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Abstract.  Suppose G is a real connected simple noncompact Lie group with
(using standard notation) Iwasawa decomposition G = KAN . If M = Z(A)NK,
the group B = M AN is a minimal parabolic subgroup of G. Since A is a vector
group and N is a simply connected nilpotent group, the topological structure of
B is determined by the structure of M. When G is a linear group the structure
of M is well known. However, if G is not a linear group there is very little
available information about M. Our purpose here is to give a description of the
group M for any connected, simply connected, nonlinear simple group G.

1. Introduction and Notation

Let g be areal simple Lie algebra with g¢ its complexification. Suppose G is a real
connected Lie group with Lie algebra g. If G has finite center, G has an Iwasawa
decomposition G = KAN. That is, K is a maximal compact subgroup of G, A
is a maximal vector subgroup of G with Ad(A) consisting of semisimple elements,
and N is a maximal nilpotent group normalized by A. If G does not have a finite
center, G is a covering of a group with finite center; the Iwasawa decomposition
still holds if K is the inverse image of the maximal compact subgroup by the
covering map Ad : G — Ad(G). If M = Z(A) N K, the group MAN is a
minimal parabolic subgroup of G. Unlike the case when G is a linear group, the
structure of M is not known when G is not a linear group.

Let k,m,a, and n be the respective Lie algebras of K, M, A, and N.
When G is a linear group M = Z; - My = Z; X My where M, is the connected
component of the identity of M and Z; is a subgroup of (expia)N K isomorphic
to Zi for some r < dima (Satake [12], Helgason [7]). If G C G¢ where G¢
is a connected and simply connected Lie group with Lie algebra g¢, it is known
that r is the number of white dots in the Satake diagram of G that are neither
attached to another white dot by an arrow nor adjacent to a black dot (Johnson
[10]). If 7 : G — G is a nontrivial covering of G with K = 7 '(K), then
G = KAN where A and N are as above. If M = 7~ Y(M), then M = Z(A)N K
and M AN is a minimal parabolic subgroup of G. Again M = Z; - My where M,
is the connected component of the identity of M and Z; is a discrete subgroup.
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A priori, the group Z1 need not be either finite or abelian. Indeed we will show
that Z, is in general not abelian. However, it is true that the group Z; is finite
provided G/K is not a tube type domain.

Our main goal in this paper is to give a complete description of the structure
of M for any simply connected group G. To establish our footing we first prove
two results that should be well known.

Proposition 1.1. The Group G is a linear group Lie group if and only if it is
isomorphic to a subgroup of G¢.

Proof. 1If G C G¢g, G is linear since G¢ is already linear. On the other hand,
if G is linear, we may assume G is a subgroup of GL(n,C) for some n. Then G
is a subgroup of the analytic subgroup of GL(n,C) whose Lie algebra is gc. =

Theorem 1.2.  Suppose G C G¢ with G simply connected. Then no nontriv-
1al covering group of G is linear.

Proof. Suppose G is a nontrivial covering group of G. Then G JF = G for
some discrete group F' with |F| > 1. Since any finite dimensional representation
o of G extends to a representation of G¢, o(F) = 1. ]

In particular, note that the double cover of SL(n,R) is not a linear group.

This paper begins with a brief review of the Clifford algebra and spinors
followed by an examination of the finite group D, and its representations. The
bulk of the paper deals with the case by case study of the exceptional groups.
Moreover, since every real simple exceptional simple Lie algebra may be realized
as a subalgra of a real form of eg, we devote several sections to explicitly describe
a real form of the Lie algebra eg. Sections 2, 3, and 4 are devoted to recalling
results about the Clifford algebra, the group D, and spinors. In sections 5 and 6,
we explicitly construct the Lie algebra eg ¢. In sections 7 and 8, we obtain the split
real forms of eg ¢, er,c,€s.c, f1,c and the corresponding simply connected groups,
and in section 9, we construct the corresponding groups M. The split group
ég(g) is considered in section 10. The remaining nonsplit exceptional groups are
examined in sections 11 through 16, and the classical groups are dealt with in
section 17. The final results describing the structure of M are summarized in
section 18.

This paper grew out of joint work with Adam Korényi and Martin Reimann.
I am particularly indebted to Adam Koranyi for comments and suggestions. I am
also grateful to David Benson who acquianted me with the properties of the group
D,.
Notation:

1. In the subsequent sections Esc, E7.c, Esc, Fic, and Go ¢ will all denote
complex simply connected simple exceptional Lie groups. We will use the
notation from [6] to denote specific real exceptional groups; the groups
Ee6), Eo(2), Eo(—14), F(—26) denote connected noncompact real forms of g c;
the groups Ey7(7), E7(—s), E7(—25) denote connected noncompact real forms of
Er c; the groups Egs), Eg—24) denote connected noncompact real forms of
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Egc; the groups Fy), Fy—20) denote connected noncompact real forms of
Fyc; and, the group Gy denotes a connected noncompact real form of
Gac.

2. The corresponding simply connected covering groups will be denoted by
placing tilde over the letter E. F, or G.

3. The corresponding exceptional Lie algebras will be denoted by boldface lower
case letters.

4. The symbol (z1,...,2,) will denote either the complex or real linear span
of xy,...,x, or the group generated by these terms. The precise meaning
will be clear from the context.

2. The Clifford Algebra

Let (,) denote the standard inner product on R™. Extend (,) to be bilinear on
C" x C™. The respective tensor algebras of R"” and C" will be denoted by T'(R")
and T(C™). If I(R") is the two sided ideal of T(R™) generated by all elements
of the form = ® z + (z,2)1 (x € R™) and I(C") is the two sided ideal of T'(C")
generated by all elements of the form z ® z + (z,2)1 (z € C"), then C(R") =
T(R™)/I(R") is the Clifford algebra of R™ and C(C") = T(C")/I(C"™) is the
Clifford algebra of C". Since T(C") = T(R") ®g C and I(C") = I(R") ®r C,
we have C(C") = C(R") ®@r C. If a,b € C(V) denote their product in C(V)
by a-b. An element of an irreducible C(V)-module is called a spinor. We now
use one of the many well known constructions construct irreducible C(R™) and
C(C™)-modules. The one we are using may be found in Cartan [5].

Let {e; : 1 < j < n} be the standard basis for R™. Suppose first that
n = 2k. Set fj = (62j—1 — Z.ng)/\/g, and g; = (623'—1 +i€2j)/\/§ for ] S k.
Note that (f;,g1) = d;. The spaces W = (f1,--+, fr) and W = {(gy,--- , g)) are
maximally isotropic subspaces and are dual to each other with respect to the inner
product.

Set
(k/2] 25

AW = @AW/\W DA

and
[(k—1)/2] 25+1

A = AW

where, as usual, /\0 W = C. Consider the map

’y:{fla"' 7fkagla"' 79k}—>End/\W

defined by setting v(fj)w = f; Aw and y(g;)w = —2i(g;)w. Now 7 extends
to a linear map of C" into End /\"W and hence to an algebra map of T'(C™)
into End A\"W. Since v maps any z ® z + (2,2)1 to zero, I(C") is in the
kernel of v. Hence ~ induces an algebra map of C(C") into End A" W . Since
C(C") =(esy -6 11y <+ <1i.), we have

T
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dimC(C") < 2" = 2%k = dimEnd \* W .
Notation: Set S ={1,--- ,k} and for I C S set f; = fi, A--- A f;, where
Iz{il,"‘ ,’ir} and ’il <<ZT-

Theorem 2.1.  The space \"W is an irreducible C(C™)-module.

Proof. If U is a C(C™)-submodule and 0 # w € U by applying appropriate
v(g;)'s, we see that f, = 1 is in U. Similarly, by applying appropriate v(f;)’s,
we see that U = (f; : [ C S). Hence U = \"W. ]

By Burnsides’ theorem (see [8]) v(C(C")) = End \" W, and by dimension
we have that 7 is an isomorphism and dimC(C"™) = 2".

If n =2k +1, define W and W as before. Also, define v on C*! as
above. We extend v to all of C" by setting v(eg.1) =7 on A°W and = —i on
A°W. Thus C(C?*) is a simple associative algebra.

Note that if 2¢C?* | v(2) interchanges A°W and A° W, but v(eary1) leaves
both spaces invariant.

Since C'(V) is an associative algebra, it has the natural structure of a Lie
algebra where [a,b] =a-b—1b-a.

Let

gn)=(r-y:(x,y) =0,z,yeR") and g(n)c = (u-v: (u,v) =0,u,veC").

Proposition 2.2.  g(n) and g(n)c are Lie algebras.

The proposition is well known and its proof follows from a direct calculation.
Note that

[u - v, w] = 2(u, w)v — 2(v, w)u(u, v, weC™).

The map u-v — 2(v @ u' — v ® u') is a Lie algebra map of g(n)c onto
on(n, C) that restricts to a map of g(n) onto o(n). We then obtain the following
result.

Proposition 2.3.  g(n) Zo(n), g(n)c Zon(n,C), and g(n)c = g(n) ®r C.

The group G(n) will be the group of all even products of the form vy - - - vy
with vy, -, vy unit vectors in R™.

Proposition 2.4.  G(n) is an analytic group with Lie algebra g(n).

Proof.  Suppose z-y € g(n) with z and y both unit vectors. Since (z-y)? = —1,
e*Y = cost + sintx -y = x - (— costx + sinty).

