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Analysis on real affine G-varieties
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Abstract. We consider the action of a real linear algebraic group G on a
smooth, real affine algebraic variety M C R™, and study the corresponding left
regular representation of G' on the Banach space Co(M) of continuous, complex
valued functions on M vanishing at infinity. We show that the differential struc-
ture of this representation is already completely characterized by the action of
the Lie algebra g of G on the dense subspace P = C[M] e~ , where C[M]
denotes the algebra of regular functions of M and r the distance function in
R™. We prove that the elements of this subspace constitute analytic vectors of
the considered representation, and by taking into account the algebraic struc-
ture of P, we obtain G-invariant decompositions and discrete reducing series of
Co(M). In case that G is reductive, K a maximal compact subgroup, P turns
out to be a (g, K)-module in the sense of Harish-Chandra and Lepowsky, and
by taking suitable subquotients of P, respectively Co(M), one gets admissible
(g, K)-modules as well as K -finite Banach representations.
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1. Introduction

Consider the regular action of a real linear algebraic group G C GL(n,R) on a
smooth, real affine algebraic variety M C R"™, and the corresponding left regular
representation m of G on the Banach space Cy(M) of continuous, complex valued
functions on M vanishing at infinity. While the harmonic analysis of real reductive
groups is well established, the representation theory of real affine G-varieties, that
is, the study of group actions on function spaces associated with such varieties,
is much less developed, and it is to them the present article is devoted to. Fix a
compact subgroup K of GG. In general representation theory, a crucial role is played
by the space of differentiable, K -finite vectors. If E denotes a locally convex,
complete, Hausdorff, topological vector space, and ¢ a continuous representation
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on F, this space is defined as the algebraic sum

Ex =) ExNE),

AeK

where E. is the space of differentiable vectors in E for o, K the set of all
equivalence classes of finite dimensional irreducible representations of K, and
E(X) the isotypic K-submodule of E of type A € K, see [9]. FEk is dense in
E, and the study of o can be reduced to a great extent to the study of the module
FEx . In case of the Banach representation (m, Co(M)), a more natural submodule
associated with the algebraic structure of M arises. Let C[M] denote the ring of
regular functions of M, r the distance function in R”, and consider the subspace

P=C[M]-e" C Co(M).

It was introduced by Agricola and Friedrich in [1]. They proved that it is
dense in Cy(M), which in turn implies the density of C[M] in the Hilbert space
L3(M, e_TQdu), where dp denotes the volume form of M. Note that this is a
generalization of the well-known fact that, for M = R", the Hermite polynomials
furnish a complete orthonormal basis of L?(R", e_’"gdu). As a consequence, the
decomposition of C[M] into G-isotypic components according to Frobenius can
be used to obtain an analogous decomposition of L2(M, e*TQdu). However, the
regular representation of G on the coordinate ring C[M] can not be extended to
a continuous representation on L?(M, e_’“Qdu). Instead, in this paper we exam-
ine the differential structure of the Banach representation (w, Co(M)), and derive
G-invariant decompositions of Co(M), by using the density of P, and a classical
theorem of Harish-Chandra.

More precisely, let g denote the Lie algebra of G, and (gc) the universal
enveloping algebra of the complexification of g. Let 3(M) be the center of the
algebra of invariant differential operators on M. As a first result, we show that
the differential structure of the representation (m, Co(M)) is already determined by
the action of g on P. An analogous dense graph theorem, but with respect to the
space of differentiable vectors of an arbitrary Banach representation, was already
derived by Langlands in [6], while studying the holomorphic semigroup generated
by certain elliptic differential operators associated with the given representation. In
a similar way, the dense graph theorem proved in this paper might be helpful in the
study of the spectral properties of certain invariant operators in 3(M). We then
prove that P is contained in the space of analytic elements of Cy(M). By a result
of Harish-Chandra [4], this allows us to derive 7(G)-invariant decompositions of
the Banach space Cy(M) from algebraic decompositions of P into dm(U(gc))-
invariant subspaces. In particular, we obtain discrete reducing series in Co(M).
In case that G is reductive, P turns out to be a (g, K)-module in the sense of
Harish-Chandra and Lepowsky, and one has P = > ;_ . PN Cy(M)()). By taking
suitable subquotients of P and Cy(M), one gets admissible (g, K)-modules as
well as K -finite Banach representations.

2. Some general remarks on Banach representations

Let us begin with some generalities concerning Banach representations. Thus,
consider a weakly continuous representation 7 of a Lie group GG on a Banach space
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B by linear bounded operators. According to a result of Yosida from the theory
of (Cp)-semigroups [10], 7 is also continuous with respect to the strong topology
on B, so that both continuity concepts coincide. Such a representation is called
a Banach representation. Similarly, the generators of the weakly, respectively
strongly, continuous one-parameter groups of operators h +— m(e'*) coincide,
where h € R, and X is an element of the Lie-algebra g of G. We will denote the
corresponding generators by dm(X), which are given explicitly by

dr(X)p = —m("* )w}

h=0

for those ¢ € B, for which the limit exists. These operators are closed and densely
defined with respect to the weak and strong topology on B. Let dg be left invariant
Haar-measure on G, f € L}(G,dg), and B* the dual of B. Then, for each ¢ € B,
f(g)u(m(g)p) is dg-integrable for arbitrary u € B*, and there exists a 1 € B such
that

u(wh) = /G F(9)u(r(9)9) de9)

for all p € B*, i. e. f(g)m(g)e is integrable in the sense of Pettis, see e. g. [5].
Here 1 is given as a weak limit, and one defines as this limit the integral

/Gf(g)ﬂ(g)so da(g) = ¥,

in this way getting a linear operator w(f) : B — B,¢ — [, f(9)7(g9)¢ da(g). Note
that ||7(f)|| < ||f|l..- In case that f is L'-integrable and continuous, f(g)7(g)p is
also integrable in the sense of Bochner, and 1 given directly by the corresponding
strongly convergent integral. Let

