Journal of Lie Theory
Volume 15 (2005) 27-50
(© 2005 Heldermann Verlag

Berezin-Toeplitz Quantization on the Schwartz
Space of Bounded Symmetric Domains

Miroslav Englis*

Communicated by B. Orsted

Abstract. Borthwick, Lesniewski and Upmeier [“Nonperturbative deforma-
tion quantization of Cartan domains,” J. Funct. Anal. 113 (1993), 153-176]
proved that on any bounded symmetric domain (Hermitian symmetric space
of non-compact type), for any compactly supported smooth functions f and g,
the product of the Toeplitz operators T¢T, on the standard weighted Bergman
spaces can be asymptotically expanded into a series of another Toeplitz opera-
tors multiplied by decreasing powers of the Wallach parameter v. This is the
Berezin-Toeplitz quantization. In this paper, we remove the hypothesis of com-
pact support and show that their result can be extended to functions f, g in
a certain algebra which contains both the space of all smooth functions whose
derivatives of all orders are bounded and the Schwartz space. Applications to
deformation quantization are also given.
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1. Introduction

Let (Q,w) be an irreducible bounded symmetric domain in C¢ in its Harish-
Chandra realization (i.e. € is circular and convex), r its rank, p its genus, and
Kq(z,y) its Bergman kernel. It is then known that

KQ<x7y) = Aph(x7y>_p7 (11)

where 1/A, is the volume of © and h(x,y) is a certain irreducible polynomial,
called the Jordan triple determinant, holomorphic in z and anti-holomorphic in ¥y,
and such that h(x,0) = 1 Vo € C¢. Further, for any v > p — 1, h(z,z)"P is
integrable over €2, and if we choose normalizing constants A, so that

dpy,(2) == Ay, h(z,2)" Pdm(z)

(dm being the Lebesgue volume on C¢) are probability measures, then the
weighted Bergman spaces

A2(Q) == {f € L*(Q,du,) : f holomorphic on Q}
* Research supported by GA AV CR grant no. A1019304.
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have reproducing kernels given by
Ky (z,y) == h(z,y)™".

For any f € L>(Q), the Toeplitz operator T ]E”) on A? is defined as

16 = P,(f¢), €A (1.2)

where P, is the orthogonal projection in L*(£2, du,) onto A2. Explicitly,

To(x) = /Q FW)o ) Ko () dian ().

It is immediate from (1.2) that T}V) is bounded on A% and ||T;V)|| < || f oo
In [3], Borthwick, Lesniewski and Upmeier proved the following theorem.

Theorem A.  Let f,g € C*®(Q) have compact support. Then

C
< e as v — 400, (1.3)

) _ ) 1)
HTf 137 = Teoire =V Tora|| < 72

(f,9)

where the norm is the operator norm in A%, C;, is a constant (depending on f
and g), and

d

i , af Og
C = C = — k() 2L 25
O(fag) f97 1(fag) 2ﬂ_ij:1w (Z) 82j azk7
where [w/*]4, _ is the inverse matriz to
—0dlogh(z, 2)
H 02,0%; ( )
Note that (1.4) means precisely that
d
d52 = Z Wkl de dEl (15)

k=1

is the (suitably normalized) invariant metric on 2; thus

Ci(f.9) ~ Culg, /) = 5-Lf. 9},

where {f, g} is the invariant Poisson bracket on €. This is the starting point
for using Theorem A for carrying out the Berezin-Toeplitz quantization on €);
see e.g. [3], [4] for details.

The aim of the present paper is to extend Theorem A in two ways: first,
to get also the higher order terms (i.e. at v=%, k > 2) in (1.3); and, second,
to remove the hypothesis of compact support of f and ¢g. While the first part is
easy (and to some extent already implicit in [3]), the second seems to require more
effort. To state our result, we need a few more definitions.
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Recall that the identity component G of the group of all biholomorphic
self-maps of 2 is a semi-simple Lie group with finite center, and denoting by K
the stabilizer of the origin 0 € Q in G we may (and will) identify Q with the coset
space G/K. Any function f on Q can thus be lifted to a function f# on G by
composing with the canonical projection G — G/K = Q, i.e.

f(g9) = f(90), g€, g0eq. (1.6)

Let g be the Lie algebra of G, $i(g) its universal enveloping algebra, and for
P € i(g) let Lp be the left-invariant differential operator on G induced by P.
(That is, if P= P, --- P,,, with P,,..., P, € g, and f is a function on G, then

o
Oty ...0ty,

P P
f(gehtr .. etmPm) :
t1= =ty =0

Lpf(g) =
and for general elements P € 4(g), Lp is defined by linearity.)

Definition.  The space I BC® is defined as
IBC™®(Q) :={f € C=(Q) : Lpf* is bounded on G, VP € (g)}.

It will be shown below that IBC* is an algebra which contains both
BC® (the space of all functions in C'*°(2) whose derivatives of all orders are
bounded) and the Schwartz space S(€2) (whose definition will also be recalled
below). Our main result is then the following.

Main Theorem. There exist bidifferential operators C; (j =0,1,2,...) such
that, for any g € IBC™(Q) and f € IBC™(Q) N L*(,du),

(i) Ci(f,g) € L>=(R) Vj; and

(i) for any integer N >0,

= 0@ N as v — +00. (1.7)

Here
du(z) :== h(z,2)"Pdm(z)

stands for the G-invariant measure on 2 (this is the volume element associated
to the metric (1.5)), and by a (linear) bidifferential operator we mean that

aa’l“l"‘"‘l‘am

Gi(f.9)= Y e DDl (D= o), (1)
o, 3 multiindices .

with some coefficient functions c¢j,g (which must then belong to C*°(2)).

We will actually prove a somewhat more refined version of (1.7) (see Theo-
rem 8 below), and it will also turn out that C; involve only holomorphic derivatives
of f and anti-holomorphic derivatives of g, so that even

o _B
Ci(f.9) = Cjas-0"f-0 g
(X,B
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(with the obvious multiindex notation). Further, the operators C; will also be
shown to be G-invariant, i.e.

