of

functions.
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Abstract

In this paper, we study the properties of the generalized harmonic numbers H,, i »(c, 3).
In particular, by means of the method of coefficients, generating functions and Rior-
dan arrays, we establish some identities involving the numbers H,, j (o, §), Cauchy
numbers, generalized Stirling numbers, Genocchi numbers and higher order Bernoulli
numbers. Furthermore, we obtain the asymptotic values of some summations associ-
ated with the numbers H,, j, (o, 8) by Darboux’s method and Laplace’s method.

Introduction

harmonic numbers H,, = Y ,_, % for n > 0. The generating function of H, is Y~ H,t"
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—lngl:tt). In this paper, we discuss a class of generalized harmonic numbers H,, ;. .(c, ). We

refer to Zhao and Wuyungaowa [10] for this topic. The definition of H,, . («, ) is

;Hn,k,r(a At = (_E?(i gt‘;‘:))r, (1)

where k£ >1 and r >1 are integers. Let («, §) be a pair of real numbers and (af # 0). From
the generating function of H, s ,(a, ), we know that H,1:(1,1) = H,(n > 0).
From (1) we obtain

(—In(1 — at))" = (1 — Bt)* Z Hy (o, B

(ﬁ) (~8) Honer 0, 1" ®)
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For convenience, let us recall some definitions and notations. Denote the generalized
Stirling numbers of the first kind by s(n, k; r) and the generalized Stirling numbers of the
second kind by S(n, k;r). Denote further oW P B Gl G% be the higher order
Cauchy numbers of both kinds, higher order Bernoulli numbers, the generalized Genocchi
numbers, the higher order Genocchi numbers and the generalized Lah numbers. These
numbers satisfy the following generating functions respectively:

- (—1)"Fm In"(1+1)

k: = k=012, ... 3
ZS(TL, ,7") ! (1+t>rk}" ) Ly 4 ) ( )
= " (=In(1—1t)*
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1+1

tn 1/ —t\"
ZL(n,k;r)m—(l—i—t)"H( ) (11)

> ae = Sl (12

[e.9]

2 = —(1111 . t_Vt)‘ (13)

Let [t"]f(t) be the coefficient of ¢ in the formal power series of f(t), where f(t) =
Yoo o fat™. (See Merlini, Sprugnoli, and Verri [8] for related topics.) If f(t) and g(t) are
formal power series, we get the following relations:

["[(f (t) + By(t)) = alt"]f(t) + Blt"]g(1), (14)
[t f () = "), (15)
1 g(t) =, W1 W)t ]g(t). (16)

A Riordan array is a pair (d(t), h(t)) of formal power series with hg = h(0) = 0. It defines
an infinite lower triangular array (d,, x)n ey according to the rule

dn, = [t"]d(t) (h(t))" .
Hence we write {d, x} = (d(t), h(t)). Moreover, if (d(t),h(t)) is a Riordan array and f(¢) is

the generating function of the sequence {fi}ren, i.e., f(t) = Y pey fit", then we have

Y dugfie = [£19d(@) f(A(E) = [ [f(y) | y = h(D))- (17)

Furthermore, based on the generating function (1) we obtain the next three Riordan
arrays:

{H,r(a, B)} = <(1 —1ﬁt)k’ _ln“t_ at)), (18)
(Hypror (0, B)} = (—(lln(_l 5—25)055)’ - ln(lt— oﬁ)j (19)
(Hop(00)) = <<1 _10@1« —~ 1n<1t— oﬂf))‘ (20)

In this paper, we pay particular attention to the three Riordan arrays above.



2 Identities involving H, . (c, 3), s(n, k;r), S(n, k:r), BY
and L(n,k;r)

Theorem 1. Let k, r, m > 1,1 > 0 be integers. Then

ZZ< ) Hjppr(a, B)s(n — j,m;1)]| a”—J‘ ;= %Hml,mw(a,a). (21)

Proof. By applying (2), (4) and (16), we get

) Z() Hy ol Dls(n— g, m D]

—~ (n—j)!
(—In(l —at))™™ 1

Jj=

In
= g —agr it (@)
m
Theorem 2. Letn, k, 7 >1,1> 0 be integers. Then
- — (i+k—1\/n—i+l-1
H i 1, N— Z 22
jzzm n,kd(aaﬁ) ]7ml ] ;( i )(n—m—z )ﬁ ( )
Proof. By using (5), (17) and (18), we obtain
Xni Hy (e, B)S (4, m; l)@ — [ [(e" = )" | y = —In(1 - a)]
R TR (T
1 1 — (i+k—1\(n—i+l-1
— mtn—m — 1 . n— Z.
T T e Z( S [GRS E
O

