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Abstract

In this work, we consider the tessellations (or tilings) of Euclidean and hyperbolic
planes using copies of a regular polygon. We introduce the concept of k-type of vertices
and edges, which allow a thorough control of these elements when the tessellation
increases, and we obtain an enumeration for the vertices, edges, and polygons at a
given distance.
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1 Introduction

In this study, we investigate regular infinite tessellations of the Euclidean or hyperbolic plane
and the Coxeter group G generated by the set S of reflections on the edges of a fundamental
polygon A of the tessellation. Considering the Cayley metric d(-,-) of the group (G, S), we
denote by ||g|| = d(g,e) the norm of an element g € GG. For a given positive integer n we
consider the image of A under the n-ball,

By (A) = {g(A); llgll < n},
and ask the following natural questions:
1. How many faces (polygons) are there in B, (A)?
2. How many polygons edges are there in B,,(A)?
3. How many polygons vertices are there in B,,(A)?

The first question is equivalent to asking about the growth sequence {P,} of the Coxeter
group (G, S), and the answer is known: The generating function of this sequence is rational.
We can obtain an explicit formula given in terms of the Coxeter presentation.

This particular (but quite general) situation arises when we consider the elements of a
group (or semi-group) G acting as isometries of a metric space (X, d), an instance that is
the most general formulation of a dynamical system. In such a theoretical group setting, a
survey, conducted by Grigorchuk and De La Harpe in 1997 [7], explored many aspects of
the growth problem and provided references to the growth of other objects. In a particular
case in which G is an infinite Coxeter (or Artin) group generated by a set S of reflections
(characterized as a simple set of roots), there is a formal power series >~ a,t", where the
coefficient a,, denotes the number of elements within distance n from the identity element.
Cannon [4, 5] also considered the growth series of tessellations related to the surfaces of
genus g > 2, which do not include all possible tessellations of the hyperbolic plane. These
results were generalized by Floyd and Plotnik [6] and Bartholdi and Ceccherini-Silberstein
[2], who considered more general tessellations.

Counting vertices is a dual problem: Counting the vertices of a {p,q} tesselation (a
tesselation through regular p-gons with inner angles equal to 27 /q) is equivalent to counting
the number of polygons on a {q, p} tesselation.

To date, the second question posed above, when counting the edges of these tessellations,
has yet to be answered. We use a geometric approach, similar to the one adopted by Silva
et al. [9] in a simpler situation, which allows us to answer the three questions, by giving a
recursive definition of those quantities. The involved part of the counting process is avoiding
repetitions, and the key results that enabling us to develop recursive formulae are found in
Propositions 1 and 2.

To obtain our results, we introduced the notion of “k-type” of vertices and edges, which
allows us to receive very precise information on the behavior of their growth. In addition to



obtaining the total amount of these elements, we have a clear way of numbering them from
one level to the next. As another important point, we obtain the number of vertices and
polygons as a function of the number of edges. This type of relationship has not been shown
before.

Such approach can have applications in the natural sciences and computer science, and
has several interpretations and meanings in mathematics. The results obtained also have
applications in communication theory. A signal constellation is a finite subset of points
with suitable geometric properties, and the choice of the set to be used in the design of
such a system plays a fundamental role, mainly because the performance of the system
is dependent on the signal constellation. Signal constellation are usually built up from a
lattice A in R™, which becomes a signal constellation, after taking a convenient quotient
using a sublattice A C A. One of the most important of such possibilities is considering
the constellations of points in the hyperbolic plane. Silva et al. [10] introduced a proposal
for new communication systems in a hyperbolic context. The main potential for coding in
the hyperbolic plane is the infinitude of essentially distinct tessellations, in contrast to a
Euclidean case. Not only can we find infinite constellations, we can also find an infinite
number of properly discontinuous groups of isometries that are not isomorphic (as abstract
subgroups) to each other. Moreover, because rigidity (in the sense of Mostow) does not hold
in the (two-dimensional) hyperbolic plane, for each co-compact properly discontinuous group
of isometries F', there are an uncountable number of subgroups isomorphic to F', albeit not
conjugated to it. In other words, for every such subgroup, there is a situation similar to the
essentially unique situation found in R"™.

Albuquerque et al. [1] obtained new quantum error correcting codes by using hyperbolic
geometry. The precise control given by the results of this paper can be useful in such contexts,
because this type of information is fundamental to calculating the performance in border
points of signal constellations. Finally, we should mention that Ungerboeck [12] introduced
a very important modulation technique for communication systems using a Euclidean case
of the sets considered here.

2 Growth of hyperbolic tessellations

Let us consider in the hyperbolic plane H? a regular polygon P,, that has p equal-length

edges, and where all p internal angles are equal 27”. From Poincaré’s theorem, such polygons

exist for all positive integers p and ¢ whenever % + é < % The above is assumed as a

basic condition throughout the current research. It is possible to tile H* with P, ,, in the
sense that there is a family {P,|n € N} of isometric copies of P, ,, such that H? = U,,enP,,.
When P, NP, # (), this intersection is either a common edge or a common vertex. We say
that the family 7,, = {Pn|n € N} defines a tessellation (or tiling) and each P, is called
a tile. An edge (vertex) of a tessellation is an edge (vertex) of a tile. We denote the set
of edges and vertices of 7,, by &,, and V, ,, respectively. See Beardon [3] for more details
about hyperbolic geometry. We should note that the results in this paper are also valid in



the Euclidean case where regular tessellations satisfy % + % = 1 Thus, we use the term

“tessellation of the plane” to include both the Euclidean and hygerbolic cases.

There is a natural metric associated to such tiling. Given tiles P and P’, we consider
points = and x’ contained in the interior of the tiles. Let v be a path connecting the given
points, that is, v : [0, 1] — H? is a continuous map, such that v(0) = x and (1) = 2’. If no
vertex of the tiling is contained in the image of v, we say that 7 is a regular path. Let |y

be the number of edges of the tilling crossed by ~:

7] := {e € &g leNA([0,1]) # O},
where | X| throughout the current paper denotes the cardinality of the set X. We define

d(P,P") = inf{|y|v is a regular path connecting x to z'}

= min{|y |7 is a regular path connecting z to z'}.

The above defines a metric in a set of tiles. It is well known that the tiling 7, , has
exponential growth, that is, there are constants M, € R, b € N with M, > 0, b > 1, such

that B.(P)

0<% Arpen
where B,,(P) = {P’ € T, : d(P,P’) < n} is the ball (in 7,,) centered on P, with radius n
(see Sullivan [11, Proposition 3]).