Also, if |v1] = |vg| =1, vy -v9 = vy - (— cos Yy +sinyw) where (v, w) = 0.
The proof now follows. [ ]

Let G(n)c be the analytic subgroup of C'(C™) having Lie algebra g(n)c.
The bracket operations on C'(C") and C(R") turn C" and R™ into respective
g(n)c and g(n)-modules. Let 7 : g(n)c — EndC", 7 : g(n) — EndR"
denote the representations induced by the bracket operation. Then 7 induces
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representations (also denoted by 7) of G(n)c on C" and of G(n) on R™ where
(g =gvg™.

As 7 is a Lie algebra isomorphism, we see that 7 : G(n) — SO(n) is a
covering homomorphism. Hence 7 : Go¢ — SO(n,C) is also a covering homo-
morphism. As 7((e1,e)?) = 7(—I) = 1, we see that G(n) = Spin(n) and so
G(n)c = Spin(n, C) for n > 3

If n=2k+1, Z(SO(n)) is trivial and so Z(Spin(n)) = {+I}. Now

(e1---€n) €5 = (_1)n+1@j (er---en).
Hence, if n is even, e ---e, € Z(Spin(n)). A simple calculation yields
(17 e2))* = (=T,

Thus, if n is even, Z(SO(n)) = {I,—I} and Z(Spin(n)) = {*l,£e1---e,}. If
n=0mod4, (e;---€,)> =1 and so Z(Spin(n)) = Zy x Zy. If n = 2 mod 4,
(e1++-e,)? = (—=1) and Z(Spin(n)) = Z,.

As v : C(C") — End \"W is a Lie algebra homomorphism, it restricts
to a Lie algebra homomorphism of g(n)c. Hence v induces representations of
Spin(n, C) and of Spin(n) on A\*W. Note that for n even AW and A°W are
both Spin(n)-modules.

Proposition 2.5.  If n is odd, \"W is an irreducible Spin(n)-module.
If n is even, N°W and N\°W are irreducible and inequivalent Spin(n)-
modules.

We will not prove this result here but will prove a much stronger result in
the next section.

Remark. Note that for n =2k + 1,

14 (e, - ep)

b+ = \/§

are commuting central idempotents of C'(C™), and so

C(C™) = C(C**) @ C(C*)

as an associative algebra.

3. The group D,
Let D, ={e; ey, : 1 <iy,... iy <n}. Now D, is a subgroup of Spin(n) and
D, /{£I} = {diag(ei,...,€,) €1+ €, = 1,6, = £1}

is the centralizer in SO(n) of the diagonal matrices of SL(n,R).
The following result was told to me by David Benson.

Theorem 3.1.  If n is even, the modules N\°W and N\°W are inequivalent
irreducible D,,-modules. If n is odd, \*W is an irreducible D,,-module.
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Proof. If I C S, y(egj_1-e2)fr = ifr whenever j € I and vy(egj_1-€3;)fr =
—if; whenever j ¢ I. Suppose n = 2k and U is a D,-submodule of A\°W.
If f e AW, write f = > as(f)fr where the sum is taken over all subsets
of S of even order. Set ((f) = [{I : a;(f) # 0}|. Select f € U such that
Uf) = inf{l(F) : 0 # F € U}. Suppose £(f) > 1 with a;(f) # 0 and
ay(f) # 0 for sets I and J. Without loss of generality, we may assume there
isajel~J. Then (—iy(egj_1-€2)(f) — f) = F € U and {(F) < £(f). This
is a contradiction. Hence ¢(f) = 1. So f = fr for some set I. For J C S set
e = €gj,_1- - €2j,,—1 where J = {j1,...,jou} and j; <--- < jy. Then for J C S,
we have y(ey)vy(er)fr = c¢f; for some ¢ # 0. Thus we have that f; € U for any
J C S. Therefore A°W is an irreducible D,,-module.

Since 7y(egj—1 - €ak—1)fr = cf; for some ¢ # 0, we see that A°W is also
an irreducible D, -module. To see that these two modules are inequivalent note
that an intertwining operator maps eigenvectors of the elements 7y(eg;_1 - €25) to
eigenvectors with the same eigenvalue. Since fg is the only element of A* W that
is an eigenvector with eigenvalue i for each vy(eg;_1 - €g;), we see that the two
modules are inequivalent.

Similarly, it is easy to see that if n is odd, A*W is an irreducible D,,-
module. ]

If n =2k,

|Dn| — 22k — 22k—1 + (2k—1)2 + (2k—1)2 —

|D,,/{=£I}| + dim End A\ W + dim End [\ W.

Hence A\°W and A°W are —up to equivalence- the only irreducible D,,-modules
of dimension > 1.
Similarly, if n = 2k + 1,

|D,| = 2% 4 2% = |D,, /{=£I}| + dim End /\ W.

Hence A\" W is the only irreducible D,,-module of dimension > 1.

4. The Lie Algebra g(n)c

If n =2k set h; = —i/2ey;_1-e25 = —1/4(f;-9;—g;- f;) and let h = (h; : j <k).
Note that [h;, fil = 6;,f1 and [hj, q) = —0;,01. Set n=(f; - fi,fj-q:J <1 <k)
and = (g;-g1,9; - fi : j <! <k). If n =2k, n and T are maximal nilpotent
Lie subalgebras of g(n)c normalized by h, and g(n)c = n+ h+n. In this case
we see that h is a Cartan subalgebra of g(n)c. Let ¢ € h* be such that for
H = Z;?:l zihj, €;(H) = z;. Then, if ¥(ad) denotes the root system of g(n)c,
we have X(ad) = {xe; £¢:1 < j <l <k}.

If n=2k+1,set n=n+ (fj-eps1:1<j<k)and

fl:ﬁ—f- <gj'€2k+1 01 S] S ]C)

In this case, n and n are maximal nilpotent Lie algebras normalized by h,

g(n)c=n+h+n and
Y(ad) ={xe; £ :1<j<lI<k}U{zxe :1<j <k}
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We now examine the representation v of g(n)c. If H = Zk zjh; and

Ics, o
YH)fr=1/200 25— Y z)fr

jerI jeS~I

Hence, the weights of v are X(y) ={1/2(xe1 £ ---Le)}. fn=2k, y =75
where 7, and 7, are the respective representations of g(n)c on A°W and A°W.
Then ¥(v.) consists of those weights in ¥(y) that have an even number of plus
signs in their expansions, and Y(7,) consists of the weights of () that have an
odd number of plus signs in their expansions.

Proposition 4.1.  As a g(2k + 1)¢-module, End \*W = @F_ \' C?F+1,
Proof.  Consider the linear map I' : A'C" — End A\* W such that

D A= Ap)w = 1/1Y " (s9n0)7 (o)) -+ (W) -

o€EP

A simple calculation shows that I' is an intertwining operator for any [. Using
the fact that as g(n)c-modules, A'C" 2 A\"~" C", and noting that

k *
dim(C® .- @ [\ C**') = 2% = End A\ W,

we have our result. [
Since C*11 = C?* @ Ceygy, 1, we see that as g(2k)c-modules,

* l -1
End A\W = Ce o, (\C*a& A\ C™).

Thus we obtain the following.

Proposition 4.2.  If n =2k, as a g(n)c-module,
End \'W = 2(af (A C)) & \F €2,
Recall that the g(2k)c-module, /\l C?¢ _ is irreducible for [ # k, and
/\]~C C? = U, 4+ U, where U, is the irreducible module with highest weight vector
fiN---Afr, and U is the irreducible module with highest weight vector fi A---A
Je-1 A Gk

Proposition 4.3.  The following are g(2k)c-module isomorphisms.
() If k=20+1, '
End \°W = End \°W = @' _y \” C?,
H0m</\e W, /\o W) o @2—:% /\2j+1 2k ®U; ;

and

Hom(\° W, \"W) = @, N C* & Us.

(B) If k=2, | |

End NW = @'y N\ C* e Uy, End \"W = @5 AV C* & Us,
and

Hom(\° W, \"W) = Hom(\" W, \"W) = @, A" C?*.
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Proof.  Note that T'(fy A+ A fx) =0 on A°W and

C(fiN-Afiei1Age) =0 on AW, If k is even, these operators preserve the
parity of a form and if % is odd they reverse the parity. Note also that I'(fyA--- f.)
preserves parity if 7 is even and reverses parity if r is odd. Our proposition now
follows from proposition 4.2. [ |

We have already seen that the space of g(2k + 1)c-invariants in AW @ A*W is
one dimensional. Suppose w =) ; qa(l,S ~1I)f; ® fsr

is an invariant. Then v(f, f,)(w) =0, and if JN{p,q} =0 and K = J U {p,q},
we have

a(J, S~ I) fo N g N fr® fsmg+alK, S~ K)fx ® f A fy N fsure = 0.
Without loss of generality we may assume p < ¢, |{1,...,p—1} N J| =1 and
H1,...q—1}NJ|=m. Then f, A fy A fr=(=1)""fx and

fp N fq N fomr = (_1>p+q+l+m+1f5'~]~
Hence we have a(K,S ~ K) = (=1)"*%a(J, S ~ J). Similarly,
V(fg-€2rr1)(w) = 0.