Ci(fop,god)=Ci(f,g)0p, Voei.

The paper is organized as follows. In Section 2., we recall some additional
prerequisites on bounded symmetric domains which will be needed. In Section 3.,
we establish some technical lemmas. Section 4. introduces certain invariant bid-
ifferential operators which will play an important role. The proof of the Main
Theorem appears in Section 5.. The last Section 6. discusses some applications to
quantization.

The author thanks Genkai Zhang and Harald Upmeier for helpful discus-
sions.

Notation. ~ We use the symbol J; as an abbreviation for the operator of the
holomorphic differentiation 0/0z;. If o = (v, ..., a4) is a multiindex, then 0% :=
of ... 954, Analogously for 0. Similarly, the symbol D* denotes differentiation
with respect to a real variable (as in (1.8) above). Subscripts like D¢, 8° indicate
the differentiated variable in cases where there is a danger of confusion. When
g is an element of G and z € 2, we will often write just gz instead of g(z)
(including, in particular, g0 instead of ¢(0)). Finally, for typographic reasons,

we will sometimes denote the Toeplitz operators by T, [f] instead of TJE”).

2. Bounded symmetric domains

Throughout the rest of this paper, let thus Q@ = G/K be a Cartan (i.e. irreducible
bounded symmetric) domain in C? in its Harish-Chandra realization, with G a
semi-simple Lie group with finite center and K its maximal compact subgroup
of all elements stabilizing the origin 0 € . Fix an Iwasawa decomposition
G = NAK , denote by g,n, a,t the corresponding Lie algebras, and for g € G let
A(g) € a be the (unique) element of a such that g € N exp A(g) K. Let further
M Dbe the centralizer of A in K. Introduce the function = on G by

(g) = / HAG) g
K

where dk stands for the normalized Haar measure on K and p € a* is the half-sum
of the positive roots. Similarly, using the Bruhat decomposition G = Kexpat K,
with at a fixed positive Weyl chamber in a (and the bar denoting closure),
the function o on G is defined by

O'(klerg) = HH”, kl,kg € K, He Cl+,

(1]

where || - || stands for the Euclidean norm on a ~ R" (with some normalization).
It is known that = extends continuously to the closure of € in C¢, satisfies
0 < Z <1 on €, and vanishes on the topological boundary 9 of € in C¢.
On the other hand, o(z) — +o00 as * — 99 in C?.

The (L?-)Schwartz space S on € consists, by definition, of all functions
f € C*(Q) such that, for any left-invariant differential operator L and any right-
invariant differential operator R on (G, and for any nonnegative integer k,

sup ((LRF)(9) (1 +0(9)* Z(g) ™" = [IfllkL.r < 0. (2.1)
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We topologize S using this family of seminorms. (In fact, it is enough to take
only the seminorms || f||x s, i.e. the right-invariant differential operators R can
be omitted from the definition.)

A (linear) differential operator L on {2 is called G -invariant (or just in-
variant for short) if

Lifo¢)=(Lf)od V€.
It is known that any such operator maps S into itself (continuously).

Let P be the vector space of all (holomorphic) polynomials on C?, equipped
with the Fock-Fischer inner product

e = [ 1 dme)
= 4" (0)(0) = F(2)g"(0),

where

g () = g(7)
and e.g. ¢*(0) is the (constant coefficient linear) differential operator obtained
from ¢*(z) upon substituting 0 for z. Under the action f — fok of the maximal
compact subgroup K, the space P decomposes, with multiplicity one, into the
Peter-Weyl decomposition

P =P P, (2.2)

where the summation extends over all signatures m, i.e. r-tuples m = (mq,...,m,)
of integers satisfying my > mg > --- > m, > 0, where r is the rank of ); further,
each Py, consists of homogeneous polynomials of total degree |m| := mi+---+m,..
See e.g. [5] for more details on this matter, as well as on several further properties
of the spaces Pn, which we use below.

For any K -invariant inner product on P, it is immediate from the Schur
Lemma that P, and P, are orthogonal for m # n, while on each P, any such
inner product is proportional to (-,-)r. This applies, in particular, to the inner
products of A2: namely,

<f7 g>F
(V)m

where (V) is the generalized Pochhammer symbol

<f7.g>1/ =

Vf,g € Pm, (2.3)

r mJ—l

Wm =] II (u—j;1a+k). (2.4)

j=1 k=0

Here a is the first of the so-called characteristic multiplicities a,b of 2, which are
related to the genus p, the rank r and the dimension d by the formulas

p=(r—1a+b+2, dzr(r—l)g—krb—i—r.

Each Pn, equipped with the Fock-Fischer scalar product is a finite-dimen-
sional Hilbert space of functions on C¢, hence has a reproducing kernel K, (z,v).
An important consequence of (2.3) is the Faraut-Koranyi formula

Wz, y) ™ =D (V)mKm(,y), (2.5)

m
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which holds for any v € C, uniformly for z,y in compact subsets of €.
For any g € G, the familiar transformation property of the Bergman kernel

Kq(z,w) = Kq(gz, gw) - Jg(z) - Jg(w)

(where Jg stands for the complex Jacobian of ¢) together with (1.1) implies that

gz, gw)’ = h(z,w)" - Jg(2) - Jg(w). (2.6)

Taking in particular w = ¢g7'0 =: ¢ and z = w = a, we obtain

a,a)P/?
Ig(e) = o B0

for some unimodular constant e,. Substituting this back into (2.6) gives the
important relation

hgz, gw) = -——=———= a:=g7'(0) (2.7)

valid for all z,w € Q and g € G.
Consequently, we have the change-of-variable formula

|h(gz, g0)*
du,(gz) = —————du,(2). 2.8
(92) = 5 ST ) (2.9
It follows that the operators
h(gz, g0)”

U é(x) = ¢(gz) (2.9)

h(g0, g0)¥/2

act unitarily on A2, and thus give a projective unitary representation of G' on this
space. The same is true for L*(€2,du,), and it follows that

UMTVUC =T vg e G, Yf e L¥(Q). (2.10)

