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Abstract
Let Ni(n,r,a) denote the number of incongruent solutions of the quadratic con-
gruence a1z? + - - - +agzrs =n (mod r), where a = (a1,...,ax) € Z¥, n € Z, r € N. We

give short direct proofs for certain less known compact formulas on Ni(n,r,a), valid
for r odd, which go back to the work of Minkowski, Bachmann and Cohen. We also
deduce some other related identities and asymptotic formulas which do not seem to
appear in the literature.

1 Introduction

Let k and n be positive integers and let 7,(n) denote the number of representations of n as
a sum of k squares. More exactly, r,(n) is the number of solutions (xy,...,x;) € Z* of the
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equation
:L’%—l—---—kl%i:n- (1)

The problem of finding exact formulas or good estimates for ri(n) and to study other
related properties is one of the most fascinating problems in number theory. Such results
were obtained by several authors, including Euler, Gauss, Liouville, Jacobi, Legendre and
many others. Some of these results are now well known and are included in several textbooks.
See, e.g., Grosswald [13], Hardy and Wright [14, Ch. XX], Hua [15, Ch. 8], Ireland and Rosen
[17, Ch. 17], Nathanson [20, Ch. 14]. See also Dickson [10, Ch. VI-IX, XI].

For example, one has the next exact formulas. Let n be of the form n = 2“m with v > 0

and m odd. Then
ra(n) =4 (=172 (2)
dlm

ra(n) =82+ (=1)") > _d. (3)

dlm

Exact formulas for ri(n) are known also for other values of k. These identities are, in
general, more complicated for k£ odd than in the case of k even.

Now consider the equation (1) in the ring Z/rZ of residues (mod r), where r is a positive
integer. Equivalently, consider the quadratic congruence

i+ +ai=n  (modr), (4)
where n € Z. Let Ni(n,r) denote the number of incongruent solutions (1, ..., x;) € ZF of
(4). The function r +— Ni(n,r) is multiplicative. Therefore, it is sufficient to consider the
case r = p°, a prime power. Identities for Ni(n,p®) can be derived using Gauss and Jacobi
sums. For example, we refer to the explicit formulas for Ny (0, p®) given in [4, p. 46] and for
Ni(1,p) given in [17, Prop. 8.6.1]. See also Dickson [10, Ch. X] for historical remarks.

Much less known is that for k£ even and r odd, Ni(n,r) can be expressed in a compact
form using Ramanujan’s sum. Furthermore, for £ odd, r odd and ged(n,r) = 1, Ni(n,r)
can be given in terms of the Mobius p function and the Jacobi symbol. All these formulas
are similar to (2) and (3). Namely, one has the following identities:

0) For k =0 (mod 4), r odd, n € Z:

Ni(n,r) =t 13" C;,SZ). (5)
d|r

1) For k=1 (mod 4), r odd, n € Z, ged(n,r) = 1:

Ni(n,r) =1 Z d;(Lk(lc?ﬂ (%) ) (6)

d|r




2) For k =2 (mod 4), r odd, n € Z:

Nin,r) = i1 S ()2 S0 )

- k72
3) For k =3 (mod 4), r odd, n € Z, ged(n,r) = 1:
2
_ k-1 a-12 M (d) (n
Ni(nr) = r 32 (=)0 S (2, (8)

d|r

These are special cases of the identities deduced by Cohen in the paper [6] and quoted
later in his papers [7, 8, 9]. The proofs given in [6] are lengthy and use the author’s previous
work, although in Section 7 of [6] a direct approach using finite Fourier sums is also described.
According to Cohen the formulas (5)—(8) are due in an implicit form by Minkowski [18, pp.
45-58, 166-171]. Cohen [6, p. 27] says: “We mention the work of Minkowski as an important
example of the use of Fourier sums in treating quadratic congruences. While Minkowski’s
approach was quite general, his results were mainly of an implicit nature.” Cohen [9] refers
also to the book of Bachmann [2, Part 1, Ch. 7].