So, if L = JU{q}, we have a(L,S ~ L) = (=1)5la(J, S ~ J). Finally,
setting a(0, S) =1 and o(I) =}, ; j, we have a(I,S ~ I) = (—1)7D+HI where
k=|S|. Now (1) = o(S ~ I) mod 2 if and only if £ = 0 mod 4 or k£ = 3 mod 4,
and o(I) = —o(S ~ I)mod 2 if and only if £ = 1mod4 or £ = 2mod 4.
Thus we have a(I,S ~ I) = a(S ~ I,I) if k =2 0mod 4 or k£ = 1 mod 4, and
a(l,S ~1I)=—a(S ~I,I)if k=2mod4 or k= 3mod4. Summarizing our
results, we have the following.

Proposition 4.4.  For any k > 0 there is a unique, up to scalar multiple,
g(2k + 1)c -invariant w € N*W @ N W with the following properties.

~

w 1s nondegenerate.

If k is odd, N°W and \°W are maximally isotropic spaces w.r.t. w.
If k is even, N°W and N\°W are mutually orthogonal.

If k=0mod4 or k=1mod 4, w is a symmetric form.

If k= 2mod4 or k=3 mod4, w is a skew-symmetric form.

S v

The form w is the sum of two g(2k)c -invariant forms.

Corollary 4.5. 1. If k=0mod4 or 1mod4, g(2k+1)c € A*(\*W).
2. If k~2mod 4 or 3mod 4, g(2k + 1)c C S] (A" W).

3. If k= 0mod 4, g(2k)c may be considered as a subset of either N*(\°W)
or of N2(\°W).

4. If k> 2 and k = 2mod 4, g(2k)c may be considered as a subset of either
SEHNW) or of S2(N\°W).

5. g(4)c 1is the direct sum of two ideals with one contained in S*(N\°W) and
the other contained in S*(\°W)

We conclude this section with another result about the group D, .
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Proposition 4.6.  If Vy, V,, and V3 are irreducible D, -modules,
dim Homp, (V3,V; @ V5) < 1.

Proof. We prove this for n odd. If either V; or V5 is one dimensional, the
result is obvious. If Vi & Vo & A"W, the space V; ® V5 is the direct sum of
inequivalent one dimensional representations.

The proof for n even is similar. [ |

5. General Results

Let k be a complex reductive Lie algebra with Lie bracket [,]o. Suppose p :
k — Endp is an irreducible representation and ® : /\2 p — k is a k intertwining
operator. Set g =k + p and define [,]: g x g — g by setting

[z +u,y +v] = [z,y)o + p(x)v — p(y)u + (uAv)
for z,y € k and u,v € p. Clearly, [,] is skew symmetric and bilinear. For
a, 3,7 € g set

J(a,8,7) = lla, 8],7] + (18], e + [[v, o, ]
Now g is a Lie algebra if and only if J = 0.

(i) If o, 3,7 € k, then J(a, 3,7) =0.
(ii) If {o, 8,7} Nk| =2, J(a,B,7) =0 as p is a representation of k.
(iii) If {o, 8,7} Nk| =1, J(a,3,7) =0 as ® intertwines k.
Hence we see that g is a Lie algebra if and only if J(«, 3,7) = 0 for any «, 5,7 € p.
For X € k and «, 3,7 € p we have the identity
p(X)(J(a, B,7)) = J(p(X)a, B,7) + J (e, p(X)B,7) + J (o, B, p(X)7).
Suppose k = n* + h + n with h a Cartan subalgebra, h + n a Borel
subalgebra, and n* + h the opposite Borel.

Lemma 5.1. J =0 if and only if J(«o,3,7) = 0 where 0 # oy € p™ and 3
and v are arbitrary elements of p.

Proof. If J(a,,,7) =0 for any 3,7 € p, it follows from the equation above
that J(p(X1)ao, B,7) = 0 for any X; € n* and any 3,7 € p. By induction on
r, it follows that J(p(X7)- - p(X,)ao, B,7) =0 for any Xi,..., X, € n* and any
8,7 € p. Since p is an irreducible k-module, it follows that J = 0. The opposite
implication is trivial. [ |

Fix 0 # (, € p™
Theorem 5.2.  J =0 if and only if J(«o, Bo,7y) =0 for any v € p.

Proof.  Suppose J(ag,By.y) = 0 for any v € p. For X € n we have
J (e, p(X)Bo,v) = —J (v, Bo, p(X)y) =0, an d so, for X3,..., X, € n we have

J(Oé(b P(Xl) e p(Xr)QOa 7) = (_1)T‘](a07 507 P(Xr) e p(Xl)’Y) = 0.
Since p(U(n))fy = p, it follows from lemma 1 that J =0.

The opposite implication is obvious. [ |

Note that we may replace ® by c¢® for any ¢ # 0.
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6. The Complex Lie Algebra esc

In this section we will construct the complex Lie algebra esc. Although it is
apparent from Cartan’s list of symmetric spaces ( Helgason [6] ) that such a
construction exists, we will need the explicit construction given here in subsequent
sections. Suppose n = 2k and let g(n)c and A" W be as in section 3. In order
to construct a Lie algebra on g(n)c + A°W as in section 4 with k = g(n)c and
p = \°W, since k is simple whenever k > 2, we must have k ¢ A> A°W . Hence,
k = 4l for some integer [.

Since « is an irreducible faithful representation of k not equivalent to ad,
k + p must be a simple Lie algebra if it is a Lie algebra provided & : /\2 p—kis
nontrivial. Moreover, if k + p is a Lie algebra, a Cartan subalgebra of k is also
a Cartan subalgebra of k + p, since 0 ¢ (7). So, if k + p =1 is a Lie algebra,
it is simple of rank k and dimension k(2k — 1) +2%~1. A simple examination of
dimensions and ranks shows that 1; can be a simple Lie algebra only for £k =4 or
8. Apriori we may have either 1, = B4 or I, = Cy4, or 1y = eg. By construction,
we see that 1, = B,. We devote the rest of this section to an examination of the
case k = 8.

For the rest of this section we take S = {1,...,8}. For I C S with
I ={iy,... i} and iy < --- < iy set fr = fiy A== A fi, fr = fir -+ fi,, and
9r = 9i, "+ Gi,- Set I' =S ~ 1.

Suppose lg has the structure of a Lie algebra. Let I,J C S with |I| and
|J| even and [fr, f;] # 0. Setting

p=1/20> 6= Y. )
jEIUT  jerus
we have p € Y(ad) where Y(ad) is the root system of k. Moreover, if p € ¥(ad),
p = *ej £ for j #r. An elementary calculation yields the following.

Lemma 6.1.  Suppose I,J C S with I and J even. If [f1, f;] # 0, one of the
following holds.

1. |[INJ| =2 and |I| + |J| = 10, or equivalently, |I'NJ'| =0 and

\I''+|J'| =6.

2. INJ|=1 and |I| +|J| =8, or equivalently, |[I'NJ'| =1 and
7]+ 17 =8.

3. I'=J.

4. [INJ| =0 and |I| +|J| =6, or equivalently, |I' N J'| =2 and
|I'| +|J'| = 10.

Lemma 6.2.  Suppose I,J C S with I and J even and [fr, f;] #0.
1 If|INJ| =2 and |I| + |J| =10, [fr, f1] = cfins-
2. If[INJ[ =1 and |I|+|J| =38, [f1, fs] = cfins - gror-
3. If J=1", [fr, fs;] € h.
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4o TN J =0 and 1]+ 7] =6, [fr, fs] = cirns

The proof of this lemma follows immediately from an examination of the root
spaces of k.

Lemma 6.3.  Suppose I, J, K C S with |I|, |J|, and |K| all even. If [f1, f;] #
0 and [f[,fK] 7é 0, then [f],fK] =0.

Proof. If |I| =0, lemma 6.1 guarantees that |J|+ |K| > 12, and so by lemma

6.1, [fs, fi] = 0.

If |I| =8, lemma 6.1 states that |J|+|K| < 4, and so again by lemma 6.1,
[f7, fx] = 0.

If |[I| = 2, lemma 6.1 states that 4 < |J|,|K| < 8. From lemma 6.1
we need to consider only the cases (|J|,|K]|) = (4,4), (|J],|K]) = (4,6), and
(|7, |K|) = (6,4). If |J|=|K|=4,INJ=INK =0 andso |JNK|>2 and
hence the bracket is 0. If |J| =4 and |K| =6, we have INJ = @ and |[INK]| < 1.
Then |J N K| > 3 and the bracket again must be 0. The case (|J|,|K]|) = (6,4)
is clear.

If |[I| = 4, lemma 6.1 states that 2 < |J|,|K| < 6. Since [f;, fx] = 0 if
|J| +|K| <4 or |J|+ |K]| > 12 we need to consider the cases where (|J|,|K]) is
one of the pairs (2,4), (2,6), (4,2), (4,4), (4,6), (6,2) or (6,4). For (|J|,|K]|) =
(2,4), [INnJ| =0 and |[INK| <1, and hence |J N K| > 1. Thus the bracket
is Oin this case and also if (|J|,|K]|) = (4,2). If (|J|,|K]|) = (2,6), we now have
|J N K| =2, and hence the bracket is 0 in this case and also if (|.J],|K]) = (6,2).
For (|J|,|K]|) = (4,4), we have [INJ| <1 and |IN K| < 1. This guarantees that
|J N K| > 2 and hence the bracket is 0. If (|J|,|K]|) = (4,6) or (6,4), we have
|J N K| >3 and again the bracket is 0.