Let Ag be the initial tile of our tessellation, and py be its barycenter. The geodesics
of H?, containing the edges of A, are called support geodesics of the tile. Each geodesic
8;,i = 1,...,p determines a unique reflection p; (involutive isometry of H? that has the
geodesic as a set of fixed points). We let I', , denote the group generated by {p1,...,pp}
The group I',, is a discrete group of isometries that has Ay as a fundamental Dirichlet
domain centered at pg, and thus

< o0,

Ao = {z € H* | d(z, po) < d(f(2),po),Vf € Tpq},

and every tile A, € T,, is an image f(A) for a unique f € I'y,. If we consider the Cayley
metric de(-,-) on I', , determined by the set {p1,...,p,} of generators, we find that

d(f<A0)ah(A0)) = dC(f? h),Vf,h € FP#]‘ (1)

We will now introduce a few concepts and definitions. We consider the set of reflections
at the edges of the regular polygon A (with p edges and angles equal to 27”) as a standard
set of generators of the group I',,. A geodesic 0 is a support geodesic of the tessellation if
an edge of a tile of the tessellation 7, , is contained in . Let S be the set of all support
geodesics, and § € S if, and only if, p; is a reflection contained in the group I, ,.

Because d(g(Ao), h(Ao)) = de(g,h),Vg,h € '), we can consider metric constructions in
7Tpq orin I'y . without a distinction.



Let By be the closed ball in I', , with the center in the identity and radius k, and let
Ci := By \ Bx_1 be the circumference of radius k, which we call the k-th stage (level) of the
tessellation, that is, By, := {g € I'y, | dc(g,e) < k} and C, :={g €'y, |dc(g,e) = k}.

From the correspondence between the elements of the group and the polygons of the
tessellation, we let Py denote the set of polygons of the tessellation corresponding to the ball
By in the group, and by NPy := P, \ P;_; the set corresponding to the circumference Cy,
where the prefix N stands for new: Py, = {g(Ao) | g € B} and NP, = {g(Ao) | g € Ci}.

Naturally, we have | Py | = |By|, | NPy | = | Cx| where | Py |, the cardinality of Py, is
the k-th coefficient of the growth series of the group I', ,. Our goal is to obtain a recursive
enumeration for P, and, to attain this objective, we determine the growth of the vertices
and edges of the polygons. We let V; denote the set of vertices of polygons in Py, and
Ej denote the set of edges of polygons in Py. In a similar way, we let NE; := Ej \ Ex_4
and NV, := V. \ V,_; denote the sets of the new vertices and edges in the tessellation,
respectively. Clearly, we then have

k k k
[Vil =D INVil, [Ep| =) [NE;j| and |Py|=3} |NP;, (2)
i=0 i=0 i=0
where |[NVy| = |[NEg| = p and |NPy| = 1. Therefore, it is sufficient to know | NPy | to
determine the cardinality of the balls in the group I, ,.
Considering the polygons in P;_;, we have only one way to obtain new polygons in stage
k: The reflections in the edges of the polygons in P;_;. We observe that ¢ € E;,_; is an edge
of either one or two polygons in P;_;: If € is an edge of only one polygon A € P;_;, we have
p(A) (the reflection of the polygon A in the edge €) is a new polygon in NPy; whereas if ¢
is an edge of two polygons in P;_;, the reflection p. only permutes those tiles, and does not
give rise to any new element in Py. If edge € in E;_; is an edge of only one polygon, then
cee NE,_1.
We define the function t; : Vi, — {2,...,¢}, which for each vertex v € Vj gives the
number of edges of E;. that have v as a vertex. We state t;(v) is the k-type of vertex v, and
the notation v}’ is used to state that w = t;(v). We also need the following notation:

WV | WINVy |
Vi = {v.}, 005, SN |} and NV = {v},v5,...,v k\NVk\}

where k£ is the stage of the tessellation, and w; = tx(vk,;), with i = 1,...,| V| for Vy,
andzzl,,]NVk\ for va

Considering an edge ¢ € Ej, we characterize it using the k-type of both its vertices:
We state that € has k-type (tx(c(€),tx(7(€)))), where ¢(¢) and 7(¢) are the initial and final
vertices, respectively, which determine €. It is assumed that ¢4 (c(g)) < tx(7(¢)), and, without
ambiguity, we can assume the notation £/, where i; = t,((¢)) and w; = t,(7(¢)), with
j=1,...,|Eg| for Ex and j = 1,...,|NEg | for NE;. As in the case of the vertices, we use
the following notation for the set of edges at a given level k:

_ i1,w1 _11,Ww1 By, W By | i1,Ww1_12,Ww2 U NEy, ['W| NEy, |
={eri ea ek - NEe=A{eiers e Ny | }.
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We should note that the vertices and edges of the tessellation were defined in accordance
with the tessellation level. This information will be used to distinguish vertices NV, from
Vi \NV,.

We want to determine the types of vertices and edges that generate new polygons in the
next stage.

An edge is k-outer (external) if it is an edge of a unique polygon in stage k; if not, it is
an inner (internal) edge. When an edge ¢ := 8;{? has 7; = ¢ edges adjacent to its terminal
vertex, we state that the edges with 7(¢) as a vertex, are a closed cycle of edges if there are
also ¢ polygons in P, with 7(¢) as a vertex. We note that 7; = ¢ does not imply that we
have a closed cycle of edges at 7;, because there can be an outer edge among the ¢ edges.

If s,j’ 7 is an outer edge, then, the reflection p_i; closes the cycle of the edges, because ¢q is

7
the maximum number of polygons in the tlhng w1th a common vertex.
Let v, € V}, and A := .A(Ukt) = {521’171, . J’T’} be the set of edges of E; that have

vki as a vertex, considering the edges numbered anticlockwise. Because we are interested
only in vertices that have an external edge in the stage in question (because all polygons
having only inner edges have already been counted), we can assume that .4 has one, and,
consequently, at least, two exterior edges. Thus, we assume that the ordinance of the edges
of A is applied in such a way that ;'] and ¢/ ]’TJ The first and last edges are k-exterior
edges. Such an ordering of A depends only on the ch01ce of the first edge.

Further, two edges with a common vertex are consecutive if the angle between them (at

the common vertex) is 2?”. If 5“’” and e,/ TV are consecutive, for all i = 1,2,...,j — 1,

then the set of all edges of vkt is called a consecutive set of edges. Otherwise, there is a
discontinuity, or a hole, at the edges containing vit

: : _ 11,71 12,72 05,T;
Given a set of consecutive edges A = {sk R B } of the vertex vkt, only the

12,T2 Lj—1,Tj—1

1 T1 7]
and 5k because the edges €757, ...,¢/;}" " are the edges

k-exterior edges of A are g’
of two tiles.