Corollary 3. The following relations hold:

Sy () ) Hinarla Blstn = o) o2y = S fstm 0| R g2

== (n—j)!
! l+k—1
Zanjaa ],ml)m' :(n+ * )a", (24)
j! n—m
m! [ n+l
ZHnr—l j,ml) . (25)
J! n—m
Proof. Setting [ = 0 in (21), we get (23). Setting = « in (22), we have (24). Setting
B =a=k=11in (22), we obtain (25). O



Theorem 4. Letn, k> 1 andl, j > 0 be integers. Then

& , m! = n—i+1l—-1\ ,_,
j:ZmHn,k,j+1(aaﬁ)S<]am; l)? = ; Hi,k,l(@vﬁ)( n—m— i )Oé . (26)
Proof. By applying (5), (17) and (19), we have
— , m! —In(1 — at) .
H, k. , ymil)— = [t"————F(e = 1)™e? |y = —In(1 — at
3 e St 5 = 1= e =27 |y = =t —at)
o= 1In(1 — at) n—i+l—1\ ,_,
— m tn m Hl n—m .
o] (1— pt)k 1—oztl+m Z e (n—m—z' >a
[
Corollary 5. The following relations hold:
- , m!
> Hupjer (o, @) S, m: 1)? = a"Hy (1 —=m—1—Fk), (27)
" , m! m
Z Hp g1 ) S(5,m; Z)F = OénHr(z—:;Hk)- (28)
Proof. Setting f = « in (26), we obtain (27) and (28). O
Theorem 6. Let k, r > 1 and m, [ > 0 be integers. Then
n k .
k L(n—7j,m;l i
ZZ (—5)th—h,k,r(Oé,5)(—J.)(—a) J
h (n—j)!
=0 h=0
SO (M stn —m =i ) i > my
= § salstn =m0l if l=m; (29)
O;; nemom—1r(C @), if I <m.
Proof. By applying (2), (11) and (16), we get
n k .
k L(n — j,m;l) o
<h)(_ﬁ>thh,k,r(a,ﬁ)ﬂ(_a) ’
j=0 h=0 J):
1—at) [ ot \"
= [t"](—In(1 —at))"
)~ n(1 —any L0 (o
S s(n - m— i) Wf,i—:f;), if [ > m;
= %|s(n—m,r)|m_r—;1)!, ifl=m
% ne—mom—1r(Q, @), if I < m.
0



Theorem 7. Letn, j, k, m > 1 be integers. Then

n (m) ﬁHn+m7k_m7m(a7 a)7 Zf k > m;
D gl 0) = = § s+ m, m)l 2ty o ifk=m (30)
' Z:r:Ok (ﬂ‘%b(n—l—m—i,m)]%, if k< m.

Proof. By applying (10), (17) and (20), we get

iHn,k,j< : )Bj’;‘) = [t"] a _1at>k Keyy— 1)m |y = —In(1 — at)

aLmHn—&—m,k—m,m(aa O{), if k& > m;
= a”|s(n+m,m)|(nf—fn)!, if k= m;
S (M) s(n +m — i, m)| LS ik < m.

]

3 Identities involving H, ;. ,(«, 3), Genocchi numbers and
Cauchy numbers

Theorem 8. Let x be a real number, k, 1 > 1, n > 0 be integers. Then

n x n—h .
n— —j—i—k—l jrax—1\ [ z\(-D" . . ..,
Hor 12) gei-hgith,
> Husiler 9155 | )TN () S

h=0 j=0
(31)

Proof. By using (9), (17) and (18), we get

ZH"’“ P - T | (1)

1 1
L= pt)k (1—4)

r n—h . .
_ Z n—h—j+k—-1\/(j+xz—-1\(x (_l)hﬁ"*j*haﬂh.
. k—1 z—1 h 27

y= -1~ ar)

—(1 —at)”

O
Theorem 9. Let x be a real number, k, j > 1 be integers. Then
00 G(x) Z;’l:o (i—l—k:—i:c—l) (x—‘rz:j—l) 2?1/_1“ Zf E> z;
Z Hyj(e, @) 2jjjl - ("+§_1)§—m ‘ , if k=ux; (32)
= Srs (NI SES, k<




