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Abstract. The Cartan - Dirac classification of spinors into types is gener-
alized to infinite dimensions. The main conclusion is that, in the statistical
interpretation where such spinors are functions on Z3°, any real or quater-
nionic structure involves switching zeroes and ones. There results a maze of
equivalence classes of each type. Some examples are shown in L2(T). The
classification of spinors leads to a parametrization of certain non-associative
algebras introduced speculatively by Kaplansky.
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1. Introduction

Let H be a separable real prehilbert space and € = C(H) the Clifford algebra
of H, i.e., the quotient of the tensor algebra 7g(H) of H by the ideal generated
by the elements of the form

hoh +h @h+2<h,h >
with h,h' € H.
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In two little known papers from 1954, Garding and Wightman parame-
trized (up to equivalence) the unitary representations of the so-called Canonical
Commutation and Anticommutation Relations. The first essentially amounts to
parametrizing the unitary representations of the infinite-dimensional Heisenberg
group ‘H, while the second amounts to doing the same for €. Their work,
based on original examples by von Neumann [15], show that both have “a true
maze” of equivalence classes of irreducibles, in striking contrast to the finite case.
Abusing language, one says that Stone-von Neumann fails in infinite dimensions
in both cases. The standard representations appearing in QFT constitute a
special class characterizable by the existence of vacua — vectors annihilated by
all the annihilation operators. One calls these Bose-Fock in the case of H, or,
abusing again, Fermi-Fock, in the case of €, or simply Fock representations.
According to ordinary use in finite dimensions, the unitary representations of &€
will be called here complex spinor structures or simply spinors, and the particular
realization derived from the construction of Garding and Wightman, GW spinors.

In this article we determine the type of these spinors and deduce some
conclusions. Recall that a real (resp., quaternionic) structure on a complex
Hilbert space is an antilinear, norm-preserving operator S (resp., () such that
S? = I (resp., Q* = —I). As in the finite dimensional case, a complex repre-
sentation of € is said to be of real, quaternionic or complex type, according to
whether it commutes with an S, a @), or neither, conditions that are mutually
exclusive when the representation is irreducible.

The question of type is basic in finite dimensions, where its solution was
found apparently first by Cartan and rediscovered later by Jordan, Wigner and
Dirac. The fact is that every (complex) representation of C'(R™) is a multiple
of a unique irreducible one (for n # 3,7 mod(8)), or a sum of multiples of
two unique irreducible ones (for n = 3,7 mod(8)). The irreducible ones are of
real type for n = 0,6, of complex type for n = 1,5 and of quaternionic type
for n = 2,3,4 [5][6][14]. In the physics literature S and @ are called charge-
conjugation operators and the irreducible spinors of real type Majorana spinors.

In infinite dimensions we find mazes of inequivalent irreducible spinors of
each of the three types. The key condition for a spin-invariant real or quaternionic
structure to exist is that in their dyadic representation (cf. §2), changing all 0’s
to 1’s and all 1’s to 0’s must be a meaningful operation among spinors. This
rules out all representations common in physics: Fock, anti-Fock, Canonical.

Because the questions of reducibility and equivalence of the GW repre-
sentations are not completely resolved -indeed, they may be essentially unsolvable
in general, the GW parametrization works better in practice as a source of ex-
amples than as an instrument of proof. Our results are an exception to this rule:
the GW parametrization is well fit to describe the breakdown into types and
yields a neat answer. We now mention some specific consequences.

The spinors of real type yield the orthogonal representations of € in real
Hilbert spaces. If S is a spin-invariant real structure then {v: Sv = v} is an
invariant real form which, by restriction, provides a real representation of € and
every real representation must arise in this way.

When dimg H = 1,3,7, the real irreducible representations of € have
dimensions 2,4, 8, respectively, and are in correspondence with the classical divi-
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sion algebras [2]. For this, the property of € having a module of dimension equal
to one plus the number of generators, is crucial. Of course, this property holds
when dim H = oo too, so it is natural to search for infinite-dimensional analogs
of quaternions and octonions. This possibility was considered by Kaplansky in
the fifties [13], who ruled out strict analogs and proposed weaker alternatives.
Although he seemed doubtful of their existence as well, examples were found in
the nineties [7][17]. We give here a parametrization of all such algebras up to
equivalence, concluding that there are mazes of inequivalent ones.

There are families of representations of € on L?(T) or L?(R), of real or
quaternionic type which seem to have analytic content. We discuss two operators,

D= iakﬁk, D/ = ia’,gak
k=1 k=1

where ay,, aj, are the creation and annihilation operators associated to the spin
structure and the 0y are certain dyadic difference operators. Notably, for the
standard Fermi-Fock representations they diverge off the vacuum. But for the
spinor structures in L2(T) they have a dense domain and relate neatly with the
real and quaternionic structures.

In the statistical interpretation of the creation and annihilation opera-
tors, a real or quaternionic structure necessarily empties all occupied states and
fills all non-occupied ones. This may be an unlikely feature for particles or fields,
but not necessarily for other systems modelled with 0’s and 1’s.

We thank H. Araki, J. Baez, A. Jaffe, A. Kirillov, F. Ricci, A. Rodriguez
Palacio and J. Vargas, for their helpful advise.

2. Garding-Wightman spinors

Let
X =75

be the set of sequences = = (z1,z2,...) of 0’s and 1’s, and A C X the subset
consisting of sequences with only finitely many 1’s. Then X is an abelian group
under componentwise addition modulo 2 and A is the subgroup generated by
the sequences 6%, where 5;73 is the Kronecker symbol. The product topology on
X is compact and is generated by the sets

X ={z: z =1}, X ={z: z, =0},
which, therefore, also generate the canonical o-algebra of Borel sets in X . Let

Xk X;c;

denote the characteristic functions of the sets Xy, X}, respectively.
We will realize all the complex spinor structures on L? spaces of C-
valued functions on X or direct integrals thereof. As a motivation, let us realize
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the standard finite even-dimensional spinors in this manner. For each positive
integer N consider the vector space

Vy ={f: 7Y — C}.
Then, clearly, dim Vy = 2 and the operators

Tef (@) = —i(=1)T O f(ash)

(2.1)
Jef(z) = (1" T fa+o)

where 1 < k < N, z € Z%, addition is modulo 2 and the §* is the standard
basis of Z% , define an irreducible complex representation of the Clifford algebra
C(R?N) -the unique one modulo equivalence. The unitarity is relative to the
natural L? inner product in Vi, which in turn is associated to the measure on
ZY where each point has measure 1.

When N = oo, in order to reach all equivalence classes one must allow
for more general measures on the group X = Z5° and replace C-valued functions
for sections of appropriate fiber spaces over X . Three natural but very different
measures on X that generalize the finite case are:

The Haar measure of X, ux .

The Fermi-Fock measure on X, ua, supported on the discrete set A
with each point having measure 1. More generally,

The Canonical measures, fi,, 1A, supported on translates of A.

The first is invariant under all translations in X while the second is invariant
only under those from A. It is ua that leads to the representations that appear
most in QFT, however implicitly. It ignores all the points & with infinitely many
x; = 1, or “occupied states”, on the basis that the total number of fermions must
be finite. In any case, (2.1) define irreducible representations of € on L?(X, ux)
and on L?(X, gy, +a) of very different nature.

The next theorem is Garding and Wightman’s main result in [9], rephra-
sed to fit our setting. A sketch of its proof is included in an appendix.

Recall that two measures A, i on the same Borel algebra of sets are said
to be equivalent if they have the same sets of measure zero. Equivalently, if there
exists locally integrable functions, denoted by dA/dp and du/dA, such that for
any measurable set A, these Radon-Nikodym derivatives satisfy

[ dx

dp
NA) = [ =2 dy, A:/—d)\.
(A) L 1(A) L

i is said to be quasi-invariant by A if p is invariant under translations by
elements of A.

Now, consider triples

(1, V,C)

where

e 4 is a positive Borel measure on X , quasi-invariant under translations by A.
o V ={V,}sex is a family of complex Hilbert spaces, invariant under transla-
tions by A and such that the function z — v(z) = dim V, is measurable.



GALINA, KAPLAN, AND SAAL 461

o C ={cr: k€ N} is a family of unitary operators ci(z): Vy — Voo =V
depending measurably on x and satisfying
ci(x) = cp(a+6%)

(2.2) cr(z)ep(x+6%) = ¢ (z) e (z+6Y)

for all 6 € A and almost all x € X.

