Journal of Lie Theory
Volume 15 (2005) 1-11
(© 2005 Heldermann Verlag

Almost Transitive Actions on Spaces with the Rational
Homotopy of Sphere Products

Oliver Bletz-Siebert

Communicated by K.-H. Neeb

Abstract. We determine the structure of transitive actions of compact Lie
groups on spaces which have the dimension and the (rational) homotopy groups
of a product $! x $™ of spheres.

These homogeneous spaces arise in several geometric contexts and may
be considered as $'-bundles over certain spaces, e.g. over lens spaces and over
certain quotients of Stiefel manifolds.

Furthermore, we show that if a non-compact simply connected Lie group
acts transitively on such a space, then the orbits of the maximal compact sub-
groups are all simply connected rational cohomology spheres of codimension one
and hence classified. We obtain this by giving a short proof of the existence and
structure of the natural bundle of Gorbatsevich under these much less general
assumptions. In this special case the proof gets considerably shorter by the use
of the homotopy properties of the spaces in question and a theorem of Mostert
on the structure of orbit spaces of compact Lie groups on manifolds.

Introduction

By a well-known theorem of Montgomery [14], the maximal compact subgroups
of a Lie group acting transitively on a compact simply connected manifold still
act transitively on the manifold. This is not true if the manifold is not simply
connected, as already the example of the action of the real numbers on the 1-
sphere ' shows. Even if the simply connected Lie group acts effectively, the
maximal compact subgroups need not act transitively, see Example 5.

We show that sometimes the maximal compact subgroups of a transitive
Lie group are not too far from being transitive in the sense that their orbits are
of codimension 1. The structure of manifolds admitting an action of a compact
connected Lie group with an orbit of codimension 1 was determined by Mostert.
To be precise, we prove the following result, where 7,(X) ® @@ denotes the graded
group @renmi(X) ® Q.

Theorem 1.  Let X be an (m+1)-dimensional compact homogeneous space of
a simply connected Lie group G with m(X) =2 Z and

Te(X) @ Q27 ($' x ™) @ Q.
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Then the orbits of all maximal compact subgroups K of G are simply connected
rational cohomology m-spheres and To(S! X (K - 7)) = 7,(X) for every v € X.
All these K -orbits are equivalent and of dimension m. In particular, K is not
transitive and G is not compact.

From this theorem we deduce the structure of a homogeneous space of
a compact Lie group if the homogeneous space meets the other assumptions of
Theorem 1.

Theorem 2.  Assume A is the commutator group of a compact connected Lie
group K and H is a closed subgroup of K. Set X = K/H . If

dmX =m+1, (X)) 27 and 7(X) @ Q 2 7, (3" x ") ® Q, (1)

then there is a complementary one-dimensional torus group T = SO(2) for A
such that T - A is transitive on X and AJANH is a simply connected rational
cohomology m-sphere. Conversely, if the centre of K is one-dimensional, if
H' C A and if AJANH is a simply connected rational cohomology m-sphere,
then also (1) holds.

In both cases all the A-orbits on X are equivalent; furthermore, AN H 1is
connected, H/H?' is cyclic, Te(A/JANH) @ Q = m(3™) ® Q and $'x (A/AN H)
18 a covering space of X .

In Theorem 2 one might restrict the action of A to a minimal normal
subgroup acting transitively on the orbits of A; if there is no such proper normal
subgroup, then (the action of) A is called irreducible.

The compact Lie groups acting transitively on spheres and even on spaces
with the rational cohomology of spheres were determined by various authors, see
the explanations before Theorem 10; there, for sake of completeness, we cite the
classification result for such homogeneous spaces and give tables of the transitive
groups. In particular, the irreducible groups A of Theorem 2 (and their actions)
are explicitely known. Furthermore, by Theorem 2 the homotopy type of X
determines the homotopy type of A/AN H; a look on Theorem 10 shows that
the space AJAN H is determined by me(X), and if A/AN H is not a sphere, then
even the irreducible action on the A-orbits is determined. Of course, a similar
observation holds for Theorem 1. (Note that by the last column of table 2 in
Theorem 10 one can distinguish the spheres by their homotopy from the rational
cohomology spheres which are not genuine spheres, and the spaces of the last sort
may be distinguished from each other by their homotopy since the Stiefel manifolds
SO(2k +1)/SO(2k — 1) are (2k — 2)-connected).