!
B = {Zﬂ(fi)goi: fieC(@), g €B, 1= 1,2,3,...}

i=1

be the Garding-subspace of B with respect to m, and B. s, respectively B .,
the subspace of differentiable elements in B with respect to the strong, respec-
tively weak, topology. B, is norm-dense in B and, according to Langlands
[6], the generators dm(X) are already completely determined by their action
on the Garding-subspace. Thus, if I'x, . x, denotes the graph of the gener-
ators dm(X;), i = 1,...,k, and I'x,  x,B. its restriction to B., one has
Ix.,..x, = I'x;,.. x.B. - As an immediate consequence, the differential structure
of the representation 7 is completely characterized by the action of the operators
drm(X) on Bs. In particular, this implies that the strongly, respectively weakly,
differentiable elements in B do coincide with those that are differentiable with
respect to the one-parameter groups of operators h +— m(e*), the underlying
topology being the strong, respectively weak, topology. Since, by Yosida, strong
and weak generators coincide, one finally has

Boow =) DPldn(a:)*) = Buow, (1)

i=1k>1
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where aq,...ay denotes a basis of g, compare e. g. [7]. On the other hand, by
Dixmier and Malliavin [3], B, coincides with By s, and therefore it follows that

Boo - Boo,s - Boo,w‘

B is invariant under the G-action 7 and the g-action dn, by which one gets
representations of G’ and g on B, . The fact that B s = Boo,w can also be deduced
from the following general argument going back to Grothendieck: If M is a non-
compact C*°-manifold and E a locally convex, complete, Hausdorff, topological
vector space, then f: M — E is a C*-mapping with respect to the locally convex
topology if and only if, for all u € E*, the function p(f(m)) on M is infinitely
often differentiable, see [9], page 484.

Assume now that G is a real linear algebraic group. As a smooth, real,
affine algebraic variety, GG is a real analytic manifold, and hence a real analytic
Lie group. Therefore, the exponential map is, locally, a real analytic homeomor-
phism. Taking a sufficiently small neighbourhood of zero in g, and assuming a
decomposition of g of the form g, @®---®g;, (X1,...,X;) — geXt ... eX becomes
an analytic homeomorphism of the aforementioned neighbourhood onto an open
neighbourhood of g € G. With the identification g ~ R%, and with respect to a
basis ay,...,aq of g, the canonical coordinates of second type of a point g € G
are then given by

D, gU, > gel'™ ... "% s (1y,..., tg) € W, (2)

where W, denotes a sufficiently small neighbourhood of 0 in R?, and U, =
exp(Wy). We will write for ®, simply ®. Let ¢ € By, so that g — m(g)¢ becomes
a C>*-map from G to B with respect to the strong and weak topology of . This
is equivalent to the fact that, for all g € G, the map (t1,...,tq) = 7(®, (1)) is
infinitely often strongly, respectively weakly, differentiable on W,. With regard to
any of these topologies, we obtain for ¢t € Wy the relations

dr(a, (@, (1)) = lim b~ [ ) — 1Jx(@; (1)
= (e ), =3 g (vl 0)¢) sty

h=0

here the s7,(h,t) are real analytic functions such that

I (hyt)ar s%(h,t)ag

o ela%d — gef1 .. @falhhad

ehaj ge
since e gehiar | eladd ¢ @;1(Wo) for small h. In a similar way, we have
L9 d
.1 (t))dr(a;)p = —( ?) (0.t 4
(@, ' (Odr(as)o = 3 5 ({2 (0) ) i 0.0) ()
with real analytic functions 7(h,t) satisfying the relations

tiay 7] (h,t)ay ora(ht)ag

ge _eldad ghti — gen



RAMACHER 303

Clearly, s7(0,t) = 77(0,t) = t;, and sJ.(h,0) = 7J(h,0) = dp;h for g = e. Finally,
we also note that
9 - oy o
5€;<W(@gl(ﬂ)¢> = Tim h™ (@7 (1) [ (972 (7 (h, 1)) — 1]

; . 5)
m (@, (t)) dm(ag)e %ti(O, t),

k=1

where the ti(h, t) are real analytic functions in h and ¢, and satisfy the relations

e—tdad . e—tj+1[lj+1 ehCLj etj+1aj+1 . etdad — etjl(h,t)(ll . etfi(h,t)ad .

One has ti(O, t) =0, ti(h, 0) = 0x;h, so that, in particular,

5 (7@, (0)5)| = rla)in(a)e

3. The regular representation (m,Cy(M)) of a real affine G-variety

We come now to the proper subject of this paper. Let M be a smooth, real affine
algebraic variety and G a real linear algebraic group, which acts regularly on M.
In what follows, we will view G as a closed subgroup of GL(n,R), and M as
embedded in R™. Denote by Co(M) the vector space of all continuous, complex
valued functions on M which vanish at infinity; provided with the supremum
norm, Co(M) becomes a Banach space. According to the Riesz representation
theorem for locally compact, Hausdorff, topological vector spaces, its dual is given
by the Banach space of all regular, complex measures p : 8 — C on M with norm
|p|(M). Here B denotes the o—algebra of all Borel sets of M, |u| the variation
of p1, and one has Co(M) C L'(n). The G-action on M induces a representation
7 of G on Cy(M) by bounded linear operators according to

m(g) : Co(M) — Co(M),  (m(g)p)(m) = p(g~'m),

where g € GG. Henceforth, this representation will be called the left regular repre-
sentation of G on Cy(M). It is continuous with respect to the weak topology on
Co(M), which is characterized by the family of seminorms |p|,, ., = sup; ()],
p; € Co(M)*, 1 > 1. Indeed, by the theorem of Lebesgue on bounded convergence,
one immediately deduces

lim (7 (g)) = lim [ o(g~'m) du(m)Z/SO(m) dp(m) = p(p)

g—e g—e

for all ¢ € Cyo(M) and complex measures pu, as well as pow(g) € Co(M)* for
all ¢ € G. Hence, by the considerations of the previous section, 7 is a Banach
representation of G'. In the following, let C[M] be the ring of all functions that
arise by restriction of polynomials in R™ to M and denote by P the subspace

P=C[M] e,

where r2(m) = m?+---+m2 = m? is the square of the distance of a point m € M
to the origin in R"™ with respect to the coordinates myq,...,m,. According to
Agricola and Friedrich [1], P is norm-dense in Co(M). Although P is not invariant
under the G-action 7, the next proposition shows that P is a dm(U(gc))-invariant
subspace of Co(M ). As will be shown later, the elements in P are even analytic.
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Proposition 3.1. P is a g-submodule of Co(M)s

Proof.  As already explained, we can view Cy(M) as endowed with the weak
topology. Let aq,...,aq be a basis of g, p € C[M] a polynomial on M, and
¢ =p-e " an element of P C Cy(M). One computes

d% (90( e has m)) |~ <(grad @) (m), %(e‘h‘” m)|h_0> ) (6)

as well as
(grad ¢)(m) = ((grad p)(m) — 2p(m)m)e™™.