We will often write (u,v,C) instead of (u,V,C), in view of the fact that
changing V unitarily will yield equivalent representations. Given such triple,
consider the Hilbert space

2
V= ‘/(u,u,C) = \/)( Va d:u’(x)

and define operators on V' by

Jif(z) = —7;(—1):81+"~+mk:—1 d—MCEZ(—;(;k) ck(z) f(x+(5k)
(2.3)
dp(z+9%)

Jrf(z) = (=17 cr(z) fla+d")

dp(z)

where an f € V is regarded as an assignment x +— f(z) € V, and all sums are
modulo 2.

In the real Hilbert space H, we fix an orthogonal basis with a given
pairing, {hg, h)}, and define an R-linear

T =T(uwc): H— Endc(V)

by
m(hy) = Jk, m(hy) = Jj..

Theorem 2.4. The operators Jyi,J|, Jo, J5, ... are mutually anticommuting or-
thogonal complex structures and, therefore, m = m(, , c) extends to a unitary
representation of € on V. Conversely, every spinor structure on a separable
complex Hilbert space is unitarily equivalent to some m(, . c) -

The proof of the theorem is in the appendix.

Remarks. (a) Garding and Wightman give a recursive formula for all possible
systems of C’s, hence Theorem (2.4) gives an effective parametrization of all sep-
arable Clifford modules. Although the matters of equivalence and irreducibility
are not resolved, a lot is known in interesting special cases [4],[9],[8].

(b) The relation between the operators Jj,J;, and the operators ay,a;
of the Canonical Conmutation Relations:

1
ar = = (Jy. +1iJy) ay =

5 (—=Jp + iJk)

N —
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(¢) When v(z) = 1, V, can be identified with C, the direct integral
becomes

V= L*(X, p)

and the cg(x)’s are just complex numbers of modulus one depending measurably
in z. The Fermi-Fock representation corresponds to the triple (ua,1,{1}).
Von Neumann’s first examples of non-Fock representations, were special cases
of infinite tensor products, which in our notation are the V{, 1 ce), with

—1)%k
() =w
the wi being fixed complex numbers of absolute value 1. In particular,

Viux,1,{1})

with px the Haar measure, is one such. As we shall see, this has a natural
realization on L? of the circle.

(d) While V{,,, 1,41y) and V{,, 1,{1}) are given by the same formulae
as those of the finite-dimensional case, namely (2.1), they are inequivalent: in
the first, the characteristic function of the point 0 = (0,0,...) gives a non-
zero vector annihilated by all the operators ay, while the second has no such
“vacuum” vector.

(e) Although the GW representations can be discussed more intrinsically
in terms of the “Clifford-Weyl systems” of [3], we prefer to keep {hj,h}} as an
implicit parameter, to be in tune with previous publications. One must keep in
mind that this is not just a notational issue: different basis may yield inequivalent
representations (cf. Berezin’s notion of G'-equivalence [4]). We will return to this
issue in §5.

For further results on the Garding-Wightman parametrization, see [4][8].

3. Real and Quaternionic structures

If U is a real module over €, then C® U is a complex module over C® €, which
comes with the €-invariant decomposition

CoU=Ua®r:U.

U is an invariant real form of C®U . Conversely, any module over C® € with an
invariant real form determines a real module over € simply by restriction. Hence,
parametrizing the invariant real forms of the Garding-Wightman modules up to
unitary equivalence, is the same as parametrizing the real representations of €
up to orthogonal equivalence.

The first problem is equivalent to that of determining the C-antilinear
operators

S: V-V
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which commute with the action of € and such that
(3.1) S§? =1, ISFIl =111l

The invariant real form associated to S is then {v € V : Sv = v} and S
becomes complex-conjugation relative to it.
The map

r+— T =x+1

where the sum is modulo 2 and 1 is the point with ones in all slots, is an
involution of the set X, which switches all zeroes to ones and viceversa. There
are induced involutions on subsets of X and on functions and measures on X:

A={a: zeA},  f)=f@, aA)=uA).

Theorem 3.2. 7, , c) admits an invariant real form if and only if the measures
i and i are equivalent, v(x) = v(x) for almost all x € X and there exist a
measurable family of antilinear operators

rx): Vo = Va2V,
that preserve morms and satisfy

r(x)r() =1

(3.3) .
r(z)er(E) = (=1)%ex(@)r(z+0k)

for all k € N and almost all x € X .

Proof. If ;v and fi are equivalent, v = a.e. and r(x): H, — H, is as stated,
then the operator

Sf(x) =

is an invariant real structure in V(u,v,C). Indeed, it is clearly antilinear, it is
norm-preserving because both r(z) and

(3.4) Tf(z)=

are so, and
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showing that S is involutive. As for invariance,

Ska(x) =
— [ @)@
i 1\/@(3\/%65?%) (z) cx(i) f(a+6")
:i( 1)x1+ Axp—1+k—1 d:UJd(i' ) Ck x+6k)f(ac—|—5k)
= _Z'( 1)m1+ o 33‘{‘519 ,d,u x+6k +5k
_ . r1+...4+ T _1 x+6k ,u( 5) _
= —i(=1)TE e g (a) d r(a +5k)( dnar o (@+0") ))
()t g () | ) “5’“ (2-+6%)
~ JiS5f(x)

Finally, since J, f(z) = i(=1)"*Jif(x) and S(prf) = —ppSf for pp(z) =
(—1)**, it follows that SJ, = J;.S as well.

Conversely, let S be an arbitrary €-invariant, antilinear operator on
V = [ Vo du(x). Let Ni, N} be the operators on V defined by

* / *
N = apar N, = aray,

As it can be seen in the proof of Theorem 2.4 (see the Appendix the details)
Nj, and Ny, are projections on V', moreover they act as multiplication by the
characteristic functions of the sets X;, and X; = X}, , respectively. Since
2a, = Ji, +iJ, and 2aj, = —J}, +iJ, one obtains the relations

(35) Sa}z = —akS, Sak = —CLZS7 SNk = N];S

If Ly denotes the operator of multiplication by the C-valued bounded measur-
able function ¢, the third equation in (3.5) implies that

(3.6) SLy = L3S

for ¢ = xi or ¢ = x},. Since the X} generate the o-algebra of Borel sets of
X, (3.6) must hold for any measurable characteristic function and, a fortiori, for
any essentially bounded function ¢. As a consequence,

(3.7) Supp(Sf) = (Supp(f))

for all f € V. Indeed, if F' = Supp(f), then Supp(Sf) = Supp(S(xrf)) =
Supp(x #S(f)) C F'; since S is an involution, the equality follows.
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In order to see that p and fi are equivalent, let £ C X be a measurable
set contained in some E, = {z : v(z) = n}. We can identify all V,,, z € E,,
with a fixed V{,,). Let u be a unit vector of V,y and define f € fﬁ? Ve du(x) by
Xe(T)u x e b,

flx) =
0 x ¢ E,,

On one hand,

112 = [ (). se)duta) = [

E

(f (@), f(2))dp(z) Z/(u,U)du(x) = pu(E).

E

On the other, because S preserves norms and Sf(z) is supported in E,

12 = 1851 = [ (8. 55@)dnte) = [ (SF(@). S£@)du(o)
Therefore pu(E) =0 = u(E) =0 for any E contained in some F,,. The last
restriction can now be dropped and the implication be reversed, so p and [ are
indeed equivalent.

To show that v(z) = v(%) for almost all x, suppose the contrary:
In < oo, m < n and E C E, such that u(F) > 0 and E C E,,. Since u
and i are equivalent, u(E) > 0. As before, identify all V,,, = € E,, with a
fixed V(). Let {v;} be an orthonormal basis of V{,) and F' C E a measurable
subset. Then

fi(z) = xrp(z)v;

are elements mutually orthogonal in V. If we let "V be V regarded as a real
Hilbert space with the inner product Re(u,v), the f; remain orthogonal in "V .
Since S is antilinear and preserves norm,

(Sfi,Sf;) = (fi, £3) = 0.

for i # j. Because of (3.7), the Sf; must vanish off ', and we can conclude
that

| Re(Sh@). @) die) = [ Re(Sfio). S1(@)du(z) =0
F F
Since p is equivalent to £ and F' is arbitrary, this implies that
Re(Sfi(x),Sfi(x)) =0

almost everywhere in F. On the other hand,

1(F) = (z)|%d = i(z)]?d

iF) = [ 1h@)Pdute) = [ 156 dute)

— I = ISP = [ 181:(0) Pduta)
F
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shows that the |Sf;(x)| cannot vanish identically. We conclude that {S f;(z)}7,
is a linearly independent set in V, for almost all z in E C E,,, which is a
contradiction since m < n.

