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Abstract

We prove a generalization of the digital binomial theorem by constructing a one-
parameter subgroup of generalized Sierpiniski matrices. In addition, we derive new
formulas for the coefficients of Prouhet-Thue-Morse polynomials and describe group
relations satisfied by generating matrices defined in terms of these Sierpinski matrices.

1 Introduction

N

The classical binomial theorem describes the expansion of (z 4+ y)" in terms of binomial

coefficients. More precisely, for any non-negative integer N, we have
Y /N
)N = ZhyN—k 1
e =3 ()t )

where the binomial coefficients (]Z ) are defined in terms of factorials:

The author [9] introduced a digital version of this theorem (based on Callan [3]) where
the exponents appearing in (1) are viewed as sums of digits. To illustrate this, consider the
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binomial theorem for N = 2:
(& + )% = 22 + 2y + 'y + 2%, 2)
It is easy to verify that (2) is equivalent to
(2 4 )@ = @) | @)s(1) | (D)) | () s(3) (3)
where s(k) denotes the sum of digits of k expressed in binary. For example,
s(3)=s(1-2'41-2%) =2,
More generally, we have

Theorem 1 (digital binomial theorem [9]). Let n be a non-negative integer. Then

0<m<n
(m,n—m) carry-free

Here, a pair of non-negative integers (j, k) is said to be carry-free if their addition involves
no carries when performed in binary. For example, (8,2) is carry-free since 8 +2 = (1-23 +
0-224+0-2"+0-2% +1-2!' =10 involves no carries. It is clear that (j, k) is carry-free if
and only if s(j) + s(k) = s(j + k) [2, 9]. Also, observe that if n = 2% — 1, then (4) reduces
to (1).

In this paper we generalize Theorem 1 to any base b > 2. To state this result, we shall

need to introduce a digital dominance partial order on N as defined by Ball, Edgar, and Juda
[2]. Let

n=mneb® +nb' + - +ny_pVN !

represent the base-b expansion of n and denote dj;(n) := n; to be the i-th digit of n in
base b. We shall say that m is digitally less than or equal to n if dy;(m) < dp;(n) for all
1 =20,1,...,N — 1. In that case, we shall write m <, n. We are now ready to state our
result.

Theorem 2. Let n be a non-negative integer. Then for any base b > 2, we have

Tt 2 (MR e )

i=0 0<m=pn \ i=0 i=0
(5)
(b)

Let pj(n) := p;”(n) denote the multiplicity of the digit j > 0 in the base-b expansion of
n, i.e.,
pj(n) = i dyi(n) = j}.

As a corollary, we obtain



Corollary 3. Let n be a non-negative integer. Then for any base b > 2, we have

b—1 eyt i—1 pj(n) b—1 41 pj(m) b—1 +i—1 pj(n—m)
()" s (e ) mes ).

j=1 0<m=pn \j=1 j=1

Observe that if b = 2, then Corollary 3 reduces to Theorem 1.

The source behind Theorem 1 is a one-parameter subgroup of Sierpinski matrices, inves-
tigated by Callan [3], which encodes the digital binomial theorem. To illustrate this, define
a sequence of lower-triangular matrix functions Sy (z) of dimension 2V x 2V recursively by

10

s = (1 1) Svaale) = 5i0) @ 5n(o), )

where ® denotes the Kronecker product of two matrices. For example, Sy(x) and S3(z) can
be computed as follows:

1 000
B _( 1-S(x) 0-Si(z) | _ z 1 00
S2(z) = S(w) ® Si(z) = ( z-Si(x) 1-Si(z) ) | = 0 1 0 |’
2 oz ox 1
1 0 0 00 O0O0O
x 1 0 00 000
zx 0 1 00 00O
B o 1-Sy(x) 0-Sy(x)\ [ 2* 2 x 1 0 0 0 0
SS(Z') = Sl(l') X SQ( ) - ( T SQ(ZL‘) 1. 52(93) - r 0 0 0 1 00 0
 x 0 0z 1 0 0
2 0z 0 x 0 1 0
I R A |
Observe that when x = 1, the infinite matrix S = limy_, Sn(1) contains Sierpinski’s

triangle.
Callan [3] gives a formula for the entries of Sy(z) = (an(j, k,2)), 0 < 5,k <2¥ —1,in
terms of the sum-of-digits function:

SUF)if0<k<j<2V¥—1and (k,j—Fk) free;
. I , T0O<kE<5< an . are carry-free;
an(s k) = { 0, otherwise.