Another related compact formula, which seems to not appear in the literature is the
following: If £ = 0 (mod 4), r is odd and n € Z, then

Ni(n,r) = "1 3" dJyp(r/d), (9)
dlged(n,r)

where J,, is the Jordan function of order m.
It is the first main goal of the present paper to present short direct proofs of the identities
(5)—(9). Slightly more generally, we will consider — as Cohen did — the quadratic congruence

@i+ +aprr =n  (mod r), (10)
where n € Z, a = (ay,...,a;) € ZF and derive formulas for the number Ni(n,r, a) of
incongruent solutions (x1,...,x) € Z* of (10), assuming that r is odd. For the proofs we

only need to express Ni(n,r,a) by a trigonometric sum and to use the evaluation of the
Gauss quadratic sum. No properties concerning finite Fourier expansions or other algebraic
arguments are needed. The proof is quite simple if k£ is even and somewhat more involved
if k£ is odd. We also evaluate Ni(n,2") (v € N) for certain values of k and n and consider
some special cases of (10).

Our second main goal is to establish asymptotic formulas — not given in the literature,
as far as we know — for the sums ) _ Ni(n,r), taken over all integers r with 1 < <z, in
the cases (k,n) = (1,0),(1,1),(2,0), (2,1),(3,0),(3,1), (4,0), (4,1). Similar formulas can be
deduced also for other special choices of k and n. Note that the mean values of the functions
r — Ni(n,r)/nkf~1 were investigated by Cohen [7], but only over the odd values of r.

We remark that a character free method to determine the number of solutions of the
equation z? + my® = k in the finite field F, (p prime) was presented in a recent paper by
Girstmair [12].



2 Notation

Throughout the paper we use the following notation: N := {1,2,...}, Ny := {0,1,2,...};
e(x) = exp(2miz); (%) is the Jacobi symbol (¢,r € N, r odd), with the conventions (£) =1
(¢ € N), (£) =0if ged(f,7) > 1; ¢;(n) denotes Ramanujan’s sum (see, e.g., [1, Ch. 8], [14,
Ch. XVT]) defined as the sum of n-th powers of the primitive r-th roots of unity, i.e.,

r

¢ (n) = Z e(jn/r) (r,n e N), (11)
gcd%j:,:)il

where ¢,(0) = ¢(r) is Euler’s function and ¢, (1) = p(r) is the Mébius function; S(¢,7) is the
quadratic Gauss sum defined by

s

S(tr)y=>e(tj’/r) (L,r €N, ged(l,r) =1). (12)

Jj=1

Furthermore, % is the Dirichlet convolution of arithmetical functions; 1, id and id, are the
functions given by 1(n) = 1, id(n) = n, idg(n) = n* (n € N); 7(n) is the number of divisors
of n; Jy = pxidy is the Jordan function of order k, Ji(n) = n* [ (1= 1/p*) (n € N), where
Ji1 = . Also, ¥y, = p? xidy, is the generalized Dedekind function, ¢ (n) = n* [+ 1/p*)
(n € N); ¢ is the Riemann zeta function; ~ stands for the Euler constant; y = x4 is the
nonprincipal character (mod 4) and G = L(2, x) = 0.915956 is the Catalan constant given

by . ) . y
Sl M0 ) e

n=0 p=1 (mod 4) p=—1 (mod 4

3 General results

We evaluate Ni(n,r, a) using the quadratic Gauss sum S(¢,r) defined by (12).

Proposition 1. For every k,r € N, n € Z, a = (ay, ..., a;) € Z* we have

d
Ni(n,r,a) =7k~ 12 Z e(—fn/d)S(lay,d) - S(lay,d).
ar ok

Proof. As is well known (see e.g., [19, Th. 1.31]), the number of solutions of a congruence
can be expressed using the familiar identity

{7 5l w
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valid for every » € N, ¢ € Z. In our case we obtain

(n,r,a) Z Z Z ((ar2f + - + agxi —n)j/r),

xll =1 j=1

that is,
1 < . - . - .
Ninor.a) = 23 el=in/r) 3 elaatyr) - 3 eliort/r) (15)
j= x1= Tp=

By grouping the terms of (15) according to the values (j,7) = d with j = d¢, (¢,r/d) = 1,
we obtain

r/d r r
(n,r,a) Z Z (~tn/(r/d) Y e(tara?/(r/d) - Y e(bara?/(r/d)), (16)
" 0= n=t =1
where, as it is easy to see, for every j € {1,...,k},

T

> eltagal/(r/d)) = dS(laj,r/d). (17)

zj=1
By inserting (17) into (16) and by putting d instead of r/d, we are ready. O

Proposition 2. Assume that k,r € N, r is odd, n € Z and a = (ay, ...
that ged(ay -+ - ag,r) = 1. Then