By assumption, G C GL(n,R) and g C M, (R) act on M C R™ by matrices, and
we obtain

d —ha;
(o), gt 3
Hence, if a; denotes the vector field (@;), = ajm on M, one has —a;p =

d/dh (e )y € P C Co(M). For arbitrary p € Co(M)*, we therefore
get, according to Lebesgue,

tim () = 1) = [ i b e m) = (m)] d(m) = —p(aze).

h—0

Hence ¢ € D(dn(a;)) for all j =1,...,d, and dn(aj)p = —a;p. Since a;p € P,
the assertion now follows with (1). [

As a consequence, the relations (3)—(5) hold for ¢ € P, also. Let ay,...,aq be a
basis of g as above. In the following we will denote the generators dm(a;) by A;.
We set
Fal 77777 aglP = {((p,Al(p, C. ,Ad(p) S Co(M) X oo X Co(M) P € P} .

As already noted, P is not 7(G)-invariant in general, so that, for ¢ € P, it is not
true that (w(g )gp, Aim(g)p, ..., Aam(g)p) is contained in Iy, .,». Nevertheless,
it will be shown in the followmg that the last assertion is correct, if instead of
La,....aup one considers its closure I'y, o p in Co(M) x - - - x Co(M) with respect
to the strong product topology, and g is taken in a sufficiently small neighbourhood
of the unit. To start with, we will need the following lemma.

Lemma 3.2.  Let p >0 and k € R*. Then, for | — oo,

converges uniformly on R™, provided o/|k| > 2.
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Proof. By the comparison criterion for series, one has
o (5224 (|n]2”)
o KT?) < UslZ®) e
e pa—
EVor— ! ’
k=0

thus obtaining

—_

- 2\k 231
6—9m2 (enrQ o (K::Z') > ‘ S sup (|/€|""E ) 6932(|“‘—@)'
. reR™

0

sup
r€eR™

b
Il

Assume o/|k| > 1, so that A = o/|k| —1 > 0. The supremum on the right hand
side of the last inequality, denoted in the following by ¥, », can be computed as

1 1
Yia = —sup yle W = ﬁ(l//\)l e !, (7)

! y>0

By the Stirling formula, {! is asymptotically given by /1 l'e™!, so that, in case
A > 1, one deduces ¥; y — 0 for [ — oo, and hence the assertion. |

Now, we are able to prove the announced result. For this sake, let us define the
set

Fal ,,,,, aqg|m(U)YP — {(907A1507 cee aAdSO) S CO(M) X X C()(M) tp e ﬂ—(g)Pv g e U}a

where U denotes a neighbourhood of e € G.

Proposition 3.3.  Let U be a sufficiently small neighbourhood of the unit in G,
@ € P, g€ U. Then there exists a series @i € P such that ||7(g)e — ¢i|| — 0,
and [|[A;m(g)p — Ajpi|| — 0 forall j =1,...,d. In other words,

| adlﬂ(U)PCFal ----- aq|P-

Proof. Let ¢ = p-e_’"2 € P, and define on the subspace P the linear operators
= (2= ooy
m(g)p = olgp Y  ~—"——-€¢ ", g€@G, 8)

where o(g)p(m) = p(g~'m) denotes the left regular representation of G' on C[M].
Note that P is left invariant under the operators (8), which, in general, can not be
extended to continuous operators on Co(M). We set ¢ = m(g9)p, and compute

—(g=1m)2 —m2 1
(9 — ¢l = sup |(e(g)p)(m)[e" ™" — ¢ 5
meM Vi

e
—

(m® = (g7'm)?) |

TS
= o

1
7!

-m?2/2

_m?2 2_(,—1 2
sup e m/2<em (g7tm)? _
meM -

(m?* ~ (g~

< sup |(o(g)p)(m)e

<
o
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Writing g¢;; for the matrix entries of an arbitrary element g € G, one computes

(.gm)2 = (.gllml +ooe 4+ glnmn)2 + o+ (gnlml + o+ gnnmn)2

= Z G + 22291@ Gkj MM

k,i=1 k=1 i<y
<Zgum +ngzm +Zzgkzgkjm +m)
1#k k=1 i<j

2.
< (mlaxgii + rggggki + nmax|g Gz |) m?;
in particular,
2 2 2 2
[(gm)* = m?| < (max|g;; — 1] + max gi; + nmax|gu gig|) m

Setting r,-1 = max; |95 — 1] + maxy; g7; + 1 MaXy,<; |gri gr;|, we therefore obtain
the estimate

R‘
>_.

= L2 — (gt Z \m—gmv<2 i

|
J: j>k j>k

I\
o

J

—m?2/2
)

so that, with C' = sup,,c, ‘(g(g)p) (m)e

k—11

—m? Kgm? j

S G SE Y|
]7

Assume that U is a sufficiently small neighbourhood of the unit in G such that
kg < 1/4 for all ¢ € U. Then, by Lemma 3.2, ||7(g9)¢ — ¢} ;|| goes to zero
as k — oo, for arbitrary g € U. It remains to show that, for j = 1,...,d,
|A;7(g)e — Ajpi_ || goes to zero as k goes to infinity. Now, since A;o = —a,p =
d/dh (e "), _,, one has

|7 (g)

meM

d _ d ha
[ 47(9)e — Asel ]| = sup | Zom(g)e e m>}h:o — gpmeilee(e o m)
d — 1
< —ha; (g7 tm)2—m? - _ 2\j
< sup | rm(g)e(e ™ m)) e (e ;j,m (g~'m)))|
d — 1
= emah) — J
+ sup |(w(gho)m) g (e 3 ey |

where we set g(h) = (e "% m)? — (g~ e "% m)2. The first summand on the right
hand side converges to zero for k — oo since, as a consequence of (9), and

d has _ _ _ _ —1,,)2
Sr(g)e(e ’”m)‘ = —{(gradp)(g~'m) — 2p(g~"'m) g~ 'm, g taym) e ™",

h=0

it can be estimated by

1 .
C' sup ‘e’mQ/Q (e”gm2 — Z f(/ﬂng)j) ‘
M — ;!
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with C" = sup,,cu ‘ ((gradp)(g~tm) — 2p(g~'m) g~'m, g a;m) e‘m2/2’, and a

repeated application of Lemma 3.2 yields the assertion. In order to estimate the
second summand, we note that