We may now assume that V, = Vj;, so the operator

Tf(x) =

is well defined. It is C-linear, unitary and satisfies the relations
(3.8) T? =1, TNy = N.T

The first is clear while the second follows from

. 1 33 NN :1:
TNif(x d# (%) () (Z)f(2) (@) X (T
= Nka
The product
R=ST

is then antilinear, bounded and commutes with all the Nj and N/ . This implies
that R acts fiberwise, as an antilinear operator-valued function r(z). In fact,
if R would be C-linear, rather than C-antilinear operators, this follows from
the Spectral Theorem. In our case we argue as follows: the condition that R
commutes with the Ny and N} implies

RLy = LyR,

for any essentially bounded real-valued function ¢. On each E, we can assume,
as before, that all "V, are the same "V(,,, so it is enough to define r(x)v for
v € "V(yy. Identifying v with xg, (z)v, Rv is an element of

/ "V dp(z) C TV
E,
and, therefore representable as a V -valued function = — (Rv)(z). Now

r(x)v := (Rv)(x)

defines our desired operator-valued function. Clearly, r(x) is antilinear, preserves
norms, and satisfies

r(z)f(z) = (Rf)(z) = (STf)(x)

for all f € V. Because T is an involution, this is equivalent to r(x)(Tf)(z) =
Sf(zx), yielding a pointwise formula for S

(3.9) Sf(x) = r(z) f(E).
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Since

fa) = 8f() = [ 3@ [ T2 @O F @) = @) )

we obtain r(z) = [ for almost all z € X. Because S commutes with the
I, Jp.s themselves,

r(aj)(_1)x1+...+wk71+k716k(j) — (_1)m1+...+xk,1+1ck(I)T(x_’_ék)?

must hold a.e.; the calculation is straightforward. [ ]

All this applies to the finite, even case as well. A measure pu on Z% is
quasi-invariant if and only if every point has non-zero mass and any two such
measures are equivalent. Take u({z}) = 1, v(z) = 1 and c¢i(z) = I for all
x € Z5 . From (3.3) one deduces that

r(1) = (-1) r(0).

Assuming, as we may, that r(0) is the standard conjugation on C, we see that
V splits over R if and only if N(N 4 1)/2 is an even integer, i.e., for

N =0,3 (mod 4)

N(N+1)
2

as we mentioned earlier.

Assume now that V is infinite dimensional and separable. The axiom
of choice implies that there are always plenty of solutions r(x) to the equations
(3.3), whatever the data. Indeed, let X = X/ ~, where x ~ y if and only if
y=a or x —y € A. Choose an element z, € p from each class p € X and
define r(x,) in an arbitrary manner. Then

r(Ep) = r(z,) ", r(zp+6) = (— )kck(xp) r(xp)cr(Zp)
defines r(x) for all . However, most of these solutions -and often all those
associated to a given C, will be non-measurable.

Corollary 3.10. If u is discrete and V is irreducible over C, then it is irre-
ducible over R. In particular, this is the case for the Fermi-Fock representations.

Proof. If p is discrete and V/, , ¢y is irreducible, then p is supported in some
set of the form z,+A [8]. Then f is supported in (z,+A), which is disjoint
from z,+A and, therefore, cannot be equivalent to . [ ]

The proof above is based on results from [8],[9], involving relations among
the ergodicity of the measure u, the nature of its support and the irreducibility
of T(uu,c)- In the next result ergodicity is used in the statement, so we recall
that p is ergodic under translations by A if any A-invariant set has measure
zero or its complement has measure zero. This is equivalent to asking that every
essentially bounded measurable function invariant under translations by A (in
the sense that f(z+6) = f(z) V6 € A and a.a. x € X)) is constant (i.e., f(z) =c¢
for some ¢ and a.a. x € X). In our case, both the Haar measure px and the
discrete measures pu, 4 are ergodic for elementary reasons. Worth mentioning
here is the fact that if u is quasi-invariant, discrete and ergodic, then

M= e, 4A
for some z, € X [8]. This is used in the last proof.
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Corollary 3.11. Suppose that p is ergodic and that du(z+6%)/du(z) is bounded
away from zero and infinity as a function of x and k. Then V(u,1,{1})
18 irreducible over R. More generally, this is true of all the tensor product
representations V (u,1,C%).

Proof. When v = 1, the operator-valued function r(x) of the Theorem is com-
plex valued and (3.3) implies r(x+6%) = (—=1)¥r(x). By hypothesis, 3C > 0
such that
1 dji(z+3%)
C ‘ du(x)

for all £ and almost all X . For any measurable essentially bounded function
like 7(x), the difference r(x+9*) — r(z) must go to zero as k — oo, at least in
measure (see e.g., Theorem 4 in [8]). This is incompatible with that identity and
r being invertible.

‘<C

We conclude that V(, 1 (1}) has no invariant real forms. That the same
is true for tensor product representations follows by a similar argument, using

that for cg(z) = wé_l)xk ,

1)azk+1

ck(E) = w,(; =cp(z)7!

so that (3.3) becomes
r(z+0%) = (—1)’“@0;(_1)%7”(33).

The irreducibility over R follows from the irreducibility over C, which in turn is
implied by the ergodicity of u. Indeed, any complex linear operator commuting
with € must commute with the projection operators N and, therefore, consist
of multiplication by a function f(x). That the operator commutes with the
J’s themselves implies, as in the proof of the Theorem, that f(z) is invariant
under translation by all elements of the subgroup A. By ergodicity, f must be
constant. |

We next give a “normal form” for spinors of real type, in the case when
the multiplicities v(z) are 1. In this case one may set

V,=C

for all x and the direct integral defining V' is an ordinary space of complex-valued
square-integrable functions:

V= ‘/(,LL,V,C) = LQ(Xv :u)

Like any space of complex-valued functions, this has a canonical real structure,
namely

Ve =L*(X,u)g ={f€V: f(z) €Rae}

for which the corresponding S-operator is

(Bf)(x) = f(x).



GALINA, KAPLAN, AND SAAL 469

As we will see, this cannot remain invariant under a non-trivial spin structure.
Consider instead the real structure

(3.12) Sof (x) =Tf(x) = f(&).

whose space of real vectors can be written as

(313)  VE=IAX, 0 ={feV: f(o)vdule) = F(@)Vau@)}.
Proposition 3.14. m,1,¢) leaves L*(X, u)® invariant if and only if
Ck(.f?) = (—1)kck(:c).

In such case, r(x)f(z) = Rf(z) = f(x).

Proof. For any m(, ,.c)

dp(z+9%)

T f(x) = —i(=1)T -t () cr(x) T f(x+6")
— _Z-(_l)a:1+...+9ck_1 d,u x+5k / m—l—ék
= —j(—1)"rt TR d—“;i:(;k) cr(z) f( a:+6’“
TJTf(x) Z%; KT (%)
— :Zjﬁi; (—Z)( 1)$1+ +Tr—1 du;jéik) Ck( )f( +5k)
:—’L( 1)3&1—!- +xr_1 d/ﬁd(z(_;j ) ( 1)kz+1ck<v)f(x+5k)
= Jif(x)
with

ér(x) = (—1)k+1ck (Z).

Now, JiS, = J,RT = J,TR = TJyR, since T is real. On the other hand,
looking at the formula for Jg, it is clear that RJ R = Jy., with Cr(z) = —ck( ).

Therefore
SoJiS, = RTJ,TR = J,,

with R L L L
() = ex(z) = =G (2) = —(=1) g () = (1) e (@)

In particular, S, commutes with the Jj iff ¢} = ¢, which translates into the
condition of the Theorem. (]
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Remark. The assumption v = 1 can be dropped altogether, provided we mea-
surably fix a real structure o(z) on each V,, invariant under translations by
A and checking, and replace R and bars for o(z); (3.14) remains true. For the
next result, however, the restriction v = 1, which is a property of the equivalence
class of a representation, seems essential.

Theorem 3.15. Every pair (m,S) consisting of a unitary representation of €
with v =1, together with an invariant real structure, s unitarily equivalent to a
GW representation on V = L*(X, ), having L*(X, )% as invariant real form
and multipliers satisfying cx(Z) = (—1)*cp(z).