— “fog

Finally, we recall some facts from Jordan theory, see e.g. [7] or [1] for details
and notation. In particular, we let {zyz} stand for the Jordan triple product on
C? for which € is the unit ball, D(x,y) for the multiplication operator z — {zyz},
Q(z) for the quadratic operator z — {zzz}, and B(x,y) for the Bergman operator

B(z,y)z =z = 2D(z,y)z + Q(z)Q(y)z.
The Bergman operator satisfies
det B(z,y) = h(z,y)P.
For each z € 2, the mapping (see [6], pp. 513-515)

0a(2) : = a = B(a,0)'*(I = D(z,a) '

2.11
—a— B(a,a)"?B(z,a) " (z — {zaz}) (2.11)
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is an element of G which interchanges a and the origin. Following [3], we will
instead use the related mapping

Ya(2) = ¢a(—2) = a+ B(a,a)*(I + D(z,a)) "z

2.12
= a+ B(a,a)"?B(z, —a) (2 + {zaz}) (2:12)

which sends 0 into a.

An element v € C?¢ is a tripotent if {vvv} = v; two tripotents u,v are
orthogonal if D(u,v) = 0. The cardinality of any maximal set of nonzero, pairwise
orthogonal tripotents is equal to the rank r; such sets are called Jordan frames.
For any Jordan frame e, ..., e,, each element z € C? has a polar decomposition

z=k(tiey + -+ - + tre), (2.13)

where £ € K and ¢, >ty > --- > ¢, > 0; the numbers ¢; are uniquely determined
(but k need not be), and z belongs to ©, 92 or the exterior of {2 according as
t1 <1, t; =1 or t; > 1. Further, for z as in (2.13),

r

h(z,z)=]](1-£). (2.14)

J=1

There is the following relation between the Lie-theoretic and the Jordan-
theoretic formalisms: for any Jordan frame, one can choose the maximal Abelian
subgroup A in the Iwasawa decomposition of G in such a way that there are
E;e€a (j=1,...,r) for which

r

(exp) 7E;) 0= (tanhm)e;, V..., €R. (2.15)
j=1

J=1

See e.g. Lemmas 2.3 and 4.3 in [7].
Finally, for any Jordan frame ey, ..., e,, the Shilov boundary of {2 coincides
with the set
{ke; k € K}

where e is a maximal tripotent given by e =e; +--- +e,.

3. The algebra IBC*™

Let BC*(£2) denote the space of all functions in C°°(Q2) whose derivatives of all
orders are bounded on Q, i.e. ||f||n00 <00 Vm, where

[ fllm.co := sup{|D*f(2)] : @ €9, |af <m}.

Note that in contrast to the Euclidean situation, none of the spaces S and BC*(2)
is contained in the other: an example of a function in &\ BC>®(Q) is (1 — |z]?)?,
with « > 1/2 and not an integer, on the unit disc.

Recall that we have defined

IBC™®(Q) :={f € C=(Q) : Lpf* is bounded on G, VP € (g)}.
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(The letters IBC are supposed to stand for “invariant BC*(Q2)”.) We topologize
IBC®> using the family of seminorms || f|p := ||Lpf# ||, P € U(g). In this
section we establish some facts about the space IBC™, as well as several auxiliary
results which will be needed later.

Let us introduce also the space

X(Q) :={f € C>®(Q): for any multiindex « there exists r, > 0

such that sup,.q |[D“f(z)|h(z,2)™ < co}. (3:1)

Here h stands, as before, for the Jordan triple determinant. Let ., be the
mapping (2.12).

Lemma 1.  For any multiindices o, 3, there are constants C, g < 0o such that
| D20 (v2(2))i] < Cag b, &) (DT (2 )= i =1, d Ve, 2z € Q,

where v and p are the rank and the genus of §2, respectively, and

)0 if |8] =0,
)= {2(|ﬁ| T

Proof.  The complex derivative of ~,(x) with respect to x satisfies (cf. (4.27)
in [3])
() = B2, 2)V2B(r, —2) (32)

Since {zxzz} is quadratic in = and conjugate-linear in z (hence, in particular, C'*
on C? x C?), it follows that there exist constants Cj, < oo such that

D203 (7:(2))il < Ca sup ID2(B (2, ) )| - [|B(ar, —2) ||l

Vo,z € Q and Vi =1,...,d (the norms are the operator norms on C%).
The inverse of an arbitrary matrix A = (a;;) can be expressed as A™' =
(bij)/ det A, where b;; are polynomials (with universal coeflicients) in a;; (they
are determinants of certain minors of A). As det B(z,—2)"! = h(z,—2z)"? and
B(x, —2) is continuous on all of C? x C¢ (hence its entries are bounded on  x ),
it follows that
1B(z, )71 < Calh(z,—2)7).

Since h(z,-)7? is a conjugate-holomorphic function on 2, it attains its maximum
on the Shilov boundary, which coincides with the orbit {ke,k € K} of any given
maximal tripotent e under the maximal compact subgroup K. Thus

|h<(L’, _Z)_p| < sup |h(l‘, ke)_p| = sup |h(k52] tjej ) 6)_p|a
keK keK

where z = k; Zj tiej (ky € K, 1>t >ty >--->1t,>0) is the polar decomposi-

tion of x with respect to some system of minimal orthogonal tripotents ey, ..., e,,

which we may choose so that e; +--- + e, = e. Clearly always k) tje; € t;Q,

and using again the above Shilov boundary argument thus gives

sup [h(k_;tjej,e) "] < sup|h(ktie, e)7?|.
keK keK
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Recall now that by the Faraut-Koranyi formula
Wz, y)™ = (D)mKm(z,y).

Using the Schwarz inequality, and the homogeneity and the K -invariance of K,
we have

|K(ktie, )] = ™| K (ke, )]
< tllm‘Km(k;e, k:e)l/QKm(e, 6)1/2
= t'lm‘Km(e, e)
= Km(tie,e).