SN Z(qr)y) == (etY /(0
_ 1
— _6(9 Im)2—m? (m2 — (g_lm)Q)k ! Q(O)

Here ¢(0) denotes the polynomial in m which is explicitly given by ¢(0) =
—2({m,a;m)—(g~'m, g ta;m)). We get for the second summand the upper bound

C//

1
(k— 1)l pmenr e P (gm®)F Tt = O,

where C” = sup,,cur |(0(9)p)(m)§(0)e™™*/?| | and A = 1/2k,; Xj_1x was defined
in (7). By repeating the arguments given in the proof of Lemma 3.2, it follows

that, for ¢ € U, U as above, the second summand also converges to zero for
k — oo. We get

|4;(n(9)p — ¥i_)[| — 0
for k— 00, g€ U, and j=1,...,d. This proves the proposition. |

Remark 3.4.  Proposition 3.3 implies that, for ¢ € G in a sufficiently small
neighbourhood U of e, m(g)¢ has an expansion as an absolutely convergent series
in Cy(M) given by

w(9)e =Y _ olg)p (* — olg)r®) /1 -7, (10)

=0

where o is the left regular representation of G on C[M]. Indeed, it follows from
the proof of Lemma 3.2 that

HQ(g)p(r2 - i!(g)rz)lerz

/<Jl

< Zsup [p(g~'(m))
TS,

KL Kl
= 20 -supe vy = 202D e = (2,)'C
' 40 Il

€7m2/2’

- sup ‘m2l67m2/2‘
M

1
\/ZJ

*m2/2|. For the definition of k,, see the proof

where we set C' = sup,, |[p(g~*(m))e
of Proposition 3.3.

We are now in position to show that the generators dm(X) are already completely
determined by their restriction to the subspace P = C[M]-e™"". A similar dense
graph theorem involving the Garding-subspace was conjectured originally by Hille
within the theory of strongly continuous semigroups [5], and afterwards proved
by Langlands in his doctoral thesis [6]. Our proof follows essentially the one of
Langlands, which, nevertheless, makes use of the G-invariance of the Garding-
subspace. The fact that P is not 7(G)-invariant is overcome by means of the
approximation argument established in Proposition 3.3.
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Theorem 3.5.  Let Xy,..., X, € g, and denote by I'x,
generators dn(Xy),...,dw(Xy), i. e. the set

x, the graph of the

-----

{(e.dn(X1)p...., dn(Xi)p) € Co(M) x -+ x Co(M) : ¢ € (| D(dr(Xs) }.

i=1

Write I'x, ... Xi|p for its restriction to P x---x'P. Then, with respect to the strong
product topology on Co(M) x --- x Co(M),

FXl ..... Xk - FXl ..... Xk|’p
In particular, Fm ..... aqg — Fal ,,,,, aq|P -
Proof. = We assume in the following that {a,,...,as} represents a maximal
linear independent subset of {Xi,..., X;}. It suffices to verify the assertion for

this set, then. Let (@,1q,...,1%q) € [q, . There exists a series of functions

©n € P such that

(Sarh Aq90n7 s 7Ad90n) - (907 ¢q> cee 7¢d)

with respect to the strong topology in Co(M) x --+ x Co(M). We obtain v; =
A;p for all i = gq,...,d, the A; being norm-closed, and, thus, (¢, ¥,,...,%q) €
Lay,...aq- To prove the converse inclusion I'y, . 4, C Ty, we consider local
regularizations of 7. Consider the canonical coordinates of second type ® : U, —
Wy introduced in (2), and let Q. = [0,¢] x --- x [0,¢] be a cube in W, of
length e. If dt stands for Lebesgue-measure on R? and xq. for the characteristic
function of ()., then, by the weak continuity of the G-representation 7, the map
Xo. () T(®71(t))¢ is weakly measurable with respect to dt for ¢ € Co(M), as well
as separable-valued, and therefore, by Pettis, strongly measurable, see e. g. [5].
Because of

[ lIm@ @] de= ol

£

it follows that xq.(t) (@~ *(¢))p is Bochner-integrable, and we define on Cq(M)
the linear bounded operators 7(xq.) = an 7(®~1(t))pdt, in accordance with

the regularizations 7(f) of 7 already introduced. Clearly, ||e~*(xq.)¢ — ¢|| — 0
for ¢ — 0 and arbitrary ¢ € Co(M), since, as a consequence of the dominated
convergence theorem of Lebesgue for Bochner integrals,

s-lim, e~ (x0. ) = s-lim, g / (@ (et))pdt = .

1

Let ¢ € Co(M)o. From equation (3) one deduces that yq.(t)A;m(P71(t))p is
Bochner integrable, so that using the theorem of Lebesgue, and integrating by



RAMACHER 309

parts, we obtain

:/ Ajm(® 1(t))gpdt:zd:/ %(W((D_l(t))QD)dkj(t) dt
dE _1 k:1(t1:,a ..... t

:; / | des(m(@ w)e] T A

- i/j@l(t))w@i di; (1) dt,

where j = 1,...,d, and d;(t) = %si(o,t). The symbol " indicates that inte-
gration over the variable ¢; is suppressed. As a consequence, m(xq.)¢ € D(4;)
for all ¢ € Cy(M)s. Let us denote the difference on the right hand side of the
last equality by Fj(p). It is defined for arbitrary ¢ € Co(M), and continuous in
¢ with respect to the strong topology in Co(M). Since Co(M)y is dense, and
7(xq.) is bounded, we obtain, by the closedness of the A;, that w(xq.)y € D(A;)
for arbitrary ¢ € Co(M), and

Ajm(xe. )y = Fi(») (11)
for all p € Co(M). Assume now that ¢ € (_, ,D(A;). As already observed,

,,,,,

s-lime e % (x0.)¢ = ¢, and we show that, snmlarly,
s-lime_o e 747 (xQ.)p = Ajp

for all j =gq,...,d. Writing d;(t) = dkj + D 051 € it with complex coefficients
¥ we obtain with (11), by substitution of variables,