Proof. Realize m as a GW representation m(,1,¢). By (3.2), p is equivalent
to fi, the derivative du(z)/du(z) exists a.e. and the operator T of (3.4) is a
well defined unitary operator on V. Let r(z) be the operator-valued function
associated to (m,S),

r(z)(f(x)) = (STf) ().

Since each r(x) is antilinear and norm preserving, R o r(x) is a linear, unitary
operator on V, = C and therefore has the form

Ror(z) =w(x)I

for some measurable w : X — T. We are using o to denote composition of
operators when there is some risk of viewing r(z) itself as an ordinary C-valued
function.

Because R is just plain conjugation and r(z) is antilinear, we also have

r(z)o R=w(x)l.
Because r(x)r(Z) = 1, one has
Ror(i)=Ror(z) ' =Ro(r(x)oRoR)™ ' =Ro (w(z)loR)™' =w(x)I

so that

w(E) = w(x)

for almost all z. For —m < 0 < 7 set Ve? = ¢i5 . Then
u(z) = V(@)
is a measurable T-valued function satisfying
u(z)? = w(x), u(z) = u(x)

The operator
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is unitary from V to V and

— du(i)uazrw u(x T) = dn(z) w(z)w(x)u(z) f(Z
— du(i)()()R()Rf() du@)R()()()f()
= d'u(j)uxﬁﬁux )= d(2) )= x
= [ @) W@ R@) = [ LB R@) = RTf@)
:Sof(x)v

so that S =U"1S,U. u

Corollary 3.16. If a real form of L*(X,u) is invariant under some spinor
structure, then it is of the form UL*(X,u)®U~1 for some unitary U .

Remark. If 7w is irreducible then S is unique modulo sign. This follows from
Shur’s Lemma applied to the intertwining operator 5155, which is C-linear.

The “simplest” infinite-dimensional Majorana spinors are those in
V(px,1,{pr}) with px being the Haar measure of X and the pj given by the
dyadic Rademacher functions

pu(x) =1, pagpa(x) = (=1)"%°, paeys(w) = (—1)"+H

Theorem 3.17. 7(,, 14p,}) 5 trreducible over C, but

LAX)* ={f e L*(X): f(&)=f(2)}

1s an tnvariant real form. The real representation obtained by restriction to
L2(X)® is irreducible and does not arise from any representation of C ® € by
restriction of the scalars.

Proof. The irreducibility over C follows from the ergodicity of the Haar measure,
exactly as in the proof of Corollary (3.10).

It is straightforward to check that the functions cj satisfy (2.2) and the
conditions of Theorem (3.14), so the corresponding J, J;, must leave the real
form V® invariant. Of course, this can be deduced by direct calculation as well.
VR must be irreducible under €, since any closed invariant subspace generates
a closed C ® €-invariant subspace in V.

Finally, suppose that the representation of ¢ in V® could be extended to
one of C® ¢ in V¥ itself. Denote by J the operation representing multiplication
by v/—1: J is an orthogonal complex structure in V® commuting with €. Its
unique C-linear extension to all of V = VF @ {VR is unitary and commutes
with all the Jj,J),. As we have already mentioned, this implies that J is given
pointwise, by an operator-valued measurable function: (Jf)(x) = j(z)f(z). In
the present case, j(z) is complex valued. Since j(z)? = —1, we can write it as
j(x) = e(x)i for some measurable € : X — {4+1}. The condition for J to leave
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invariant the real form V® and to commute with the Clifford action amount to,
respectively,
€(z) = —e(x), e(x+0k) = €(x)

for almost all z and all k. The second equation implies that € is actually
constant on each A-equivalence class. By ergodicity of ux, € must then be
constant almost everywhere, contradicting the first equation. ]

Corollary 3.18. Assume pu = ji. Then

(a) L2(X, 1)® is a real form of L?(X, p) which is not unitarily conjugate
to L?(X, pu)r

(b) If 7 is a spin representation on L*(X,u), then RmR is another,
which is not unitarily equivalent to .

Proof. Let {Jy,J}} represent a spinor structure on L?*(X, p1), which we can take
in its GW form (2.3) with parameters C. Let cy(x) denote the multipliers for
the representation R.J,R. By inspection, RJyR = Jy implies fep(x) = —ci(z),
while RJ,R = J;, implies ®c(z) = cx(x), which is impossible since |cx(z)| = 1.

For more on the nature of the spinors that split over R, see §5.
Now we will analyze the quaternionic structures on spinors. Recall that
a quaternionic structure in a €-module V' is a C-antilinear operator

Q:V-V
that preserves norm, commutes with the action of € and satisfies
Q*=—1I.

Theorem 3.19. 7, , ) admits an invariant quaternionic structure if and only
if p and [i are equivalent, U = v almost everywhere, and there exist a measurable
family of operators

q(z): V, =V =2V,

which are C-antilinear, preserve the norm and satisfy

q(2)q(2) = —1,

(3.20) g(2)en () (_1)kck(x)q(x+5k)

for all k € N and almost all x € X .

Proof. The argument exactly parallels that of Theorem 3.2, with the equation
r(x)r(Z) = I replaced for q(x)q(Z) = —I, as it fits the condition Q? = —I. We
will not repeat it here, but will highlight the pointwise formula obtained for the
quaternionic structure, for later reference:

(3.21) Qf(z) = q(z)Tf(x)

where T is as in (3.4). u
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Corollary 3.22. If u s discrete and m, ,c) is irreducible over C, then it
admaits no tnvartant quaternionic structure. In particular, the Fermi-Fock repre-
sentations are of complex type.

Proof. As we mentioned in (3.9), discreteness of p and irreducibility of 7, . c)
implies that p is supported in some translate x,+A. Since (z,+A)N(z,+A) =
@, p cannot be equivalent to fi. 7, , c) cannot admit then any real or quater-
nionic structures and, therefore, is of complex type. [ ]

There are families of representations 7, , ¢y whose p and v are consis-
tent with checking, so that the operator T is a well defined unitary involution,
but whose c(x) do not transform properly. Indeed, this is the case for 7, 1 {1})
and, more generally,

Corollary 3.23. The tensor product representations m, . 1,c®) are all of com-
plex type.

Proof. The Haar measure is ergodic and satisfies the condition of (3.10). Hence
the same argument as in the proof of that Corollary shows that there are no
measurable solutions ¢(x) to the equations (3.20). u

Most interesting are the quaternionic structures invariant under a spinor
structure with v = 1, i.e., when the fibers V, have real dimension two and,
therefore, do not admit any quaternionic structures themselves. To describe
them, recall that in this case V = L?(X, u), which has the space of real-valued
functions as a (non-invariant) real form; let, as in §2, denote the conjugation
with respect to it by v +— v.

Proposition 3.24. If i = pu, v =1 and for a.a. x

c(x) = —c1(2), cr(z) = (=) ep(z) Yk > 2,

then
dp(E) ——
() f(2)

is a quaternionic structure in L*(X, p) invariant by T(u,1,c)- In that case,

Q1f(x) = (=1)"

aa) = (~1)"'R.

Proof. Both TJ,, = TJ,T and ®J, = RJ,R are GW representations whose
multiplier operators are, respectively,

Tep(z) = (—1)*ep(2), Rep(z) = —cp(x).

Therefore,

Ji :=TRJ,RT

has
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as the parameter C. The operator ®(z) = (—1)*'] anticommutes with J; and
Ji and commutes with J; and Jj for all £ > 1. Since Q = ®RT and, clearly,
®RT = R®T = —RTP,

Ji k=1

QJ,Q = PRTJ,®TR = —PRTJ,TR® = —3.J,® = s
— Ji k>1

and similarly for the Jj . It follows that the ¢;’s for QJ,Q are

Qei(z) = é1(x) = —c1(2), Qep(z) = —ép(x) = —(=1)Fer () (k> 1).
Hence, the representation commutes with Q iff ¢1(x) = —c1(Z) and cx(z) =
(—=1)F*+Le () for k> 1. ]

Remark. Once again, (3.24) holds for arbitrary v, provided we measurably fix a
real structure o(x) on each V., invariant under translations by A and checking,
and replace R and the bars for o(x) throughout.

Theorem 3.25. Every pair (m,Q) consisting of a unitary representation of €
with v =1, together with an invariant quaternionic structure, s unitarily equiv-
alent to a GW representation on L?(X, ) having Q1 as invariant quaternionic
structure.