In [2] we show that a quotient of a compact connected Lie group and a
closed connected subgroup has the rational cohomology of $! x $™ if it meets the
assumptions in Theorem 2; the conclusion on the cohomology of a manifold even
holds more generally under the assumptions in Corollary 4.

Such a homogeneous space is certainly not simply connected and transitive
groups are not semi-simple. This contrasts with the case where $! x $™ is replaced
by $F x §™ with k > 1.

Kramer [13] classified the simply connected homogeneous spaces with the
rational cohomology of $% x $™ for 3 < k < m and m odd, and Wolfrom [23]
classified these simply connected homogeneous spaces in the case 2 = k < m and
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m odd. Tt is implicit in [13, 3.C] that these homogeneous spaces with the rational
cohomology of $¥ x $™ have also the rational homotopy of $* x §™ if k > 1. As
mentioned above, in the case £ = 1 the reverse implication holds: a homogeneous
spaces with the rational homotopy of $! x $™ as in Theorem 1 or 2 has the rational
cohomology of $' x $™.

Spaces with the rational cohomology of sphere products $* x $™ occur for
example as focal manifolds of isoparametric hypersurfaces with four principal cur-
vatures in spheres. These focal manifolds may be seen as special cases of point and
line spaces of generalized quadrangles, i.e. of buildings of type Cs in the sense of
Tits. And in this more general situation it still holds that the homogeneous (point
or line) spaces have the rational cohomology of sphere products (Kramer [12]). In
all these examples the spaces in question are simply connected for £ > 1, and as
stated above it follows that they also have the rational homotopy of $* x $™. For
k =1 it can be shown ([2]) that in this geometrical context (as point or line space
of a homogeneous generalized quadrangle with parameters (1,m)) these spaces
have the rational homotopy of 8! x $™.

$1-fibre bundles over lens spaces and over quotients of Stiefel
manifolds

In this section we give another interpretation of the homogeneous spaces appearing
in Theorem 2.

First we recall the exact sequence of homotopy groups for a fibre bundle,
see Steenrod [22, 17.4]. If E — B is a fibre bundle projection with typical fibre
F', then there is a long exact sequence of groups

- = m(F) = m(E) — m(B) = 71 (F) — -+ — m(B).

We will use this exact sequence in the case of fibre bundles G/H — G/U, where
G is a Lie group and H and U are closed subgroups of G with H C U; these
fibre bundles have typical fibres U/H, see Steenrod [22, 9.6]. Furthermore, if G
is connected and H trivial, then the exact homotopy sequence may be extended
to end in

= m(U) - m(G) - m(G/U) — m,(U) — 1,

where 7,(U) = U/U" is the group of connected components of U .

These fibre bundles arising from Lie groups are used to give the following
interpretation of the spaces appearing in Theorem 2. Assume A/H is one of the
homogeneous spaces of Theorem 10 below, i.e. A/H is a simply connected rational
cohomology m-sphere, in particular we have m,(A/H) ® Q = 7,($") ® Q, see
Kramer [13, 2.4]. Let Z be a finite cyclic group in the normalizer of H in
SO(2) x A; note that H is connected. Then the quotient (SO(2) x A)/(Z - H)
is a space of the type considered in Theorem 2 (for m > 2). For simplicity we
assume that Z intersects SO(2) and H trivially. (It would be enough to ask that
Z intersects A in H.)

We denote the projection of SO(2) x A/H to the second factor A/H by
pry. The bundle

(SO(2) x A) SO(2) x A ~ A
(Z-H)  SOQ@)xpy(2)-H pry(2)-H
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has typical fibre SO(Q)XZ?E(Z)'H =} SO(Z)XZpr2(Z) =~ SO(2). Another interpretation of
this $!-fibre bundle projection is the following. On the one hand the finite cyclic
group Z acts on SO(2) x A/H, on the other hand it acts as pry(Z) on A/H; the
induced map between the Z-orbit spaces (SO(2) x A)/(Z - H) and A/(pry(Z) - H)
is the mentioned bundle projection.