(7)

Moreover, Callan proved that Sy (z) forms a one-parameter subgroup of SL(2V R), i.e., the
group of 2V x 2V real matrices with determinant one. Namely, we have

Sn(x)Sn(y) = Sn(x +y). (8)



If we denote the entries of Sy (z)Sn(y) by tn(J, k), then the equality

2N 1
tN<j7 k) = Z aN(jaivz)aN(iakay> = OéN(j,k,.Z' +y)
=0

corresponds precisely to Theorem 1 with j = 0 and k& = 0. For example, if N = 2, then (8)
becomes

1 0 0 0 1 0 00 1 0 0 0
x 1 0 0 y 1 00 T +y 1 0 0
z 010 y 010 z+y 0 1 0
22 oz oz 1 v oy oy 1 (x+y)? z+y o+y 1

The rest of this paper is devoted to generalizing Callan’s construction of Sierpinski ma-
trices to arbitrary bases and considering two applications of them. In Section 2, we use
these generalized Sierpinski matrices to prove Theorem 2. In Section 3, we demonstrate how
these matrices arise in the construction of Prouhet-Thue-Morse polynomials defined by the
author [10]. In Section 4, we describe a group presentation in terms of generators defined
through these matrices and show that these generators satisfy a relation that generalizes
the three-strand braid relation found by Ferrand [4]. This relation suggests that Sierpiriski
matrices encode not only a digital binomial theorem but also an interesting group structure.

2 Sierpinski triangles

To prove Theorem 2, we consider the following generalization of the Sierpinski matrix Sy (z)
in terms of binomial coefficients. Define lower-triangular matrices Sy y(z) of dimension
bYN x bV recursively by

1 0 0 0
§ 1 0 0 I .
B 241 x 1 o | _ (m?_k ), ifO<k<j j<b-1;
Spi(r) = ( 2 ) (1) | N { ]07 otherwise,
(520 (07 () e 1
and for N > 1,

Sb,N+1($) = 5b,1($) ® Sb,N(fE)~

Example 4. To illustrate our generalized Sierpiriski matrices, we calculate Ss;(z) and
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We now generalize Callan’s result for Sy(z) by presenting a formula for the entries of

Sp.n(x); see [7] for a similar generalization but along a different vein.
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Theorem 5. Let an(j, k) :== an(j, k, x) denote the (j, k)-entry of Syn(x). Then

()R (), 0 <k < <N —Tand k= s

an (.]7 k) - (9)
0, otherwise,

where j —k = dob® +dib* + ... +dn_1bN "1 is the base-b expansion of j — k, assuming j > k.

Proof. We argue by induction on N. It is clear that (9) holds for S, ;(z). Next, assume that
(9) holds for Sy x(z) and let an.1(j, k) be an arbitrary entry of Sy 1 1(x), where pb™¥ < j <
(p+1)bY —1 and b < k < (g+1)b" —1 for some non-negative integers p,q € {0,1,...,b—1}.
Set j' = j — pb" and k' = k — ¢b". We consider two cases:

Case 1. p < q. Then j < k and ani1(j,k) =0-an(j’, k') =0.

Case 2. p > ¢q. Then j > k and

r+p—q—1
P—q

ans1(j, k) = ( )CIN(j'7kU- (10)
Let j — k = dob® + dib' + - - - + dyb"™, where dy = p — q. Then §' — k' = dob® + dib' + -+ - +
dy_1b"V 1. By assumption,
($+le(())—1) (a:—l-gi—l) . (at-l—gg:i—l) if 0 S k' S j/ S bN —1and ¥ jb j/,
OéN(j/,k/) = (11>
0 otherwise.



