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Abstract
In this paper we define the function ,M,,(s; a, z), and we study the special cases 1 M,,(s; a, z)
and ;M_1(1;1,n + 1). We prove some new equivalents of Kurepa’s hypothesis for the left
factorial. Also, we present a generalization of the alternating factorial numbers.

1 Introduction

Studying the Kurepa function

+oo ¥ —1
K(z):!z:/o t_le’tdt (Rez > 0),

G. V. Milovanovi¢ gave a generalization of the function

Mm(z)—/o wizz:g’;ﬁ”)e—tdt (Rez > —(m+1)),

where the polynomials Q,,(t;z), m = —1,0,1,2, ... are given by
Q 1(t:2) =0 Qu(t:2) :i MEEN
- ) m ) k:() k *
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The function {M,,(2)},/>°_; has the integral representation

m——l

My (2) = (z—l—l (z+m) / e e g)/gr( %)d{,

where I'(z, x), the incomplete gamma function, is defined by

+oo
[(z,x) = / = te~tdt. (1)
Special cases include
M_4(z) =T(2) and My(z) = K(z), (2)

where I'(z) is the gamma function

+0o0o
['(z) = / t*te~tdt.
0

The numbers M,,(n) were introduced by Milovanovié¢ [ and Milovanovié¢ and Petojevié
[[T]. For non-negative integers n,m € N the following identities hold:

Mu(0) =0, My(n) = nzl . Zlk(kfnt_il)

= =1

For the numbers M,,(n) the following relations hold:

M,(n+1) = n!—i—ii\/[l,(n)

lim My (n) =
n——+00 (n — 1)!

The generating function of the numbers {M,,(n)}.f2 is given by

L (An(@)e ™ (Bi (1) — Ei(1 — 2) + Bu(a)e® — C())) = Z My (n) &

m/!

where A,,(z), Bi(z), and C,,(x) are polynomials defined as follows:

'
B
=

= &2

_ m .75—1

m! k

k=0
Bur) _ X (’”Z <—1>’f—1’” ) 21"
m! =\ = k—{—y k = 4!
Cu(z) | i (=D (m\\ (@ —1)
m! ~  k—v \ k gl

i=0 \v= k:j+1



Here Fi(z) is the exponential integral defined by
x et
Fi (2) = p.v. / St (@>0) (3)

—0o0

In this paper, we give a generalization of the function M,,(z) which we denote as
oM (s;a, z). These generalization are of interest because its special cases include:

1Mi(1;1,n+1) = nl
1M0(1;1,7'L> = !77‘7
Mo(LLn+1) = A,

where n!, In, and A,, are the right factorial numbers (sequence A000142 in [[7]), the left
factorial numbers (sequence A003422 in [[7]]) and the alternating factorial numbers (sequence
A005165 in [[7)), respectively. They are defined as follows:

n—1 n
00=1,nl=n-(n-1) 10=0, ln=> Kk and A,=>» (-1)" k. (4
k=0 k=1

2 Definitions

We now introduce a generalization of the function M,,(z).

Definition 1 For m = —1,0,1,2,..., and Rez > v — m — 2 the function ,M,,(s;a,z) is
defined by

va<$; a, Z) =

(=) (m 4 2+ 2 — k)
Fz+1-kKI'(m+2)

L[s; oFy(a,k — z,m + 2,1 —t)],
k=1

where v s a positive integer, and s, a, z are complex variables.

The hypergeometric function o F}(a, b; ¢, x) is defined by the series

Filabein) =3 CEE (o] <),

and has the integral representation

['(c)

oF(a,b,c;x) = m/o (1 =) (1 — )Tt



in the x plane cut along the real axis from 1 to oo, if Rec > Reb > 0.
The symbols (2),, and L[s; F'(t)] represent the Pochhammer symbol

I'(z+n)

=T
and Laplace transform

Ebﬂ%ﬂziémesqﬂﬂﬁ.