Let o, -+, a, be geodesics supporting the edges of the initial polygon Ay of the tessel-
lation. The group qu is generated by the reflections pq,,- -, pa, in the support geodesics
of the edges ay, - -+, ay:

Lpq = (pay, apap>-
A geodesic § determines two disjoints, connected open half-spaces, Hf and Hj, such

that & = Hf N H. Hence, a support geodesic can be characterized by two polygons A,
and A, contained in each of these two disjointed half-spaces determined by ¢, and satisfying
A N A, is an edge contained in §. In this case, we state that ¢ supports the polygons A,
A, as well as the edge A; N A,.

Let ¢ be a support geodesic of the tessellation (ps € I'y,). We state that J separates
the tiles g(Ag) and h(Ap) if they belong to different connected components of H*\4, that is,
every continuous path connecting these polygons intercepts 0.

Let € be an edge of the tessellation with initial vertex v and ¢§ as its support geodesic.
We let 6; denote the geodesic ray with the initial point in v and containing ¢, and §; as its



opposite ray.
Given a support geodesic of the tessellation § € S and A;,;A; € Py, we consider the
following notation:

A; |5 Aj := ¢ separates the polygons A; and A,

A; 15 A := § does not separate the polygons A; and A;.

In the following results, we consider an initial polygon A, with edges 60 R ,533227, and
the group I'y, = <Ps§*f7 - pgg,z) generated by the reflections in these edges.
B 5P

Proposition 1. Let {p,q} be a tessellation of H?. If q is even, then the k-type of a vertex
15 always even.

Proof. The proof will be conducted through induction over stage k of the tessellation. Note
that the maximum number of edges with a common vertex is ¢ = 2m. For the initial case,
the base tile Ag has vertices vg,,- -+ ,v],, with O-type equal to 2.

Now, let us assume that, in stage k, all vertices have even k-type. We prove here that
the vertices in stage k 4+ 1 have even (k + 1)-type.

To obtain the tiles in NP, 1, we need to reflect the tiles of NP, in the k-outer edges of
the tessellation. Each vertex without a completed cycle has exactly two k-outer edges. In
the next stage, each one of these edges will contribute to this vertex with a new adjacent
edge (we can have no edges, if the cycle of edges is completed in stage k). Because ¢ is even,
the two edges generated by the outer edges in the previous stage cannot be the same.

Thus, through the induction hypothesis, the (k+1)-type of vertices of NV, are even. [

In the next proposition, we identify the types of new vertices in the tessellation, generated
by the reflections in the previous stage.

Proposition 2. Consider a T,, tessellation and let vi € V. If q is even, then vl € NV,
if, and only if, i = 2. If q is odd, then vl € NV, if, and, only if, either i =2 ori =3, and,
when i = 3 there is an edge € with v = i(e) and tx(7(c)) = q.

Proof. Because the proof in the odd case follows the same steps, we only prove the proposition
for ¢ to be even. Given v}, € Vi, with i = 2, we suppose v ; & NVy, that is, v}, € NV, for
some t < k. Through Proposition 1, the k-type of a vertex is always even; then, the t-type
of U/i,z in stage t is at least i = 2, and in stage k, it should have type min{2+2(k —1t),q} > 2,
which is absurd.

Further, let us consider v = Uli—l,l € NV,. We suppose i # 2. Through Proposition 1, i
is even, then i > 4, let us enumerate counterclockwise the edges of vj,_, ;. Because it is a set

. . 0T @,T @,T
of consecutive edges, we can write ep” | 1,7 5,...,&, ;. Only the (k — 1)-outer edges are
7 sT

5?1 pand ep”y . We label the polygons containing these edges as Ay, Ay, ..., A;_q, with A;
containing the edges Ek 1, and el 11 for g =12



Thus, Ay and A;_; € NP,_;. To conclude the proof, it is sufficient to show that A, (and
As, - A o) € Pr_q. Indeed, if Ay € P, then Ay € NP,., r < k. If g9,e3 € NP,., then
t(e2) = t(e3) = v € NP, contradicting the hypothesis of v € NPy, because NP, A"NP,;; =

If we suppose that Ay ¢ Py, then Ay € NP,. Because both Aj, Ay € NPy, there are
AT, Ay € NPy such that ps, (A7) = Ay and ps, (A5 ) = Ay, where §; = A;NA; is an edge
and ps, is the reflection in the geodesic containing e;.

Recall that e = A; N Ay (because the edges are consecutive). The edge ¢ is the first
segment of a line connecting the common vertex {v} = ﬁézlgj to Pj_1 along the boundary
of Ay. There is also a line connecting v to Py_1, such that it has ¢; as an initial segment.
This gives rise to a k-hole, unless £ = ¢;. However, in this case, we changed the parity of
vertices v when passing from stage k£ — 1 to stage k, contradicting Proposition 1. We thus
conclude the proof. O

We should keep in mind that the given edge 17 € By, i(¢}”) and 7(£}") denote the initial
and final vertices of €}, respectively. We can then define the following set:

ni(e)”) = HA € Py [ o) € A}, (3)

that is, nk(sﬁf) is the cardinality of polygons in the tessellation having in common the initial
vertex of the edge €.
Thus, we can count the new polygons in the following way:

Proposition 3. Let ¢ = ¢;7 € NE;. Then, ni(e) = 1 and ngy1(e) = 3.

Proof. Let v = (). Because v has k-type 2, there is another edge ¢’ € Vy, such that
t(e") = v. It follows that ¢ and ¢’ are edges of the same polygon A € Py, and hence,
ni(e) = 1. Because both () and ¢(¢’) have k-type 2, we have ¢, € NE;. Both will
give rise to new polygons in the next stage, such that ng1(¢) = 3. We thus conclude the
proof. O]

It 5z’T is a k-outer edge, then it contributes with a new polygon at the level k£ + 1. If
T < ¢, then each reflection in the edges with the same vertex will generate different tiles.
However, if 7 = ¢, this tile will be counted twice, because there is another k-outer edge that
generates the same polygon. It follows that the vertex v = 1(e77) will have k + 1-type 4. In
the special case in which p = 3, it implies the existence of an edge ¢’ € NE, 1 of k + 1-type
(4,4). We have just proved the following:

Corollary 4. If ¢ = 62’3 € NVy, then (i,7) = (2,7), except for the cases T = q and p = 3,
in which (i,7) = (4,4) can occur.



3 Recursive counting functions for the growth of the
group '),

We consider the group I', ;, generated by the reflections on the support geodesics of the edges
of the regular polygon Ay with angles 27”. We call attention to the fact that reflections
in the k-external edges of the polygons at level k are our only instrument to generate the
tessellation.

We begin at level 0 with the initial tile Ag. We obtain level 1 by reflecting Ay in each of
its edges, obtaining p new polygons. All these polygons constitute the new level 1. Given a
tile at level 1, let us consider the tiles obtained reflecting this tile at its edges. Level 2 is the
set of all tiles obtained similarly at level 1.

At level k, we obtain tiles that are images of Ay by g € I',, with |g| < k, that is, any
tile A € Py, is in the form g(A,) for some g € I', ,, such that

‘g‘C = dC<€7g) < k.