Proof. Realize m as a GW representation 7, ,c). By Theorem (3.19), p is
equivalent to fi, the derivative du(z)/du(E) exists a.e. and T is a well defined
unitary operator on V. Let ¢(z) be the operator-valued function associated to

(mr, Q)
q(z)(f(z)) = (QT ) ().

Since each ¢(x) is antilinear and norm preserving, R o ¢(z) is a linear, unitary
operator on V, = C and therefore has the form

Rogq(x) = a(x)I

for some measurable a: X — T. Because R is just plain conjugation and ¢(x)

is antilinear, we also have ¢(z) o R = «a(x)I. Because ¢(z)q(&) = —1,

Roq(#) = —Rog(z)™' = =Ro(q(z)oRoR)™ = —Ro(a(x)] o R)™! = —a(a)I,

so that
a(i) = —a(x)

for almost all . If we set G(z) = (—1)"*a(x), then

Rog(z) = (=1)"p(x),  q@)oR=(-1)"px)I,  B(Z)=p5()

Define
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where for any —7 < 6 < 7, Ve := ¢'% . Then u(z) is a measurable T-valued
function satisfying

The operator

Corollary 3.26. If a quaternionic structure on L*(X,p) is invariant under
some spinor structure, then it is unitarily equivalent to Q)1 .

Remark. If  is irreducible then there is a most one invariant ) up to sign. This
follows from Schur’s Lemma applied to the operator Q1Q)2, which is C-linear and
commutes with 7. We will ignore the sign ambiguity and talk in that case about
the unique quaternionic (or real) structure. real or quaternionic structures, see
§6.

4. Examples in L*(T)

The representations
e *= T(ux,1,0)

where px is the Haar measure, are realized on L? of the circle T, as follows.
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from X to the unit interval [0,1) is a bijection off a countable set. Under it,
the Haar measure px corresponds to the Lebesgue measure on [0,1). Hence,
as a measure space, (X, pux) is a union of (0,1) with a set of measure zero, or
Lebesgue space. The same is true for the circle T; in this case, the maps

Qk:T—>ZQ

such that

__2mif _ k
t=e 9_2 ok
k=1

induce an identification
(4.1) LA(T) = L3(X, pix).

As a topological space, however, X is homeomorphic to the Cantor set,

o0
Lk
Ty 3k
k=1

X is sometimes called the Cantor group [12]. The two topologies are related
by Cantor’s function. We will often switch between T and X, but must keep
in mind that translations in X do not correspond to rigid rotations in T -they
preserve the measure but not the metric. In the switching, Cantor’s function will
not be used explicitly, thanks to the fact that at the L?-level, it is like switching
between Fourier’s and Walsh’ basis.

The group of unitary characters of X -the continuous homomorphisms
X — T, can be identified with A, the subgroup of X of elements with finite
support. The character corresponding to o € A is

via

Balx) = (—1) 22 k7%,

In particular,

X = {¢a}a€A

is an orthonormal basis of L?(X, ux). Via the identification (4.1) the ¢, become
the classical periodic Walsh functions wg, wq, ..., defined by

(4.2) wn(t) = (—1) 2k M-10x(1)

for t € T and n = ZZOZO ni2"® is the dyadic expansion of the integer n. The
correspondence is

oo
Wy, > Og iff n= Z ak+12k.
k=0

We will refer to both the w,, and the ¢, as Walsh functions.

Of course, X # T, since on T the ¢ are not even continuous. Periodic
Walsh functions jump between 1 and —1, with the jumps occurring at the points



GALINA, KAPLAN, AND SAAL 477

of the form j2* with j, k € Z. As an illustration, here is ws(e?™?) = (—1)%1+%
(< pgrys3) for 6 >0:

w
1 — - -
0%%% ................ 3 ISP ...>
-1 -
Define

of =14 oF
and 71, f(z) = f(z+06%) for € X. Then 7¢ is defined by
Jy = =i r—1Ck Tk, Jp = Gk ClTh.
For simplicity, we shall refer to these representations as spinor structures, on
L?(T). Since the Haar measure on T is ergodic and v =1,
Proposition 4.3. The representations (m¢, L?(T)) are irreducible.

Remarks. (a) The operation x +— & in X corresponds to the symmetry in (0, 1)
with respect to the midpoint which, on T C C, becomes ordinary complex
conjugation. The real form V¥ is

LA(T)* = {f e L*(T): f(1) = F(D)}
and me leaves it invariant if and only if the ¢;’s, which are now functions from
T to itself, satisfy
@) = (—1) cu(d).
An analogous statement can be made for the invariant quaternionic structure

defined by
QF(t) = (=) f(@)
(b) The function (—1)?1() is the periodic Haar’s mother wavelet.
(c) L%*(T)®, the typical spin-invariant real form, is the real span of the

Fourier basis {e2™}. The ordinary real form L?(T)g is the real span of the
Walsh basis {w,, }.

Infinite matrices of 0’s and 1’s are a source of an interesting family of
examples.
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Definition. The representation (nc, L?(T)) is a character representation if
cc X.

Explicitly, the assumption is that
k .
cr(x) = Pyr () = (—1)23'21 Vi

for appropriate v* € A. These can be can be regarded as the rows of an infinite
matrix

7 ’72;

of 0’s and 1’s with finitely many 1’s in each row. Regarding X as a Z,-vector
space, A is a subspace and the set of such ~’s can be identified with Endz, (A)*.
Given such +, define unitary operators on Lo(X, ux) by

T f(2) = —igpgr-1 k() f(2+6")
TV F(@) = ponpr (2) f(240"),
k=1,2,....
Proposition 4.5. J;, J,Z/7 define a spinor representation if and only if
(4.6) V= Vs 7 =0
for all k, 0. In that case, they act on the Walsh basis by:
J]Z(ba = _Z‘(_l)ak(boﬂ—'yk—l—ak*la J]Z/(ba = (_l)ak¢a+'yk+ak'

The corresponding spinor representation w7 is irreducible.

If

(4.7) Z’yj =k mod(2) Vk

then 77 is of real type and has

LA(T)* = {f € L*(T) = f(t) = f()}

as the unique invariant real form.
If, instead,

(4.8) nyj =0, Z'yj =k mod(2) Vk>2
J J

w7 is of quaternionic type and

Qf(t) = (=) f(@),
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18 the unique invariant quaternionic structure.

Proof. The operators Jy, Jj. are of the form (2.3), with the characters c,(z) =
¢~ (x)I as multipliers. We verify equations (2.2):

k sk

C(a+6%) = i (145%) = 60 (M) (2) = (=1) 2 1 ()
= (—1) %G (2) = pyr (@) = c(2)
= cp(x)”

since the c¢; are real. Also,

Ck (x)cl (x_’_(sk) = Qb'yk (I)(bwl (m—f—(sk) = ¢'yk (x)qswl (Cc)qb'yl (5k)
= G ()Pt (2) (= 1) = (=1) G () ()
= Qi (a:+(5l)¢vz (z) = ¢;(z)ep (x40
It is clear that the converse also holds. The calculation of the action on Walsh

functions is straightforward and irreducibility follows from (4.2).
According to Theorem (3.14), 77 will leave L?(T)® invariant if and only

if cx(Z) = (—1)¥ci (), which translates into the equation

Since ¢, (%) = ¢ (142) = b (D () = (—1)2% 7 6_1(z) and ¢ is real, the
equation is satisfied exactly when Zj v =k mod(2), i.e., when v € I'r.

A similar computation shows that 77 leaves () invariant exactly when
~v € I'y. The uniqueness follows from the irreducibility of 77. [ ]

Because of (4.6), the columns of 7 also involve finitely many ones, so
v € Endyz, (A). Define

I'={g€Endz(A): v/ =75 ¢ =0}

I'g = {g € I : satisfying (4.7)}
'y ={g € T': satisfying (4.8)}

In other words, v € I' belongs to I'r if and only if the parity of the number of
1’s in the kth. row (or column) equals the parity of k, while v € 'y if and only
if the same condition holds except for the first row, which must have an even
number of 1’s.

For v =0, 77 is of complex type, by (4.5). Set, instead,

00 0 O
00 1 0 B 0 O
00 0 0 o B 0 00 0 O
B— . 8= ., =0 0 B 0
1 000 9 9 B 00 0 B
00 0 0 L
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where bold letters denote matrices and non-bold scalars. Then g € I'g and
v € Ty, so that 7° is of real type while 77 is of quaternionic type.