Table 1: The numbers 1 M,,(1;a,n) for m =1,2,3,4 and a =0, 1,2

a=0 in [ a=1 in [ a=2 in [[L7]
M (L,0,n)  A000217 G My(L,1,n)  A014144 L Mi(L,2,n)  A007489

1M5(1,0,n) A000292 1My(1,1,n) unlisted 1My(1,2,n) A014145
1M5(1,0,n) A000332 1M5(1,1,n) unlisted 1Ms(1,2,n) unlisted
1M4(1,0,n) A000389 1My(1,1,n) unlisted 1 My(1,2,n) unlisted

The term “unlisted” in Table 1 means that the sequence cannot currently be found in
Sloane’s on-line encyclopedia of integer sequences|[[7].

Lemma 1 Let m = —1,0,1,2,... . Then
1My (1,1, 2) = M, (2).

Proof. The proof presented here is due to Professor G. V. Milovanovi¢.
Since

w+m+m:omuwm+mkmn(yﬁnz%%qgl
we have
(m+z )_ D(m+z+1)  Tmtztl) (1-z)u(-1F
k+m+1) T(—k(Fk+m+1)! TE)m+1)! (m+2)
so that

tz—i-(j:gzitl;z) _ z%( m—+z )(t—l)k (It —1] < 1)

L(z)(m+ 1l &= (m+2)y k!
~ Im+2+1) o 1
_ F(z)(m+1)'2F1(1’1 421 — 1),



3 The function |M,,(s;a, 2)

3.1 The numbers {;M,,(1; —n,r)} 25 10+

r=0n=0 m=-—1
We have
F(m+z+1)

A Y& T

L[1; oFi(—n,1 —z,m+2;1 —t)],
starting with the polynomials

S ) e

k=0

Since

we have

;(kT;j_l)(Z)(l—t)k:MgFl(—n,l—z,m—l—Q;l—t) (5)

or, by continuation,

= T cosec Tz /01 =M (1= (1= 1)) de.

Hence, the following definition is reasonable.

Definition 2 Forn € N and m = —1,0,1,2, ..., the polynomials z — ,, P, (z) are defined by

Table 2: The polynomials ,, P»(z), ,, Ps(z) and ,, Py(2)

m mPQ(Z) mP3(Z) mP4(Z)

_ 1.2 _ 3 _ 1.3 7,2 _ 19 3.4 _ 61.3 193 2
1 5% 52+ 2 32° + 52 2 +6 32 122t 52
1.2 _ 1 4 _ 1.3 2 _ 29 5 __ 509
0 6~ 571t 3 2tz 2% t3 o2+ 24

1.2 1,1 1.3, 9.2 67,17
1 2% — 1% T 307 t 207" — &t 10

The polynomials ,,, P, (2) can be expressed in terms of the derangement numbers (sequence

A000166 in [[7])

Sp="k> (=1)" (k> 0)

in the form



Theorem 1 For m = —1,0,1,2,... and n € N we have

= () E () (s

k=0

Proof. Using the relation ([]) we have

['(m+ 2) m—+z n
mPn = - 1_t
(2) m—l—z—l—l / Z(k+m+1><k>

_ I)m+1)! - I'(m+z+1) <n>/°°€ (- 1)t

Fim+z+1) <= T(z—k)(k+m+1)!\k
_ (n+m+1 1§: n+m+1 z—l /°° "1 byt
B n E+m+1 0
k=0
Now use
1 eT(z,as)
Ll[s; (t + «) ]:T (Res > 0),
to obtain
n4+m+1\" o= (n+m+1\[z—1 T(k+1,-1)
P,(z) = ).
mPa(2) < n ) kzz()(k+m+1)< k )< ) e

Here I'(z, z) is the incomplete gamma function. The result follows from
F(k + 1, —1) = eS.