Ni(n,r,a) = r*~ 12 dk/; " (a ) Zd: ( ) —n/d). (18)

d|r (=1
(¢,d)=

,ar) € ZF is such

1
Proof. We use that for every r odd and ¢ € N such that ged(¢,7) = 1,
£ if r=1 (mod 4);
S(g, 7") _ ,(T)é\/F’ 1 r (mO )7 (19>
i ()/r, if r=-1 (mod 4),

cf., e.g., [4, Th. 1.5.2], [15, Th. 7.5.6]. Now the result follows immediately from Proposition
1. ]

Proposition 3. Assume thatk € N, r =2 (v e N), n € Z and a = (a1, ...,a;) € Z* is
such that ay,...,a; are odd. Then

w/2) | 22
Nie(n,2”,a) =20 | 1+ Z o Z —n /2% (1 4 i'r) - (1 4 it
o
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1
+ o > e(—tn /2P ba -+ ) /8)
Proof. Using Proposition 1 and putting d = 2°,

Ni(n, 2", a) ’“)Z Z (—ln/2°)S(lay,2%) - - - S(Lay, 2°).

Zodd
We apply that for every ¢ odd,
, if v=1;

0
S(6,2") = < (1414272, if v is even;
2+ D/2¢(¢/8), if v > 11is odd,

cf., e.g., [4, Th. 1.5.1, 1.5.3], [15, Th. 7.5.7]. Separating the terms corresponding to s = 2t
even and s = 2t + 1 odd, respectively we obtain the given formula. O

4 The case k even, r odd

Suppose that & is even and r is odd. In this case we deduce for Ni(n,r, a) formulas in terms
of the Ramanujan sums.

Proposition 4. ([6, Th. 11 and Eq. (5.2)]) Assume that k = 2m (m € N), r € N is odd,
neZ, a=(a,...,ax) € ZF, ged(ay -+ ay,r) = 1. Then

Nop(n,7, @) = r*™1 Z CC;(:) ((—1)ma61l ” 'QQm) .

d|r

Proof. This is a direct consequence of Proposition 2. For k£ even the inner sum of (18)
is exactly cq(n), by its definition (11), and applying that (=) = (=1){*=1/2 the proof is
complete. O

In the special case k =2, a1 = 1, as = —D, r odd, ged(D, r) = ged(n,r) = 1 Proposition
4 was deduced by Rabin and Shallit [21, Lemma 3.2].

Corollary 5. If k = 4m (m € N), r € N is odd, n € Z and ay---ar, = 1 (in particular
a; =---=ay =1), then
4m—1 ca(n)

Nyn(n,r,a) =r o

dlr



Corollary 6. Ifk=4m+2 (meNy), r € Nis odd, n € Z and ay---a, = 1 (in particular
a; = =ay =1), then

Cqln
]\]—4er2(”7 r, CL) _ 7,4m+1 Z(_l)(dfl)/2 d;fﬁ_)l ) (20)
d|r

Therefore, the identities (5) and (7) are proved. In particular, the next simple formulas
are valid: for every r odd,

Na(0,7) =1 (=1)¢1/2 @, (21)

d
d|r
p(d)
Ny(1,7) =71° 7 = rJa(r). (22)
d|r
Remark 7. In the case k even and a; = -+ = a; = 1 for the proof of Proposition 4 it is

sufficient to use the formula S%(¢,r) = (—1)""Y/2r (r odd, ged(f,r) = 1) instead of the
much deeper result (19) giving the precise value of S(¢,r).

In the case k = 4m and a; - - - ax = 1 the next representation holds as well (already given

in (9) in the case a1 = -+ = a; = 1).

Corollary 8. If k =4m (m € N), r € Nis odd, n € Z and ay---ar = 1 (in particular
ap =---=ay =1), then

Num(n,r, a) = r*" Z d Jop,(1r/d). (23)

dlged(n,r)

Proof. We use Corollary 5 and apply that for every fixed n, c¢,(n) = p*n,(n), where
n-(n) =rif r | n and 0 otherwise. Therefore,

Nim(n, 7, @) = "1 " cq(n)(r/d)™™"

d|r
— p2m—1 (c.(n) *idyy,) (r)
P (o iday, 0. () (1)
=yl (Jom *n.(n)) (1)
> dJam(r/d).

dlged(n,r)

<

]

Remark 9. The identity (23) shows that for every r odd, the function n — Ny, (n,r) is even
(mod 7). We recall that an arithmetic function n — f(n) is said to be even (mod r) if
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f(n) = f(ged(n,r)) holds for every n € N. We refer to [24] for this notion. In fact, for every
k even the function n +— Ni(n,r,a) is even (mod r), where r is a fixed odd number and
ged(ay - - - ag, ) = 1, since according to Proposition 4, Ni(n,r,a) is a linear combination of
the values c4(r) with d | r. See also [8].