For any (vector-valued) function f on X define

O f () = on () (f(z+0%) — f(=))

where, as usual, addition in X is modulo 2. These difference operators are
natural in two ways: they are the partial derivatives in X = Z$° once we fix
the motion from 0 to 1 as positive and, via X = T, the ordinary derivative
on T with respect to the angular parameter is f/(6) = limy_o 280y f(2(0)) or,
equivalently,

d o0
k=0

This follows by taking incremental quotients of the form Af = (—1)%2~% and
noting that the translation x — xz4+d0* in X, corresponds to the operation
0 — O+(—1)%27% in T.

This suggests some deformations of the derivative operator that, aside
from the obvious one > /7, 2%(20, 11 — Oy), are directly related to spinors.
For example, the operators J can be expressed in terms of the J, J&" of the
special character representation k = 7, 1 (1}); @ small calculation shows that
O = i(Pgr—1JE — JEJF"). Replacing now s by any m = m¢ -indeed, by any 7
whatsoever, one obtains corresponding “twisted derivatives”

d o - p—
g = dim 2o I =TT

We will not discuss these here but will concentrate instead in the following first-
order differential-like operators which relate directly to the main subject of this
paper.

Given a spin structure 7€ on L?(T), consider the associated operators

D= Jilk, Y. D =Jiok
k k

or, better yet, their linear combinations D = (=D'+iD)/2, D' = (D'+iD)/2.
Evidently,
D:Zakak, D’:Zazak.
k=0 k=0

We will not attempt to motivate them a priori. They are, of course,
linear wherever defined and annihilate constants, but their resemblance to Dirac
operators does not go very far because the J; do not commute with the spinor
representation. Moreover, they -even their domain and spectra- depend on the
specific representation, not just on its equivalence class.
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Proposition 4.9. For the standard Fermi-Fock representation the domain of D’
consists of {0} alone. For the character representations, the domains of both D
and D' are dense in L*(T).

Proof. The characteristic functions of points in A, x., are an orthonormal
basis of V(. 1,{1}), Where the Fermi-Fock representation acts. One has

hXa = (_1)1+ak (X(X+X0t+6k)

SO

D/Xa - Z(_1>l+ak ¢a’“ X;«(XOF'—XOH-% )
k

This is nonzero only at the points of the form = = a, x = a+9;, so

D'xa =C3 Xat > _ CF Xassr
E>1

with C¥ = D'\ (a+6%) € Z. Therefore
Og = D/Xa(a) = Z(_l)ak¢ok (Q)X;ﬁz(&) = - Z ¢O’k (Oé)
k k¢supp(a)

Since « has finite support, ¢« («) is a constant, =1 or —1, for all £ >> 0, so
the series diverges.

For the character representations, the Hilbert space is V(, 1¢), where
the ¢, form an orthonormal basis -or, equivalently, L*(T), where the w,, form
an orthonormal basis. With ¢ = ¢« T,

Jef (@) = =i (D) f(@40Y),  TLF(2) = by () f(246)

wherefrom

(4.10) Jepa = —i(=1)" g pqhyor-1, Jpba = (1) Pprye o
On the other hand,

8k¢a = —2xk (a)¢a+5k
where, as before, xx is the characteristic function of the set X . Therefore

D¢a = 2 Z (—1)aka(ba+,yk+a-k

ke supp(a)

- Z (=)™ (d)a—w’w—o"C - ¢a+»yk+ak—1)
ke supp(a)
(4.11)
D/¢a =2 Z (_1)akx;f¢a+'yk+ak
ke supp(a)
- Z <_1)ak (¢O¢+’yk+ak + ¢a+7k+ak—1).
k€ supp(a)

D and D’ are therefore well defined in the linear span of the Walsh functions,
which is dense in L2. ]
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Proposition 4.12. Let m = 7, ,.c) be a GW representation with p equivalent
to i and let D, D!, be the associated operators. Then

TD.T=-D.  TD.T=—Ds
where T' is the operator of (5.14) and & ==, , & with

er(x) := (=) ey ().
In particular, a spinor structure ™ on L?*(T) leaves invariant the real form
L3(T)® if and only if
TD,T = D..

Proof. As we saw in the proof of (3.14),

TJTf(z) = Jpf(x)
with

Ek(l‘) = (—1)k+1ck(.f).
Since Ji f(x) = i(—=1)*Jpf(x) and T anticommutes with multiplication by
(—1)**, one has

TIT f(z) = —Jif(2)
and, therefore,

TapT =a:, Ta.T = ay.

These identities have a meaning and are valid for any GW triple, as long as T
is invertible. Under the same assumption and for identical reasons,

TO, = —0iT.

Therefore
TDT = TapTTOT =~ a0 =D’
k k
and, similarly, TD'T = —D.
The last assertion follows by comparing the formula for ¢, with (3.14).m

Corollary 4.13. If a spinor structure © on L*(T) leaves invariant some real
structure, then
Spec(D?) = —Spec(Dy).

Whenever defined, either operator determines the representation. For
example, if {ar} are the creation operators corresponding to a character repre-
sentation, then

2akf =Dy — (b&kDﬂ((b&kf)

2a;.f = Dy f — ¢5r Dy (¢ f)-
Remark. For character representations, the matrices of D and D’ in the Walsh
basis involve only 0 and +1, as is evident from (4.11). An intriguing aspect of
these matrices is that, although very non-symmetric, they appear to be always
diagonalizable. More remarkably, the diagonalization can be done over 7Z in
the sense that all eigenvalues are integers and all eigenspaces can be spanned
by integral linear combinations of the Walsh functions. The diagonalizability
condition is equivalent to a combinatorial property of the matrices v which we
have been able to verify in some, but not all, cases.
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5. Kaplansky’s infinite-dimensional numbers

The real finite-dimensional division algebras, -associative or not, with or without
a 1, occur only in dimensions 1,2,4 and 8. If we require a multiplicative identity
and that ||ab|| = [|a]| ||b|| for some norm (be normed), one obtains the usual
algebras of real, complex, quaternionic and octonionic numbers.

In [13], Kaplansky proved that

there are no infinite dimensional normed division algebras,

no “infinityonic numbers”. Of course, in infinite dimensions there are many
division algebras, even associative and commutative ones, like R[t|, as well as
many normed algebras, because U ® U = U for any linear space. But none will
satisfy both conditions simultaneously.

A normed algebra has no zero-divisors, a condition that is often used as
the definition of division algebra on the basis of the equivalence that exists in
finite dimensions. So, let us make our terminology more precise.

For the rest of the section, an algebra is any vector space U endowed
with a bilinear operation x. It is normed if U is a real Hilbert space and
v xwl|| = [|v|| |Jw]|. It is left-division if Yv # 0, Jv; ' such that

vt (vxw) = w Yw.
It is right-division if Yv # 0, val such that
(wxv)xvp' =w Yw;

it is simply division if it is both left- and right-division. An equivalence, is a
change x — * of the form

vikw = A(B(v) x C(w))

with A, B,C € O(U). Then, up to equivalence, one may assume that in a
division algebra there is a two-sided unit and that left and right inverses agree.

Kaplansky then shows that weakening “division” to, say, “left-division”
does nothing in finite-dimensions, i.e., that

a finite-dimensional real left-division normed algebra, is a division algebra

and speculates about the situation in infinite dimensions. A counterexample
could claim the role of infinite-dimensional relatives of the quaternions and
octonions. The first counterexamples were found 30 years later by Cuenca and
Rodriguez-Palacios [7],[17].

Now we can describe all such structures, i.e., all the left-division normed
algebras on an infinite-dimensional separable real Hilbert space -or ILNA’s, as we
will be calling them for short. It turns out that there are mazes of inequivalent
ones, as implied by
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Theorem 5.1. The ILNA’s are naturally parametrized up to equivalence by the
triples (pu,v,C) of 3.15 and 3.15. In fact, if U is a separable real Hilbert space,
then there is a one-to-one correspondence between real representations of € on
U and structures of ILNA’s on U having a left-identity.

Proof. We only need to show that such algebras are in correspondence with the
real orthogonal representations of €; the examples of [7][17] were also implicitly
or explicitly built from the CAR’s, the new ingredient here being the role of the
GW parametrization.