Proof. By using (9), (17) and (20), we have

J=1
S (R (i e i s g

y=—1In(1— at)

=9 (" s if k= o
ST ER) ) G ik < g
O
Corollary 10. The following relations hold:
G, " i+ k—2) o”
Zan’] Q, a)2]j' = ( i )Znia (33)
Jj=1 i=0
. G, 1
ZH(TL,] ~ D51 =5 (34)
=1 J

Proof. Setting x = 1 in (32), we have (33). Setting z = k = 1 in (32), we obtain (34). [

Theorem 11. Let k, I, m > 1 be integers. Then
G(m) U m\ (n—i—j+m—1\(=1)a""
Zanl ZZHi,k,m<a75)< >< m—1 )W (35)
Proof. By applying (8), (17) and (18), we have

ZHM G(m - [t”](l_lﬁt)k K;L)m = —ln(l—ozt)}

—In(1 — at))™ 1
(L=pOt (1=

() )

J

~ !

m
Theorem 12. Let n, k, j, m > 1 be integers. Then
n (m) Z?:O Hn i,k— mm(a>Q) (Z—;:Z_ll)g_za ka > m;
> Hygi( > n [s(i,m)| %5 (") | if k=m;
= n—i (m j+m— . . —1)*a™m! .
= Z Z ( Zk) (];_11)|s(n—z—],m)|§j(2_i_j)!, if k<m.
(36)



Proof. By using (8), (17) and (20), we have

Z k(o)== =1 ](1—oaf) Ke?H—l) Y
2o Humigo mm(a,a)(imjl)g—ﬁ,
n m' n—i+m-— a™
=2 m|S<Z m) ( 7:71 1) on—1)

S S () 5 st — e,

—In(1 — o)

Theorem 13. Let n, k, r, m > 1 be integers. Then

n,jc(m) an“g(n_m?r_m)l%a
ZZ( > J hkr( 6)(_?)_—)‘7” - ménma
§=0 h=0 =g —(—(”T‘J‘C(mr)

Proof. By using (2), (6) and (16), we have

o5 () o (0O _ (ot
;;(h)(—ﬁ) Hj ppr(c, B) =) = [t")(—In(1 — at)) (ln(l_at
ols(n—m.r —m)| G
- ménma
(— )" Ta Cm )

(n—

Theorem 14. Let n, k, r, m > 1 be integers. Then

n—j

jz;hzg( ) ] hkr( 5) (n_])‘
amanm,m,rfm(Oéa 04)7 Zfr > m;

={ " (o) | ifr=m,
S O S (Y, i <m

Proof. The proof of (38) is similar to that of (37), and it is omitted here.
Theorem 15. Let k, r > 1 be integers. Then
()" Chj

H',k,r(a .
jzo ! (n =)

- (—a)"7Cn
2 HakrlosO) g 5

= OéHn_l,k,r—l(Oéa 6)7

n—1
= Z Hi (e, B)a" ™"
i=0

if k> m;
iftk=m
if k < m.

if r>m;

ifr=m

if r < m.
(37)

)

if r>m;
if r=m;
if r <m.

O

(38)

O

(39)

(40)



Proof. By applying (1), (6) and (16), we get

Q)" ICn

ZO Hjpr (v, B) (_(n — (—In(1 — at))" ot

(1—=pt)F  —In(l —at)

= [tn] — aHn—l,k,T—l(a7 B) .

Hence (39) holds. The proof of (40) is similar to that of (39), and it is omitted here. O
Corollary 16. Letn, r > 2. Then

z”: Hyr =1)(=e)"7Coy _ H(n—1,r—2), (41)

(n—j)!

j=r

Proof. Setting f = a and k=1 in (39) and (40), we obtain (41) and (42). O

j=r i=r

4 Asymptotics

In this section, we give the asymptotic expansion of certain sums involving H,, ;. .(a, 5). We
first recall three lemmas.

A singularity of f(z) at |z| = w is called algebraic if f(z) can be written as the sum of a
function analytic in a neighborhood of w and a finite number of terms of the form

(1—Z)g(2), (43)

w

where ¢(z) is analytic near w, g(w) # 0 and o ¢ {0,1,2,...}.