Since k =, j if and only if &' < j/, it follows from (10) and (11) that

(m-‘rgg—l) (m—‘rgi—l) e (w—i-gg—l) if 0 S k S] S bN+1 —1and k jb ]7
an1(j, k) = (12)

0 otherwise.
Thus, (9) holds for S, y41. O

Next, we show that Sy () forms a one-parameter subgroup of SL(b",R). To prove this,
we shall need the following two lemmas; the first is due to Gould [6] and the second follows
easily from the first through an appropriate change of variables.

Lemma 6 (Gould [6]).

Z":(x+k><y+n—k>_(x+y+n+l> (13)
P k n—=k n
Proof. Gould [6] derives (13) as a special case of a generalization of Vandemonde’s convo-
lution formula. We shall prove (13) more directly using a combinatorial argument. Let A,
B, and C' = {0,1,...,n} denote three sets containing x, y, and n + 1 elements (all dis-
tinct), respectively, where n is a positive integer. For any non-negative integer k, define
A = AU{0,...,k—1} and By = BU{k+1,...,n}. Then given any n-element subset S of
AU BUC, there exists a unique integer kg in C' — S, called the index of S with respect to
A and B, such that [S N Ay, | = ks and |S N By,| = n — ks. To see this, define Sy = AN S,
Sp=BNS,and T = C — S. We begin by deleting |S4| consecutive elements from T, in
increasing order and beginning with its smallest element, to obtain a subset 7”. We then
delete |Sp| consecutive elements from 7", in decreasing order and beginning with its largest
element, to obtain a subset 7", which must now contain a single element denoted by kg. It
is now clear that [S N Ay,| = ks and |S N By,| =n — ks.

To prove (13), we count the n-element subsets S of AUBUC' in two different ways. On the
one hand, since |[AUBUC| = z+y+n+1, the number of such subsets is given by (Hyznﬂ).
On the other hand, we partition all such n-element subsets into equivalence classes according
to each subset’s index value. Since |[S N Ag| = k and |S N By| = n — k, it follows that the
number of n-element subsets S having the same index k is given by (“czk) (y::‘;k) and total
number of n-element subsets is given by

i (:L"+k> (y+n—k>
—~\ k n—k )

Lastly, we equate the two answers to obtain (13).
Lemma 7. Let p and q be positive integers with ¢ < p. Then

S n)

v=q



Proof. Set k =v —q and n = p — q. Then (14) can be rewritten as
f <x+p—q—w—1> (y+w—1> B (x+y+p—q—1)
rt p—q—w w p—q ’
which follows from Lemma 6. O

Theorem 8. For all N € N,

Sy n(2)Spn(y) = Spn (7 + ). (15)

Proof. We argue by induction on N. Lemma 6 proves that (15) holds for S,;(x). Next, as-
sume that (15) holds for Sy n(z). Let tn41(4, k) denote the (j, k)-entry of Sy n41(2)Spn41(Y)-
Then

pV+I 1
tni1(g k) = 04N+1(J} m, z)ani1(m, k,y)
b—1 bV -1

OzN+1 (j, v 4+ 7, z) oy (Vb + 7k, y).

' M

=0 r=

As before, assume pb"¥ < j < (p+1)bN—1 and ¢b < k < (¢+1)b" —1 for some non-negative
integers p,q € {0,1,...,b—1}. Set j/ = j — pb™ and k' = k — ¢b". Again, we consider two
cases:

Case 1: j < k. Then ayi1(j, k,z + y) = 0 by definition. On the other hand, we have

pN+L—1
tN+1(j7 k) = ZO‘N+1(j7mux)aN+l(m7kay> + Z aN+1<j7m7'r)aN+1(m7 k7y)
m=0 m=j+1
] bN+1 1
ZQNH Jjym,x) -0+ Z 0-angi(m,k,y)
m=0 m=j+1

I
o

and thus (15) holds.
Case 2: j > k. Since S, n41(x) = Sp1(x) ® Spn(x), we have

”p_”_l)oz (4, r ) if > b +r;
. bN _ ( p—v N\J ", - )
an1(J, vb7 47, 7) { 0 if j < b +r.