If [I] =6, 0 < |J],|K| < 4. Since the bracket is 0 if |J| + |K| < 4,
we need now only consider the cases where (|J|,|K]|) = (2,4), (4,2) or (4,4). If
(IJ],|K]) = (2,4), INJ| <1and [INK|=2. Thus |[JNK| > 1 and the bracket
is 0 in this case and in the case where (|J], |K|) = (4,2). Finally, if |J| = |K| =4,
we have |[INJ| =|I N K| =2 and thus |J N K| > 2. This guarantees that the
bracket is 0 in the case. [

We now proceed to define [,] : p x p — k. From the simplicity of k we
know that [fi A fa, fs] is a non zero multiple of fi- fo. Setting [fi A fo, fs] = f1- f2,
the intertwining condition now forces the remaining brackets.

Lemma 6.4. If [I| =2, [f1, fs] = fi.

Proof. If I = {1,2} we already have the result. Suppose I = {1,k} with
k > 2. Then we must have

—2fr = [fe- g2 f1 - folo = [Y(fi - 92) (fs A fo), f) + [ A fou v(fi - g2) fs] =

Y(fx - g2) f1 A fa, fs] +0 = =2[fr, fs].

Thus we have our result in this case. The proofs for I = {2,k} (2 < k) and
I ={k,l} (2 <k <) are similar. ]

Recall that o(I) =3, J-
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Lemma 6.5.  [fr, fr] = (=1)7"(1/2)(C e, by — Xjer 1) -
Proof.  Clearly, [fg, fs] = 25:1 a;h; for some ay,...,as. As

Lfi - fos [fo, sl = [fi A fu 5] = —(aj +ax) fi - fr = fi - f,

a; +a, = —1 for all j, k. Hence a; = —1/2 for all j, and
[fo. fs] = =1/2(375_, by).

Now
(95 - 9k L5 A fis T3] = =4 S0, fs] + 4(=17[f5 A fry Fomtiny] =

(95 - 9k, [ - el = =2(f5 - 95 — gr - fr) = 4(hy + hy).

Hence

i A fies Fsmai] = (SD7 (g + e = (1/2) (Y ha)),

and the result holds in this case. Moreover, since (—1)7!) = (=1)°U") | the result
holds if |I] is 0,2,6 or 8, It remains only to consider the case where |I| = 4.
Suppose I = {a,b,c,d} where a < b < ¢ < d. Since

[fleay Freay) = (=1 (1/2)(he + ha— > hy),

je{ed}’
we have after applying f, - fy that [f1, fieay] = (=1)"f, - fp. Thus, we have
(9a + 90, 1, Freayl] = =4lfeays freay] + 4(=1)" 11, fr] = (1) 4(ha + hs).

After rearranging terms, our result also holds in this case. ]

The remaining brackets will be obtained as follows. Suppose u,v € p with
[u,v] known and X € k such that v(X)u = 0. Then [u,y(X)v] = [X, [u,v]].

Lemma 6.6.  Suppose |I| =2, |J| =6, and [INJ| =1, then
L1, fa] = £(1/2) frag - gro -

Proof.  Suppose {a} = INJ and {b} = I'NJ". Then v(fo - g)frr = £2f;.
Thus [f1, fs] = £1/2[fa - 9, [f1, fr]] and our result now follows from lemma 6.5. m
Lemma 6.7.  Suppose |I| = 2, |J| =4 and INJ = O. Then [fr, f;] =
+(1/4)gauy -

Proof.  Suppose {a,b} = (I U J). The proof follows from the identity

Lfr:7(9a - 90) f1] = [9a - gb, [f1, fr]]- n

We summarize the remaining possible brackets in the following lemma; the
proofs are similar to those above.
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Lemma 6.8. 1. If |J| =6, [fo, fs] = (=1)7Y)4(1/4) g, .
2. [f |I’ :4, ‘J’ =6 and |IﬂJ| = 2, then [f[,f]] = ﬂ:f]mj.
3. If I =4, |J| =4 and |INJ| = 1, then [fr, f7] = £(1/2)fa - g» where
{a}=INJ and {b} =1'NJ".
The remaining brackets are obtain from the skew symmetry of [, ].

Theorem 6.9. The bracket operation turns k + p into a simple Lie algebra.

Proof.  Since [,]: /\2 p — k is a k intertwining operator, we need only check
that the Jacobi identity J(u,v,w) = 0 holds for u,v,w € p. From theorem 5.2 we
need only check that J(fs, fo, fr) = 0 for any I C S with |I| even. For |I| =0
or 8 the result is obvious.

For |I| =2,

J(fs, fo, 1) = [fs, fol, f1] + [[f1, fs], fo] =
V23 W)+ fr = 1AC2+ ) fi+ fr =0

For |I| =4,
8
J(fs; fo, f1) = [[fs, fol, f1] = 7(1/22hj)f1 =0.
j=1

For |I| =6,

I(fs, fo. [1) = [[s. fol, f1] + [[fo. [1lfs] = [r + [[fo, [1], fs]-
If I'={a,b} with a < b, [fo, fr] = (=1)*T""11/4g,-g,. Hence

J(fs, fo, 1) = fi + (=) 1/ (ga - g) fs = f1 — f1 =0. u

Thus we see that g = k 4+ p has the structure of a Lie algebra. Since it is
simple of rank 8 and dimension 248, it must be egc.

7. Real Forms eg), €77y, €6), and fyy)

Throughout this section e;(;) will denote a real split Lie algebra of e;c. Fix
kr = g(16) = spin(16). For I C S set

X(I) = o112 4 (_1>U(1)2|1\/2f[,

and
Y(I) = i@V fp — (—1)7 022 1),

Let pr = (X(I),Y(I): 1 C S,|I| even ). For convenience set
e(I) = (—1)°D . Note that X (I) = e(I)X(I') and Y (I) = —e(1)Y (I').

Suppose [ C S, ¢ [ and J=1U{i}. If |[IN{1,...,l—1}| =p, we have
the following equations:

Y(ew-1)X (1) = (=1)PX(J); y(ea-1)Y (1) = (=1)"Y (J);

Yea) X (1) = (=1)Y'(J); and, y(e)Y (1) = (=1)""1 X (J).

Since kg = (ej - ¢, : j # 1), we have that [kr,pr| C Pr.
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Theorem 7.1. gr = kgr + pr is a Lie algebra.

Proof.  Since [kr,pr] C pPr, it remains only to prove [pr,pr| C kr. Since
pr is an irreducible kg-module, it suffices to prove [pr,u] C kg for a

0# u € pr. Take u = X(@). Now [X(I),X(?)] =0 unless |I| =2 or |I| =6.
Since X (I") = €(I)X(I) we need only consider the case |I| = 2. In this case,

(X (1), X(@)] = 2"V2( 11, fs] + e(D)2"V [ fr, fol = 2° fr + e(1)2°[fr1, fol.
Applying 1 of lemma 9 we see

(X (1), X(0)] = 2° fr + e(1)2°(1/4)e(I)Gr = 8(f1 + G1) € k.
Similarly, for |I| = 2, we see that [Y'(I), X(?)] = i8(f; — §;) € kg . Finally,

Y (@), X(0)] = 2%i[fo, fs] = —2" Z hj € kg.

Hence, ggr is a Lie algebra. [ ]

Since gr ® C = g, we obtain the following.

Corollary 7.2.  ggr s a real form of egc.

We now construct a maximal abelian subalgebra a of pr. If I,J C S with
|I| = |J| =4 and |I N J| =2 observe that [X(I),X(J)] =0. Let

C ={0,{1,2,3,4},{1,2.5.6},{1,2,7,8},

{1,3,5,7},{1,3,6,8},{1,4,5,8},{1,4,6,7} }.

If a=(X(I):1e€ (), aisa maximal abelian subalgebra of pg. As dima = 8,
the following is obvious.

Theorem 7.3. The Lie algebra gr is a real split form of esc. Thus gr =
eg(g) .
Suppose Tr : h — C is the map Tr(Z?Zl zihj) = Z?:1 z; and

hy = {H : Tr(H) = 0}. Setting kg = ho + (fj - gx : j # k), we see that
ko = s1(8,C). Now [ko, A' W] = A'W and if py = A" W it follows from lemmas
7 and 10 that [pg, po] C ko. Hence gy = ko + po is a Lie algebra. As pg is an
irreducible kp-module and kq is simple, gy is a simple Lie algebra. Moreover,
since rank(go) = 7 and dimgy = 133, gy = erc. Now gor = 8o N gr is a real
form of go, and goR = k07R + PoRr where k07R = ko N kR and PorR = Po N PRr-
If Cp=0C~0,ap=(X;:1¢€ () is a maximal abelian subalgebra of pygr of
dimension 7. Hence we have

Theorem 7.4. The Lie algebra gor is the split Lie algebra eq(y).

We now construct the lie algebra eg ) .
Let

Q=fNfat+[sNfat AN fo+ 1A Ts
and

X' =g1ANg2+ 935N ga+ 95 Nge + 97\ gs.
Set koo = {X € ko : X(©2) =0} and pgo = {u € pp : t(2*)u = 0}. Since Q is a
non degenerate 2-form, we obtain the following.
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Proposition 7.5. kg is the Lie algebra sp(4,C).

It is an elementary exercise to see that

koo = (hoj1 — hej 1 j < )+

<f2j71 “Gojs Joj - 92j-1:J < 4) + <f2j71 “Gok—1— for " G2 1 I F k)+
(foj-1 - Gor + Jor—1" 925, foj5 - Gon—1 + for - 92j—1: J < k).
Moreover, restricting ourselves only to I C S with |I| =4, we have

Poo = (fr:[IN{2j— 1,25} =1,1<j <4+

{2k - 1,2k} nJ =0,{21 - 1,2} C J {2l — 1,21} NI = O for some k,| < 4)+

(aX;+bX+cXy:JJ={1,2,3,4}, K ={1,2,5,6},L ={1,2,7,8},a+b+c=0).
Now an elementary calculation yields

Proposition 7.6. goo = koo + Poo s a Lie algebra.