For example, for £ > 2 let A = SO(2k + 1) and H = SO(2k — 1); fur-
thermore, let Z be a finite cyclic subgroup diagonally embedded into the product
SO(2) x SO(2), where the second factor is interpreted as the (connected compo-
nent of the) centralizer of H in A. Then (SO(2) x SO(2k +1))/(Z - SO(2k — 1))
is a $'-fibre bundle over the cyclic quotient SO(2k + 1)/(pry(Z) - SO(2k — 1)) of
the Stiefel manifold

SO(2k +1)/SO(2k — 1)
of pairs of orthonormal vectors in R2*+1.

As another example consider the lens space L obtained as the orbit space
of $2"+1 c C™*! under the action of the finite cyclic group generated by the
diagonal matrice with entries £7,£%, ... £+ where £ = exp(%) for a prime
number p and where ¢q, o, ..., q,11 are prime to p with ¢ +¢ + -+ goy1 =0
mod p, see e.g. Spanier [21, 2.6.10]. If we identify $***! = SU(n + 1)/SU(n) and
if we denote by Z a cyclic subgroup of SO(2) x SU(n + 1) that projects onto
the group generated by diag(£%,£%, ..., &%) € SU(n + 1), then the orbit space
(SO(2) x SU(n +1))/(Z -SU(n)) is a $'-fibre bundle over the lens space L.

Proofs of the theorems

Suppose X is a homogeneous space as in Theorem 1. First, we will determine the
cohomology (over the rationals) of the universal covering space of X .

Lemma 3.  Let X be a compact connected topological (m + 1)-manifold with
infinite fundamental group such that mp(X) is finite for 1 < k < m. If s is the
free rank of m,(X), then the rational cohomology groups of the universal covering
space X are given by

_ Q ifk=0,
HX;Q) = @ ifk=m>1,
0 else.

Proof.  The cohomology groups of the manifold X are trivial in dimensions
greater than m + 1 = dim X. As a covering space with infinite fibres, X is a
non-compact manifold, and it follows that H™(X) = 0, see Bredon [7, VI.7.12
and 14].

Since X is the universal covering space of X, we have
(X))@ Q2 m(X)® Q=0 for 1<k<m

and T, (X) ® Q = m,(X) ® Q = Q° (if m > 1). There is a rational version of
the Hurewicz theorem, see e.g. Spanier [21, 9.6.15], which now implies that the
rational cohomology groups in the 'middle’ dimensions vanish, i.e. H* ()? Q)=0
for 0 < k < m, and that H™(X; Q) = Q° (if m > 1). ]
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The assumptions on the homotopy groups in the last lemma are in particular
fulfilled if the fundamental group is abelian of free rank 1 and if the only non-
vanishing higher homotopy groups are up to torsion the same as those of $™.

Corollary 4.  Let X be a compact connected topological (m + 1) -manifold with
an abelian fundamental group such that me(X)® Q = 7 (3! x $") @ Q and

m > 2. Then the universal covering space X of X has the rational cohomol-
ogy of an m-sphere, i.e.

HY(X;Q) = H*(S™ Q).

We will consider spaces X which are homogeneous spaces of Lie groups,
and we will determine their structure. First, we consider the case where the Lie
group is simply connected. For simply connected compact homogeneous spaces the
maximal compact subgroups still act transitively on the homogeneous space by a
result of Montgomery [14]. Montgomery generalized this to homogeneous spaces
with finite fundamental group; see also Salzmann et al. [20, 96.19] for a proof,
which inspired the proof of Theorem 1. For infinite fundamental groups this is
false in general as the following example shows.

Example 5.  The image of R x SU(n) in GL,+;(C) under the injection

eitﬁ
(t7 A) = ( eitA>

acts effectively and transitively on $!' x $?"~! c C"*! and has no transitive
compact subgroup, because the orbits of SU(n) are (2n — 1)-spheres.

We are now going to describe the orbits of compact Lie groups acting
transitively on spaces with the homotopy considered above. We start with the
case of maximal compact subgroups of simply connected Lie groups.

Proof of Theorem 1.  First note that the assumptions imply m > 2. We
begin the proof as in Salzmann et al. [20, 96.19]. We choose a point x € X such
that K,' is maximal compact in G,': for some y € X take a maximal compact
subgroup L of G containing a maximal compact subgroup of Gyl, then Ly1 is
maximal compact in Gyl and because of (gLg™'),., = gL,g~" every x = g-y with
K = gLg™! is as claimed; note that every compact subgroup lies in a maximal one
and that these are connected and all conjugate. (In the end we will see that all
K -orbits are of the same type. Therefore, the choice of x is actually arbitrary.)
Consider the commutative diagram

K/K,'—1-a/a,!