A direct consequence of (23) is the next result:
Corollary 10. If k =4m (m € N), r € N is odd, n € Z such that ged(n,r) =1, then

Ni(n,7) = 127 L () = #1 T (1 - i) |

me
plr
Another consequence of Proposition 4 is the following identity, of which proof is similar
to the proof of Corollary 8:
Corollary 11. Ifk=4m+2 (m € Ny), r € Nis odd, n € Z and ay - - - a, = —1, then
Nimso(n,r,a) = r*™ Z d Jomi1(r/d).
d|ged(n,r)

In the case r = p” (p > 2 prime) and for special choices of k and n one can deduce
explicit formulas from the identities of above. For example (as is well known):

Corollary 12. For every prime p > 2 and every n € N,
2p—1, if pln,p=1 (mod 4);
1, if pln, p=-1 (mod 4);

p—1,  if pfn, p=1 (mod 4);

N2(n7p) =

p(p—1), if ptn, p=1 (mod 4);
2p(p—1), if p|n, p*tn, p=1 (mod 4);
3p*—=2p, if p*|n, p=1, (mod 4);

NQ(n7p2) - .
p(p+1), if ptn,p=—1 (mod 4);
0, if pln, p*tn, p=—1 (mod 4);
\p27 Zf p2 | n,p= -1 (HlOd 4)

5 The case k odd, r odd

Now consider the case k odd, r odd. In order to apply Proposition 2 we need to evaluate

the character sum .
T(n,r)= Z (‘%) e(jn/r).



Lemma 13. Let r,n € N, r odd such that ged(n,r) = 1.
i) If r is squarefree, then

(®) v if =1 (mod 4);
Tnr) = {2 (2)V/r, if r=—1 (mod 4). (24)

it) If v is not squarefree, then T'(n,r) = 0.

Proof. For every r odd the Jacobi symbol j — (1) is a real character (mod r) and T'(n,r) =
(%) T(1,r) holds if ged(n,r) = 1. See, e.g., [15, Ch. 7).

i) If r is squarefree, then j — (£) is a primitive character (mod r). Thus, T(1,r) = /7
for (=) =1 and T(1,7) = i/r for (=) = —1 ([15, Th. 7.5.8]), giving (24).

ii) We show that if 7 is not squarefree, then T'(1,7) = 0. Here r can be written as r = p*s,
where p is a prime and by putting 7 = ks + ¢,

T(1,r) ZZ (qu) ((ks +a)/r),

q=1 k=0

where
k:s+q ks+q ks +q _<g)
s \s

and deduce

s q p?—1

T(1r) =3 (1) ela/0Ps) D elh/®) = 0.

=1 ° k=0

since the inner sum is zero using (14). O

Note that properties of the sum T'(n,r), including certain orthogonality results were
obtained by Cohen [6] using different arguments.

Proposition 14. ([6, Cor. 2]) Assume that k =2m+1 (m € Ny), r € N is odd, n € Z such
that ged(n,r) =1, a = (ay,...,a;) € Z*, ged(ay -+~ ag,r) = 1. Then

2(d) [ (=1)™nay - - as,
sz+1(n,r7a)=r2mzﬂd5n) <( ) ”“; az +1).

d|r

Proof. Apply Proposition 2. For k odd the inner sum of (18) is T'(—n,d), where T'(n,r) is
given by (24). Since r is odd and ged(n,r) =1, if d | r, then d is also odd and ged(d,r) = 1.