Similarly, we have

yt+v—g—1 / ; N .
N _ ( v )OéN(T, K y) if k <ob™ + 7
an (Vb + 1k, y) { 0 k> b 4



It follows that

v b 3:+p—v—1 y+ov—qg—1 ) ,
tN-‘rl j) Z Z — OéN(j T ZL')Q{N(T,k 7y)

/l}_
v=q r=0 q

P Ny
(U ( p— )( v—q )) ZQN(977"7$)CXN(T,IC,?/)

r=0

—q—1

e
p—q

- OéN+1<j,k}7.T +y)7

where we have made use of the inductive assumption and Lemma 7. This proves that (15)
holds. O

As a corollary, we obtain Theorem 2, which we now prove.
Proof of Theorem 2. Let j = n and k = 0. Then the identity

bV -1

> an(m,z)an(m ky) = an(j.kz +y),

m=0
which follows from (15), is equivalent to (5). O

We end this section by describing the infinitesimal generator of S, y(x). Define X, ;(z) =
(X;k) to be a strictly lower-triangular matrix whose entries x;; are given by

i~ k), ifj> k1

, otherwise.
For N > 1, we define matrices
Xpni1(z) = Xp1(2) @ Xyn(7) = Xp1(2) @ Ly + I @ Xy v(2),

where @ denotes the Kronecker sum and Iyx denotes the bV x b" identity matrix. Observe
that Xj () has the following matrix form:

0 0 0 0
. 0 0 0
x/2 x 0 0
Xpa() = x/3 x/2 T 0 (17)
e/b—1) 2/(b—2) /(b—3) 0



The following lemmas will be needed. The first states a useful identity involving the
unsigned Stirling numbers of the first kind, ¢(n, k), defined by the generating function

n

z(x+1)..(r4+n—-1)= Zc(n, )k,

k=0

It is well known that ¢(n, k) counts the number of n-element permutations consisting of k
cycles.

Lemma 9. Let | and n be positive integers with | > n. Then

lznfl(i —1)! (Z) c(l —i,n—1) =nc(l,n). (18)

- 2
=1

Proof. We give a combinatorial argument. Let A = {1,2,...,1}. We count in two different
ways the number of permutations m = o105 --- 0, of A consisting of n cycles where we dis-
tinguish one of the cycles o, of 7. On the one hand, since there are ¢(l, n) such permutations
7 and n ways to distinguish a cycle of 7, it follows that the answer is given by nc(l,n). On
the other hand, we can construct m by first choosing our distinguished cycle oy consisting of
1 elements. The number of possibilities for oy is (i) (1 — 1)! since there are (i) ways to choose
i elements from A and (i — 1)! ways to construct a cycle from these i elements. It remains
to construct the remaining cycles o9, ..., 0,, which we view as a permutation #’ = o9 --- 0,
on [ — i elements consisting of n — 1 cycles. Since there are ¢(l — i,n — 1) such possibilities
for 7, it follows that the number of permutations 7 with a distinguished cycle is given by

l—n+1 I
> - 1)!(.)(;(1 —i,n—1).
i=1 !
Equating the two answers yields (18) as desired. O

Lemma 10. Let n be a positive integer with 1 <n < b— 1. Then

X7y () = (xalG ), 19)
where the entries x,(j, k) are given by

noe(j — k,n)a™, if § > k+n;

Yuljs ) = { G (20)

0, otherwise.

Proof. We argue by induction on n. It is clear that (20) holds when n = 1. Suppose n > 1.
If j <k +n, then x,(j,k) = 0 because X} is a power of strictly lower-triangular matrices.



Therefore, assume j > k 4+ n. Then

j—n+1
Zan]a Wi k) = > xuo1 (4 i)xa (i, k)
i=k+1
j—n+1
(n—11 1
=" ——c(j—i,n—1)——
izzk;rl (7 =) (j )Z_k
I+k—n+1
(n—1)! _ 1
=" ——c(l+k — —1
! Z: Gehopclth—in =l
i=k+1
l—m
(n—1)lz" !
= [ — -1
/! mzzlm(l—m)!c( mn—1)
l—n+1
(n—1)lz" l
= Z (m —1)! . c(l—=m,n—1),
m=1
where | = j — k and m =i — k. It follows from Lemma 9 that
o (n—=1)lam _n! , "
as desired. ]
Lemma 11. We have
exp(Xp1(x)) = Spa(x). (21)