Pk

K/K,—%~G/G,

where j and « are the natural mappings and indeed embeddings, see e.g. [20, 96.9].
Being inclusions of maximal compact subgroups, K — G and K,' — G,' are
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homotopy equivalences, and so they induce isomorphisms in homotopy. Therefore,
the map j of the diagram also induces an isomorphism in homotopy by the five-
lemma. But then j induces also an isomorphism in homology, see the Whitehead
theorem [21, 7.5.9]. Since p and ¢ are covering maps, « induces isomorphisms
ay :m(K/K,) — m(G/G,) for all n > 2.

In the diagram

0—m(K/K,')) —m(K/K,) — K,/ K,") —0

5 | |

0—— 7T1<G/Gx1) - WI(G/GJJ) - G:):/le —0

we have m(G/G,) = m(X) = Z by assumption.

As G/G," is simply connected and as j induces isomorphisms in homotopy,
K/K," is simply connected. Furthermore, G,/G,' is infinite. This means that
G/G,' is the universal covering space of X and that it is not compact and
not homeomorphic to the compact space K/K,', the universal covering space
of K/K,. Therefore, K is not transitive on X . In particular, the group G is not
compact.

As j induces isomorphisms in homotopy and (co)homology, we have

To(K/K,') ® Q 27 (G/G,') @ Q= my(S™) © Q

and by Corollary 4 also H*(K/K,"; Q) = H*(G/G,"; Q) = H*($™; Q).

Therefore K/K," is a simply connected rational cohomology m-sphere. As
K/K," is compact, orientable, and has the rational cohomology of $™, one has
dmK -z =dimK/K, =dim K/K,' =m.

Up to now we only used that the fundamental group of X is infinite;
the fact that it is torsion free will be exploited in the sequel. We now apply
Mostert’s theorem [16] for orbits of codimension 1 in manifolds (compare also [17]
and Hofmann and Mostert [11]). There are just the two possibilities X/K ~ $!
or X/K ~ [0,1]. We will show that the second case does not occur.

As K is compact and simply connected, K -orbits have finite fundamental
groups. If X/K ~ [0, 1], then X may be described as a double mapping cylinder
of orbit projections of a principal orbit onto two exceptional orbits of the action of
K, see Mostert’s theorem [16]. The injections of the two exceptional orbits into X
induce mappings of their fundamental groups into the fundamental group of X.
By the Seifert-Van Kampen theorem these images generate the fundamental group
of X. But as m(X) = Z by assumption, the images of finite groups in 7 (X) are
trivial and cannot generate 71 (X). Hence, X/K ~ [0, 1] is not possible.

Therefore, X/K =~ $'. But then all orbits are of the same type K/K,,
and there is a fibre bundle K/K, — X — X/K ~ 8!, whose homotopy sequence
shows that 7, (K/K,) =0, ie. K, = K, is connected. Hence the orbits of K are
simply connected rational cohomology m-spheres, and the homotopy sequence of
K/K, — X — 3! shows that 74(X) & 7, (3! x (K - 7)). [

Remark 6. Note that the simply connected homogeneous rational cohomology
spheres, which appear in Theorem 1 and in Theorem 2, are classified; for the
convenience of the reader we list them at the end, see Theorem 10.
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Remark 7.  The last proof shows that if 71 (X) in Theorem 1 is infinite abelian
but fails to be torsion free, then there still is for every x € X a maximal compact
subgroup L of G such that L/Lm1 is a simply connected rational cohomology
m-sphere, and all the L-orbits are equivalent. Furthermore, for every maximal
compact subgroup there is such a point x € X.

Remark 8.  The fibre bundle K/K, — X — X/K is in the case treated
here the natural bundle of Gorbatsevich. In [9] he proved that for a compact
homogeneous space X = G/H of a simply connected Lie group G there is a
subgroup H' of finite index in H such that K/(KNH') - G/H — X/K is a
fibre bundle whose fibre K/(K N H') has a finite fundamental group (and where K
is a maximal compact subgroup of ). Furthermore, he showed that if additionally
the fundamental group of X is torsion free, then one may take H' = H and then
the fibre K/(K N H’) is simply connected.