Ajm XQE Z 5@[ (t))gp] (t1,ns

7777 td)8 dtl /\ ./.\. /\ dtd

(tl ..... 0,..., td)E g
adk (t15e-s, 1,...,tq)e
+ / I mcb—lt ] dty NSO dt
Z O, Zh atl l ( ()90 (t1,---, 0,...,tq)e ! d
d
ad dty AN dt
+ / (% () em(@ etz .zt — 0) d
8tk g
(1L dt A dtg
" / o [m(@ (1))
Z O |a|z>:2 (t1,..., 0,..., td)&‘ €
d
0dy;
- L et)m (@ (et))p dt
0, Otx

As € goes to zero, the second and fourth summand on the right hand vanish, while
the third and fifth cancel each other. Hence, only the limit of the first summand

5_1/ (e ) [m(ef ) — 1] -+ w( e Yo dty ALTLA dity,
Q1
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as € — 0, remains. In the following, we prove that
s-lim,_ge (e ) [m(e™ ) — 1] - (e )p = Ajp

for all j =¢q,...,d. For j = d, the assertion is clear. Let, therefore, j be equal
d — 1. Then,

(et ) = Afm( e o = [m( et ) — g + [m( et ) — L[ (e ) — Lep.

Now, since e ![r(e% ) — 1]p converges strongly to tqAqp as ¢ — 0, and
e Hm (et ) — 1| to ||taAap|, we obtain

H[W(e‘md—1 ) — 1]e ! m(eama) — 1]ng — 0,

and hence the assertion for j = d — 1. By iteration we get, for arbitrary j =
Q7 ctt d7

e () — Am(etit )i )

. -1 a;
:ﬂ_(egj)_lsp—f— Ea] _ Z ( H €tmam ) <e€tl )_190a

3 3
i=j+1 m=j+1

and a repetition of the arguments above finally yields the desired statement for
j=gq,...,d. Taking all together, we conclude for ¢ € ﬂ?:q D(A;) that

e U m(xQ.) e, Aqm(XQ. )@, - - - Aam(xQ.) ) = (0, Agp, - Aap)  (12)

as € — 0 with respect to the strong product topology in Cy(M) x --- x Co(M).
Now, for ¢ € Co(M)w,

(m(X@. ), Agm(X@. )@, - > Aam(X@.)¥)

If € is sufficiently small, and ¢ € P, then, by Proposition 3.3,
(m(@7 (), A (@7 (1), - ., Aam (T (1))) € Taypoaatps € Qs

-----

(11), F; being continuous, that

( (XQE)SO’A Tr(XQs) Ad'ﬂ'(XQE)('D) Faq ~~~~~ ad|P

for arbitrary ¢ € Co(M) and sufﬁcrently small €. With (12) we finally obtain
(¢, Agp, ..., Agp) € Tq, ayp for ¢ € ﬂl . D(A;). This proves the theorem. ®

.....
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4. Analytic elements of (m, Co(M))

Let m be a continuous representation of a Lie group G on a Banach space B,
and denote by B, the space of all analytic elements in B, i. e. the space of all
¢ € B for which g — m(g)p is an analytic map from G to B. B, is invariant
under the G-action m and the action dm of g, norm-dense in B, and one has
the inclusion B, C B,,. Analytic elements of Banach representations were first
studied by Harish-Chandra in [4], and their importance is due to the fact that the
closure of every drn(H(gc))-invariant subspace of B, constitutes a m(G)-invariant
subspace of B. In addition note that every closed, 7(G)-invariant subspace is also
7(C.(G))-invariant, where C.(G) denotes the space of continuous, complex valued
functions on G with compact support. Assume now that G is a real linear algebraic
group acting regularly on a smooth, real affine variety M, and consider the left
regular representation of G on Cy(M) as introduced in the previous section. The
following theorem states that the elements of P = C[M]- e~ are contained in
Co(M),,, and is a consequence of the approximation argument given in Proposition
3.3.

Theorem 4.1.  The elements of the g-module P = C[M] - e are analytic
vectors of the left reqular representation m of G on Co(M).

Proof. Let p=1p- e~ € P. Since ¢ — h™g is an analytic isomorphism for
arbitrary h € G, it suffices to show that g — m(g)¢p is analytic in a neighbourhood
of the unit element, see e. g. [4]. According to (10), 7(g)p is given by the series

T(9)p =Y _ olg)p(r® — o(g)r*) /1l - e,

=0

which converges absolutely in Co(M) provided that g € G is contained in a
sufficiently small neighbourhood U of e. Since G acts regularly on the affine
variety M, (g,m) — gm is an analytic map from G x M to M, and therefore
(g,m) — (0(g)p)(m) an analytic function, being also polynomial in m. Thus,

(o(g)p)(m) =plg~'m) = cagb™(g~")m”, (14)
AB

with constants ¢y and multiindices A, 3, where 6%(g) = 8 (g) ... 0% (g), and
mP = mf" .. mP the sum being finite. The coefficient functions 0ii(9) = gij, as
well as their powers, are real analytic. In a neighbourhood of the unit element,
they are given by the absolute convergent Cauchy product series

0Mg) =D WO (g = > b) _ O'(g)...0¥(g), (15)
[v[>0 V15057 >0

where the ©4,...0, are supposed to be coordinates near e with ©;(e) = 0. By
rearranging the sums we obtain

(o(9)p)(m) = D py(m)©7(g7"),

[v|>0
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where we put p,(m) =3, capblmP . In a similar way, (g,m) — (r?—o(g)r?)!(m)
is a real analytic function on GG x M which is a polynomial expression in m. The
coefficient functions have an expansion of the form 0;;(g) = di; + 3775, b707(g),

and we put 7;;(g) = Zmzl bij@”(g). In this way we get
m? — (g~ 'm)”

n

:2(1_92 ZH “Hms —QZZ% )0k (g ) mm;

=1 z;ﬁ] k=1 i<j
= Z 7]@3 m -2 Z 772] mlm] -2 Z Z nkz nk] )mzm]7
1,7=1 i#£] k=1 i<j

thus obtaining

(m* = (g™m?)' = Y g, (16)