We deduce by Lemma 13 that

k(d—1)2/4

_ ) ai---a
Ny(n,r,a) =1 Z T < ! g k) T(—n,d)
d|r
k(d—1)%/4 e —
_ k-1 ¢ ay -~ QKN (d-1)2/a [ —T
- %: v/ ( d )i ( d:)va

d squarefree

2
= k-1 P(d) (krrya-ryzya (PG Gk
- ;d(k_l)/Qz d )

which gives the result by evaluating the powers of 7. O
Corollary 15. If k =4m+1 (m € Ny), r € Nis odd, n € Z, ged(n,r) =1 and ay ---a, = 1

(in particular if a; = -+ = ax, = 1), then

N4m+1 (na T, a) =T d2—m

am u%d)(n>_
d

d|r

Corollary 16. Ifk =4m+3 (m € Ny), r € Nis odd, n € Z, ged(n,r) =1 and ay - - -a = 1
(in particular if ay = -+ = ap = 1), then

2(d n
N4m+3(n,r, a) _ 7"4m+2 Z C/;T(Jr)l(_l)(d—l)h <E> ‘
d|r

This proves the identities (6) and (8).

Corollary 17. If k=4m +3 (m e Ny), r € Nis odd, n € Z, ged(n,r) =1 and ay - - - a, =
—1, then
Nugya(n, 7, @) = 1" ahyy 0 (7).

To prove the next result we need the evaluation of

vi=ron= 3 (1)

j=1
ged(j,r)=1

not given by Lemma 13.

Lemma 18. Ifr € N s odd, then

0, otherwise.

V(r) = {90(7“), if T is a square;
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Proof. If r = t? is a square, then (%) = (tj—2) = 1 for every j with ged(j,r) = 1 and deduce
that V(r) = o(r).

Now assume that r is not a square. Then, since r is odd, there is a prime p > 2 such
that » = p”s, where v is odd and ged(p, s) = 1. First we show that there exists an integer
jo such that (jo,r) = 1 and (£) = —1. Indeed, let ¢ be a quadratic nonresidue (mod p)
and consider the simultaneous congruences = ¢ (mod p), z = 1 (mod s). By the Chinese
remainder theorem there exists a solution x = j, satisfying

ORCIORBIDRE

since v is odd. Hence

j=1
ged(j,r)=1 ged(jr)=1 ged(j,r)=1

giving that V(r) = 0. O

Proposition 19. ([6, Cor. 1]) Assume that k,r € N are odd, n =0 and a = (ay,...,a;) €
7k, ged(ay -+ - ay,r) = 1. Then

Ni(0,7,a) = rk1 Z S;k(dz’

d2|r
which does not depend on a.

Proof. From Proposition 2 we have

ik(d—1)2/4

]\/'k(o7 r a) — k1 Z e <(11 d ak> V(d),
d|r

where V(d) is given by Lemma 18. We deduce

_ ik(d2_1)2/4 at---a _ 90 d2
N0, a) = = S0 T (B ey = i Y AT
d2|r d2|r

]

Remark 20. For all the results of this section it was assumed that ged(n,r) = 1. See [9] for
certain special cases of ged(n,r) > 1.

11



6 The case k even, r =27

In this section let a; = --- = a;, = 1.

Proposition 21. If k € N is even and n € Z is odd, then Ny(n,2) = 25¥~1 and for every

veN v>2,
1 kr  nmw
vy _ ov(k-1) - e e
Ni(n,2") =2 (1 2k/2_1COS(4 + 2))

Proof. We obtain from Proposition 3 by separating the terms according to ¢ = 4u + 1 and
¢ = 4u + 3, respectively,

lv/2] 1 Lv=1)/2] 1
vy _ ov(k-1)
t=1

t=1

where
A=Y et D2 (1= 3 e(—(du+3)n/2%)
= (1 +1i)*e(—n/2%) + (1 — i)*e(—3n/2*)) > (—un/2%?),
and

22t71_1

Bi= Y (e(—(4u+1)n/2*" + (du+ 1)k/8) + e(—(4u + 3)n/2°! + (du + 3)k/8))

= (e(k/8 — n/2%"") + e(3k/8 — 3n/2*""1)) Z_ e(—un/2% 71 + ku/2).

Since n is odd, n/2%72 ¢ 7Z for every t > 2. Tt follows that A; = 0 for every ¢ > 2. Also,
A= (140 ke(=n/4) + (1 —i)*e(=3n/4) = —2"* L cos(kr /4 + nn /2).

Similarly, since k is even and n is odd, k/2 —n/2%"1 & Z for every ¢t > 1. Tt follows that
B; = 0 for every t > 1. This completes the proof. O

Corollary 22. Ifk=4m (m € N) and n € Z is odd, then for every v € N,
N4m(n, 21/) _ 21/(4m—1).