We gave a different direct proof (not relying on the results of Gorbatsevich)
that K/K, — X — X/K is a fibre bundle under the additional assumptions on
the homotopy, since we need these assumptions anyway to describe the structure
of the homogeneous spaces we are interested in; furthermore, the assumptions on
the homotopy considerably simplify the proof.

If the transitive Lie group is compact (and hence not simply connected), its
action may also be seen in the light of Theorem 1, applied to the simply connected
covering group. We stress this by deducing Theorem 2 from Theorem 1. It is not
really necessary to invoke Theorem 1, see the remark after the proof.

Proof of Theorem 2.  First assume that (1) holds, i.e. that X is an (m+1)-
dimensional homogeneous space of K with infinite cyclic fundamental group and
that X has the same rational homotopy as $' x $™. Note that the assumptions
imply m > 2. The homotopy sequence of H — K — X shows that the centre
of K has positive dimension, since this dimension is the free rank of 7 (/). The
connected component of the centre still acts transitively on the orbit space X/A
of the commutator group A of K. Up to a finite covering, A is the maximal
compact subgroup of the universal covering group of K'; hence A is connected.
By Theorem 1 the orbits of A in X are simply connected rational cohomology
spheres, and these orbits are all equivalent; furthermore, X/A ~ $'. Tt follows
that there is a complementary torus group 7' = SO(2) in K acting transitively on
X/A; in particular T'N H is finite, and 7"+ A is transitive on X.

It also holds that AN H is connected since A/AN H is simply connected.
A simply connected space with the rational cohomology of an m-sphere has also
the rational homotopy of an m-sphere (see Cartan-Serre [8, Prop. 3| and Kramer
[13, 2.4]); therefore m(A/ANH) @ Q = 7 ($") @ Q.

The fact that H/H! is cyclic follows from the homotopy sequence of the
fibre bundle H — K — X . Finally, K/H' ~ &' x A/AN H is a covering space
of X. This also shows that the additional conclusions of Theorem 2 hold if we
assume (1).

Now assume that the centre of K is one-dimensional (i.e. K = SO(2)- A)
and that the quotient A/AN H is a simply connected rational cohomology m-
sphere for some subgroup H of K with H* C A. Note that the conclusions of
the second paragraph only require that A/A N H be a simply connected rational
cohomology m-sphere. Hence, these conclusions hold under the assumptions of
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this paragraph. The cohomology structure of the orientable manifold A/AN H
implies that dim A/AN H = m, see e.g. Bredon [7, VI.7.14], and it follows that
dimK/H = dimK/H' = 1 +dimA/H' = m + 1. We may assume that A is
simply connected and that K = SO(2) x A. We consider the projection

p:SO(2) x A — SO(2)

from K to the first factor of K. Because of H' C A the image p(H) of H in SO(2)
is finite, hence SO(2)/p(H) = SO(2). Furthermore, A/JANH ~ (p(H) x A)/H,
and there is the fibre bundle A/AN H — (SO(2) x A)/H — SO(2)/p(H) and an
exact sequence

m(A/ANH) — m(K/H) — m(SO(2)),

which shows that (K /H) is infinite cyclic since A/A N H is simply connected
and K/H is finitely covered by SO(2) x A/AN H. Furthermore,

To(K/H) ® Q= 1 (SO(2) x A/JANH)® Q= m(S! x $™) @ Q.

Hence, (1) holds. [

Remark 9. One may obtain the first part of Theorem 2 also as follows. Up
to a finite covering we may assume that K = Z x A, where Z is the connected
component of the centre of K and A is the commutator group. The projection
p from K onto Z induces a fibre bundle A/(ANH) — K/H — Z/p(H) whose
homotopy sequence shows that 7 (Z/p(H)) = Z, since m1(A/(AN H)) is finite. It
follows that Z/p(H) ~ $' and that A/(A N H) is simply connected. Hence, there
is a torus group T' in Z complementary to p(H) such that 7' x A is transitive on
X = K/H. Furthermore, A/(AN H) is a rational (homotopy and by the rational
Hurewicz theorem) cohomology m-sphere. The other claims follow as above.