Proof. Denote the entries of exp(X,1(z)) by £(j,k). It is clear that {(j, k) = 0 for j < k
and £(j, k) = 1 for j = k since X, is strictly lower triangular. Therefore, assume j > k + 1.
Since X3!} = 0 for n > b, we have

b—1 . ,k
mwzzxﬁ)

(J— k) =
ozt 1) (i —k—1)
B (7 —k)!
r+j—k—-1
:( j—k )
= a1(j, k)
Thus, (21) holds. O

10



Theorem 12. Let N be a positive integer. Then
exp(Xp n(z)) = Spn(2). (22)
Proof. We argue by induction on N. Lemma 11 shows that (22) is true for N = 1. Then
since exp(A @ B) = exp(A) ® exp(B) for any two matrices A and B, it follows that
exp(Xp,n (7)) = exp(Xp1(2) ® Xpn-1(2)) = Spa(7) ® Spn-1(z) = Sy n(7),
which proves (22). O

3 Prouhet-Thue-Morse polynomials

In this section we demonstrate how the generalized Sierpinski matrices S, n(1) arise in the
study of Prouhet-Thue-Morse polynomials, first investigated by the author [10]. These poly-
nomials were used in the same paper to give a new proof of the well-known Prouhet-Tarry-
Escott problem, which seeks b > 2 sets of non-negative integers Sy, S, ..., Sp_1 that have
equal sums of like powers up to degree M > 1, i.e.,

neSy nesSy neSy_1

for all m = 0,1,..., M. In 1851, E. Prouhet [11] gave a solution (but did not publish a

proof; see Lehmer [8] for a proof) by partitioning the first b#*! non-negative integers into
the sets Sp, S1,...,Sy_1 according to the assignment
n c Sub(n).

Here, uy(n) is the generalized Prouhet-Thue-Morse sequence A010060, defined as the residue
of the sum of digits of n (base b):

d
up(n) = Z n; mod b,
=0

where n = ngd® + -+ + ngb? is the base-b expansion of n. When b = 2, u(n) := us(n)
generates the classical Prouhet-Thue-Morse sequence: 0,1,1,0,1,0,0,1,....
Let A = (ag,aq,...,a,_1) be a zero-sum vector, i.e., an ordered collection of b arbitrary

complex values that sum to zero:
a0+a1+---+ab_1:().

We define Fiy(x; A) to be the Prouhet- Thue-Morse (PTM) polynomial of degree b —1 whose
coefficients belong to A and repeat according to uy(n), i.e.,

bV -1

Fy(x; A) = Z gy ()" (23)

n=0

11
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In the case where b = 2, ap = 1, and a; = —1, we obtain the classic product generating
function formula

N 2N+l
[[a-2>")= > (-1"™am (24)
m=0 n=0
Lehmer generalized this formula to the case where A = (1,w,w?, ..., w"1) consists of all b-th
roots of unity with w = ¢?*/*. The following theorem, proven by the author [10], extends

this factorization to Fy(x; A) for arbitrary zero-sum vectors.

Theorem 13 ([10]). Let N be a positive integer and A a zero-sum vector. There exists a
polynomial Py(x) such that

)_l

Fy(x; A) =

(x) [T =2"). (25)

N—
m=0

Theorem 13 is useful in that it allows us to establish that the polynomial Fy(z, A) has a
zero of order N at x = 1, from which Prouhet’s solution follows easily by setting N = M + 1
and differentiating Fiv(x; A) m times [10].

We now derive formulas for the coefficients of Py(x) in terms of generalized Sierpiniski
triangles. Towards this end, let

N -1

N (25 en) E Cn®

denote a polynomial whose coefficients are given by the column vector ¢y = (cg, ..., cpv_q)7.
Also, let

A, = (@ (0), Quy(1)s - - -+ Ay (0N 1))

be a column vector consisting of elements of A generated by the PTM sequence uy(n). Next,
define a sequence of b x b" matrices My recursively as follows. Set

0 0 00
-1 1 0 00
My = (mj) =
000 - -1 1
where
1, if j =k;
mir =4 —1, ifj—k=1,
0, otherwise.

12



Then for N > 1, define

My On Oy --- Oy Opn
—My My o --- Oy Opn

My =M @ My = . ; (26)
Oy Oy Oy -+ —My My

where M; ® My denotes the Kronecker product. The following theorem establishes a matrix
relationship between the vectors ay and cy.