Corollary 23. Ifk =4m+2 (m € Ny) and n = 2t+1 € Z is odd, then Ny, 12(n,2) = 24m+1
and for every v > 2,
(_1>m+t)

Nim2(n, 27) = 274m+D (1 T

12



By similar arguments one can deduce from Proposition 3:

Proposition 24. ([4, p. 46]) If k = 4m (m € N) and n = 0, then for every v € N,

_1)m(2(1/—1)(2m—1) o 1)
vy _ or(4m-1) (
N4m(072 ) 2 (1 + 2(y71)(2m71)<22m71 _ 1) )

Proposition 25. ([4, p. 46]) If k =4m +2 (m € Ny) and n =0 for every v € N,
N4m+2<0, 211) — 21/(4m+1)'

7 The case k£ odd, r =2"

Now let k be odd, r = 2¥, ay = --- = a; = 1. By similar arguments as in the previous
sections we have

Proposition 26. ([4, p. 46]) If k € N is odd and n = 0, then for every v € N,

(—1)K-1/8 . (9k=2)lv/2] _ 1)
2(k—2)[v/2]~(k=8)/2(2h~2 _ 1)

Ni(0,27) = 2v(k=1) <1 +

Other cases can also be considered, for example:

Proposition 27. If k=4m+3 andn =4t + 1 (m,n € Ny), then for every v € N,

v rviam (_1>m
Nimy3(n, 27) = 27442 (1 - 92m+1 )

8 Special cases

In this section we consider some special cases and deduce asymptotic formulas for k =
1,2,3,4and a = (1,...,1).

8.1 The congruence z*> =0 (mod r)

For k = 1 and n = 0 we have the congruence z? = 0 (mod 7). Its number of solutions,
N1(0,7) is the sequence A000188 in [22]. It is well known and can be deduced directly that
Ni(0,p") = p/? for every prime power p* (v € N). This leads to the Dirichlet series

representation
oo

Ni(0,7) _ ¢(2s —1)((s)
; T ) (25)

Our next result corresponds to the classical asymptotic formula of Dirichlet

Z 7(n) = zlogz + (2 — 1)z 4 O(z'/?).

n<x

13
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Proposition 28. We have

ZNl (0,7) —xlog:v+cx+0( 2/3), (26)

r<z

_ 3 2¢'(2)
where ¢ = =5 (37— 1 - Q) >

Proof. By the identity (25) we infer that for every r € N,
Ni(0,r) = > pla)b.
a2b2c=r
Using Dirichlet’s hyperbola method we have
P LD IEDIELD VDI DD D
b2c<x b<:)§1/3 c<x/b2 c<x1/3 b<(m/c 1/2 b<x1/3 c<x1/3

which gives by the trivial estimate (i.e., |z — |z || < 1),

1
E(z) = ixlogx + - (37 — 1)z + O(x*?).

Now,
Y Ni0,r)= > pla)E(x/a’)
r<z anl/z
and easy computations complete the proof. O]

Remark 29. The error term of (26) can be improved by the method of exponential sums
(see, e.g., [5, Ch. 6]). Namely, it is O(x?/37%) for some explicit § with 0 < § < 1/6.

8.2 The congruence 2> =1 (mod r)

It is also well known, that in the case k = 1 and n = 1 for the number of solutions of the
congruence 2 = 1 (mod r) one has Ni(1,p") = 2 for every prime p > 2 and every v € N,
Ni(1,2) =1, Ni(1,4) = 2, Ny(1,2") = 4 for every v > 3 (sequence A060594 in [22]). The
Dirichlet series representation

— Ni(1,7) (s 12
P 1A 0

r=1

shows that estimating the sum > _ Nj(1,7) is closely related to the squarefree divisor

r<z
problem. Let 7(2(n) = 2°(") denote the number of squarefree divisors of n. Then

o0 7_2) n 2
] 25

n=1

By this analogy we deduce
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Proposition 30.

6
Z Ni(1,r) = T log z 4 1 + O(2'/? exp(—co(log )3/ (log log ) ~/?)),

r<z

where c¢g > 0 is a constant and ¢, = <2’y —-1- 1052 — 24/(2)>. If the Riemann hypothesis

6
= <)
(RH) is true, then the error term is O(x*/'*¢) for every e > 0.

Proof. By the identities (27) and (28) it follows that for every r € N,

Ni(L,r) =Y 7@ (a)h(b),

ab=r

where the multiplicative function h is defined by

-1, if p=2,v=1;
h(p”) =} 2, if p=2,v=2;

0, otherwise.