Now g is easily seen to be simple of dimension 78 with Cartan subalgebra
(hoj—1 — hoj 1 j < 4)+

(aX;4+bXg+cXp:a+b+c=0,J={1,23,4}, K ={1,2,5,6}, L ={1,2,7,8}).

As rank gy = 6, we see that gy = esc. If we set goor = oo N gr, We have
goo.r is a real form of eg . Since

ap = (X7: 1 =1{1,3,57}{1,3,6,8},{1,4,5,8},{1,4,6,7})+

(aX;+bXg+cXp:a,bjceRa+b+c=0,
J=1{1,2,3,4}, K = {1,2,5,6},L = {1,2,7,8})

is a maximal abelian subalgebra of poor, and is of dimension 6, goor is a split
real form of eg . In other words

Theorem 7.7. g00.R = €6(6) -
Suppose Q° = f3A fa+ fs A fo+ fr A fs and Q% = gs A ga+ g5 A gs+ g7 A gs-
Set kgoo = {X S k()() : XQO = QO} and Pooo — {U € Poo : L(QO*)U = O}

Proposition 7.8. kg = sl(2,C) & sp(3,C)
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Proof. A direct calculation we have:
kooo = (h1 — ho, f1- G2, fo- 91)®

((hoj1 — hoj 1 2 < j < 4) + (faj1° 9255 foj - G2j—1 12 < j < 4)+
(foj—1 for—1 — for - 925 1 5,k > 1,5 # k)+
(foj—1 gor + for—1 - G2j, f25  Gon—1 + for - goj—1 1 1 < j < k)).
Note that the first direct summand is s1(2, C) and the second is sp(3,C). =

Similarly, we have
Pooo = (fr: [1N{25 — 1,25} =1,1 <5 <4)+
<fI_fJ : ’Im‘]‘ ZQ,HQ{LQ}’ = 1,[ﬂ{1,2}:Jm{1,2}7{2j—1,2j} Clv
{27 -1,25}NnJ =0,{2k — 1,2k} C J {2k — 1,2k} NI = O for some j, k >

Now gooo = Kkooo + Pooo is a simple Lie algebra of rank 4 and dimension 52.
Setting gooo,r = Gooo M Goo,r We have

ago = (X7 : I =4{1,3,5,7},{1,3,6,8},{1,4,5,8},{1,4,6,7})

is a maximal abelian subalgebra of, pooor. Thus we have

Theorem 7.9. gooo = fa.c, and gooor = f4(4) :

8. The GI‘OllpS Eﬁ(g), E7(7), Eg(g), and F4(4)

From Bourbaki [4], we know that Z(Fsc) = Zs, Z(Erc) = Z2, and

Z(Fsc) = {I}. Since Z(Esg) = {l,e1-- e} = Zy, Fy) is not a linear
group. However, Eg(g) /7 (Eg(g)) = Fjy(g) is a linear group and hence so are all
of its subgroups. Also, note from [4] that Z(Fy¢c) = {1}.

Proposition 8.1. The analytic subgroup of Eg(g) with Lie algebra ey s
Erery .

Proof. Let G be the analytic subgroup of Eg(g) with Lie algebra e;7). Now
the maximal compact subgroup of E7(7) is SU(8), and the center of E7(7) is
Zy If uj = (1+e9q- 62j>/\/§ and z = u; ---ug, we have z-f;-z7! = if; and
z-qu-z*1 = —ig; and so z centralizes e7r). As 22 = e+ -ey4, it suffices to show
z € Gy. Since exp(mi/2)h; = u;, uj =1, and
hy = {H € h : Tr(H) = 0} is a Cartan sualgebra of ez, it follows that
uy'uj € G for any j < 8. Hence (uy'uy)--- (u; 'ug) = 2 € Gy and so Gy = E7(7)-
[

Note that since Z(Em)) = Z, and Z(E7c) = Zs, E7(7) is not a linear
group.

Proposition 8.2. The analytic subgroup of E7(7) with Lie algebra ege) s
Eﬁ(ﬁ).



JOHNSON 303

Proof. Let Gy be the analytic subgroup of E7 with Lie algebra eg). Since

the maximal compact subgroup of EG(G) is Sp(4), Z (E6 ) =Zy. It thus suffices
to show that 22 € G00~ Since <h2j_1 — hgj . j S 4> C k007R,
exp(mi) Z?zl(hgj_]_ — hsj) = 2% € Gop and hence Goy = Egg) .- n

Again since Z(Egsc) = Zs, E~6(6) is not a linear group.

Remark. We have Z(Eg(g)) C EG(G) C E7(7) C Eg(g) with no Ej(j) linear. How-
ever, all F;(;)/Z(Egs)) are linear. As Z(Fyu)) = Zy, Fyu) is not a linear group.
Since Z(Fyu)) = Z(Ess)), Fuay/Z(Ess)) = Fayuy is a linear group.

Since Z?:l i(hgj_l - hgj) € f4(4) and expm Z?:l i(hgj_l — hgj) = €1--"€16,
the analytic subgroup of Ejyi) having Lie algebra fyuy, is Fyu). We state the
following.

Proposition 8.3. The analytic subgroup of EG(G) having Lie algebra fy4) is
F4(4).

9. The Group ]\Z/‘ for the Groups E-j) and F44

Recall a, ag,agy, and agyy from section 7. For convenience set ag = a, a7 = ay,
ag = agy and ag = aggy. Let K be the maximal compact subgroup of E y for
j=26,7 or 8 or of F4 for j = 4; set M; = K;N Z(a;). We now give an exphc1t
description of the groups M;. Recall from [10] that M;/Z(Fys)) = (Zs)’ and
hence |M;| = 27+

Consider the element x = eq-e3---e;5 of Ky = Spin(16) and note that
+2 = 1. A simple calculation yields the following.

Proposition 9.1.  If I C S, v(x)f; = (=1)7O+HI20I=1I"D/2 £,

Corollary 9.2. x € Ms.
Recall that

C ={0,{1,2,3,4},{1,2.5.6},{1,2,7,8},

{1,3,5,7},{1,3,6,8},{1,4,5,8},{1,4,6,7}}

and a = (X;: I € C). Note that for I € C, o(I) =1 and so X; = 4(f1 + fr).
We first give an explicit description of M;. If Ps denotes the permutation group
on 8 elements Py C U(8) and the elements of even order are in SU(8).Suppose

P = {(12)(34)(56)(78), (13)(24)(57)(68), (14)(23)(58)(67), (15)(26)(37)(48),
(16)(25)(38)(47), (17)(28)(35)(46), (18)(27)(36)(45), I} C Ps.

It is easy to see that P is an abelian group of order 8 with every element
other than the identity of order 2.
Now let ) be the group generated by the following elements:
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wy =1il, wy = diag(—1,-1,1,1,1,1, -1, —1),
wy = diag(—1, —1,1, 11,11, 1), and wy = diag(—1,1,~1,1,~1,1,~1,1).

Proposition 9.3. M, = PQ and [My, M;] = Z(Eyg). It has precisely two
inequivalent irreducible representations of dimension 8, and all other irreducible
representations are one dimensional.

Proof.  If wf'whwiwk* = 1, the (4,4)-entry is 1 and so it follows that wi' = 1.
Now, since the (3,3)-entry is 1, wi = 1. Finally, since the (8,8)- entry is 1,
wé” = 1 and hence w§3 = 1. Thus @ is a an abelian group of order 32. Now
w? = e;---eig = —I, and observe that for p € P and ¢ € @, pg = +qp. Now
P C M7 and @ C M7 and hence PQ = {pq : p € P,q € Q} is a subgroup of
M;. Since |PQ| = |M7| — 28 PQ = |M|. Now M; is a subgroup of SU(8) and
both W = C® and /\ W= (CS)* are irreducible inequivalent My-modules. As
IX(M7)| =27 and |M7| = 82482 +27 = 28 these are the only irreducible modules
of M, of dimension > 1. ]

We now describe Mg.

Proposition 9.4. Mg = M; U «xM, and [Z\ZTS,MS] = Z(ES(S)). It has —up to
equivalence— precisely one irreducible representation of dimension 16, and all other
wrreducible representations are one dimensional.

Proof. Now M7 C Mg and * € Mg. Since | M| = 2°, we have Mg = M;UxM; .
Moreover, since Mg/Z(Egg)) = (Z2)® and Mg is not abehan we have [Mg, Ms] =
{1,e1---e6}. Since * : AW — A*"W and W and A\"W are inequivalent
irreducible M- modules W+ A"W is an irreducible 16-dimensional Mg-module.
As |x(Ms)| = 2® and |M8] =29 = 28 4 (16)? we see that this —up to equivalence—
is the only irreducible Mg-module of dimension > 1. Observe that for p € P with
p(1) = j that
V) (fr) = () (f5) = (=127 fgp

and

Y(p)(fr) = 27°v(p) fay = 272 (1) fiyye
Hence [%,p] =1 for any p € P. Similarly, we obtain [*,w;] =1 for 2 < j <4, and
[x,w1] = —I = e1---e15. The remaining commutation relations in Mg are easy to
compute. [

Proposition 9.5. Mg = {m € M; : N>y(m)Q = Q}, and — up to equivalence
— Mg has exactly one irreducible representation of dimension > 1.