Therefore, we have | By | = | Py |, where By, is the closed ball with radius & and the center
in the identity. In a similar manner, C;, = By \ Bx_1 is the circumference with radius k& and
the center in the identity. Thus, | Cy | = | NPy |.

3.1 Counting the polygons

We want to find a recursive function for the growth of the group I',,. It is sufficient to
determine | NPy | for each k € N, because | Py | = Zf:o |NP; |, where |[NPy| = |Po| = 1,
and we always have | NPy | = p. Let NE}’ be the set of edges of k-type (4, j) in the set NE},
and let NV?i denote the set of vertices of k-type ¢ in NV,. From propositions 1 and 2, we
have the following cases:

i) p> 3 and ¢ = 2m.

Only external edges (at level k — 1) contribute towards new polygons at level k. Moreover,
an edge € € E;_; is an external edge if, and only if, its (kK — 1)-type is (2, 7). Let us assume
that ¢ = 2m is even; then, the possible types for an external edge are (2,2), (2,4),...,(2,¢—
2),(2,q). Each external edge of type (2,2i), i < m — 1 gives rise to a new polygon at the
next level. Because ¢ = 2m, for any edge ¢ € NE}%,, there is another edge ¢’ € NE}?, with
a common vertex 7(¢) = 7(¢’), and thus the reflection in ¢ and &’ gives rise to the same
polygon. In other words,

m—1
i 1
NPy | = Z | NEii |+ §| NE%—% : (4)

i=1

ii) p=3and g = 2m.



In addition to the considerations of i), in this case, we also have external edges of type (4,4),
each of which will contribute with one more polygon at the next level. Then,

m—1
L1
|NPk|:Z|NE§21|+§|NE2€1|+|NE§61 . (5)
i=1

iii) p>3and ¢g=2m+1 > 3.

For any edge ¢ € Ei’fl, with j < ¢ — 1, the reasoning is the same as with the even case. If

e € NE;*", there are edges ¢’ and €” € NE;, that have a common vertex 7(¢) = 7(¢') =
7(€"”), and thus the reflection in €’ and £” gives rise to two new polygons that have ¢ as a
common edge. Finally, for any edge ¢ € NE}?, there is another edge ¢/ € NE;?, with a
common vertex 7(¢) = 7(¢’), and thus, the reflections in ¢ and £’ give rise to only one new
polygon. It follows that

q—1
i 1
| NPy | :Z|NE%—1|+§’NEZ’E1 : (6)
i=2

iv) p=3and ¢ =2m + 1.

If we do not have edges of type (2,2), edges of types (3,4) and (4, 4) will appear. Thus,
q—1 1
NP | = Z | NE%L |+ |NE2’E1 |+ | NE?: |+ 5‘ NEi’i’l : (7)
i=4

v) p>6and g = 3.

We will have only edges of types (2,2) and (2,3). Each edge of type (2,2) will contribute
with one new polygon; for € € NE%B7 there is &’ € NEi’?’, such that ¢ and ¢’ have a common
vertex v, and the angle between them in v is 27/3. Thus, the pair ¢, &’ will give an origin
only to one new polygon. The total is

1
NP, | = |NE}?, | + §| NE®, | (8)

We will then need to define recursive functions for | NEY" |, | NE}* |, and | NE* | to define
a recursive function to | NP |,.

3.2 Counting the vertices

We have determined the formulae for | Py | and now seck to determine the formulae for | Vy |.
We have |V | = [NV, |+ | Vi 1| For k=0, |Vo|=|NVi| =pand [NV, | =0 for [ > 2.

i) We suppose p > 3 and ¢ = 2m, m > 2.

10



For k =1,
INVE | =p(p—2),
INVI] =p, (9)
INVi | =p(p—2)+p=|NVi|+]|Vo|.

In a general way, if € € NEz’zl with 7 < g—1, then the reflection in € will be a new polygon
A € NPy, giving origin to p — 3 new edges of type (2,2) in NE, providing p—3+1=p—2
new vertices of type 2, totaling (p — 2) Z?;; |NEZ7, | vertices of type 2.

However, if e, € NEk |, there exists 5 € NEi’_ql, with a common vertex with 1, such
that 7., (A) = 7.,(A). We have p — 4 new edges of type (2,2), and p —4+1 = p — 3 new
vertices of type 2 in NVy. Therefore, the total in NV is

2 - 2,j | NEZ, |
INVE] = (p—2) 3 INEE, |+ (p— ) il (10)
j=2
Now, if | Vi_; | is known, then
| Vie| = INVE ]+ Vi | (11)

ii) ¢g=2m+1, m>2and p > 3.

When k& = 0, we have |[NVZ| = p and [NV{| = 0 for I > 2. For k = 1, we have the same
result of (9).

Now, if € € NVi’fl with 3 < 7 < ¢ — 1, the reflection in € is a new polygon A in NPy,
giving origin to p — 3 new edges of type (2,2) in NE%’Q; then, p — 341 = p — 2 new vertices
of type 2 are originated, totaling (p — 2) q72 5 | NE2 ‘ 1 | vertices of type 2.

However, if € € NEifIl, there exists ¢’ G NEQq i
give origin to distinct polygons, but with a common edge €, € NE,?;’_ql. Thus, € gives origin
to p — 4 new edges of type (2,2), and soon p — 4+ 1 = p — 3 new vertices of type 2 in NV,
with a total of (p — 4)| NEZ% ']

Because ¢ originates £, E NE;?, we have al/2 vertex of type 3, totaling 1/2| NE;¢ " |
vertices of type 3.

Ifee NEk 1, there exists e; € NE 1, with a common vertex with ¢, such that 7.(A) =
Te,(A). We have p — 4 new edges of type (2,2), giving p— 4+ 1 = p — 3 new vertices of type
2 in NV, for a total of (p — 4)| NE>, | /2. Put together, we have

such that the reflections in € and &’

INVE| = (p 2 Z|NE (- DINE 4 (o gy R
3 |NE2q1| (12)
INV; | = —
The total of level k is given by
| Viel = [NVE| 4+ INVE[+ | Vit | (13)
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iii) p=3 and ¢ = 2m.

As in the case of polygons, the edges of type (2,q) at level k£ — 1 will not contribute to the
new vertices at the next level k. Edges of type (4,4) will contribute with one additional
vertex. All new vertices are of type 2. Thus,

q—2
INVE| =D INEY | +|NEZ, | (14)

j=4
Equation (11) provides the total.
iv) p=3and ¢ =2m + 1.