Lemma 2 Forn € N we have

_ ] - ( )kSk u o
Pz =1+n) DR 11(2 i).

k=1

Proof.  Applying Theorem []] for m = —1, we have

AP = Z () () evrse



Remark 1 Let the sequence X, be defined by

Y,, if n ==k,
Xok = )
’ (n—k) X1k, if n >k,

where Y, = (n!)2. Since X, x = (n — k)! (k!)?* we have

n

1P, (2) =1+ n! Z (_;,) S H(z — ).

=1 n,k

Theorem 2 Form = —1,0,1,2,... and n € N we have

mP()(Z) = mpl(Z):l

WPA(2) = ﬁ[(m—l—l)m1Pn(z)—i—nmPn1(z)], m> 1.

Proof.  According to Theorem [[] we have

— [(m~+1) m1P(2) + 1 Poi1(2)] =

wrmrmn s (him) ()

o ()

The recurrence for ,, P, (z) now follows from
a a a+1
+ = .
() 65)-G0)
Corollary 1 Form = —1,0,1,2,... and n € N we have

1Mm(1;_n’z):n!z(z+1)...(z+m)§:<n+m+1) (2_1)(—1)’“&.

|
(n+m+1)! = \k+m+1 k

Ed




Corollary 2 Forn € N the result is as follows

kS k
' _ k
M_1(1;—n,z) = 14+n! E = B (k12 | | z—1)

Fim+2z+41)

M, (1;0, = M,(l;-1,2) = ———F,
1Mn(1;0, 2) Ml =1.2) = SR )
1
1My (1, —n,z) = T mal [((m+2) 1 My—1(1;—n,2) +

+ n- 1 My(l;—n+1,2)], m>-L

The numbers 1 M,,(1; —n, )2, can now be evaluated recursively.

Table 3: The numbers 1 M,,(1; —n,r) for m =0,1,2,3,4 and n = 1,2

1M, (1, —n,r) sequence in [[[7] 1M, (1, —n,r) sequence in [[[7]
Mo(L, —1,1) 0,1,2,3,4... Mo(1,—2.7) 4000125
Mi(1,—1,7) A000217 My(1,—2,7) A055795
M(1,—1,7) 4000292 M (1, —2,7) 4027660
My(1,—1,7) A000332 My (1, —2,7) A055796
1My (1,—1,7) A000389 1My (1,-2,7) A055797

3.2 The numbers {{M,,(1/n;m + 2,r)}125 129+

r=0n=1 m=-—1

In Table 4 twelve well-known sequences from [[7] are given. These sequences are special
cases of the function ,M,,(s;a,r) for v =1, s = 1/n, and a = m + 2. The sequences have
the following common characteristic.

Lemma 3 Form = —1,0,1,2,..., we have

n*I'(z+m+1)

M, (1/n;m+2,2) = (1]

Proof.  Since
oFi(m+2,1—2zm+2,1—1t)=t""

we have
L[1/n; oFi(m+2,1—2zm+21—1t)]=nT(2).



Table 4: The numbers 1 M,,(1/n;m + 2,r) for m = —1,0,1,2,3,4 and n = 1,2, 3,4

1My, (1/n,m+2r) in [[[7] 1My, (1/n,m+2,r) in 7]

M (1,1,7) A000142 M (1/2,1,7) A066318
My (1/3,1,7) A032179 M_1(1/4,1,7) unlisted
\Mo(1,2,7) A000142 \Mo(1/2,2,7) A000165
\Mo(1/3,2,7) A032031 My (1/4,2,7) A047053
WMi(1,3,7) A001710 \Mi(1/2,3,7) A014297
1M1(1/3,3,7) unlisted 1Mi(1/4,3,1) unlisted
1My(1,4,r) A001715 1My(1/2,4,r) unlisted
1My(1/3,4,7) unlisted 1 My(1/4,4,7) unlisted
1Ms5(1,5,7) A001720 1Ms(1/2,5,7) unlisted
1M3(1/3,5,7) unlisted 1Ms3(1/4,5,7) unlisted
1My (1,6,7) A001725 1My (1/2,6,7) unlisted
1M4(1/3,6,7) unlisted 1My(1/4,6,7) unlisted

3.3 Some equivalents of Kurepa’s hypothesis

The special values M_;(z) = I'(z) and My(z) = K(z) given in (f]) yield
1M,1(1,1,n+ 1) =n! and 1M0(1,1,n) =In (6)

where n! and !n are the right factorial numbers and the left factorial numbers given in (f]).
The function n! and !n are linked by Kurepa’s hypothesis:

KH hypothesis. Forn € N\{1} we have
ged(n, nl) =2

where ged(a, b) denotes the greatest common divisor of integers a and b.