Substituting this into the Faraut-Koranyi formula gives

sup |h(ktie,e)P| < h(tie,e) P = (1 —t,) 7",
keK

The right-hand side can be estimated from above by

1=y <2 [[[a-8) " = 2hiea

j=1
We thus obtain
IB(z,2)7 | < Cahla,2)™  Va,ze Q.

To estimate || D%(B(z, 2)'/?)||, we use the Riesz-Dunford functional calculus
(in the space of operators on C?¢) to write

Bz, 2)Y? = /F\/X(B(z,z) — )"l dA (3.3)

with some contour T' in the right half-plane enclosing the spectrum of B(z, z).
Now for any invertible operator-valued function X (z),

(XYY =-X1Xx'X1

By iteration, it follows that any derivative of X! is a polynomial in X! and
the derivatives of X . Applying this to X(z) = B(z,z) — AI, and noting that all
derivatives of B(z,z) are bounded on €2 (since B(z,z) is a quadratic polynomial
in z and %), it follows that

ID3(B(z,2) = AI) M| < Cs |(B(2,2) — AI) |91+,

Differentiating under the integral sign in (3.3) (which is easily justified), we there-
fore get
HD(ZSB(Z, 2)1/2H < Cs|T| sup |\/X‘ 1(B(z,z) — )\[>71H|6\+1'
Ael

If 2 =k}, tje; is the polar decomposition of z, then B(z, 2) is a diagonal operator
with eigenvalues s;; == (1 —#7)(1—13), 0 <i < j <7, i+j >0 (t :=0). Denote
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o= min;;s; = (1 —t])?, 7 := mastm <1, and take I" to be the contour

consisting of the two segments [0 + $o,7 + 50, [0 10,7 — o] and the two half-

circles of radius 7/2 centered at o and T, respectlvely. Then for A € T, [VA] < V2
and

2 2 2

I(B(z.2) = M) < 2 = s < gy — 222

Thus
HD‘ZSB(Z, z)l/QH < C:S h(z, Z)—2(|6|+1)'

Finally, it is clear that for |§| = 0, one can in fact replace the exponent —2 by
zero, since B(z, z) is bounded on 2. Combining everything together, the assertion
of the lemma follows. This completes the proof. [ |

Theorem 2.  [BC®™ is an algebra containing properly both BC*(§) and S,
and contained in L* (all these inclusions being continuous).

Proof. Since 0 < = < 1, we have gz < ||gllo,r.r, and thus the inclusion
S C IBC™ is obvious; similarly, since ||g[|l; = ||g||oo, s0 is IBC>™ C L*°. To show
that BC'*™ C IBC® continuously, observe that any left-invariant differential
operator L on G satisfies

Lif¢)= Y. D' (fo9)0) (3-4)
v multiindex

for some constant coefficients ¢,. (Indeed, it is enough to check this for L = Lp
with P of the foom P=P,---P,,, Pi,..., P, € g; but then

am
Lpf#(¢) = mr—m— 7 (¢ .. )
atl e 3tm t1==t;m=0
am
= f(¢€t1P1 Ce ethmO)
3751 . e atm t1==tm=0
am
=————(fo (b)(etlpl o et’”P’"O) ,
8t1 e 8tm t1=-=tm=0

which must coincide with the right-hand side of (3.4) for some ¢,.) It therefore
suffices to show that ¢ — D¥(f o ¢)(0) is bounded for any f € BC* and any
multiindex v. Since any ¢ € G is of the form ¢ = v, o k with some z € {2 and
k € K, and

IV (f 072 0 K)(O)]] = [[V™(f ©7:)(0)|
in view of the fact that k is a unitary map, it is enough to consider ¢ = ~,. But by
an easy induction argument,

6&5600072)(0): Z Z Riaq,..,aq;0,61,...,0s
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where the first summation extends over all g-tuples ¢ = (t1,...,¢,), 0 < ¢ < |a],
1 <; <d, and multiindices «q,...,a, such that |ay],...,|ay > 1, |ag| +---+
|| = |a|, and similarly for the second summation; and K, q,,.. a4v.6:,..8, are

certain universal constants. By Lemma 1 with |y| =0 = =z,
10"(7.);(0)] <C,  VzeQ (3.6)

for suitable constants C, < oo. Thus

and
10°9"(f © 12)(0)] < Capll flljat+18100,

and the desired inclusion follows.

An example of a function in /BC™ which is not in BC*US is (1— |z]?)®
on the unit disc, with 0 < a < 1/2.

Finally, the fact that /BC* is an algebra is immediate from the Leibniz
rule. |

Lemma 3.  The space X (defined by (3.1)) has the following properties:
(i) it is an algebra and is closed under differentiation;
(i) h(z,z)"t e X;

(iii) of g € X and a, B are multiindices, then the function z +— 80‘56(9 07,)(0)
belongs to X ;

(iv) IBC*™ C X (hence, in particular, S C X).

Proof.  Property (i) is immediate from the Leibniz rule, and (ii) from the chain
rule. Property (iii) is a consequence of (3.5) and Lemma 1 (and the Leibniz rule
again). It remains to prove (iv). Thus let f € IBC* and let a be a multiindex.
For each z € ), define X, € {(g) by

Xa:f(0) = Dg(f on7")(2)]

(Since v, 1(2) = 0, the right-hand side indeed depends only on the germ of f at 0,
so the definition makes sense.) By a similar argument as (3.5), we have

Vf € 0%(Q). (3.7)

r=z

Xa:f(0) = Z Kian,...aq DY (v () - ng(V;I)Lq (z)

r=z

.D,, ... D, f(0)

Now by the formula for the derivative of an inverse function and by Cramer’s rule,

[07 (72 )s(@)]ig = (07 (72)i (v " )]i5)
_ [a polynomial in 0% (y,), (- 2), k,m=1,... ydlij
(det[d (v2)i (v t2)lij) 7
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therefore

(a polynomial in 0°(v. ), (v, 1), |8 < lal, k=1,...,d)
(det[07 (72 )i (v 1)]ig)'

for any |a| > 1. Evaluating this at x = 2z gives

0%(7; () =

(a polynomial in 9°(~.),(0), |8] < |a|, k=1,...,d)
— (det[07(72)i(0)]i) '