The edges of type (2,7) with 4 < ¢ — 2 at level k — 1 will contribute with new vertices of
type 2 at the next level k, and similarly for the edges of type (4,4). In this case, we also
have edges of type (3,4). Thus,

q—2
|sz| :Z|NEii1|+|NE2f1‘+|NE:61 )
j=2

(15)
NEQ,q—l
where Equation (13) gives the total.
v) p>6and g = 3.
For k = 1, we have
INVE | =p(p - 4),
INVP| =p, : (16)

INVy | =p(p—4)+p=|NVi|+| Vo]

For k > 2, we have only new edges of types (2,2) and (2,3). If € € NEifl, then there
exists ¢ € NE;”,, such that 7.(A) = 7./(A). Thus, € gives origin to (p — 6) new edges of
type (2,2) in NE., for a total of 21(p—6) vertices in NV;. We will then have (p—6)| NE?, |
vertices in NV?.

Further, ¢ will give origin to p —4 + 1 edges in NE;”, similarly to ¢, giving +(p—>5) new
edges in NE??. We will thus have L(p—5) new vertices in NV, for a total of 1(p—5)| NE}? |
vertices.

If e € NEi’EI, then the reflection in ¢ will give origin to a new polygon at level k. We
will have p — 5 new edges of type (2,2), and p — 5+ 1 = p — 4 new vertices of type 2, for a

total of (p —4)| NE?| | vertices of type 2.
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Each polygon in NP;_; has p — 5 consecutive edges of type (2,2), €1,...,&,_5, for a total
of p— 541 = p— 4 consecutive vertices. They will give origin to p —4 —2 = p — 6 new
vertices of type 3 at level k, totaling (p — 6)| NP,_; | vertices of type 3. Therefore,

[NVE] = (1?—6)|NE2’3 [+ (p — DINEZ, )
INVE| =22 \NE %1+ (p = 6)| NPy .

Equation (13) provides the total amount.

3.3 Counting the edges

Subsections 3.1 and 3.2 provide recursive formulae for | NPy, | and | NV |, depending only on
|NEJ'|. Thus, recursive formulae for | NE' | are required.

First, the k-type (i, 7) of an edge is strictly increased (with k) for both i and j until both
reach the maximum value q. We are interested in the edges in NE;. How do new edges
arise?

We will consider the possible cases for the edges in {p, ¢}. Namely, the recursive formulae
that express the number of edges at each level k& demand a study of five different cases with
regard to the parity of p and q.

i) p >4 and ¢ = 2m.

Let € € NP,_; be an external edge of (k — 1)-type (2, 7). We will assume that j < ¢ — 2.
The edge ¢ is an edge of an external polygon A, and, because 7 < g—2, the reflected polygon
A’ = p.(A) will have all but € as an external edge. That is, each ¢ € Uq,f NE;”, will give
rise to (p — 1) distinct edges in NE.

Because all types of edges are always even, 7 = ¢. Given an edge e, € NEi’fl, there is
another edge g, € NEi’_ql, g1 # €9, such that 7(e1) = 7(e2) = v. Fori =1,2, let A; € Py_; be
such that ¢; is an external edge of A;, and let € be another edge of A; having v as a vertex.
Because j = q, €2 € p, (A1) and €1 € p.,(Aq), and actually p., (e]) = e and p.,(c3) = €1, it
follows that p., (A1) = pe,(Ay). This is a new polygon having p edges, except for £; and &5,
as external edges at level k. In short, for the case of ¢ = 2m,

q 2 )
INE,| = | NE2I | NE24
j:2
m—1 _2)
— |INE>? | 4 5 INEZY |. (18)
7j=1

The formulae for | NEj | depend on the terms of level £ — 1. We must then study these
terms to obtain the recursive formulae. We call attention to the fact that the formulae can
be implemented in an algebraic computer system.
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Let € € Ex_1 be a vertex of (k — 1)-type (2,7). Because ¢ € NE;_1, it is the edge of a
new polygon at this level (k —1). Because new polygons are generated based on a reflection
of existing polygons in an external edge of the previous level (k — 2), we must look at the
external edges of this level, that is, the edges of (k — 2)-type (2,7), with 2 < j <gq.

If e € NEi’Ez, it is the edge of a polygon A € Pj_s; considering the reflection p. in the
geodesic containing €, p.(A) is a polygon containing 1 edge in Ei’fl (actually this is the edge
¢ itself), 2 edges in NEZ*, (those adjacent to ), and all the other (p — 3) edges will be in

NEi’El. Therefore, each € € NEz’EQ will generate
2.4
2 edges € NE; ",
p — 3 edges € NE; |, (19)
ledge=c¢ce€ Ei’fl.

Now consider ¢ € NEi’EQ, with 4 < j < q. Because ¢ is even, we have j < ¢ — 1. Similar
to the previous case, ¢ is an edge of a polygon A € Pj_»; considering the reflection p. in
the geodesic containing €, p.(A) is a polygon containing 1 edge in Ei’f}LQ (actually, this is
the edge ¢ itself). The edges of p.(A) adjacent to ¢ at its initial (type 2) and final (type j)
vertices will be the edges of NE>*, and NE?/1? respectively. All remaining (p — 3) edges of

p-(A) with no intersection with & will be vertices in NEZ’EI. In short, each e € E,ZZQ generates

ledge =€ E.7 7,

1 edge € NEi’fl,
p — 3 edges € NEi’El,
1 edge € NEi’ﬂTZ )

(20)

The case 7 = ¢ can occur only for an even ¢. In this case, there are two edges £ and
e’ of (k —2) type (2,q) joining a common vertex v of type q. These are edges of distinct
polygons A, A" € Py_o; however, p.(A) = ps(A’). We can see that € and €’ become edges of
type (4, ¢q), the other two distinct edges adjacent to € and ¢’ become edges of (k — 1)-type
(2,4), and the other (p —4) edges of p.(A) = p(A') are edges of type (2,2). In short, each
€€ NE%’L’Q generates

1
3 edge = ¢ € B9,
1 edges € NE* | (21)

—4
b edges € NE}?, .