Now the convolution method and the result

S @ (n) = %x (logm +2y—-1- 20(2)) + O(R(z)),

¢(2)

where R(z) < x'/% exp(—co(log z)*/*(loglog x) /) (see [23]) conclude the proof. If RH is
true, then the estimate R(z) < 2%/!'*¢ due to Baker [3] can be used. O

Remark 31. See [11] for asymptotic formulas on the number of solutions of the higher degree
congruences z° = 0 (mod n) and z° = 1 (mod n), respectively, where ¢ € N. The results of
our Propositions 28 and 30 are better than those of [11] applied for ¢ = 2.

8.3 The congruence 7 + y> =0 (mod r)

This is the case k = 2, n = 0. Ny(0,r) is the sequence A086933 in [22] and for r odd it is
given by (21). Furthermore, N5(0,2") is given by Proposition 25. We deduce

Corollary 32. For every prime power p* (v € N),

p’w+1—v/p), if p=1(mod4), v>1;

No (0, p") = 28 if p=—1 (mod 4), v is even;
7 P if p=—1(mod4), v is odd;
2V7 prZQ,V21

15
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Corollary 33. N5(0,.) =id-(1 * x) * px, where x is the nonprincipal character (mod 4).
Proof. From Corollary 32 we obtain the Dirichlet series representation

B ) ()

r=1 p>2

=((s = 1)L(s = 1,x)L(s,x) ",
where L(s, x) is the Dirichlet series of y. This gives the result. O

Observe that 4(1 x x)(n) = ra(n) is the number of ways n can be written as a sum of
two squares, quoted in the Introduction. This shows that the sum ) _ N>(0,7) is closely
related to the Gauss circle problem. The next result corresponds to the asymptotic formula
due to Huxley [16]

Y ra(n) = mz + Oz (log z)"), (29)

n<x

where a = 131/416 = 0.314903 and b = 26947/8320.

Proposition 34. We have

> No(0,7) = —x 24 O(z* ! (log z)"),

r<x

where G is the Catalan constant defined by (13).

Proof. Since Ny(0, .) = (id-r2/4) * (ux), we have

ZNQ (0,7) Z,u Z nro(n).

r<z d<x n<z/d

Now partial summation on (29) and usual estimates give the result. [

8.4 The congruence 7+ y> =1 (mod r)

This is the case k = 2, n = 1. Ny(1,r) is sequence A060968 in [22]. For every r odd we have
by (20),
1T_TZ (d 1/2#(61)

and deduce (cf. Corollary 23).
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Corollary 35. For every prime power p* (v € N),

p’(1—1/p), if p=1(mod4), v>1;
p’(1+1/p), if p=—1(mod4), v>1;
2, if p=2,v=1,

vt if p=2,v>2.

NZ(lvpV) =

Proposition 36. We have
5
ZNQ (1,7) =30 >+ O(rlogx).
r<zx
Proof. One has the Dirichlet series representation
- NQ(l,T) 4 _
S0 (14 A) o

rs
r=1

and the asymptotic formula is obtained by usual elementary arguments. O]

8.5 The congruence z° +y* + 2> =0 (mod r)

This is the case k = 3, n = 0. N3(0,7) is the sequence A087687 in [22]. By Proposition 19
we have for every r € N odd,
p(d)

(30)
d2|r

and using also Proposition 26 we deduce

Corollary 37. For every prime power p* (v € N),

pgﬂil(pﬁﬂ +pf — 1), if p>2,v=201is even;
PP+ Pt —1), if p>2,v=28—1 s odd;
29, if p=2,v=2031is even;
2%0-1, if p=2,v=28—1is odd.

N3<Oapu) =

Proposition 38.
24
g N3(0,7) C( )x * +O(z%log z).

r<x

Proof. The Dirichlet series of the function r — N3(0,r) is

= ((s = 2)G(s),

17
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where

((2s —3) 2% — 16

pu— 1
G = tas—2) 51 (31)
is the Dirichlet series of the multiplicative function ¢ given by
P p-1), if p>2,v=282>2
g(p”) = ¢ =235, if p=2,v=282>2;
0, if p>2,v=28-1>1.
Therefore, N5(0, .) = idy *¢g and obtain
332
N. i
r<zx d<z
g(d g
:_G()+O<3Z’ ) ( Z’cp)' (32)
d>x d<z