This is listed as Problem B44 of Guy’s classic book [[]]. In [}, it was proved that the KH is
equivalent to the following assertion

Ip£0 (mod p), for all primesp > 2.

9



The sequences ay, by, ¢,, d, and e, (sequences A052169, A051398,
A051403, A002467 and A002720 in [[7]) are defined as follows:
as=1 a3=2 a, = (n—2)ay—1+ (n—3)an_2,
bs=2 b, = —(n—3)b,_1+2(n—2)>
c1=3 =8 ¢ = (n+2)(ch-1— Cn2),
do =0 dl =1 dn = (n — 1)(dn_1 -+ dn_g),
co=1 e=2 e, = 2ne,_1—(n—1)%,_s.
They are related to the left factorial function. For instance, let p > 3 be a prime number.

Then
lp=-3a,2=—-b,=—-2¢,.3=d,_ 2 =e,1 (mod p).

We give the details for the last congruence.

Proof. Let

be the Laguerre polynomials, and set L?L(x) = Ly(z). Using the relation (*.') = (—1)*

(mod p), we have

Lya(z) = —(p—1)! Z 7 (mod p)

B
II

Wilson’s theorem yields
lp=—L,_1(—1) (mod p).
The recurrence for Laguerre polynomials
(n+ 1)Ly (2) = w+2n+1—a)Ly(2) — (v+n) Ly (z),
for v =0, z = —1 produces

hyp—1(p—1)!=p (mod p),

where . ]
=2 hy=3 B, = 2h,  —

N—a.

The identity e,, = h,n! finally yields

lp=e,-1 (mod p).

10



4 The numbers ,M_1(1;1,n+1)
The special values
nM—1(17 17” + 1) = An7

are the alternating factorial numbers given in ([l). This sequence satisfies the recurrence
relation

AQ = O, Al = (_1)n—1’ An = —(n - 1)An_1 + nAn_g.

These numbers can be expressed in terms of the gamma function as follows

Ay = D (-1)"FD(k+1) = / T (Z(—l)"‘kxk> dx

k=1 0 k=1

o] n+1 —1)"
= / e*:”x (=1) mdx.
0

r+1

The same relation is now used in order to define the function A,:

Definition 3 For every complex number z, Re z > 0, the function A, is defined by

o] z+1 —1)*
A, déf/ e””m (1) xd:c.
0

r+1

The identity w S el gives

+1 z+1
00 z+1 —1)* [o's] [os] z_ (] z—1
/ eo2 (=) *dw —/ e xfdx —/ e (=1) xdm,
0 T + 1 0 0 T+ 1
ie.,
A, =T(z+1)—A,4. (7)

This gives Ag =1'(2) —A; =0and A_; =T'(1) — Ag = 1. An inductive argument shows that
A_,, the residue of A, at the pole z = —n, is given by

)

=) =

3

res A_, = (—=1)" , n=2234,..

i

0

The derivation employs the fact that I'(z) is meromorphic with simple poles at z = —n and
residue (—1)"/n! there.