Now, we can put together the above results to obtain the number of edges. The following
function is useful for controlling the appearance of the types of edges when k increases. This
function will be used throughout the rest of the present paper. Let

1, ifj<i—1,
1) = 22
fi(5) {07 ifis1—1, (22)
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for [,7 € Z and [ > 1. Then, we have the following:

Theorem 5. Let {p,q} be a tessellation with p > 4, ¢ = 2m, m > 2, and k > 2, all of
which are integers. Then, for the two initial levels, |NE§’2] = |Eo| = p; INEy? | = 0 for
(i,7) # (2,2); INE>*| = (p — 3)p; and |[NE}"| = 2p; [NEY | = 0 for j > 4. For the other
levels,

m—1 2,4
|NE,Z,, |
INER?) | = (p— 3)INER?, |+ (p— 3)fm(2) D INER, |+ (p— 4)Tk (23)
j=2
INEYY, | = 2INE;?, |+ ) [NEY | (24)
j=2
INEZY | =0 fork <j
INER% | = [NER )|, for 2 <j <m. (25)

The total at level k is

-2

INEi| = (p = D)(p = 3+ 2fu(2)INEZ, | + (0 = D)(fn(2)(p = 2) + fu(3) D INE |

P8 @)INE,

3

Il
N

(0= D0~ 2) (@) + PO DINER 1 (0 1)

Proof. Applying together the edges of the same type in (19), (20) and (21), and because
q = 2m, it follows that

2,2 = 2,j | NE%qz | = 2,2j
INEZ | = (0= 3) D INEZ, |+ (0 - )75 = (0 —3) ) INE
j=2 j=1
NE2,2m
-y ] (26)
2,4 2,2 = 2,j | NEifz | 2,2 - 2,2j
|NE,Z [ = 2| NES, [+ Z | NE, [+ QT =2[NES, [+ Z | NE, | (27)
j=4 J=2
[NERZ}? | = [NEy |, for 4 <j <q -2 (28)

The relation (28) is fundamental, and we obtain

INEZ% | = [NE, |, (29)
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for 2 < j <m. Applying (29) in (26) and (27), we have

m—1 2.4
| NES, |
INEZ = (0= 3)INEZ, [+ (0= 3) D INEY [+ (0 —9)—7=  (30)
7j=2
INE!, | = 2|NEZ?, |+ ) [NEY | (31)
INER | = [NEM )|, for2<j<m, (32)

where |NEi’fj| = 0 for k < j. The expression for |[NE.? | in (23) follows from (31),
where the function f;(j) is used to obtain the general case for any k in the sum. To prove
the formula for | NEg |, from (18)

p—2
INE,|=(p—1 Z|NE 5 )|NEi’j’1| p—1 Z|NE“J )|NE22’"

Now, using relations (30)—(32), and considering the relation » 7", 'INE G | = Z;n:_; |INE;”
[

the result follows .
ii) p>4and ¢ =2m+ 1.

In this case, we must be more careful. If j = ¢ — 1, given an edge ¢, € NEk 1 , there is
another edge 9 € NEk 1 ! joining a common vertex. Because (for i = 1,2) A, is a polygon
in Pj_1, such that ¢; is an (exterior) edge of A;, we have € = p., (A1) N pe,(Ay), and thus
each of the edges 1 and €5 contribute with (p — 2) new external edges at level k, in addition
to . Now, ¢ is also a new edge in | NE, | and must also be computed. Because £, and &
give origin to the same edge, each one contributes with l an edge. Finally, if j = ¢, we have
a similar reasoning as in case (7). Then, in short, for ¢ = 2m + 1,

q—2
. -2
INE = (0~ )3 INEY, |+ (- DINEe [+ B D | (@)

=2

Now, let € € NE%ZQ. The case 7 = ¢ can occur only for an even ¢, and thus 2 < 7 < ¢g—1.
For j < ¢ — 1, we have the same reasoning as case i), obtaining (19) and (20).

For j = q¢—1, let ¢ = €1,€2,...,64-1 be the set of all ¢ — 1 edges with the common
vertex v = 7(g) € Vyi_o numbered such that the angle between the consecutive edges is
27/q. Because q—1 =2m, g, € NEQq ' Let A € P;_, be the polygon containing e; then,
Ay = p.(A) and Ay = pgq_l( (pEQ(A)) -+) have a common edge ¢’ of type (3,¢). The
other distinct edge of A; adjacent to ¢’ is an edge of (k — 1)-type (3,¢). The other (p — 4)

16
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edges of A; are edges of type (2,2). In short, € € NEif;l generates

1 edge =cé€ Ei’ql,
= edges € NEk, 1
1 edges € NEi41, (34)
1 edge € NEk 1
p — 4 edges € NEk’El )
Now, we obtain the following result.

Theorem 6. Let {p,q} be a tessellation withp >4, ¢ =2m+1, m > 2 and k > 2, all of
which are integers. Then, for the two initial levels, we have |NEg? | = | Eo| = p, |NE§’ | = 0
for (i,7) # (2,2), INE?? | = (p — 3)p; |NEY | = 2p, and |NE>? | = 0 for j > 4; and for the
other levels

m—1

3

INEZ?, | = (p— 3)|NE2, [+ (p — 3) fin(2) !NE INEZ )
Jj=2 j=1
(35)
2.4
+ (p— 4)|NEZ,, |

m—1 m
INER!, | = 2INER?, |+ Y INEY! 0 |+ D INER | (36)

- -
INER% | = [NER: )|, for2<j<m (37)
INEZA ™ = INEZ oy | for 1< <m (38)
INE;*, | = |NE,, | (39)

INE; |

INE;?, | = T’“ (40)

The total at level k is

3
L

INE| = (p— 1)(p — 3+ 2u(2) NE22, | + (p— 12£a(3) S INER |

J

Il
w

-1

+ (0= Dp =2 fm(2) + (0= 3/2)INE |+ (0= D2 fm(2) D INER )|

3

<
|
N

+ (0 = Tp/2+ 2+ fu(2)(p — DINE o,y [+ (0 = Do = 3+ fu(2)INEZ, |

Proof. Applying together the edges of the same type in (19), (20), (34), and since because
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q — 1 = 2m, it follows that

q—2
INER?, | = (p—3) ) INE, |+ (p— 4)|NER | (41)
7j=2
|NE;Y, | = 2|NE}” |+Z|NEi’fz (42)
INET? | = |NE}7, |, for 3<j <q—2 (43)
|NE;?, | = [NEZ% | (44)
|NE;%, |
|NE?, | = — (45)

and |[NEY? | = |[NE“ | =0 for k < 92
In the equations (41) and (42), the term | NE;”, | appears with even and odd j. When
(43) is used

INER# | = INER? )], for 1< <m (46)
and
INER% | = [NE: | for2 < j <m. (47)
Because ¢ — 1 = 2m, from (44) and (45),
INER?, | = INEZ2, | (48)
Now, from (46), we obtain ]NEi’E( | |NE24 () \ and applying together (47),
|NEZ# | = INEY [, |, for 1< <m. (49)
Similarly, from (45) and (46),
[NEZL, |
INED, | = bl (50)

The expression for | NE;?, | follows from (41), where the function f;(j) is employed to
obtain the general case for any k in the sum. The formula for | NEy | is obtained by applying
together the relations (36) — (40) in (33), and through the same reasoning of Theorem 5, the
result follows . O

iii) p > 6 and g = 3.