I<|A|<2L,|3]=21

where the d); are real numbers, and the n*(g) are given by the Cauchy product

series
o0

ng) = D b;0°(g). (17)
|6]=]A]
As a consequence, we can represent (m? — ((g7'm)?)! near the unit as an infinite
sum in the variables ©1(¢g71),...,04(¢!) in which only summands of order > [
do appear. Explicitly, one has

(m* = (g7'm)?)" =3 gl(m)e’

6]>1

with g4(m) = D 1< |A|<min(2L,|6]),|3=21 dhzb3mP . For |6 < I one has ¢5 = 0. By
choosing U sufficiently small, we may assume that the coordinates ©,...,0, are
defined on U. In the sequel, we shall show that, on U, m(g)¢ has the expansion

00 [v+9]
n(g)e= D p( Do db/l) e O (g, (18)
171,161=0 =0

For this sake, we first compute
Do lame i< D ldl( X 156°(s7) I < Kym?,
181>1 1<|A|<2,|5|=2 181> A

where K, is a constant which depends only on g and goes to zero for g — e. But
then, because of g§(m) = 3 50, s0—s G (M) - - - G50 (M), each summand of the
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series appearing in (18) can be estimated according to

2

|v+9]

OUDRACAT

|

|v+36]
—sup |, (mO7 () (Y Y a7 gk (me (g7
M 1=0 §(1) g 5=
[v+4] ,
< sup {7, (m)€7(g7)| Y (Km?)!/11] < (ZchﬁbA@” 1) sup me )
=0

|v+4|

(Z Ké/l!skl/lp|m2le_ ) (ZOAW@ -1 )(Z KL (2D —l/u>

where we put 5, (m) = py(m)e™™", Cy = > s leaslsupy, |mPe~/2|  and made use
of (7). The sum over A appearing in the last line is a finite linear combination of
summands of the convergent series >~ - 6207 (g~1)]; the summands of the series

over | behave as (2K,)/V/1 for big I. Since K, < 1/2 for sufficiently small U,
we deduce that the sum in (18) converges absolutely, by the comparison criterion
and the convergence of the geometric series. Therefore, by Riemann’s theorem on
the rearrangement of terms of absolutely convergent series, we can write this sum

also in the form o w
YN pgi/ll-eT e (g,

=0 |y,[3120
Now, by taking into account equations (14)-(17), and the definition of the polyno-
mials p,, ¢}, one deduces that

2 2 _
- Y pdeT ()

0<|y],|8|<N

< sup‘ cagdygm e <8A( Y (g™h) — Z bé\bf;\/@ﬁé(gfl))’
AGAE 0<II3I<N

|etg)p (2 = olg)r®)' -

goes to zero as N — oo, and we obtain
o
2 2 _
o(g)p*(r* = o(g)r®) e = > pygs-e O (g7);
v1161=0

using equation (10) we get (18). Thus, for ¢ € P, 7w(g)p is analytic in a
neighbourhood of the origin, as contended. ]

5. Subquotients and reducing series of P and Cy(M)

Assume that G is a real reductive group as defined in [8]. Let K be a maximal
compact subgroup of G with Lie-Algebra £, and

g==todp
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the corresponding Cartan decomposition of g. If 7 is a continuous representation
of GG on a Banach space B, its restriction to K defines a continuous representation
of K on B. Denote by K the set of all equivalence classes of finite dimensional
irreducible representations of K. For each A\ € K , let &, be the character of A,
d(X) the degree of A, and x» = d(A)&\. We define

PO\ = (1) = d(N) /K &k (k) dk:,

dk normalized Haar measure on K. P()\) is a continuous projection of B onto
B(A) = P(\)B. Note that B()\) is the isotypic K-submodule of B of type A, i.
e. it consists of all vectors, the linear span of whose K -orbit is finite dimensional,
and splits into irreducible K -submodules of type A, see [9)].

Let us resume the study of the left regular representation (m,Co(M)), as
introduced in section 3., of a real linear algebraic group G acting regularly on a
smooth, real affine algebraic variety M, and of the g-module P. From now on,
we will assume that G is stable under transpose, so that G is real reductive in
the sense specified above. Note that R™ is endowed with a K -invariant scalar
product in a natural way. By choosing appropriate coordinates, we can therefore
assume that the distance function r? is invariant under the action of K. As in
the previous sections, let ¢ be the left regular representation of G on C[M]. It is
locally regular, so that P is contained in the subspace of differentiable, K -finite
vectors of (m,Co(M)).

Lemma 5.1. P = C[M]-e™ s a (g, K)-module in the sense of Harish-
Chandra and Lepowsky.

Proof. Plainly, P is #n(K)- and dr(g)-invariant. Now, for general ¢ €
Co(M)s, X € g, and g € G we have

m(g)dn(X)p = lim h™'x(g)[m(e"™) — L)

= lim 17! [x (@) — 1]7(g)p = dr(Ad (9)X)7(9)¢.

(19)

Let ¢ € P, E, = Span{n(K)p}. Since (o, C[M]) is locally regular, E,, is a finite
dimensional subspace of P. Thus, P is a (g, K)-module in the sense of Harish-
Chandra and Lepowsky, see e. g. [8]. |

Lemma 5.2.  Let P(\) = PNCo(M)(X). Then P =3, P(N), and P(X) =
Co(M)(A)-

Proof.  Since the linear span of the K-orbit 7(K)[p - 6*7"2] of an arbitrary
element in P is finite dimensional, we obtain the first assertion. The second
assertion follows with Proposition 4.4.3.4. of [9]. [

In what follows, we will call P also the underlying (g, K)-module of Co(M). Note
that in general Hilbert representation theory, this role is occupied by the space of
differentiable, K -finite vectors. P(\) is the A-isotypic component for K of P.
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Remark 5.3.  The fact that the sum ), .z P N Co(M)(N) is dense in Co(M)
can also be seen by the following general argument. Fix ¢ € Co(M), and € > 0.
Since P is dense, there exists a polynomial p = > c,m® € C[M] such that
o —p-e || <e/2. For any finite subset F in K we define yp = Y oser Xa- As
a consequence of the K -invariance of r?, we have

(P p-e)(m) = /K okp(km)dk-e = " cq /K k) (k7 m)* dk e,

so that P(A)p-e™ € PN Cy(M)(N). Now, according to a theorem of Harish-
Chandra, for any differentiable vector ¢ € Co(M)s, the series >,z P(A)t
converges absolutely to 1, see Theorem 4.4.2. 1 in [9]. For this reason, we can
choose F' in such a way that || (Xr)—1)p-e” || < ¢/2. Hence,

HW(XF)I?'@_T —SOH < H r)—1)p- T2H+Hg0—p-e_T2H <e.