But the numerator is bounded on © by (3.6), while the determinant downstairs
equals h(z,2)?/? by (3.2). Consequently,

0*(7: i)

agj (,}/z_l)bj (ﬁ)lx:z < Cajh(z, 2)_p|o‘j|/2’

so |Q.(2)] < C,h(z,2)7P1*I/2 On the other hand, replacing f by f o, in (3.7)
shows that X,,(f 07.)(0) = D*f(z). Thus finally

D) = | 3 Qe Do) 0)] € 32 Culz,2) 2 DS 072)(0)
e|<]a] [¢|<] e
= S Gz, 2) P (L ()| < Oz, )P S [
[t]<|e] |e]<|ex]

where P, € {(g) are such that P,f(0) = D*f(0) Vf € C*(2). Since a can be
arbitrary, the inclusion IBC* C X follows. [ |

For IBC® replaced by the Schwartz space S, the analogue of the next
proposition was established in [4]; it turns out that the same proof works also
here.

Proposition 4.  Let C be any bidifferential operator which is invariant in the
sense that

C(fod,god)=C(f.g)ed Voei. (3.8)
Then C' maps IBC* x IBC* continuously into 1BC™.

Proof. It follows from (3.8) that

C(f,9)(#0) = C(fo¢,g0)(0 ang (f 0 ¢)(0) - D*(go¢)(0) (3.9)

where we have used the notation from (1.8).

Recalling the standard identification of differential operators on a Lie group
with elements of its universal enveloping algebra, let P;,..., P, be some elements
of a +n (the Lie algebra of the Levy subgroup L = AN, which acts simply
transitively on Q) such that P, --- P, =: P, € {(a + n) induces the operator D*
at the origin, i.e.

o fefr etmPr)

Def(0) = ot ot bzt =0
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for all functions f on 2. As in the proof of Theorem 2, we then see that for any
peq,

D*(f 0 §)(0) = Lp, f* (o),
where Lp, is the left-invariant differential operator on G induced by P, € {(a +
n) C Y(g), and f# is associated to f via (1.6). Applying a similar argument also
to D%g and substituting both outcomes into (3.9), we thus get

C(f,9)#(8) = > cap(0) - Lr, f#(9) - Lp,g*(9).
a,B

Let now @1, ...,Q, € g and let us apply to the last equality the left-invariant dif-
ferential operator Ly on G corresponding to the element @ := @y --- @, of LU(g).
We obtain, using the Leibniz rule,

LoC(f,9)*(9) = > D cap(0) Lo fH(9) - Ligvayp, g™ (). (3.10)
af QCQ
Thus if f,g € IBC*, then for any integer k£ > 0,
IC(f 9)lla <D > leas(O)] ISl lgli@\@)ps:
a8 Q'CQ
showing that ||C(f,g)|¢ is finite whenever f,g € IBC*. ]

The last result in this section will not be needed in the sequel, but we include
it for completeness. It is well known that any invariant differential operator maps
the Schwartz space into itself. It turns out that /BC™ enjoys the same property.

Proposition 5.  Any invariant differential operator L maps IBC™ continu-
ously into itself.

Proof. Invariant differential operators on 2 = G/K are precisely the left-
invariant operators on G which preserve the space of right K -invariant functions
(i.e. map any function which is constant on each coset gK, g € G, into another
such function). In particular, there exists @ € {(g) such that

(Lf)* = Lof*  VfeC™(Q).
It follows that for any P € i(g),
Lp(Lf)# = LPLQf# = LPQf#a

so that ||[Lf|lp = ||fllpq. The assertion follows. ]

4. Some invariant bidifferential operators

For each signature m, let K,,(0,0) be the differential operator (with constant
coefficients) obtained from Ky, (7,y) upon substituting d and 0 for = and 7,
respectively. Let further IC,, be the G-invariant differential operator coinciding
with the (K -invariant) operator K,,(9,0) at the origin; that is,

Kmf(2) := Kwm(9,0)(f © ¢)(0)
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for some (equivalently, any) ¢ € G such that ¢(0) = z. As before with 0 and D,
we will again write Ky, . to indicate that K., applies to the variable z, if there is
a danger of confusion.
By the Leibniz rule, we have for any holomorphic function F' on €2 and any
g € C=(Q),
Ku(gF)= > Rumyg-0"F (4.1)

[v|<|ml]

for some (non-invariant) differential operators Ry, on € with C'* coefficients.
Define the bidifferential operators A, (f,g) on by

An(.0)(2) = = D ()M [£(2) Ka(z2) Rmg(2)]. (42)

Surprisingly, these operators turn out to be invariant.

Proposition 6. The following assertions hold:

(i) if f,g € X (the space defined by (3.1)) and ¢,v are holomorphic in a
neighbourhood of 1, then for all v sufficiently large,

/Q 6(2) 5() Amlf. 9)(2) dpan (2)

dp, (2);

=z

-/ f<z>mh<z7z>—”/cmvz(%)

(i) the bidifferential operator Am(-, -) is invariant, i.e.

An(fod,go¢) =An(f,9)00 VoG,

(iv) Am(f,g) involves only holomorphic derivatives of f and anti-holomorphic
derivatives of g.

Proof. (i) By (4.1), the right-hand side of (4.3) equals

/ FE(@)h(z,2)™ Y Rmyg(2) {a;%} dp, (%)
@ /<] ’ =2
A X [ TG P g () 027 2

On the other hand, if

Bung(z) = 3 cunns(2)D79(2),

6]<2[m|

then it follows from the definition of K,, and the chain rule that the coefficients
Cmys are finite sums of finite products of expressions of the form 0%(v,);(0),
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|k| < |ml, i = 1,...,d, and their complex conjugates. But by Lemma 1, the
functions ., satisfy

|D20%(7.)i(0)| < Cph(z, z) 720D

thus cmys € X. From the hypothesis that f,g € & and Lemma 3 it therefore
follows that we can find constants ¢, < oo and r,, > 0 such that

07f(2) Rmng(2) h(2,2) "] < emh(z,2)"™

for all |y| < |m| and z € Q. Similarly, since h is a polynomial, we have the
estimates

10"h(z,2)"| < Cp h(z,2)" 7. (4.4)

Since ¢ is holomorphic in a neighbourhood of Q (hence has all derivatives bounded
on 2), it follows easily that

07 [6()A(+,2)"1(2)] < Chpoh(z,2)" ™ W]y < Jml, V2 € Q.