Lemma 17. (See [8].) Suppose that f(z) is analytic for |z| < R, R > 0 and has only
algebraic singularities on |z| = R. Let a be the minimum of R(«) for the terms of the form
at the singularity of f(z) on |z| = R, and let w;, a; and g;(2) be the w,a and g(z) for those
terms of the form (43) for which Re(a) = a. Then, as n — oo,

—aj—1

11(e) = Y B ol )

Jwj

Lemma 18. (see [11]) Let o be a real number and

When n — o0,

[2"](1 — 2)*L*(2) ~ n*Infn, (ag{0,1,2,...})

[(=a)
[2")(1 = 2)™LF(2) ~ (=1)™km!n ™ In* ', (m € Zso, k € Zx).



Lemma 19. (see [11]) Suppose that a(z) = > a,z" and b(z) = > b,2" are power series
with radii of convergence o« > 3 > 0, respectively. as n — oo. If

a(B) # 0 and > c,2" = a(2)b(z), then

cn ~a(B)b, asn — oo.

Theorem 20. Let k, r > 1. Asn — oo, we get

n

Z (I;L> <_/B)th_h7k7T(av ﬂ) ~ ﬂ hlr_l n.

n
h=0

Proof. By Eq. (2) and Lemma 18, we get
g a’r
> (h) (=B)" Hyn (0, B) = ") (= In(1 = )" ~ — """
h=0
O
Theorem 21. Let k, r, m > 1. Asn — oo, we have
n k ;
i anmer)
23 (1) it st =l S
== J)! !
Proof. By Eq. (23) and Lemma 18, we obtain
- : k h . an—j 1 n m-+r
5 () (-0 Hionr (o Blstn = om)l 2 = )= (1 - )
j=0 h=0 J): ’
~ at(m +r) (Inn)™ 1.
mln
O
Theorem 22. Let k, j, m>1 andl > 0. Asn — oo, we have
n m) annk—l—m—i—l—l
Hypi(a,a)S(G,ml)— ~ ————.
Proof. By Eq. (24) and Lemma 17, we obtain
m! tm apktmti=l
HTL bl l m tn ~ .
Z kjozoz ]m )j = [ ](1_at)k+l+m F(k+l+m)
O

Theorem 23. Let k, r > 1. Asn — oo, we get

o l n,,l
ZZ( ) ] hkr( ﬂ)(nn ]j— )ﬁn ]Nal!n IHT’I’L.

7=0 h=0

10



Proof. 1t is well known that

() - a

n=0

By Lemma 18 and Eq. (44), we get

ij@)meﬁﬁwmﬁw?—j+®wﬁ:thmu—amrNwmhfw

n—yj (1 — at)+t il

Theorem 24. Let j, k, m > 1. Asn — oo, we have

n Bj(.m) (_1)m—kanm(m —k)l(n+ m)k_m_lﬂn(n Fm)™ L ifm—ke Zso:
Z Hn,k,j (Oé, Oé) ]‘ ~ a"(n-‘,—m)k*mfl
j=1

Proof. By the proof of Eq. (28) and Lemma 18, we obtain

. J _ n L _
jZlHn,k,J(Oé, @) T [t ](1 Y Key — 1) |y =—1In(1 — at)

{(—1)mka"m(m — k) (n+m)Emn(n +m))™ L, if m —k € Zso;

an(n+m)k7mfl

I'(m—k) (hl(n + m))m7 if m—k g Zzo

m
Theorem 25. Let j be fixed and x be a real number. As n — oo, we have
21annk7z71 . .
n (x) Th—z) if k>
J a™n®" . .
Z Hn,k,j (Q’, Oé) 2]], ~ 27T (k) Zf k= T,
j:1 (71)z—kannz—l Zf k < "
21T () ) :
Proof. By the proof of (32) and Lemma 17, we obtain
1 1 : . mannkfzfl . .
n (m) (l—at)kfz (1_%1&)za lf k > X, QF(k——a7)7 lf k;’ > X,
> Hupglona) 5= = [ € (1= 97, i k=25~ QS if =
7=1 2j‘7| (1—Oét)zik ]f k <z (_1)I7kannz—1 lf k <
(1-%H)= > : T(z) Z.
m
Theorem 26. Let 5, k, m >1, j be fixred. As n — 0o, we have
an2mnk7'm71 In™m+1 n . .
n G(m) T(k—m) s ka’ >m,
D Hupgla,a)—5— ~ ¢ Zetm =ty if k=m;
I e

11

T Un(n +m))", if m—k ¢ Zso.