Proof. Let F = {m € M; : A>y(m)Q = Q}. Clearly, F is a subgroup of Mjg.
Now

P =FnP={(13)(24)(57)(68), (15)(26)(37)(48), (17)(28)(35)(46), 1}

a subgroup of order 4, and Q' = F N Q a subgroup of @ generated by w?, ws,ws
and wjw, and the order of Q' is 16. So P'Q’ is a subgroup of F of order 26.
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Setting 7 = (12)(34)(56)(78), we see that 7w; € F'. Thus P'Q'U7Tw, P'Q" is a
subgroup of F' of order 27. Hence we must have P'Q’ UTw P'Q = F = Ms.
Moreover, up to equivalence, W is the only irreducible Mg-module of dimension
> 1. [ |

We now construct the group My. Let L = {m € Mg : A2y(m)Q* = Q*}.
Clearly, L C My and so to prove L = M, it suffices to prove |L| = 2°. Now
TWi, Twy, wo, w3 € L with (Tw;)? = (Twy)? = —1 and w3 = w? = 1. It is easy to
see that the group (Tw;,ws, ws) is a subgroup of L of order 16. Since 7wy is not
in this group we have that |L| = 32.

Proposition 9.6. M, = L, [My, My] = {£I} and M, has — up to equivalence
— 4 irreducible inequivalent representations of degree 2. The remaining represen-
tations are one dimensional.

Proof.  The fact that M, = L and [M,, My] = {1} are clear. It remains
only to exhibit 4 inequivalent irreducible modules of dimension 2. The spaces

(fio fa) s (fas £1) s (fs, fo), and (fr, fs) are all My-modules. Note that Z(M,) =
{£1, wsq, w3, Fwows} acts on each of these spaces with a different character.

Therefore these modules are inequivalent M,;-modules. [ ]

Remark. It is easy to see that Mj # Djiq for j =4,6,7, or 8.

10. The Construction of gy and éz(g)

Let
4

k' = @<f2j—1 “ 925, f25 * 921, haj—1 — haj)
j=1
and
p'=(fr:Hl=4[In{2j - 1,2j}| =1,1<j <4).

Now k' C koo and p’ C pogo. It is easy to see that g = k' + p’ is a
simple Lie subalgebra of f; ¢ and, in fact, g’ = so(8, C). Consider the linear map
o: g — g’ defined as follows:

Ji 92— fi- 92,291 — f2- 01, hi — ha — hy — ha,

J3-91— f5:96 = fr-98 = f3- 94, fa 93— Jo-95 — fs g1 — fa- g3,

h3 —hy — hs — hg — hy — hg — hz — hy,

and for 1 <7 <2

f{j,3,5,7} - f{j,3,5,7}7 f{j,4,6,8} - f{j,4,6,8}7

f{j,4,5,7} - —f{j,3,6,7} - f{j,3,5,8} - f{j,4,5,7}>

f{j,3,6,8} - —f{j,4,5,8} - f{j,4,6,7} - f{j,3,6,8}-

Proposition 10.1. The map o : g — g’ is a Lie algebra automorphism.

Proof. Clearly, 0 : k¥ — k' is a Lie algebra homomorphism, and it is also
easy to see that o : p’ — p’ intertwines the action of k’. It suffices to show that
o([fr, f1]) = [o(fr),0(f,)] for any fr, f; € p’. We recall the following identities:

(a5 freassy]) = 1/2 30 (hoj—1 — haj),
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[f{1,3,5,7}, f{1,4,6 8}] = 1/2f1 * g2,
[f{1,3,5,7}7 f{2,3,6 8}] = —1/2f3 * 94,
[f{1357} f{2458}] = 1/2f5'967
[f{1357} f{2457}] —1/2f7'98-

It follows that [o(f{1,357),0(fr)] = o([fr357, f7]) for any f; € p’. Thus,
if we fix w = f135,7y, we have [u,0(v)] = [o(u),o0(v)] = o([u,v]) for any v € p’.
From the Jacobi identity and the facts that ¢ is a Lie algebra automorphism of k’
and a k' intertwining operator on p’ we have [o([z,u]),o(v)] = o([[x,u],v]) for
any = € k' and any v € p’, and the proof follows. [

Our above discussion yields the following result.

Proposition 10.2. g7 =k’ + p'? is a Lie algebra.
Now K'7 = (fi-ga, fa - g1, h1 — ha) © (¢, m,w) where

4 4
¢ = Z Jaj—1 G2j, UZ “f2j* g2j-1, and w = Z(th—1 — hay).
=2 =2 =2
The following elements are a basis for p’”
Jussny,Juasny — fusen + flusssys fusesy — flruassy + friaen, fiia68)
Jessny s froasny — fresen + fresssy, flesesy — fleassy T froa67) f12.468)-

So g'? is a Lie algebra of rank 2 and dimension 14. Since it is clearly simple
we have a direct proof of the folowing.

Theorem 10.3. g7 =gyc.

Let L be the analytic subgroup of F4 having Lie algebra
g2(2) = 82.c N fyy. Since Z(Gyc) = {1}, Z(G2(2 ) = Zy, and
e1---e16 € Z(L), we see that L = ég(g) and Z(ég(g)) = Z(Eg(g)).
If go(2) = ka + p2 is the corresponding Cartan decomposition of gy,

as = (X357 X368 — X{1,458 + X{1,467))

is a maximal abelian subalgebra of ps. Let K5 be the maximal compact subgroup

of é’g , and set My = Z(ag) N K,. Recall that M, = (Twy, Twy, wo,ws). If G’ is

the analytlc subgroup of F4(4) havmg Lie algebra g’ Nfy), we have that M, c &,

and so Mjf is a subgroup of M,. It is easy to see that o(wy) = w3,0(w3) = waws,
o(Twy) = Twy, and o(Tw,) = Twy. Hence M4 = (Twy, Twy).

Proposition 10.4. M, = M}f 1s a nonabelian group with one — up to equiva-
lence — irreducible representation of degree 2.

Broof. Since M ¢ is of order 8, we have our equality. Since TwiTwy = —TwyTwy ,
M, is not abelian. Moreover, as My/Z(Gy2)) = Zy x Z,, our result follows. [ |

Remark. It is easy to see that M, = Ds.

This concludes our examination of the universal covering groups of the split
simple exceptional groups.
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11.  eg_24) and Eg(—24)

Recall egc = s0(16,C) + AW, erc =sl(8,C) + A*' W, and
s1(2,C) = (30, by, fo, fs)- Set

ke = erc®sl(2,C), and pc = F + G+ \°W + A° W, where
F={fi-fo:j<k),G=(gj-gx:J<k).

We now have the following commutation relations.

[F.F] =0, [F,ANNW]c NP W, [F,G] csl(8,C), [G,G] =0,

G AWIC AW, AWAWI =0, AW AW =0

and
AW, AW] Csi(2,C)@si(8,C).

Thus [pc, Pc] C EC, and [Ec,ﬁc] C pc. Hence (Ec,ﬁc) is a symmetric
pair for egc. Finally, if k= kc N (kg + sz) and p = pc N (ikr + pr), the Lie
algebra g = k+p is areal form of eg . If G is the snnply connected analytic group
with Lie algebra g, G has maximal compact subgroup K= Er(—133yxSU(2). Thus
eg—21) = g and G = Eg(,n). The subgroup of SU(2) having Lie algebra (ihg)

8 .
where hg =) _,_, h; is

(exptihg : t € R)/{w?)(w; = exp wihy),

and the subgroup of FEr_133) having Lie algebra su(8) is SU(8)/{%Il}. Now
Z(SU(2)) = Zy and Z(Er(—133)) = Zy (see [4]). A simple calculation thus shows
that
Z(SU(2)) = (wi)/(wi) = {£h}, Z(Bris) = (ils)/{£ s},
and )
Z(Es(-20) = ((ils,w1)) /{(=Is,w)) = Zo.

Thus Eg(,24) is not a linear group.

If a = (X9, X343, X561, X{7,8}), @ is a maximal abelian subalgebra of
p. Then kNz(a) = k' +ip’ 2 so(8) where k’ and p’ are as defined in section 10.
Set M=KnZ (@) and let My be the connected component of the identity. It is
casy to see that the subgroup My of K or of IA(/Z( A) having Lie algebra kN z(a)
is Spin(8). Hence from [10] we see that if M = Z@) Nk, |H/]\/4\0| = 8. Clearly,
Z(E~’8(,24)) C M and Z(E8 24)) N M, = {1}. To analyze the group M further we
recall some results from [7] and [10].

Suppose Y, is the set of restricted roots and let @, be the set of simple
restricted roots. Then from [7] we have that M /Z(G) = Z; - M where

71 = {exp2miHy/|a]* : a € %,) = (exp2miH,/|a* : a € ®,.).

Moreover, since the Satake diagram of eg_o4) has four white dots and only two
white dots are not adjacent to any black dots, we have from [10] that Z; =
(exp2miH,/|a]? i a € @, and « is long ) & Zy X Zs.
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For j <4 let ¢; € a* be the map
€(a X0y + ae X34y + a3 X(56) + aaX(r5)) = a;.
An elementary but tedious calculation shows that
Y, ={t4de* dep:j <k <4} U{£8¢;: j <4} U{tde; £ 4dey £ deg £ ey}

and @, = {de; — dey — dez — dey, 8¢y, de3 — deg, deg — des}.