Consequently, for v > |m| + r, we can perform the partial integration as in
(3.30)—(3.31) in [3]:

B O
A [ FEREIRG ) Rga2) 72 S d

D [ 0 [z 2) 7 Reng ()] 60 Aoz )

Using (4.2), the assertion follows.
(ii) It suffices to show that

/Q $(2)1(2) Am(f, 9)(2) dpu (2) = /Q UM (2) US4 (2) Am(f 0 7, 9 0 7)(2) dp(2)

for all v sufficiently large, for any functions ¢, holomorphic in a neighbourhood
of Q,any f,g € D(Q2), and any v € G, where UW(V) are the unitary operators (2.9).
By (4.3), this is equivalent to showing that

/Q F) )z, 2) ™ K. {%} . dp(2)

o DT h e e [9020576(2) .
= [ F0UT Mz ) o | DI ),

Substituting (2.9) for the UL the right-hand side becomes

y 9(v2)9(vz) h(70,70)™"
/f(vz)@b(vz) 2 m( ) h(y2,70)~" )xW

IC
,, g(v2)o(vz) h(~0,~0)~"
/ faz)w ’C‘“<h h(z, @) h(7z,70)~" h(v&w)”)

dpu, (2)

dﬂl/(z)v

r=z
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while the left-hand side, upon changing the variable z to 7z, transforms into
(using also the formula (2.8), as well as the invariance of Ky, )

/Q F(2)h(v2,72) " K (7,}?{2@3&)(%) A0 :((JS’JOO))_:‘Q

_ — y 9(v2)p(72) h(70,70)™"

dpu,(2)

dpu,(2)

——— ~, 9(y2)9o(yz)  h(70,70)7"
= [ 102956 Ko () S22 ORI o)
Thus we will be done if we show that
h(z, x)™ h(70,70)™" _ h(yz,yx)™" h(v0,70)™" (45)
h(z,2)""h(vz,70)" h(v0,vx)~"  h(yz,yx)~" |h(y2,70)"|?
for all =,z € 2 and v € G. However, since
oz 009 ey v yeq, (4.6)

h(vz,7y)h(70,70)
by (2.7), the right-hand side of (4.5) is equal to
h(z,z)™
h(vz,yz)™
(just take y = z =z in (4.6)). Thus (4.5) reduces to
h(~v0,~0)~¥ 1

h(z, ) h(y2,70)~h(y0,72) =" h(yz,y2)™"
But this is just (4.6) with 2 in the place of y.
(iii) For each m, choose an orthonormal basis (with respect to the Fischer-

Fock inner product) {t¢m; ?i:rripm of P, so that

h(z,y)” = Z<_V)me(x7y) = Z<_V)mwmj(x)¢mj<y)'

m m,j

Then the right-hand side of (4.3) can be rewritten as

/ Z(—mmf(z)w(z)h(z,z>—”wm}-<_z> Ko (90002 oy () s (2

- / Z V) f (20 (2)Vm; (2) Kin (9(2)0(2)m (2) ) dpa(2).

Since invariant differential operators with real coefficients are formally self-adjoint
with respect to the invariant measure dpu(z), the last expression is equal to

A, / S (Vo ()0 (21) 9(2)02) iy (2) 2

:/QZ(—V)mg(Z)Qﬁ(Z)h(Z, 2) " Pm;(2) Km(m¢(2)¢mj(z)) dp, (2)

= [T o (L)
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whenever f,g € D(Q2). Using (4.3), we thus obtain

/Q H(2)0(2) Amlf, 9)(2) dsu (= / Wz 7. 7)(2) dpo (2).

Consequently,

Am(f,9) = Am(@. f)  Vf,9 € D),

as required.

(iv) Tt is clear from (4.2) that A (f,g) contains only the holomorphic
derivatives 07f of f. From (iii) it then follows that it can only contain anti-
holomorphic derivatives of g. [ |

The next lemma is (essentially) reproduced here from [2] for convenience.

Lemma 7.  For any polynomial [ in z and Z,

/ Fdpy — % (4.7)

m

Note that the sum on the right-hand side is in fact finite (the summands
vanish if |m| > the degree of f).

Proof. It is enough to prove the assertion for f = p,gy, with p, € P, gk € Px
for some signatures n and k. But if {@/Jm]}dlmpm is any orthonormal basis of Py,

(with respect to the Fischer-Fock norm), then Kw(z,y) = >_; m;j(2)¥m;(y), so

[(m(a 8 ank Z%m wmj< ) ( ) Z<wmj7p;>F <Qiawmj>F
J
- 5mn5mk <qk7pn> - 6mn5mk <pn7 Qk>F

On the other hand,

5nk

n_ d v — n, v — T~ n, 3
/ﬂp Gk Aty = (Pn, Q) on (Pns ) F

and so (4.7) follows. [

5. Proof of the Main Theorem
We are now ready to state the main result of this paper.
Theorem 8.  Let g € IBC™(Q) and f € IBC®(Q)NL*(Q,du). Then for any
mteger N >0,

LU - > ——

Im|<N (¥)m

T Am(f,9))|| = O™

as v — +00.
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The Main Theorem, as stated in the Introduction, follows from this by
noting that, as is immediate from (2.4), there are asymptotic expansions

1 |
V)m >y
V)m

J=0

as ¥ — 00, with some coefficients ¢;m ; inserting these and grouping together terms
with equal powers of v=! gives (1.7).

Note also that the operators T,[Am(f,g)] are bounded for any m, since
Am(f,g9) € IBC* C L™ by Proposition 4.

We denote by Tayl,, f the Taylor expansion of a function f out to order
m at the origin, i.e.