2

Since for any F, w(xr)p-e™" € > \cx P N Co(M)(A), we obtain the desired
assertion.

Remark 5.4. Let T be a maximal torus of K. The equivalence classes of finite
dimensional irreducible representations of K are in one-to-one correspondence
with dominant integral and T'-integral forms g on the complexification tc of
the Lie-Algebra of T". Let ), be the class corresponding to p, and (m,,V*) a
representative in \,. Denote by M(A) the Verma module of weight A € ¢, and
L(A) the unique, non zero irreducible subquotient of M (A), see e. g. [8]. Then the
differential of 7, is equivalent to the £c-module L(x). On the other hand, every
finite dimensional simple £c-module has a highest weight A, and is equivalent to
L(A). Thus, every \,-isotypic component for K is an isotypic component for € of
type L(u), and we get P = Zne%c P.., where %(c denotes the set of all equivalence
classes of finite dimensional simple c-modules. Hence P is a Harish-Chandra
module for g¢ in the sense of [2].

As already noted at the beginning of the previous section, Theorem 4.1 allows us to
derive 7(G)-invariant decompositions of Cy(M) from algebraic decompositions of
P into dr(4U(gc))-invariant subspaces. To begin with, note that the representation
dm of g on P is equivalent to a representation drn’ of g on C[M] given by

dr'(X) = do(X) — [de(X)?), X €. (20)
Define now in P the subspaces

W, = dr(U(gc)) Span {W(K)p . e’TQ} , p € C[M].

Lemma 5.5. W, is a (g, K)-module in the sense of Harish-Chandra and Lep-
owsky.

Proof.  Similar to the proof of Lemma 5.1. [ |

Let W,(A) be the A-isotypic component for K of W,. Although, in general,
dim W,(\) = o0, so that W, is not an admissible (g, K)-module, any subquotient
of W, turns out to be admissible.
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Proposition 5.6.  The subquotients W,/Waw(x)p are admissible (g, K)-modu-
les for any p € C[M] and X € U(gc).

Proof. It suffices to consider the case M = R™, so that one has the grading
C[R"] = @,>, C'[R"] by the polynomial degree. Let p € C[M], X € t(gc). Since
dr(X)p-e = [dr'(X)p] - e, one has Wy (x), C W, by (19). Denote by Z
the complement of Wy (x),(A) in W,(A). Slnce for Y €g, dr'(Y) : C[R"] —
CHR"] @ C2[R"], one deduces W,(A)/War(x)p(N) = Z C D2 CHR" - e
where k is the degree of dr’(X)p. Thus, for arbitrary A € K, (Wo/Warrx)p) ()
Wp(A)/War(x)p(A) is finite dimensional, and the assertion follows.

m 1.

By definition, W, C Co(M),, is invariant under U(gc), so that its closure W,
constitutes a G-invariant subspace. Therefore, by restricting 7 to Wp, we obtain
a Banach representation of G' on W,. Let us introduce now some terminology
from general representation theory.

Definition 5.7. Let m be a Banach representation of a Lie group G on a
Banach space B. Then by a reducing series for m we shall mean such a series
for the integrated form of 7, i. e. a nested family B of closed 7(C.(G))-stable
subspaces of B such that {0} and B belong to %8, and with the property that if
2A C B, then () 4eq A and [J, o9 A lie in B. A Jordan-Holder-series for  is a
maximal reducing series for 7

Let B be a reducing series for 7. Two subspaces By, B, € B with B, C B, are
said to be adjacent if there is no B in 8 such that By C B C By, where the
inclusions are understood to be strict.

Definition 5.8.  Let m be a Banach representation of G on B. Then a reducing
series B for m is said to be discrete if, whenever B, By € B and 61 - Bg, there
are subspaces 81,32 in B with By C Bl - 82 C By such that 15’1 and Bg are
adjacent in B.

Now, as a consequence of Theorem 4.1, we have the following proposition. Note
that a similar statement also holds in case that G is not reductive.

Proposition 5.9. Let p € C[M] and B = {Wp,WdW/(X)p,WdW,(YX)p,...},
where XY, ... are arbitrary elements in g. Then B is a discrete reducing series

for (m, Wp) )

Proof.  To avoid undue notation, let as denote the elements of 8 by By, Bs, ... .
By construction and Theorem 4.1, the elements of % are closed, 7(C.(G))-
invariant subspaces of B;, and we have the inclusions By D By D B3 D

Further, for 20 C B, (g cqBi and (g o Bi lie in B. Thus B is a reducing se-
ries. Finally, by noting that every two B;, B;;1 are adjacent, we obtain the desired
result. ]

Lemma 5.10.  Let Wy(\) = W, N Co(M)(N). Then W, = >z Wp(X) and
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Proof.  Similar to the proof of Lemma 5.2. [ |

Lemma 5.11.  Let B = {By,B,,...} be a reducing series for (m,W,) as in
Proposition 5.9. Then the subquotients B;/B;, i < j, are K -finite Banach repre-
sentations of G .

Proof.  Let (m, B) be a Banach representation of a Lie group G, and V' a closed,
G-invariant subspace of B. Then

PO (p+ V) = / k) (k) + V)dk,

so that ¢ +V € (B/V)()) implies ¢ € B(A). One therefore gets an epimorphism
from (B/V)(A) onto B(X)/V(A) by setting ¢ +V +— ¢+ V(A). Since V(\) C V,
this is clearly an isomorphism. Hence, (B;/B;)(A\) ~ B;(\)/B;()\), where i < j.
Let Z be the algebraic complement of B;(\) in B;(\). Again, it suffices to consider
the case M = R". Then, by the preceeding lemma,

Bi(N/B;(\) ~ Z c TR -e™"

=0

2

for some k. Hence dim(B;/B;)(\) < oo for all A € K, as contended. ]

Assume now that h is a Cartan-subalgebra of gc. Let & = ®(gc,h) be a root
system with respect to b, go = {X € gc: [V, X] = a(Y)X for all Y € h} the root
space corresponding to o € h*, and ®T a set of positive roots. As usual, we set

=P g, =P g b=bhon

acdt aedt

Consider the underlying (g, K)-module P of Cy(M), and define for A € h* the
corresponding weight space

Pry={p € P :dn(X)p = AX)p for all X € h}.