In this case, there are no holes between the new edges from one level to the next. Thus, all
vertices at the & — 1 level become vertices of type 3 at level k. We do not need information
on level k — 2. Given € € NEi’El, ¢ is an edge of a polygon A € P,_1; there is another edge
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e e NEz’El in another polygon A’ € P,_; with the same final vertex v of . Considering
the reflections p. and p. on the geodesics containing ¢ and &', respectively, then p.(A) =
pg/(A/) — A

Considering the polygon A, because ¢ € Ezfl and p > 6, there is a sequence of adjacent
edges € = €1,€9, - ,€p_3 such that ¢, 3 € Eifl and g, -+ €54 € Ezfl Thus, we have
(p — 5) edges of E;”, which contains (p — 4) vertices, where each one will give origin to a
new edge of Ei’?’. We will have the same edges if we begin from ¢,_3, where (p — 4)/2 new
edges of Ei"q’ will be generated. We also have one more new edge of Ei’g adjacent to these
adjacent edges above. All remaining (p — 6) edges of p.(A) will be vertices in E;. In short,
cach ¢ € B}, generates

p—4 3,3

edges € E;7,
1 edge € E;°, (51)
p—06

2,2
edges € E,7.

If ¢ € NEi’El, e is an edge of a polygon A; € Pp_;. Let Al be its reflection in the
geodesic containing ¢, p.(A;) = A; A] then is a polygon containing 1 edge in Ei’g (actually
this is the edge ¢ itself). The edges of A, which are adjacent to e, will be edges of Ez’?’,
and were counted above. We have two more new edges of NEZ’3 adjacent to these adjacent
edges above. All remaining (p — 5) edges of p.(A;) will be vertices in NE}?. In short, each
€€ NEz’El generates

2,3
2 edges € NE. 7, y (52)
p — 5 edges € NE;“.

Thus, putting together the edges of the same type in (51) and (52), it follows that

Theorem 7. Let {p,3} be a tessellation with p > 6 and k > 2, all of which are integers.
Then, for the two initial levels, we have] NEZ? | = |Eo| = p, |NEy | = 0 for (i, ) # (2,2),
INE?? | = p(p—5), |E>® | = 2p and |[NEY? | = p, and for the other levels,

-6
INER| = (b - 5)|NE2, | + 2| NE, (53)
INER®| = 2| NER2, |+ |NER?, | (54)
—14
INE}®| = E—|NE}?, |, (55)

The total at level k is
INEx | = (p— 3)|NEZ?, | + (p — 4)| NE}?, |

Now, we turn to case p = 3. Then, ¢ > 6, and there are no edges of type (2,2) at levels
k> 1. Let ¢ € E;_; be an edge of (k — 1)-type (2,7). Thus, ¢ € NE;_; because it is an
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edge of a new polygon at this level (k — 1). Because new polygons are generated through
reflections of the existing polygons at an external edge of the previous level (k — 2), we
must look at the external edges of such level, that is, the edges of (k — 2)-type (2,7), with
2<j<gq

iv) p=3,q=2m >6.

Consider € € NEZ’Q, with 4 < j < q. Because ¢ is even, we have j < ¢ — 1. Now, ¢ is an
edge of a triangle A € NP;_5, and considering the reflection p. in the geodesic containing e,
p-(A) is a triangle containing one edge in Ei’f{g (actually this is the edge ¢ itself). The two
edges of p-(A) adjacent to € at its initial (type 2) and final (type j) vertex will be edges of
NEZ’f1 and NEi’ﬁTz, respectively. In short, each € € NEi’ZQ generates

ledge=c¢ce€ E:’ff,
1 edge € NE}* || (56)

2,j+2
1 edge € NEkﬂ .

For j = q, there are two edges ¢ and ¢’ of (k — 2) type (2,¢) joining a common vertex v of
type q. These are edges of distinct polygons A, A" € Py_; however, p.(A) = po(A’), and we
can see that £ and ¢’ become edges of type (4, ¢). The triangle p.(A) will originate only one
new edge, which is the same new edge as po/(A). In short, each pair ¢, &' € NEi’_q2 generates

4,
ledge=ce€ E,
1 edge = ¢ € NEY,, (57)

4,4
1 edge € NE, ;.

Now, if € € NEi’fQ, there exists A € Py_5 with € € A such that p.(A) will originate two new
edges of Ei’fl.
Thus, we can prove the following result.

Theorem 8. Let {p,q} be a tessellation with p =3, ¢ =2m, m > 2 and k > 2, all of which
are integers. Then, for the two initial levels, we have| NEZ?| = |Eo| = 3; |NE§’ | = 0 for
(i,7) # (2,2), |INE>* | = 2p; |NE2 | = 0 for j # 4, and for the other levels

m—1
INE2, | = D INEY | (58)
j=2
INELY | = INEE | for2 < < =1 o
1
INEY, | = §| NE;, (60)
INE}S, | = 2 NEP, |, (6
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The total at level k is

—2
5
[NEg | = 2(fin-1(2) + fu(3)) Y INEY! |+§\NEi’fm+1!+!NEi’fm!-
J

3

Il
o

Proof. Putting together the edges of the same type from (56) and (57), and because ¢ — 2 =
2m — 2 =2(m — 1), it follows that

q—2
INEY, | =) INEY, | = Z\NE? | (62)
j=4 Jj=2
INE/ | = |NE§{2|, ford <j<q—2 (63)
INE | = INEi’fg (64)
‘NEkLl | - 2|NE;4£2 (65)

where |NEi’fj | =0 for & < j. The relation (63) is fundamental, and we obtain that
2,2 2,4
|NEk JQ _lNEk—j|?

for 2 < j <m — 1. Applying this relation in (62) and (63), we have

B —ZINE (66)
|NE22]+1)]_|NE S for2<j<m-—1. (67)

We need a general formula for |NEg |, for p = 3. Let ¢ € NP;_; be an external edge of
(k —1)-type (2,7). We assume that j < ¢ — 2. The edge € is an edge of an external polygon
A, and, because j < ¢—2, the reflected polygon A" = p.(A) will have all but ¢ as an external
edge. That is, each € € Ug;f NEz’fl will give rise to 2 new distinct edges in NE;. Given an
edge £, € NE,| by (64), £; will give origin to 1/2 of a new edge of NE*. Finally, given
€9 € NEkfl, by (65), two new edges of NEZ’6 will be originate . Therefore, we have

m—1
1
|NE; | :22|NEZ’2]]+§|NEi’ET|+2|NEi’4\. (68)
=2
Now, using (68) and the relations (64) — (67), the result follows . O

V) p=3,g=2m+1>T7.
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Supposing for the moment that 4 < 57 < ¢ — 2, then ¢ > 4, and each ¢ € NEi’ZQ generates
the same result as (56).

For j =q—1,let ¢ =€1,e9,...,64-1 be the set of all ¢ —1 edges with the common vertex
v = 7(¢), numbered such that the angles between the consecutive edges are 27w /q. Because
g—1=2m, e € Ei’_qgl. Let A € NP;_5 be the polygon containing ¢; then, A; = p.(A)
and Ay = pe, (- (pey(A))---) have a common edge €’ of type (3,¢). The other distinct
edge of A; adjacent to £’ is an edge of (k — 1)-type (3,4).