The function A, can be expressed in terms of the exponential integral Ei(x) and the
incomplete gamma function I'(z, x) by

. tz+1 _ (_1)z

Ao = L ] = oDz 90—z = L) = (1) eBi (1) = (-1)"

11



4.1 The generating function for A, ;

The total number of arrangements of a set with n elements (sequence A000522 in [[7]) is

defined (see [{], [, [[J] and [[[d]) by:
~ 1
a=1, a,=na, 1 +1, or a, :n!ZE'
k=0

The sequence {a,} satisfies:
a=1, a1 =2, a,=n+1a,1 —(n—1)a, o,

and
n—1

G=1, a,=3 (Z) (=)™ (n 4+ 1 — k)ag.

k=0

(8)

(9)

(10)

Relation ([]) comes from the theory of continued fractions and ([[0]) follows directly from (f).
We now establish a connection between the sequence {a,} and the alternating factorial

numbers A,,.

Lemma 4 Let a_y =1 and n € N\{1}. Then

k=0

Proof. Using ([0) and induction on n we have

n! = Zn:(—m—k (Z) ax.

k=0

Inversion yields
n

a, =nl— Z <k i 1) (—1)™+H g, ;.

k=1

The relation ("Zl) — (Z) = (kfl), k > 1 produces

k=0

The result now follows from ([]).

Theorem 3 The exponential generating function for {A,_1} is given by

g(z) = e [Ey(—1) - Ei(zr —1) +e - 1= Z A, -

n=2

where E;(x) is the exponential integral ([).

12
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Proof. The expansion of the exponential integral

3

Ei(z) =v+In(z

k=1

where 7 is Euler’s constant, appears in [[[, p. 57, 5.1.10.]. The statement of the theorem can
be written as
(x — 1)k)

e[EBi(—1) — Ej(x —1) +e '] =e|—In(z — 1) +Z Ll =
k=1

Expand e™* as a Taylor series to obtain

Then

By induction on n we get

Lemma 5 Let n € N. The function g(x) in Theorem 4.1 satisfies

d n—1
(n) — 2 -1 — (_
9(e) = oo a) = (V" |ate) +1+ X o —

This identity gives the algorithm for computing the n-th derivation of the function g(z).

13



4.2 The AL hypothesis
In [, p. 100] the following problem is given:
Problem B43. Are there infinitely many numbers n such that A,_; is a prime?

Here
n

Ay =) (=1 kL

k=1

If there is a value of n — 1 such that n divides A,_1, then n will divide A,,_; for all

m > n, and there would be only a finite number of prime values. The required condition for

the existence of infinitely many numbers n such that A, _; is a prime may be expressed as
follows:

AL hypothesis. For every prime number p
Ap1 #0  (mod p),

holds.

Let p be a prime number and n,m € N\{1}. It is not difficult to prove the following
results:

n

Ay =—1=) [k=1—(=1)"*C(k) (mod n),

k=2

4 _ Dn+p-1+ S [(=D)"Fn =k +1— (=1)" ¥ (k)

n—1
n—1
= 1-ln+2) 4
k=1
n i—1
= 3-In—l(n—1)-2n+4> Y A
i=2 k=1
n m—l A ™m even
(=1)"(T(k+1)" " Ay = ,
k=1 i=0

A+ 235701 AT moodd

= g
p p i—
1 TLZ<—1)Z 1 .
A = — E S —_ ; =1,2,..
p—1 L F(Z) _I_pi:l F(Z) ) n; EN (Z ) <y p)

The first step in solving problem B43 is proving the AL hypothesis. Using the previous
identities, equivalents for the AL hypothesis can be given.

14



5 Conclusions

The main contribution is to define the function ,M,,(s; a, z) by which problems B43 and B44
are connected. The Kurepa hypothesis is an unsolved problem since 1971 and there seems
to be no significant progress in solving it, apart from numerous equivalents, such as these in
Section 3.3. Further details can be found in [[].

However, apart from n!, In, and A, twenty-five more well-known sequences in [[[7] are
special cases of the function ,M,,(s;a, z). The first study of the function gave the author
the idea to find an algorithm for computing some special cases (Corollary 2 and Lemma 3)
before solving the above mentioned problems.

The definition of the function ,M,,(s; a, z) suggest another method of studying the func-
tion by using the characteristics of the inverse Laplace transform.
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