Theorem 14. Let A = (ag,...,ap_1) be a zero-sum vector. The polynomial equation
N-1
Fy(z; A) = Py(z;cn) H (1—2") (27)
m=0

1s equivalent to the matrixz equation
ay — MNCN (28)

together with the condition ¢, = 0 for any n that contains the digit b — 1 in its base-b
expansion, where 0 < n < bV — 1.

To prove Theorem 14, we shall need the following two lemmas, which we state without
proof since their results are easy to verify.

Lemma 15. Let A = (ag,ay,...,a,_1) and c; = (co,...,co_1). Then the polynomial equa-
tion
b—1 b—1
Z a,x" = (Z cnx"> (1—2)
n=0 n=0
s equivalent to the system of equations
ag = Co
a; = —Cy + Cq
ap—1 = —Cp—2 + Cp—1

together with the condition ¢,—1 = 0.

Lemma 16. The system of equations in Lemma 15 can be expressed in matrixz form as

a; = Mlcl.

13



Proof of Theorem 1. We argue by induction on N. It is clear that (28) holds for N = 1
since the polynomial equation Fi(x; A) = Pi(z;¢1)(1—x) is equivalent to a; = Mjc; because
of Lemmas 15 and 16. Next, assume that (28) holds for case N. We shall prove that (28)
holds for case N + 1. Define

bN -1
n N
Py(z;Cn(p)) = Z Crpp 2P
n=0
to be a polynomial whose coefficients are given by the entries of Cy(p) = (cppv, ..+, Cpp1pV—1),

i.e., those elements in cy,; from position pb" to position (p + 1)bY, so that
Pyii(zieny1) = Pvoi(z;Cn(0) + -+« + Py N(2; On (b — 1)).

We then expand the right-hand side of (25) for case N + 1 as follows:

N-1

Fysi(z; A) = (Py(@; O (0)) + -+ Py(a; O (b — 1)) (H (1- .ﬂ’")) (1—a*")

m=0

= (Qn(x;CN(0)) + -+ + Qu(z; Cn(b— 1)) (1 — 2)
= Qn(2;On(0)) + (Qn(z; Cn (1)) — :z;bNQN(;I;;cN(o))) TR

(QN(x On(b—1)) — 2" Qn (w; O (b — 2))) — 2 Qn(a; On (b — 1)),

where we define

Qn(a: Cn(p)) = Pula: Cu(p) T[ (1 — 2.

m=0
Next, we equate this result with the definition of Fiq(z; A):

N+ 1
Fyii(z; A) = Z Ay = Fn(2; An(0)) + -+ 4+ Fy(2; Ax (b — 1)),
n=0
where we define
bN -1
Fn(z; Ax(p Z Aoy (r4pbN )T LA

This leads to the system of polynomial equations

Fy(z; An(0)) = Qn(z; Cn(0))
Fy(w; An(1)) = Qu(2: Cn (1)) — 2" Qe (; O (0))

Fy(z; Ay(b—1)) = Qu(z: Cx(b— 1)) — 2" Qu(w:; Cx (b — 2))

14



together with the condition Qy(x; Cx(b—1)) =0, i.e. ¢, = 0 for all (b—1)bY <n < pVT1-1.
It follows from Lemmas 15 and 16 that this system is equivalent to the system of matrix
equations

aN(O) = MNCN(O)
aN(l) = —MNCN(O) + MNCN(1>

aN(b — 1) = —MNCN(b — 2) + MNCN(b — 1)7

where the first matrix equation by assumption satisfies the condition ¢, = 0 for any 0 <
n < bY — 1 that contains the digit b — 1 in its base-b expansion. This in turn is equivalent
to the matrix equation ayy; = Myii1cny1 together with the condition that ¢, = 0 for any
0 <n < bV*! — 1 that contains the digit b — 1 in its base-b expansion. This establishes the
theorem for case N 4+ 1 and completes the proof. O]

Lemma 17. The matriz My has inverse Sy = M&l, where Sy is given recursively by

100 --- 0
110 --- 0
1 11 1
and for N > 1,
SN ON ON R ON
SN SN ON R ON
SN+1 :Sl®SN: . . (30)
Sy Sy Sy ... Sy
Thus, if ay = Mycy, then
Cny = SNaN. (31)
Proof. 1t is straightforward to verify directly that S; = M ! Since S Ni1 = 51 ® Sy and
My = My ® My, it follows that Sy = My'. O

Observe that Sy = S, v(1) is the generalized Sierpinski triangle defined in the previous
section. We now present a formula for the coefficients ¢, in terms of the elements of A.