Let (U,*) be given, where U is a separable Hilbert space. Pick a unit
vector v, € U and define vkw = v, ! % (v *w), where we drop the subscript L
in v;'. Then v,*w = v, * (v, *w) = w. Therefore, up to equivalence, we may
assume that x has a left-identity element €, i.e.,

ExUuU=1u
for all u. Let H denote the orthogonal complement of € in U. Then
w(h)v = h*v, (he H)

defines a unitary representation of € on U. Indeed, if h,h’, are orthogonal to
1, then polarizing the norm condition yields

hx (b xv)+h' x (hxv) = -2 < h,h >v

forall ve U.
Conversely, let m be an real orthogonal representation of € on U and
choose an isomorphism of real Hilbert spaces

F:U=H®R CC

It is precisely when
dimp H =1,3,7, o0,

that such isomorphism exists, i.e., that € has a non-trivial module of dimension
dim H+1.
Define x = x, by

(5.2) uxv=7(F(u))v.

By the orthogonality of 7, the resulting algebra is normed. Finally, if v € U,
u # 0, write F(u) = h+A with h € H and A € R. Then

F Y h =X\ *(uxv) =a(FF Y (h—\)(uxv) =n(h— \)(n(F(u)v)

=7(h = N)(mw(h+X)v) = (7(h — N)7(h+A))v
T((h = N (h+A))v = 7(h* = X*)v = (—||hl|F — X*)v
= —([[al[7+23%)v = —|[h+A|[cv = ~[[F~H (h+A) |[ev

= —ullfv

In terms of the involution in H & R (“conjugation”) K(h+A) = —h+A,
upt = |lul| 2 F K F ()

is a left-inverse of w. n
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We next look a bit more closely at the structure of x and show how
its groups of symmetries reflects various classes spinors that exist in infinite
dimensions. The exceptional properties of the symmetries of the Octonions [2]
leads to some conjectures. Here we discuss only aspects directly related to real
and quaternionic structures and related matters.

To an ILNA (U, *) we associate its group of equivalences

Eq(x) c O(U)?
consisting of the triples (go, g1, g2) of orthogonal transformations of U satisfying

(5.3) Jo(uxv) = (gru) * (g2v)

Yu,v € U. Then
Aut(*) = {(90,91,92) € Eq(x) : go = g1 = g2}

As we saw in the proof of (5.1), (U,*) can be assumed to have a left-
identity e. Set

J(U)=et sothat U=Red IU)

We digress briefly on the peculiarities of the infinite-dimensional case and
on the choice of paired basis {hy,h}.} which, so far, has remained as an implicit
parameter.

This choice determines a subspace

(5.4) H, = spang{hs},
and an orthogonal complex structure 7 on H
§(h) = Ry, G(hy) = —hu,

so that
H=H.%jH,.

This data is equivalent to an isomorphism of real Hilbert spaces
H=C®H,.

The equivalence class of m depends on H, and j -this is the reason we use the
plural when talking about Fock representations. In QFT, H is taken complex
from the start; the physical meaning of the complex structure (or lack thereof)
is discussed in [3].
Let
T:HHH, T<h1+jh2):h1—jh2

h; € H,, which is an orthogonal involution. Obviously, H, and j determine T,
and (5.4) is the decomposition of H into £1-eigenspaces of 7

(5.5) H=H & H_.
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Conversely, let 7 be an orthogonal involution of H. It determines an orthogonal
decomposition (5.5) but the summands be of different size. In finite dimensions
one sometimes says that an involution is a polarization if dim H; = dim H_.
This condition is equivalent to the existence of an isomorphism of H which
anticommutes with 7. For example, when 7 comes from a pair (j, H,), then j
is such an isomorphism. In infinite dimensions we adopt this as a definition of
polarization.

As we saw in the proof of (5.1), (U,*) can be assumed to have a left-
identity e; then left multiplication by elements of

defines the Clifford action of C(J(U)) on U: (U) is identified with H and
inherits the structures above:

(5.6) IU)=CaW,

for some subspace W C U and, writing also j for the induced complex structure
in (U),
U=RedW @ jW.

We will keep denoting by 7 the corresponding complex-conjugation.

The existence of these conjugations characterizes infinite-dimensional
left-division normed algebras, since in the finite-dimensional case dimg S(U) is
odd and, therefore, cannot support a complex structure. It is a bit one gains in
exchange for giving up two-sided inverses.

Another infinite-dimensional phenomenon is the fact that right multipli-
cation is never invertible.

R, :u— uxwv

is injective whenever v # 0, because there are no zero-divisors. But, as shown
in [13], if R, is onto for some v then (U,*) would be two-sided division, which
is ruled out. Hence,

R,(U)=Uxv
is always a proper subspace of U . In particular, R, fixes e and leaves et = $(U)

invariant. From the above, $(U) x e # $(U) so that

cokerR, # (0)

Next we exemplify how algebraic properties of (U) e and 7 discrim-
inate among ILNA’s and relate to analytic properties of the associated spinors.
We will say that a given (U,*) “comes from” a given spin structure 7 if it is
equivalent to the one constructed from 7 by the procedure of (5.1).

Proposition 5.7. (U,*) comes from a Fermi-Fock representation if and only it
has no proper left-ideals, U is a complex Hilbert space and

(a) % is C-linear in the right-slot:

u*iv = i(u*v)
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(b) S(U) * e is a complex subspace; equivalently,
(Jw) * e = i(w * €)

for all we J(U).

Proof. The Fermi-Fock representations 7 are characterized by the fact that U
is a complex Hilbert space, the operators m(h) are C-linear, 7 is irreducible and
there exists a non-zero v, € U annihilated by all a;’s. From §3 we know that
such 7 is irreducible over R, which translates into (U, *) not having proper left-
ideals. We can choose v, = €, so the condition ajv, = 0 becomes J,e = iJye,
ie.,

m(hy)e = im(hy)e

Vk. In terms of the complex structure j this amounts to m(jhy)e = im(hy)e, or
m(jh)e =im(h)e

Vh € H,. Via the identification H < &(U) this becomes

(5.8) (Jw) xe =i(w % €)

Vw € S(U). It follows that (U) * e is closed under multiplication by i.
Conversely, suppose that the latter is the case: Vw € (U) ' €
(U) : i(w*e) = w’ * e; uniqueness is assured because R, is injective. Then
jw = w’ defines a linear operator j : S(U) — I(U) with the property that for
all we $(U),
(Jw) *x e =i(w * e).

§ is norm-preserving, because  is normed, and j? = —I, because
(jPw) xe = i(jw*e) = —wxe.

Under j, $(U) becomes a complex Hilbert space, with hermitian inner product
h(u,v) =< u,v > +v/—1 < ju,v >. Let {wi} be a complex unitary basis of it.
Then {wy, jwy} is a real orthonormal basis and W := spang{wy} is a real form
of (X(U),J), totally isotropic for < ju,v >. Then

Jeu i = wy, * u, Jou = (jwy) * u

defines a C(J(U))-spin structure on U. The equation (jw)xe = i(w * e)
translates into
are =0

Vk, so e is a vacuum vector. [ |

Because of the evident lack of symmetry between the two slots, worsened
in infinite dimensions, true automorphisms of ILNA’s do not come easily. We
will see that how the operator

Tf(x) =

D
f@),  fe / V, dy(a)

X
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used to typify spinors, can be used to construct automorphisms of *.

Recall that T:V -V, V= )e? Ve du(z), is well defined and invertible
if and only if the measure p and the multiplicity function v are quasi-invariant
and invariant, respectively, under the operation = +— &. For simplicity we will
assume

W= [, v=v=1, u(X) =1

Then
V=L*Xp), Tf(x)=f(@

and the constant function 1 lies in V', is a unit vector and is fixed by T .
In our algebra (U, *,), U always arises as a m-invariant real form of V.
By (3.13), we may assume that

U=VR={feL?X,pu): f&)=f(z) ael}.

Choose the left-identity e to be the constant function 1, which lies in U. Then

H=S(U)={f € X(X.p): f(&)=F(a). /X f(@)dp(z) = 0},

It is clear that on U, T' coincides with the conjugation (7f)(z) = f(x) and that
H is invariant under this operation (but not under multiplication by i!). The
eigenspaces of T'= 7 actually polarize H :

(5.9) H=H,®H_

where the 1-eigenspace H, consists of the real, even (relative to the checking
symmetry) functions and the —1-eigenspace H_ consists of the purely imaginary,
odd functions. For emphasis, we can rewrite (5.9) as

H = Hreal,even @ iHreal,odd

Under X = (—%, %), checking coincides with the symmetry with respect to 0,
so “even” and “odd” acquire their ordinary meaning.