In short, each € € NEZ’_‘S1 generates

47
ledge=c€E",
1
3 edge € NE“ | (69)
3.4
1 edge € NE, ", .

The edges of NEi’fl will not contribute with new edges. For ¢ € NEi’fz, let szz be the
initial vertex of ¢, and let ¢’ be the other edge of NEi’i, also with initial vertex in v} ,. The
reflection in ¢ will originate a new edge of NEi’El, because we will have another new edge
with a vertex in v} _,, which will appear in the reflection in &, and a new edge of NEZ’EI. In
short, each € € NE,?;’ilz generates

1l edge=¢¢€ EZ’El,
1 edge € NE?* | (70)

1 edge € NEz’_(S1 )

Now, for j = ¢, if e € NEifz, let € =¢e1,€9,...,g4 be the set of edges with the same final
vertex as €. Because the angle between ¢; and ¢, is 27/q, the reflection in ¢ will generate
the same polygon as the reflection in ,. Thus, ¢ will only generate

47
ledge=ceE",

1 (71)
5 edge € NE}*| .
Finally, if ¢ € NEi’fQ, the reflection in € will generate two new edges, that is,
1 edge =¢ € B9
g - (72)

2 edges € NEZ’_ﬁ1 .
We can then prove the following result.

Theorem 9. Let {p,q} be a tessellation withp =3, ¢ =2m+1, m > 2 and k > 2, all of
which are integers. Then, for the two initial levels, we have | NE(Q)’2 = | Eq | = 3; in addition,
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we have [NEy' | = 0 for (i,7) # (2,2), INEY*| = 2p, |NE> | = 0 for j # 4, and for the
other levels

m—1

Ex —Z\NE |+Z|NE‘Z’12_1| (73)
|NE22J+1|_|NE25 N f07“3<j<m (74)
INEYY, | = \NE“ ! (75)
INE} | = |NEZq | (76)

| NEk’—1 ‘ = §| NEZ’fj_z ‘ (77)

’ NEM ‘ = 2‘ NE:Q ’ + ’ NE%: ‘ (78)
INE;?, | = [NE}, | (79)

where |NEi’fj | = |NEiE]| =0 fork <j.
The total at level k s

m—2
| NEg [ = (24 2/m(3) + ;fk—l(m —2) fa(m)| NERYy |+ 2fm(3) NEZLy | +4fn(4) Y INEY,

F(Af(0) + S fialm = 2 B)INEE,
m—2

+2(fie(m) + fio1(m)) fro-1(2) 1 (3) Y INERY, |

j=3
2((ulm) + s () fn1(2) + Fn(3)falm — D) NEJ, |
Aelm) + 2 s () + 5 s (20 = ) NERL |+ fn(3) fialm + 2)| NEE,,_ |
F fialm = 1D(fn(3) + 5 fi1(m — 2)fa(m))| NEE|
+2fa(m = DINEE, |+ fia(m+2)INEE, |

Proof. Applying together the information of the edges of the same type from the relations
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(56) and (69) with (72), and because ¢ —3 = 2m + 1 — 3 = 2(m — 1), it follows that

q—2 m—1
INERL =) INEY, —ZINEQ“’JHZH\TE”J+1 (80)
j=4 Jj=2

|NE27+2|:]NE2’j |, for4<j<q—2
INE;?, | =5 |NE“ g
| NE;: 1\—|NE“1!

(81)
(82)
(83)
INEZY | = INEquz (84)
|NE,;_1\=2|NE?52 (85)
|NE2761‘:|NE$2| ( )
INEY®, | = INE, | (87)

The relation (81) is fundamental, and we obtain

INE. | = |NEYY | (88)
| NEzE;“ | = NE;?; |, (89)

for 3 < j <'m. Combining (89) with (87) and (84), we obtain the important relations
INEZZH | = | NE2’4J L), for2<j<m (90)

| NE;; 2!——!NE il (91)

Using these relations in (80) — (87), we obtain the formulae (73) — (79) in the theorem.

Because we are considering k£ > 2, different types of edges will appear as k increases.
Then, the edges of type (3,4) appear for the first time for & = m, (2,5) for k = m + 1,
(4,4) for k =m+3, (2,¢g— 1) for k = m — 1, and (2,q) for £ = 2m — 1. These relations
are important because they determine the functions f that control the appearance of these
edges.

From the relations (80) — (87), we see that several different kinds of edges at level k — 2
give origin to edges of type (2 — 6). Thus, the total of these edges is

Ji—2(m +2)

INES, | = | NER, |+ B2l

| NEifm—?, |+ fr—a(m —1)] NEi’fg |

Another delicate point occurs when ¢ = 7, because we have ¢ — 1 = 6. Then, we need to
separate the cases | NE7?™"| and | NE?®|. In short, we have

INEY | = fu(3)INELL, [+ fa(m)| NEZS,
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For the general formula for | NEy |, we must be more careful, because it is the most involved
case.

Let ¢ € NPy_; be an external edge of (k — 1)-type (2,7). We assume that j < g — 2.
The edge € is an edge of an external polygon A. Because j < ¢ — 2, the reflected polygon
A" = p.(A) will have all but € as an external edge. That is, € will give rise to (p — 1) = 2
distinct edges in NEy.

If j =q—1, given an edge ¢, € Ez’ffl, there is another edge 5 € Eif;l joining a common
vertex. Considering (for i = 1,2) A; as a polygon in Pj_;, such that ¢; is an (exterior) edge
of A;, we find that € = p., (A1) N pe,(Az); thus, each of these edges e; and ey contribute
along with (p — 2) = 1 new external edges at level k, in addition to e. Now, ¢ is also a new
edge of type (3,¢q) in | NEy |, and the total number of edges must also be computed. Because
e and e, give origin to the same edge, each one contributes with % edge, in for a total of
1+ % = % new edges.

If 5 = g, we have the same situation as above, where ¢ will contribute with % new edge
of type (4,4). For (i,7) = (3,4), let A be the polygon in NP,_; such that € is an external
edge. The reflection of € in A will give two new edges in Ey.

Finally, if (i,7) = (4,4), the reflection in € will give origin to two new edges. Then, we
have

q—2

3 _
INE,|=2) [NE}/, |+ 5 fi-1(m = 2)(f(3)] NEZ? [+ fu(m)| NEZS, )

Jj=4

1
+ §fk—1(2m — 2)|NELY, | + 241 (m — 1)|NEY| |+ 2f5_1(m + 2)|NE2 | (92)

The term (f,,(3)| NE7% " |+ f1(m)| NEZ®, |) in the formula is used for control when ¢ = 7.
Applying together all relations in (92), we obtain the expression in the theorem. O
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