The 24 long restricted roots are all of multiplicity 1, and the 24 short
restricted roots are all of multiplicity 8. Setting «y = 4¢; — 4e5 — 4e3 — 4e4 another
routine calculation yields Hy,, /|on|* = 1/16(X 19y — X34y — X(56) — X{7.83) and
Hy,/|4€4)* = 1/8X (75 . If 2 is in the preimage of exp(1/8)mi(X1 2y — X34y —
X6y — Xqrgy) in M and y is in the preimage of exp(1/4)miX(7sy, we have
that Ad(x) and Ad(y) are both non trivial on sl(2,C). Hence z? = y? is the
nontrivial element of Z(Eg(,24)), and ! = y* = 1. Since Ad(z)16fy = —fs,
Ad(z)fs = —16fp, Ad(y)fo = —fo and Ad(y)fs = —fs, we have zyz™ =y~ 1.
If 21 is the preimage of Z; in Eg(_24) 21 = (z,y) is a nonabelian group of order
8 centralized by HO, and so we have the following proposition.

Proposition 11.1. M = Z, - My and Z, N My = {1}.

Corollary 11.2. M= 2\1 X ]\//.70.

Remark. Note that 2\1 = Ds is the quaternionic group.

12. The real form e;_5 and E7(_5)

Recall e7 c = sl(8, C)+/\4W- Fix Wi = (f1, fo, f3, 4, [5: fo) Wa = ([, fs), and
let gl(6, C) be the Lie subalgebra of s1(8, C) generated by all elements of the form

fj - gr where j # k < 6, and all sums of the form Z?zl a;h; where a; = ag and
S La; =0. Now

Jj=1

4 4 3 2 2
AW =AW e (AWM em)e(\We W)
If we now set

4 2 2
k07c = gl(6, C) +/\W1 +/\W1 ®/\W27

we have that ko c is a simple Lie algebra of dimension 66 and rank 6. Hence
ko,c =s0(12,C). Set also

51(270) = <f7'98)f8 'g77h7_h8>7kc :kO,C@Sl(27 C)7
and
3
pe=(fj-gr:j<6<k or j>6>k>+/\W @W,.

Then (kg,pc) is a symmetric decomposition of e; ¢, and if g =k + p is
the corresponding real form, g = e7_5). Let E7_5 be the corresponding real Lie
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group with maximal compact subgroup K = Spin(12) x SU(2). Now Z(K) = Z3
and by examining the representation of K on p, we see Z(E7_5 = Z3. Thus
FE7(_5) is not a linear group.

Setting

Hy = Xp3sm, Ho = Xp36s), H3 = X458, He = X167y,

a= (Hy, Hs, H;, Hy) is easily seen to be a maximal abelian subalgebra of p. For
Jj <4 let ¢; € a* be the map

€j(a1H1 + CL2H2 + a3H3 + CL4H4) = Gj

Then, if ¥, is the set of restricted roots and &, is a set of simple restricted
roots, X, and ®, are exactly as in section 11; this time the short roots are all of
multiplicity 4.
If 1 CS,set hy =3 hj—> cphy. Then, if |I| =4, Tr(h;) =0. We
now see that
mc = (fu234) f567.8) M{1,2,343) P

(fuzse fiaazsy hizser) © (fi2rsy f3.4560 M127s))-
Let M =KNnZ (a) and let M, be the connected component of the identity

of M. Setting x1 = exp(mi/2)h1,234}, T2 = exp(mi/2)h1256), and
x3 = exp(mi/2)hy12,7,8y ,we see that

—

My = (SU((2) x SU(2) x SU(2))/L
where L is a finite subgroup of
Z(SU(2) X SU(Q) X SU(2)) = <$1,ZE271’3>.

A simple calculation on /\4W shows that L is trivial. Furthermore, since the

representation of My on any short restricted root space is the tensor pruduct
of two irreducible 2-dimensional repesentations of two of the SU(2) factors of

]/\4\0, (—IQ,—]Q,—]Q) € Z(E7(_5)) Hence ]/\ZO N Z(E7(_5)> = ZQ. Settlng a1 =
4(€; — €3 — €3 — €4), we have

Ha1/|0[1|2 = 1/16(H1 — H2 — H3 — H4) and H8€4/|8€4|2 = (1/8)H4

If x is a preimage of exp(ni/8)(H; — Hy — Hy — H,) in K and y is a preimage
of exp(mi/4)(Hy) in K, we have that M = Z; - My where Z; = (x,y) is a

group of order 8. Now Ad(z)(f7 - gs) = —fs - g7, Ad(x)(fs - g7) = —fr - gs,
Ad(y)(fr - gs) = —fr - gs, and Ad(y)(fs - 97)/\: —fs - 97 HeAnce we have 1? =
2t = y* = 1 and zyz~! = y~!.Finally, M, centralizes Z;, and we have the
following.

o~

Proposition 12.1. M = Z, - My and MyN Z; = {1}.

Corollary 12.2. M= 21 X ]\//.70.

Remark. As in section 11, 21 = Ds is the quaternionic group.
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13. 66(2) and E6(2)
Set

sl(2,C) = (f7 - gs, fs - gr.hz — hs) and  sl(6,C) = (f;-g; : i # j < 6) + ho

where hy = {Z?:1ajhj 3% e, =0} IF W, = (fj : 1 <j < 6) and

j=1
Wy = (fr, fs), Pc = N> Wi@Wj is an irreducible k¢ = s1(6, C)@sl(2, C)-module.
As before (kc,pc) is a symmetric pair for egc. Now eg(2) is the corresponding
real form of egc. Let EG(Q) be the real connected Lie group with Lie algebra
€4(2) and maximal compact subgroup K = SU(6) x SU(2).

Now p has a maximal abelian subalgebra a = (H; : 1 < j < 4) is the
same a as in section 12. Then mgy = (hy + hy — hg — hy, hy + ha — hs — hg), and
]\//_70 = S! x St. Moreover, if M=Kn Z(a) and 7, is the quaternionic group in
section 12 we have the following result.

Proposition 13.1. M = Z, N My and My Z, = {1}.
Corollary 13.2. M= 21 X ]\/4\0.

Remarks.

1. Since Z(Eg) = ((Wls,el) : wie = 1,0° = 2 = 1) = Zg, Egp is not a
linear group.

2. A simple calculation shows that ]\70 NZ(Ee2)) = Zs

3. The short restricted roots are all of multiplicity 2.

14. The Hermitian real form e;_j;) and the group E7(_25)
Recall from sections 12 and 13 that e; ¢ = sl(8,C) + A* W and

3

es.c =sI(6,C) +s1(2,C) + \ W1 @ Wy

If Wl* = <g17g2ug3ug47g5796>7 W2* = <g77g8> and h‘O = Z?:l h] - 3<h7 + h8)7

4 2 2
erc =esc+ (ho) + (Wi - Wy + A\ W) + (W) - Wa+ A Wi @ \ We)

where all the sums are direct as vector spaces. If

4 2 2
kc = esc + Cho, py = (W1 - W5 + A\ Wi),p_ = (W - Wa + A @ [\ W),

ad(hg) is 0 on kg, 4 on py and -4 on p_. It follows immediately that k¢ is a

Lie algebra, [p+,p+] = 0 and [p,p-] C k¢. If pc = py +p-, (kc,pc) is a
symmetric pair for e;c. If g = k+p is the corresponding real form, g = e7,_2s).

Now E7(_25) is the simply connected analytic group with Lie algebra e7(_os) .
Let ® : Ey_25 — FEr25 be the covering homomorphism. The maximal
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compact subgroup of Er_s5 is K = Eg_rg) - S! and the pullback of K is
K =& (K) = Eg_m x R. For (v,7) € K, ®(z,7) = x - exp(iThy).

Using the fact that Zs = Z(Fg_7s)) C SU(6) - SU(2), we see that
Z(Er(_a5) C SU(6) - SU(2) x R, and a direct calculation yields

Z(Er(_a5) = {(wls, e, 7) : wie = 1,08 = 1, wh exp diT = 1}/{£(I6, I, 0)}.

If wo is a primitive sixth root of unity, we have that Z(FEr7_s5)) is generated by
(WOI(;, IQ,7T/6) and so Z(E7( 25)) = 7. Now
a=(Xp234), X{l 25,6} X{l 27,8)) is @ maximal abelian subalgebra of p, and from

[10] we have that M=KnZz (a) is generated by My = Spin(8) and the pullback
of Ad(exp(mi/4)X1278}). Since

Ad(exp(mi/4) X 278)) = Ad(diag(1,1,-1,-1,—1,-1,1,1))

and diag(1,1,—1,—1,—1,—1,1,1) € Spin(8), we have the following.

Proposition 14.1. M= ]\/4\0 . Z(E7(,25)) = ]/\/[\0 x 7.
Remark. From [10] and [13] we have that @(]\/Z) ~ My x Zs.

15. The Hermitian real form eg_4) and group E6(714)

Now
50(10,C) = (fi - fi,9i- gj, fi- 95+ 1,5 < 5,0 # j) + (hy : j <5),

and if hg = hg — hy — hs, ke = s0(10, C) @& Chy is a reductive Lie algebra. Setting
V={fi,fo [, Js, [5), P+ =NV - fs, p- = NV - fr- fs, and pc = p4 +p_, we
have that ke + pc = es¢c and (kc,pc) is a symmetric pair. The Lie algebra
corresponding to the real form of this symmetric pair is eg_14). Now K =
Spin(10) - St is the maximal compact subgroup of Eg(_14) and K = Spin(10) x R
is the pullback of K in Fg_ 4. Note that ad(hg) = £3/2 on p..