Tl f(2) = Y 00 50) g
ol +Bl<m olft

with the usual multiindex notation; and by Rem,, f := f — Tayl,, f the corre-
sponding Taylor remainder.

Proof.  Let ¢,9 € A% be holomorphic in a neighbourhood of Q (such functions
are dense in A2). As in the proof of Theorem 2.3 in [3], we start with (cf. (3.19)
there)

(T, LT g1, ), = / / () 0T d () 1),

which upon the change of variables y = ,(z) can be rewritten as

@A lalo. 0. = [ [ Qf<z>g<%<x>>¢<%<x>>¢<z>% (=) s (2)
- / [ R 2) ) UL 0(e) dy o) d (2 (5.1)

(cf. (3.20) in [3]). We split the inner integrand (with respect to the x variable) as
follows:
gor. - UY¢=Tayly(go. UV ¢)
+ | Tayly(g072) - UY6 = Tayly (g 0 7 - UL9)| + Remu(g 0 72) - UL,
and let G;, Gy and Gpy; be the corresponding contributions to the integral (5.1);

here M is an integer which will be specified at the end of the proof.
Let us first deal with G;. By Lemma 7, we have

| Talulg o U6 = 3 i Konl@.0)(a 07 U6)0)

(V)m

|m|<M

B 1 om - do .h('Vz'az)V

- 3 ok n(0.0) (507 007, {220 ) 0)
Ly, (L)

PR IEBEZEyI
L L (920G )
g o ()L
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Consequently,
6= 3 g J IR o [FERE]

But by (4.3), the last integral is equal to (T,[Am(f,g)]®,¥),, as soon as v is
sufficiently large; that is,

Gi=Y %(Ty[Am(f, Do b v >0, (5.2)

|m|<M V)m

Let us now turn to Gyy. Note that since Uy(j)gb is holomorphic, Tayl,,(g o
Yy - Uﬁ?(b) = Tayl,, ([Tayl, (g 0 7.)] - (V)qb) Denoting temporarily, for brevity,
Tayl,;(go~.) =@ H and U ¢ =: @, we are thus lead to study

/H@—TaylM(HCI))d,ul,:/RemM(Hq)) di,.
Q Q

Consider first the case when H = pyqn, with px € Py, ¢u € Pu, |k| + |n| < M.
Let ® =) @, be the Peter-Weyl expansion of ®. Then

/RemM(pkq_nfb) dp, = Z/ Remp/ (pxGn®m) dpt
Q

- > / PP s

|m|>M —[k|—[n|

Since
PPmC Y. Py (5.3)
jomk
31 =Im]+ k]
the last integral can be nonzero only if k C n, m C n and |m| = |n|— |k|; the last

implies that the inequality |m| > M — |k| — |n| is equivalent to |n| > /2. Thus

o 0 if [n] <% ork ¢ n,
/QRGHIM(kan(I)) du, = ‘m|12§,T_’|k| fQ PqaPm dpt, if |n| > % and k C n.
Similar computation shows that
0 if [n| > & ork ¢ n,
Tayl @®)dy, = :
/Q ayly (P ®) dp Z‘m‘ e Jo, PxTn P iy if In| <& and k C n.
Thus
_ 0 if n] <X ork¢n,
/RemM(pkqn@) W=\ o d, it o dk
Q 0 Pxa® dp, if [n| > 5+ and k C n.
Now

‘ / PG ® dp,
Q

1/2
<19l ([ il i) = 191, [l
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Again by (5.3), we have pyqn € Zj P; where the summation is only over j D k,n,
il = k| + |n|; thus [j| < M and if |n| > M/, then |j| > M/. It follows that
if |n| > M/2, then there exists a constant ¢j; such that

c2

M2

— =

1
(v);

Yv>p—1.

Hence by (2.3)
HkanHF
|lPknll, < eur T M/

Summing up, we see that we always have

| / Remas () i,
Q

Cm
< 1l - 7z IPitall (5.4)

Returning now to the case of general H, choose, for each m, a basis
{¥mj 52 dinPm of Ppy. Then H can be uniquely written in the form

H= Z Cmjnk ¢mgm (55)

m7j7n7k‘.;
|m|+[n|<M

with some complex coefficients cmjni. These coefficients, in turn, can be computed
from the derivatives of order < M of H at the origin by solving an appropriate
system of linear equations (corresponding to the change of basis from the standard
monomials z* to the polynomials 1, ); hence they satisfy

|emjnk| < ¢y sup  [[VVH(0)].
j=1,...M

Applying (5.4) to each summand in (5.5), it therefore follows that

/!

Cr .
| Remy(H0)du| < o S s [VHO)]
Q

Iy 7

Recalling what ® and H stood for, noting that V/H = V7 (go~,) for j < M and
||U§Z)¢||V = ||¢]|,, and inserting everything into (5.1), we thus obtain

|Gl </|f V()| Az, 2) 2 -]l L i s 17 (g 0 7:)(0) | dpan (2).

As we have seen in course of the proof of Proposition 4, for any multiindex «
we have D%(g o 7.)(0) = Lp,g#(y.) for some P, € U(g). Consequently, if
g € IBC* then

sup [[V/(g07.)(0)] = sup [D%(go~.)(0)]

j=1,..M || <M

< sup ||Lp,g%|le = sup [lgllp, < oo
lal<M la|<M
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for any z € Q. Denoting the last supremum by [g]as, we can thus continue with

Gurl < Il Tar [ I Al i)
// ) 1/2
< 19ll L [glas - ] / P2 ()

//

= Nl 7 - Lalar - 1l - A2 0 £l 2 -
As A, < Cv? (cf. Lemma 3.1(i) in [3]), we thus arrive at

(Grtl < il llullllLolallf | z2ean 207 (5.6)

Finally, let us consider G;;;. By Taylor’s theorem (formula (3.37) in [3])

1 1 v dM—H
Remur(g9:)(@) = 577 | (1= 9" S5 (g 072 ) ds.