Theorem 18. Let A = (ag,...,ap-1) be a zero-sum vector. Then the polynomial equation
(27) has solution Py (z;Cy) whose coefficients c,,, 0 < n < b — 1, are given by

Cp = Z aub(k), (32)
kEIb(n)
where I(n) = {k € N: k <, n}. Moreover, ¢, =0 for all n whose base-b expansion contains

the digit b — 1.
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Proof. From Theorem 5, we know that the non-zero entries in the n-th row of Sy, which are
all equal to 1, are located at (n, k) where k <, n. Formula (32) now follows from (31). It
remains to show that (32) yields ¢, = 0 for all n whose base-b expansion contains the digit
b—1. Let n = neb® + - +ngb? + -« +ny_1bV "1 where ny, = b — 1. Denote I(n; L) to be
the subset of I;(n) consisting of integers whose base-b expansion has digit 0 at position L,
ie.,

Lin; L) ={keN:k =<ynk="kb" + -+ knyb", k =0}.

Then using the fact that A is a zero-sum vector, i.e., ag + - -+ 4+ ap_1 = 0, we have

Cn = Z (k) + Z Quy (k4bL) T+ Z Qg (k+(b—1)bL))

kelp(n;L) kely(n;L) kely(n;L)
= > (Gum) + G, T+ G o-1))
kely(n;L)
=0
as desired. ]

Next, we specialize Theorem 18 to base b = 3. Define w(n) to be the sum of the digits
of n in its base-3 representation modulo 2.

Corollary 19. Suppose b = 3. Let n € N be such that its base-3 representation does not
contain the digit 2. Then

Cp — (—1)w(n)au3(2n). (33)

Proof. Let n = ng3° +--- 4+ ny_13¥~! be the base-3 representation of n with no digit equal
to 2 and leading digit ny_; = 1. We argue by induction on N. It is clear that (33) holds
when N = 1 since from (32) we have

Ci1=ag+a; = —ag = (—1)w(n)au3(2n).

Next, assume (33) holds for a given N. To prove that (33) holds for N + 1, we consider two
cases by decomposing n = n' + 3.

Case 1: n;=0foralli=0,...,N —1. Then n = 3" and

Cp = Z aug(k) = Cbu3(0) + CLUS(n) =ap+a; = —as
kEIg(n)

- (_1)w(n)a1L3(2n) .
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Case 2: ny =1 for some 0 < L < N — 1. Then set n” = n' — 3. It follows that

Cn = Z Qyy(k) = Z Qug(k) T Z Qg (k+3N)

k}EIg(n) kEI3(’I’L7L) k‘EIg(n,L)
= Z Qg (k) T Z Cyyg (k+3L)
kels(n’) kels(n’)
= Z Qus(k) + Z Qg (kt3L) T Z Qg (k+2-35) T Z Qus(k) — Z Qs (k)
kEIg kEIg ) kEIg ) k€I3(TL’ L) kG]g(TL’,L)
= Z Q)+ D (Gus®) T Uu)s F Cus42s) = D Gugth
kEIg( ) k‘EIg /L) k‘EIg( //)

CLU3(2n) - (_1>w(n )au3(2n”)

(=1)
(1)
= (-1)*¢ (aus 2n'>+a<u3<2n> )g):(—l)w("/) (—aus@n)-1)s)
(1)
(1)

Thus, (33) holds for N + 1. O

4 Group generators and relations

In this section, we reveal further evidence of the rich structure of Sierpinski matrices by
describing group generators and relations defined by the matrices Sy and My. Recall that
Sy and My are matrices of dimension b x bY for a given base b. Define Ty = M}, to be
the transpose of My and Uy = SyTy, Vy = TnSy. The following lemma gives a recursive
construction of Uy andVy.