Now a = (X{172,576},X{1,27778}) is a maximal abelian subalgebra of p. If

M = Z(a)NK , we have from [10] and [12], that the image of M in K is connected
and m = su(4) @ (Hy) where Hy = hs — 1/3hg. A simple calculation shows that
Z(FEg(-12)) = Z and has a generator the pullback of

expm’(hl + hg + h3 + h4 —f- h5 — 1/3h0)

Since hy + hy + hs + hy € su(4), we have the following.

Proposition 15.1.  The group M = My = SU4) x R.

16. The groups FEg_2) and Fy_s)

The groups Eg—26 and Fj_o0) are both simply connected linear groups with
trivial centers. From [10] we see that for Eg_s6) the group M is Spin(8), and for

Fy(—20) the group M is Spin(7). This concludes our analysis of the exceptional
groups.
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17. The Classical Groups

Throughout this section we will use the notation (G, K) to denote a pair where
G is a simply connected real simple Lie group and K is the pullback in G of a
maximal compact subgroup of Ad(G).

1. (SL(n,R), Spin(n)): Now p is the space of real nxn symmetric matrices
of trace 0. If a is the space of diagonal matrices in p, a is a maximal abelian
subalgebra of p. We then have the following.

Proposition 17.1. M = Z(a) N Spin(n) = D,,.

Remark. If P is a non minimal parabolic subgroup of SNL(n, R), an easy calcu-
lation shows that {+I} = [D,, D,] C P,.

2. (SU*(2n), Sp(n)): Since SU*(2n) is a linear group we have the following
proposition.

Proposition 17.2. M = (Sp(1))".

3. (SU(p,q),SU(p)xSU(¢)xRH) with 1 < p < g and H = ( qép g] > ,
T g
and the map of K onto S(U(p) x U(q)) sends tH to exp(itH):
Then a = (E,,4; + Eptj; 1 < j < p) is a maximal abelian subalgebra of p
Setting M = K N Z(a) we now state.
Proposition 17.3. M = (SHP= x SU(¢—p) x R.

Proof. By a simple calculation, we have

Mz((a,ﬁ,QH):a:dmg(al,.. (60 ﬁO)

pr = diag(by,....b,), 0 € U(q — p) aj - =1,b p - detfBy =1,

la1| =...=|a,| =1,b; = ajei(p+Q)9)> =}
<(b17"'abp76270):b17"'7bp€C7|b1|:--~:|bp|:1,ﬁ2€U(q—p),

by - b, = PPV = (dety) ) =

(s by o) < [ba] = ... = o] = L, o € SU(q — ).

by ---b, = PPy =

((by,...,bp_1,02,0) : 1] = ... =1|by| =1,0, € SU(¢ —p),0 € R) =

(S~ x SU(q—p) x R.

4. (SU(p,p), SU(p) x SU(p) x RH), H = diag(I,, —1,): Taking a is as in
3, we obtain:

Proposition 17.4. M = (SHyr-t x Z
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Proof. : A simple calculation yields
M= {(a1,g..,apb1,. .. by, 0) : ] = ... = |ay| = 1,b; = a;e*,
ap-a,=0by b, =1e""=1) =
(b1, ..., bp_1,0) s bl =...=|b)| =1,0 € (n/p)Z) =
(SHr~! x Z.

Remarks. Note that Z(G) = ((z, (k/p)w) : 2 = 1,k € Z), and the kernel of the
map of K onto S(U(p) x U(p)) is isomorphic to

((exp(—2mi/p), 27 /p)) =
Then the image of M in S(U(p) x U(p)) is (S')P~! X Zy, and the image of M in
AdG is (Styr1.

5. (Sping(p, q), Spin(p) x Spin(q)), where 1 < p < q, p # 2, and q # 2:
Taking a as in 3, and keeping our notation we obtain the following.
Proposition 17.5. M= D, x Spin(q — p)

Note that D; and Spin(1) are trivial.

a. If p=1, Spiny(p,q) is a linear group and M = Spin(q —1).
b.Ifg=porif g=p+1, ]/W\:Dp-

6. (Sping(2,q), R x Spin(q)) with ¢ # 2: We have amap ¢ : R —

Spin(q + 2) where ¢(t) = exp(te; - e2). If a is as in 3, then M = Zy - My where
= Spin(q — 2) and
Zy = {(km /2, %es - e4) : k odd} U {(km/2,£1) : k even}.

With addition in the first variable and multiplication in the second variable, Zy is
easily seen to be a group. Since (0, —1) € M, if ¢ > 3,this product is not direct.
If Z; = {(kn/2,(es-es)¥) : k € Z}, Z, is a group isomorphic to Z. Note that
Z1 Zl <(0 :|:1)> 7 x ZQ.

Proposition 17.6. If ¢ > 3, ]/\4\§Z><]/\/[\0.Ifq:3, M\%ZXZQ
Remarks. (a) Note that Sping(2,3) = Sp(2,R).

) The image of 71 in Spin(q+2) is (e1-eg-e3-e4) = Zo.
c) If g > 3, the image of M in Spin(q + 2) is isomorphic to Zs x Spin(q — 2).

e) The image of M in Ad(Sping(2,q)) is connected if and only if ¢ is even.

(b

( M

(d) If ¢ = 3, the image of M in Spin(5) is isomorphic to Zg X Zs.

(¢)

() If p=q=2, Spiny(2,2) = SL(2,R) x SL(2,R) is not a simple group.

7. (Sp(n,R), SU(n) x RH), where H — ( _01 é ); Then

p= {(A _BA>:AT A, BT = B}, with

a={diag(zy,...,xp,—x1,...,—Ty) : T1,...,2, € R}

is a maximal abelian subalgebra of p.
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Proposition 17.7. M = (Z,)""' x Z.

Proof.  Since the image of M in U(n) is
M = (diag(e, ..., €,) €, = £1) = (Zs)",
M= {(A0): Ac SU(n),9 € R, Aexp(if) € M).
Hence M = (M N SU(n)) x M where M N SU(n) = Z5 " and
M ={(A,0): Ac SU(n),0 € R, Aexp(if) = diag(£1,1,...,1)} =
{(diag((—=1)*,1,...,1) exp(—ikn/n), kr/n) : k € Z} 2 Z.
Thus the result holds. [

8. (SO"(2n), SU(n) x RH), H — ( Y é ); Now

p={i (g _BA ) . A,B € M,(R),A” = —A,B" = —B}.

If a is the set

[n/2]
(X 0
{0 ( 0 —-X ) €ep: X = Z Tr(Eok-12k — Eokor—1), Tr € R},

k=1
a is a maximal abelian subalgebra of p.

A simple calculation shows that < AB ]j ) x OH € M if and only if Ze?X =

XZe  and XZe" = Ze X where Z = A+iB.
a. fn=2k+1, Z=diag (Z(1),...,Z(k), ) where
2(1), ..., 2(k) € My(C),

Z(j) _< U —.ZU)?M )

—2(j)19€
and det Z(1)---det Z(k) e = 1. Setting Z,( < Z(j— @12 ) , we have

det Z,(1) = --- =det Z,(k) =

and exp(i¢ — 2kif) = 1. Hence we obtain the following.

Proposition 17.8.  If n =2k + 1,then M = SU(2)* x R.
b. if n =2k, Z =diag(Z(1),...,Z(k)) where Z(1),...,Z(k) € M(C),

and exp(—2kif) =
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Proposition 17.9.  If n = 2k, then M = SU(2)* x Z.

Remarks. For n = 2k the image of M in Spin* (4k) is
SU(2)* x Zy. The image of M in SO*(4k) is SU(2)*, and the image of M in
Ad(SO*(4k)) is SU(2)*/{+£I}.

9. (Sp(p,q), Sp(p)xSp(q)) with p < ¢q: Then Sp(p, q) is a simply connected
linear group and M = Sp(1)? x Sp(q — p).

18. Summary

Suppose G is a connected real simple Lie group with Lie algebra g contained in a
simply connected group G¢ having Lie algebra gc. Let G be the universal cover
of G. Fix K, a maximal compact subgroup of G and denote the pullback of K
in G by K. Fleng a as in the previous sections, set M=2Z7 (a) N K and let M

denote the image of Min K.

1. Then M = 21 P ]\/4\0 where 21 is a discrete group and ]\//fo is the identity
component of M .

2. The group Zl is infinite if and only if G/K is a tube type domain.
3. Since, as topological spaces, f(/]\/f\ = K/M,
7T1<K/ M) = 7T0(]/\-4\) = 2\1.

Hence K /M is simply connected if and only if M is connected. From the

homotopy exact sequence, it follows that M is connected if and only if M
is connected.

4. Suppose [ is the number of white dots of the Satake diagram of GG that are
not adjacent to a black dot nor connected to another white dot by an arrow.

(a) The group M is connected if and only if [ = 0.
(b) If =1, G/K is a tube type domain and Z; = Z.
(¢c) If 1 >1 and G/K is a tube type domain, G = Sp(l,R) and

M=2 = Z5 % Z.

(d) If I > 1 and G/K is a not tube type domain, 7, is a non abelian group
of order 21+1.

5. If G is a split group, M= 21.
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