With the notation of the last theorem, R x A/ANH is the universal
covering space of X ; this explains Corollary 4.

The rational cohomology of X and of the bundle H' — K — K/H! is
determined in [2]. In particular, it is shown there that K/H' has the (rational)
cohomology of the sphere product $' x $™.

If in the last theorem K 1is assumed to act irreducibly, then it follows
that K is locally isomorphic to SO(2) x A, where A is one of the almost simple
Lie groups appearing in the tables of the following theorem, in which for the
sake of completeness and for the convenience of the reader we give the table of
homogeneous cohomology spheres. This classification was obtained by various
authors. We give a short overview over the classification. Montgomery and
Samelson [15] determined the structure of compact connected Lie groups that
act effectively and transitively on spheres. Borel ([3] and [4]) gave an explicit list
of these almost simple Lie groups. He also proved that if a homogeneous integral
(co)homology sphere, i.e. a homogeneous space of a compact connected Lie group
with the same integral (co)homology as a sphere, is additionally simply connected,
then it is indeed an ordinary sphere.

Poncet [19] proved that these transitive actions on spheres are all equivalent
to actions of subgroups of the respective orthogonal group and hence linear. Fi-
nally, Bredon [6, 1.1, 1.2] showed that a homogeneous cohomology sphere is either
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a 1-sphere or simply connected (and hence a sphere) or the Poincaré homology
3-sphere, i.e. the quotient space SO(3)/I of SO(3) and the group I of rotational
symmetries of an icosahedron, see Bredon [7, VI.8.10]. This gives the classification
of homogeneous integral cohomology spheres. For tables similar to those of The-
orem 10, see also Salzmann et al. [20, 95.4], Grundhéfer-Knarr-Kramer [10, 1.1]
and Biller [1, 3.1.1]. There all the effective actions on spheres are given, whereas
we only give the irreducible ones in Theorem 10.

To consider the simply connected homogeneous spaces with the rational
cohomology of an n-sphere, first assume that n is even; then the homogeneous
space has Euler characteristic 2 and is indeed a sphere by Borel-De Siebenthal [5]
and Borel [3]. A compact connected one-dimensional manifold is a 1-sphere. For
n > 3 odd assume additionally that the transitive Lie group G acts irreducibly;
recall that this means that there is no proper transitive normal subgroup in G.
Then G is almost simple by Kramer [13, 3.7] and Onishchik [18, §18, Prop. 2(i)].
For the classification of the transitive actions of almost simple Lie groups on
rational cohomology spheres of odd dimension n > 3 see Kramer [13, 6.A] from
where we took table 2 of Theorem 10; cf. also Onishchik [18, Ch. 5, §18, Table 10],
where Sp(2) appears as SO(5).

Theorem 10. Let G be a compact connected Lie group and H a closed sub-
group such that G acts effectively and irreducibly on G/H and such that

H(G/H;Q) = H* (5" Q)

for some n € N. Assume that G/H 1is simply connected, if n > 1. Then either
G/H is a sphere and (G, H,n) is one of the triples of irreducible homogeneous
spheres in table 1, or n is odd and (G, H,n) is one of the triples in table 2.

G H n

SO(n+1) SO(n) neN

SU(k) SU(k—1) 2k—1,k>2
Sp(k) Sp(k—1) 4k—1,k>2
Go SU(3) 6

Spin(7)  Go 7

Spin(9) Spin(7) 15

Table 1: Homogeneous cohomology spheres

G H Ceng(H)' n

SU(3) SO(3) 1 5 3(G/H) =74
SO(2k+1) SO(2k —1) SO(2) Ak —1 mop1(G/H) =Zo, k > 2
Sp(2) "3, 1 7 m(G/H) =1Ly

Gy Roy, +Bpax,  SU(2) 11 m(G/H) =73

Go 2R pox, 1 11 73(G/H) = 74

GQ Rp(;)\l 1 11 7T3(G/H) = Zgg

Table 2: Homogeneous rational cohomology spheres
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(The symbols Bpsy,, Bpa, + Bpox,, 28pon, and Bpey, appearing in table 2

stand for the images of certain representations of Lie groups locally isomorphic to
SU(2), ¢f. Kramer [13, Ch. 4 and 6.A].)
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