Here a direct computation shows that

ZlgdZ <Hz|g <<1;[(1+%) < logx (33)

d<z p<zx v=0

by Mertens’ theorem.
Furthermore, by (31), g(n) = > 2, h(a)b?, where the Dirichlet series of the function h
is absolutely convergent for Rs > 3/2. Hence

> h(n) = cpx® + O(z***)
n<x

with a certain constant cp, and by partial summation we deduce that

9] 1
> < (34)
d>z
Now the result follows from (32), (33) and (34). O

8.6 The congruence z° + y*> + 2> =1 (mod r)
N3(1,r) is the sequence A087784 in [22]. Using Corollary 16 and Proposition 27 we have
Corollary 39. For every prime power p* (v € N),

p?(1+1/p), if p=1(mod4), v>1;

p*(1=1/p), if p=—1(mod4), v>1;
4, if p=2,v=1
321 if p=2,v>2.

N3(1apy) =
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Proposition 40. We have

36G 4
ZN;;(LT) = —x + O(2?log ).
r<z
Proof. Now the corresponding Dirichlet series is

ZN3 5_2)(1+%> 11 ( psl‘l) 11 (1_1981‘1)'

r=1 p=1 (mod 4) p=—1 (mod 4)

Hence, N3(1,.) =idy *f, where f is the multiplicative function defined for prime powers
p” by
P, if p=1(mod4),r=1;

. —p, if p=-1(mod4), v=1;
f") = .
8, if p=2,v=2;
0, otherwise,
and the given asymptotic formula is obtained by the convolution method. O]

8.7 The congruence z* +y? + 22 +t* =0 (mod r)
This is the case k =4, n = 0 (sequence A240547 in [22]). For every r odd,

d
N4(O,7’) = TB 90632)
d|r

by Corollary 5 and using also Proposition 24 we conclude

Corollary 41. For every prime power p* (v € N),

NA(0, p) = p Mt = 1), if p>2, v >
4\U, P ) = 92w+l if p=2,v>1.

Proposition 42. We have

br® 4 3
ZN4 (0,71) 168(( ):U + O(2” log x).

r<z

Proof. The corresponding Dirichlet series is

Z::N407“ S_Q)C(s—B)(l—%—%>H<1_ 1_1>
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8.8 The congruence 2%+ y*+ 22 +t* =1 (mod r)

This is the case k = 4, n = 1. Ny(1,r) is sequence A208895 in [22]. By the identity (22)
giving its values for r odd and by Corollary 22 we obtain

Corollary 43. For every prime power p* (v € N),

p(1—1/p*), if p>2,v>1;
8, if p=2,v>1.

N4(1apy) = {

Proposition 44. We have

Proof. Here
> N4(1,T>
= -3 1—
S A -9 ] (1 55)
r=1 p>2
m
Finally, we deal with two special cases corresponding to a # (1,...,1).

8.9 The congruence z?> —y> =1 (mod r)

Here k = 2, n = 1, a = (1,—1). Ny(1,r,(1,—1)) is sequence A062570 in [22]. Corol-
lary 11 tells us that for every » € N odd, N3(1,7,(1,—1)) = ¢(r). Furthermore, from

Proposition 1 one can deduce, similar to the proof of Proposition 21 that for every v € N,
N3(1,27,(1,—1)) = 2". Thus,

Corollary 45. For every r € N one has

N3(1,r,(1,—1)) = p(2r).

8.10 The congruence 2° + y? = z? (mod r)

This Phythagorean congruence is obtained for £k = 3, n = 0, a1 = ay = 1, a3 = —1.
N3(0,7,(1,1,—1)) is sequence A062775 in [22]. Proposition 19 shows that for every r € N
odd, N3(0,7,(1,1,—1)) = N5(0,r) given by (30). From Proposition 1 one can deduce that
for every v € N,

1
v _ 02v o
N3(0,27,(1,1,-1)) =2 (2 —QWJ) .

Consequently,
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Corollary 46.

9

pw’l(pﬂﬂ +p/3 —1), if p>2, v=201is even,

38—2( 8 | ,B—1 _ - —_ 98 _ 14 :
v P P’ +p 1), if p>2,v=20—11is odd;
N3(0,p”, (1,1,-1)) = ( )

230 (20+1 1), if p=2,v=201is even;
230-1(20 _ 1), if p=2,v=208—1is odd.
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