Proof. By (36), we see that

n (m) (1- oz;)’c m (1= at) (—=In(1 —at))™, if £ > m;
Z Hi ki = [t"] W( In(1 — at))™, if k =m;
- (1—at)"*—L—(—In(l — at))™, ifk<m.

-5

Let kK = m, and set

a(t) = = (” m= 1) (7>n and b(t) = (—In(1—at))" = Y |s(n, m)|%!a"t".

n=0

[s(n—1Lm)| Ly

in Lemma 19. Since — £ asn — 00, a(X) = 2™ # 0. Then we have

|s(n,m)| 2
an2mnk—m—l 1nm+1 n . .
n (m) Fi—m) , if k> m;
m . n — .
E H, i i( Zhatm i, if k =m;
= —1)m=kaman (m—k)! .
=1 (=1) nmﬂeik(m Lin™n, if k < m.

This gives the result for the case & = m. The proofs of the cases £ > m and k < m are
similar to that of k = m. ]

In the final result of this section, we give the asymptotic expansion of certain sums for
binomial coefficients and H,, j .(c, 8) by Laplace’s method.

Theorem 27. Let k, » > 1,0 < 3, (b+ 1)t & Bb°, (b+ 1)t > ab® and b be a positive
integer. As k — oo, we get

io: nkr 5)
(b + Lyn + 1](HDm)

(b4 1)t \F2 (b+ 1P " [2m(b 4 1)p-2
h ((b ) - ﬁbb> (m (b+ 1)b+1 — abb> T OBkbT (45)

Proof. From Tiberiu [9], we know that the inverse of a binomial coefficient is related to an

integral as follows:

-1 1

(") —(n+ 1) / (1 — e, (46)
m 0

Owing to (46), we have

o) 1
nkr n nb
Hn T t"(1 — t)™dt
zbm+ z lad) [ o=t

B N (—In(1 — at(1 —t)%)"
-/ ZH"’” H”dt‘/o g —ipr

- / (—1In(1 — at(1 — t)P) e *ma=A0-0") gy
0

12



Let p(t) = (—ln(l - at(l t)®)" and h(t) = —In(1 — Bt(1 — t)®). Then h(t) reaches a

maximum at ¢ = h'(+2) =0 and h"( < 0. By applying Laplace’s method, we have

b+1’ b+1)

0o 1
Z n kr 5) _ / (_ 111(1 . Ozt(l . t)b)re—kln(l—ﬁt(l—t)bdt
0

b+ n + 1 (77

b+1

n=0
1 k‘h(*) —27T
~ _ b+1 _
P ()
m
Corollary 28. Letk, r> 1, a <4,0< 3, 8 # 4 and b be a positive integer. As k — oo,
we get

X Hopo(a, ) ( 4 )H( 4 ) 7

E — ~ | —— In —. A7

S enr () " \I-5 1=a) V35 )
Proof. Setting b =1 in (45), we obtain (47). O

Theorem 29. Let k, r > 1, 0 < «, (b+ 1)t # —Bb° and b be a positive integer. As
r — 00, we get

[e.o]

(_1)an,k,r(a7 5)
2 [0+ Dn 1 ("1 0)

N(—l)’"(( b+ 1™ )k(ln<b+1)’)*1+abb)7’+%\/27r(b+1>b2((b+1)bﬂ+abb>.

b+ 1P+ + GO (b+ 1)b1 arth (b + 1)L

(48)
Proof. Owing to (46), we get

N —1)"Hy o B > . 1 . ,
Z[(Z§+i)n+k1]<((b+l))n) 22(—1) n,k,r(a,ﬂ)/o (1 — ¢)"bdt

L— n o _ \b)\r
1 _rinln(14+at(1-t)
-y /0 TEN D

Let 4,0( ) = e é oy and h( ) = InIn(1 + at(1 —#)?). Then h(t) reaches the maximum

Bt
at t = —=, b’ L =0 and n” < 0. By applying Laplace’s method, we have
b+1 b+1 b+1
o _1\n 1
= [0+ 1)n+ 1]( V") Jo
1 Th(i) —27T
~ b+1
SD(b T e

13



Corollary 30. Letk, r>1,0<a, f# —4. Asr — oo, we get

> Ui () () T

n=0

Proof. Setting b =1 in (48), we derive (49). O

5)
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