Lemma 20. We have

Unvpi =U®@Un
Vpi=Vi®Vn

Proof. The result follows from the mixed-product property of the Kronecker product. We
demonstrate this for Uy .1:

Uni1=Svi1Tyi = (S1@Sy) (T @ Ty) = (517h) ® (SvTy) = Uy @ Uy

The calculation is the same for V. ]

Observe that Uy = (u;;) and Vy = (v;;) are skew-triangular and that Vi is the skew-
transpose of Uy, i.e., v;; = Up—1—jp—1—; for 4,57 = 0,1,...,0 — 1. Here are some examples of
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Uy and Viy when b = 2:

1 -1 -1 1
1 -1 1 0 -10
U1:<1 o)’UF 1 -1 00|
1 0 00
0 0 0 1

0 -1 0 0 -1 -1
‘/1_(1 1)"/2_ 0 -1 0 -1

1 1 1 1

The next lemma establishes that the eigenvalues of Uy and Vi are (b + 1)-th roots of 1
or —1.

Lemma 21. The set of eigenvalues of Uy and Vi are exactly the same and consist of all
roots of the polynomial equation

—14r—r?4. 4 (=1t =0.

Proof. Let r be aroot of =147 —7r2+4 -+ (=1)"1r = 0. We claim that r is an eigenvalue

of U, with eigenvector v = (vy,...,v,)T, where
k
w= 1y
=1

for k =1,...,b. Observe that v, = 1. Denote w = (U; — rI,)v = (wy,...,w)". It suffices
to show w = 0. It is straightforward to verify that

1, if k=1,
Ulz(lb]"k): —1, 1f]{]2]—|—1,
0, otherwise.

We now calculate w; by considering three cases:
Case 1: k= 1. Then
wy = (uyy —7)vy + Upave = (1 —7r)r — (r —r?) = 0.

Case 2: 1 < k <b. Then

k k+1
Wy = U1V + (ukk — 1)U + Uk k1Vk41 =T — T Z(—l)jHTj - Z(—l)j+17"j = 0.
j=1 J=1

Case 3: kK =0b. Then
wy = upv1 + (Upp — )0y =17 — 1 = 0.

Thus, w = 0. It can be shown by a similar argument that the eigenvalues of V; are exactly
the same as those of Uj. O
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Theorem 22. The matrices Uy and Vy satisfy the relation
UZt =Vt = ()N L, (34)
where Iy is the b x bY identity matriz.

Proof. We shall only prove (34) for Uy since the proof for Vy is the same. We argue by
induction on N. When N = 1, we know from Lemma 21 that all eigenvalues of U; are
roots of —1 + 7 — 7% + -+ + (=1)*Ty® = 0. Tt follows that every eigenvalue r satisfies
rb*1 = (=1)""1; moreover, since they are all distinct, the corresponding eigenvectors are all
linearly independent. Thus, U™ = (—1)b*11,

Next, assume that (34) holds for Uy_;. It follows from the mixed-product property of
the Kronecker product that

Ujl{;—H (Ul Q@ Uy_ 1)b—i—l Ub+1 ® UJ(VJ\i—ll)(b""l)
= (—1)b+lfb &X (—1)( )(b—H)]bel
— (—1)N(b+1)IbN.

Thus, (34) holds for N. O

We note that for b = 2, Ferrand [4] proved that the matrices Sy and Ty satisfy the
three-strand braid relation
SNTNSy = TnSNTN. (35)
We give an alternate proof of (35) based on Theorem 22. Define Qny = SyTnSy and
Ry = TnSyTy. Then QyRy = U3, = (=1)* v = (=1)NI,n because of (34). Moreover,
we claim that Q% = R% = (—1)" I,~. This follows by induction on N, which we demonstrate
for Qn by again using the mixed-product property of the Kronecker product:

Qx = (SNTNSFTnSN)

= ($1T1 57T S1) @ (Sn—1Tn-15%_1Tn-15n-1)
(-

(—

1) ® ()N Lv)
DN Iy

Thus, Qn Ry = Q%, which implies the braid relation Qy = Ry. However, we find that the
braid relation fails to hold for b > 2.
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