Let x =k, 22:1 t;e; be the polar decomposition of z. Recalling (2.15), applying
it to 7; = arctanh(st;), and denoting for brevity

Wty .., 7) = g7 (1kee=i ) = g(7.(s2)),

it follows that (by an inductive argument, similarly as in (3.5) above)

dM+1 dM+1
g (90 7:)(s2) = Sl t)
L L e
LML Jemy 777 Jemg ot ... aTLq ’

with some universal constants £, m,,. m, and the summation extending over all
g-tuples ¢ = (t1,...,4), 0<q¢< M+1, 1< <d, and indices my, ..., m, such
that my,...,mg>1, my+---+mg=M+1. Slncefork>1

d*; & (a polynomial in st;)
dskt (1 — s2t2)k ’
so that
d*r; k Ck k Ck
- ty— —F ____C kp, —k
dsk — "1 (1 t )k — |5L‘| 1—[ (1 —tZ) k|l’| (I’,ZE) ,
while
(T, ..., T) o1 y P
) ) zk:x Y TE; S tE;
8711 e 87’Lq 8tL1 RN 815% g (’y € € )}tlz =t,.=0
=Lp, .k 9" (v:ke exTiF. 7),
so that o |
U\T1y ooy Tp
<
‘ 87-“ e aﬂq - |||g| ELl“'E"Q’
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we thus obtain

qM+1 M+1
77 (907:) (s2) scwwMﬂhu,x)MlZO 3 llglls, .5,
q=0 ¢1,..., Lq

=: Chyl| M h(, )™M lgllar,
whence
| Remyy (g 0 7.) (2)| < Oyl h(z, 2)~ ™ lgllar-

Substituting this into (5.1), we thus get the estimate

= = T M+1
Grul < Clgl [ D) o 0060 ) ),

OxQ

Applying the Schwarz inequality to the z integration and using (3.42) in [3] gives

2M+2 1/2
Gl = Cillr | FEEN ] [ dna)] 106l due)

< CK}HIgIHMuW“”““Hdh/ﬂ\f(z)@! h(z, 2)™"2 du, (2)

1/2
< Cﬁ(é|||g|||MV_“‘“”/2||<z5||ull¢llv(/Q |[f(2)*h(z,2)™" duu(z))
= Ciillghaee™ M V206191l A2 Nl 22y

< Cy VMV g a0l 1F | 2 .ann-

Putting together (5.2), (5.6) and the last inequality, we thus obtain

| Tl - Y- ﬁTu[AmU,g)]H
lm|<p N

d_ M
< lglmll fllz@aw v2~t + Oy llgllall fll 2. 2~ 2

d_ M

< Cu(lglar + Ngllan)ll fll 2@y -2+

Choose now M = 2d + 4(N + 1) and note that, by Proposition 4, Ay (f,g) €
IBC™ C L*, so ||ﬁT,,[Am(f, 9|l = O(v~™). Thus we may throw away the

terms with |m| > N from the sum on the left-hand side. This gives

| ninmle - 3 (ULT,,[Amg,g)]H <Oy N,

|m|<N )m

which is the desired assertion. n

Remark. The hypothesis that f € IBC* N L*(Q,du) and g € IBC™ in
Theorem 8 is rather asymmetric, but since 7, [f]* = T,[f], taking adjoints shows
that the theorem remains in force also for f € IBC™ and g € IBC* N L*(Q, du).
It is unclear whether the theorem can be extended beyond this, e.g. to any f,g €

IBC™>.
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6. Applications to quantization

Let C*°(Q)[[h]] be the ring of all power series with C'*°(Q2) coefficients in a formal
parameter h. Recall that a (differential) star-product on € is a CJ[[h]]-bilinear
mapping * : C®(Q)[[h]] x C=(Q)[[h]] — C*(Q)[[h]] such that

(i) = is associative;

(ii) there exist bidifferential operators C; : C*(Q2) x C*(Q) — C>*(Q) (j =
0,1,...) such that Vf, g € C*(Q),

frg=>_ Ci(f,g)l; (6.1)
=0
(iii) the operators C; satisfy
Cﬂ(fag):fga Cl(fag)_cl(g7f) = i{fmg}? and (62)
C;(1,)=C;(-,1) =0 Vj > 1. (6.3)

(Note that the last requirement means that 1 is the identity element for x.)
The star-product is called (G- )invariant if

(fog)x(god)=(frg)oo, VoeG, Vfyg. (6.4)

Two invariant star-products are called G -equivalent if there exist invariant differ-
ential operators M;, j = 0,1,2,..., with M, = I (the identity operator), such
that the operator M :=°  M;h/ on C*(Q)[[h]] satisfies

M(u+'v) = (Mu)* (Mv),  Yu,v € C®(Q)[[h]]. (6.5)

It is known that on any Cartan domain €2, the bidifferential operators
C; from (1.7) determine an invariant star-product, called the Berezin-Toeplitz
star-product. It was shown in [4] that any invariant star-product % which is G-
equivalent to the Berezin-Toeplitz star-product can also be obtained by a formula
akin to (1.7) but with the Toeplitz operators T]SV) replaced by another invariant

operator calculus Q(V) f € D(Q). That is, there exists (for each v > p — 1)

a linear assignment f +— Q( from the space D(2) of all compactly supported
smooth functions on €2 into the bounded linear operators on A2, which is invariant
in the sense that

W) AW s _ ~HW)
Uy Q; Uy = Qpoy Vo € G,
and satisfies, for any integer N > 0,

=0 N as v — +00, (6.6)

HQS”V) g ZQC’ 1.9)

for any f,g € D(2). (Here C are, of course, the bidifferential operators corre-
sponding to *’.)
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It was also noted in [4] (cf. the end of Section 3 there) that the validity of

(6.6) can even be extended to the whole Schwartz space S D D(f2), granted one
can show that (1.7) is valid for f,g € S. Since & C IBC™ N L*(du), it follows
from our Main Theorem that this is indeed the case. Thus the main result of the
paper [4] (i.e. the formula (6.6)) holds not only for f,g € D(Q2), but even for all
fyg € §. Again, it seems to be an open problem whether & can be replaced by
some even larger function space.
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