Note that dm(gs)Px C Pria, and assume that Py is not empty.

Proposition 5.12.  Let p-e™™ € Py, and put V, = dr(U(ge))p - e, as well
as Vit p = D xent A7(U(gc) X)p - e . Then V,/Vys, is a highest weight module
of weight \.

Proof. By construction, dr(nt)p-e™™ € Vat p, so that p - e + Vat p 18
annihilated by n* and therefore constitutes a highest weight vector. Since V,/Vi+,
is generated by p-e™" + Vat p as a HU(gc)-module, the assertion follows. |

Let M(X) = U(gc) @) Ca be the Verma module of weight A given by the above
root system. Then, by general theory [2], we have the following corollary.
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Corollary 5.13. 1. V,/Vii, = dr(U(n7))(p- e + Vir ).
2. Vy,/Var, equals the algebraic direct sum of finite dimensional weight spaces.
3. V,/Varp has a central character.
4. There exists precisely one g-homomorphism U from M(X) onto V,,/Vy+ , such
that W1 @ 1) =p-e ™ + Vi .

Let us illustrate the above results by two examples, where in particular
we obtain explicit decompositions of the (g, K)-module P, and hence, of the
representation (m, Co(M)).

Example 5.14.  Consider G = SL(2,R), K = SO(2), acting on M = R? by
matrices, and denote by (, Co(R?)) the corresponding regular representation of
G on the Banach space Cy(R?). As a basis for g, take the matrices

(01 (00 (10
“={oo0) 2 \10) B {0 -1)

Then ¢ = Spang {a; — as}. Let ®(gc, tc) = {£a} be a root system of g¢ with
respect to the Cartan subalgebra €c, where a € €. is defined by a(Y) = (Y12 —
Ya1). Let @+ = {a}, so that n* = g1, = Spang {X*}, where X* = a; +ay Fias.
Put H = a; — ay. Consider in C[R?] the polynomials

r? =m3 +mj3, g+ = my £ imo, (21)
as well as the constant polynomial 1. Let p denote the regular representation of
G on C[R?]. Setting 0 = 0,,, &40y, , one computes

dr(X?%) = +iqe 0%,  drn(H) = my Oy —m2 O, -

Since identical expressions hold for dp, one has dQ(nJr)q_kF = 0, so that with respect
to tc, (do,CF[R?]) constitutes a (k + 1)-dimensional, irreducible gc-module of
highest weight ak/2 with highest weight vector qﬁ. The polynomials r?* and
q" are of weight zero, respectively —ak/2. Define now in Co(M) the infinite

dimensional, indecomposable subspaces
Wi =dn(Wi(ge)le™,  We=dr(Wge)r® e, Wy, =dr(U(gc))gs-e

They are (g, K)-modules in the sense of Harish-Chandra and Lepowsky, and
by taking suitable subquotients one gets admissible (g, K)-modules, and highest
weight modules. Note that X, X~ and H satisfy the the commutation relations
of the complexification of sl(2,C), so that, in particular, [dr(X™"),dn(X7)] =
—4idn(H). Since dn(X?*) : C'[R?] e — CYR?]- e @ C*2[R?]- e maps Py
into Pyiq, we obtain for the (g, K)-module P = C[R?] - e the decomposition

P=WioWeaW, oW, .

Each of the summands is dr(4(gc))-invariant by construction, so that, by Theorem
4.1, their closures must be 7(G)-invariant. Since P is dense, we get for Co(R?) a
G-invariant decomposition according to

CoR) =Wy eW.aW, &W,

into indecomposable closed subspaces, each of them having discrete reducing series.
The representation (m, Co(R?)) itself is not of finite K-type and therefore not
admissible.
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Example 5.15.  Consider again G = SL(2,R), K = SO(2), but now acting on
M =g =sl(2,r) ~ R3 via the adjoint representation of G'. Explicitly, we have
the identification

m m m
R39mv—>Xm:< 2 1t 3)69.
myp — Mg —mMy

Similarly, we write myx for the point in R* corresponding to X € g under this
identification. Let (m, Co(R?)) be the corresponding regular representation, and
consider in C[R?] the polynomials

2 2 2 2 2 2 2
r® =mj + ms+ ms, pa = det X,,, = —m7 — m5 + mj.

If not stated otherwise, we continue with the notation of the previous example.
Since (d/dh)(e™ m)j—o = mpy,x,,] for Y € g, one computes, using (6),

dr(XF) = +2i(m3 05 +q5 O, ), dr(H) = 2(mg Opy, —my Onmy),

as well as identical expressions for dp. Note that do(X)pg =0 for all X € g, and
do(n™)pLq® = 0, where [, k are non negative integers. Hence, defining in C*[R3]
the finite dimensional subspaces

VA = do(U(ge)) [P d" ), 20<k,

we get highest weight gc-modules of weight (k — 21)a, see [2]. Since dim C*[R3] =
Zfill j and dim V% = 2(k — 2I) + 1, one deduces that C*[R3] decomposes
according to

(Ck DR:S] — vk,O D vk,l DD Vk:,[k/ﬂ
If we therefore set W, = dr(U(gc))p-e, p € C[R?], we get for P the decompo-
sition - -
P = P rk (Wi ® W, @ Weaz & D (W © W )|
1=0 k=1

into dr((gc))-invariant subspaces of analytic vectors for (m, Co(R?)), leading to
a corresponding decomposition of Cy(R?) into G-invariant subspaces. Consider
further the smooth, affine G-varieties Ny = {m € R%: pg = £}, where  # 0,
and the underlying (g, K)-module P[¢] = C[N¢] - e of Co(Ne). One has
C[N¢] ~ C[R%]/Zy,, where Iy, denotes the vanishing ideal of N¢. Since Zy,
is generated by the polynomial pg — &, one obtains in this case the decomposition

Pl =W1@® Wy, @ WT’?—&-m% D @ (qu b Wq’i)‘
k=1

Note that in this example neither P, nor P[¢], are longer finitely generated as
(g, K)-modules.
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