For the Walsh functions,

ba () = (—1)P ¥ (x)

where p(«) is the parity of (the numbers of 1’s in) «. The linear combinations of
Walsh functions are dense in L?(X, i), because this is true of the finite products
of the x, X}, and 2x, = 1—¢5,, 2x). = 1+ ¢5, . It follows that H, is spanned
as a Hilbert space by the ¢, with « even, while H_ is so by the i¢g with 3
odd.

Pick an orthonormal basis {h;} of H; and h) of H_; only now can m
be specified, by

m(hi)f = Jxf, m(hi)f = Ji.f

with Jj, J., as in (2.3).
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According to the proof of (3.14), whenever T is well defined and invert-
ible one has

(5.10) THT =Jp, TJT=-J,

where, if T = 7, (c1)5 J corresponds to the spin structure ™ = (., (5,})
with

(5.11) Ep(z) i= (=) e (2)

as multipliers. Let * be the associated product. Then (5.10), which is equivalent
to T(mw(h)v) = 7(7(h))Tv, translates into T'(w *v) = 7(w) * Twv for w € Y(U).
Extending 7 to all of U so that 7(e) = e, one obtains

T(uxv)=7(u) * T(v).
But on U, T = 7. Moreover, suppose that = = 7, i.e., Ji = Ji,. In that case,
T(uxv)=T(u)*xT(v).

According to (3.14) the multipliers ¢, must satisfy ¢, = (—1)* ¢, while ac-
cording to (5.11) they must also satisfy ¢ = (—1)**l¢,. In the terminology
used above, this is equivalent to asking that c¢; be real and odd for k even and
imaginary and even for k odd. We have proved

Proposition 5.12. . Assume that i = p, p(X) =1, v =1 and that ¢y is real
and odd for k even, and imaginary and even for k odd. Let m, be the real spin
structure in L?(X, p)® associated to the GW parameters p, v, {cy}, together with
the conjugation T = T and let (L*(X, u)®, %) be the corresponding ILNA with
the function 1 as left identity. Then

T(fxg)=T(f)*T(g)
for all f,g € L?(X, k.

Example . Let v an infinite matrix of 0’s and 1’s and set

Con — gb,yzn, Con+1 = i(;5,yzn+1

with 72" € A odd and 7?"*! € A even. The condition ci(x)* = c(z + &%)
translates into

Gy (02) =1, fppnta (87"H1) = -1,
that is,

2n 2n4+1 __
Yon = 0, Yani1 = 1.

The condition ci(z)c;(z 4+ 6%) = ¢;(z)cx(x + §') translates, exactly as in the case
of the character representations, into v being symmetric.
Finally, the conditions of (5.12)

Cop, = —Con, Cont+1 = Con41
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translate into QBWM = —@y2n and i@ ani1 = ié,y2n+1 respectively. This is equiva-
lent to ¢2n (1) = =1, ¢q2n41(1) =1, or to

p(,y2n) — 1’ p(,y2n+1) = 0.

We conclude: v is to be symmetric, with diagonal (1,0,1,0,...) and the
parity of ¥* opposite to that of k.

B 0 O

0 B O 1 1
Y=o 0o B where B = .
is the simplest example.

Next we give the elementary description announced earlier for the alge-
bras (L*(T),*,) arising from Character Representations. According to (4.10),
the algebraic span of the Walsh basis is preserved by the operators J, J;, thus
* must be given by such expressions.

To make them explicit, we extend the sum modulo 2 in the set {0,1} C N
to an abelian group structure in all of N:

m4n = Z(mj:knj)Zj
Jj=0

where

m:ijQj, n:anZj, (mj,n; € {0,1})

720 720

are the dyadic expansions of the positive integers m,n. The operation + is just
addition in A, transported to N via n: A — N,

ﬂ(&) = Z Oéj_|_12j.
Jj=0
Since the Walsh functions w,, correspond to characters, one has
(5.13) Wiy (0)wp (0) = w,,7.,,(0).
Note that m — m+27 switches m;_1 between 0 and 1 and
mY i =mF (2 —1) =mF(1+2+32+... +2771)
is the integer obtained from m by changing its first j binary digits mog,... ,m;_1.
Define a function N, : Z>g X Z>o — Z>qo by
N, (k,m) = n(y*) Fm .

Regarding L?(T) as a real space, a straightforward calculation shows that the
product is given by the following table

W0 *ny Wiy, = Wiy

(two) *vy Wi = WnN, (1,m)¥1

(_1)1+mk—1 ;

Wk ,ny Wy, = YWN, (k,m)

(1wg) vy Wi = (=1)"™ "W (411, T2
for all k£ > 1 and all m > 0, together with the requirement that uxiv = i(uxv).
For emphasis:
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Proposition 5.14. This table defines an R-bilinear operator
*: L*(T) x L*(T) — L*(T)

satisfying
F = gll = (1111 Mgl
and such that Vf # 0 EIf[1 :

filx(fxg) =y, Vg

For example, take v = 0. Then Ny(k,m) =m*~1 so
W *o Wy = W
(Z’U]O) *o W = wm(o)—T—l = wm—T—l
Wi *o Way, = (—1)1+mk71iwm(k71)
(1wk) %o Wi = (=1)™ w0 196 = (=1)™ Wyt
The representation m(,, 1,1y being irreducible /R, this algebra has no proper
left ideals.
If, instead, v € I'r (see (4.5)), then *, has exactly two complementary

left-ideals, Z, iZ, while if v € I'y, there exist an antilinear, norm-preserving
operator () such that

Q2:—I, f*’ng:Q(f*’yg)'

We end this section relating these algebras and their equivalences to spin
representations of orthogonal groups. The key identity is the following weak form
of commutativity /associativity. Given (U,*.) with left-identity e, we identify
H with J(U), so the spin structure on U is identified with left-multiplication
by elements of J(U). For any 0 # h € $(U) let

r, U —U
be the reflection through the 2-plane spanned by h and e, i.e.,
rn(e) = e, ri(h) = h, rp(v) = —v Yu L {h,e}.

So, 7h|g(wy is minus the reflection trough the hyperplane h't. Extend h — 7
to all of U by setting

Since for h' L h, it holds that

it is easy to see that for any u,h € J(U)

m(rpu) = w(h)m(uw)m(h) ™ .
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Let
R(H) C O(H)

be the (ordinary) group generated by the reflections 7y, i.e., the operators of the
form

(5.15) 9="Thy " Thy,
with h; € H, |h;| = 1. Since

m(rprpu) = w(h)w(rpu)m(h) ™ = m(h)n(k)r(w)m (k)" r(h) !
ﬂ(hk)ﬂ(u)w(hk)*l,

setting
M (rhy - -7, ) = m(he) - -7 (hn)

defines a projective representation of R(H) on U:
M, :R(H)— O(U)
such that

(5.16) m(g(h)) = Mx(g)m(h)Mx(g)~".

Because (5.15) is not unique, Mj,(g) is only projectively defined. Indeed, it
is unique up to sign: r_p = r, but w(—h) = —7w(h). According to common
language, M, should be called the spin representation of the group R(H).

Although not a Lie group, R(H) is, in a sense, the largest subgroup of
O(H) for which a spin representation can be defined so that (5.16) holds without
further restrictions when dim H = co. O(H) is generated by R(H) in the strong
topology, but M, does not extend to a projective representation of it.

An interesting fact is that some 7’s do induce spin representation of
some Lie subgroups K C O(H). For example, if m = m(,, 1,1) (Fermi-Fock)
and K consists of all g € O(H) such that [g,ig] is Hilbert-Schmidt, then M,
is well defined on K and is, in fact, the infinite-dimensional spin representa-
tion that appears in QFT [3][16]. The problem of describing all the possible
spin (and metaplectic) pairs (M, K) seems well fit to treatment by the GW
parametrization.

6. Appendix
In this section we give the main lines of the proof of Theorem 2.4 following [8].

Theorem 2.4. The operators Jyi,J], Jo, J5, ... are mutually anticommuting or-
thogonal complex structures and, therefore, m = m(, , c) evtends to a unitary
representation of € on V. Conversely, every spinor structure on a separable
complex Hilbert space is unitarily equivalent to some m(, ,.c) -
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Proof. The first implication is verified by a straightforward computation using
the functional equations for the cg.

Let now a countable collection of mutually anticommuting unitary com-
plex structures on a separable complex Hilbert space V' be given. If infinite (or
even) We can pair them arbitrarily so as to list them as Jy, J7, J2, J5,.... The
assumed properties

2
[ Jeul| = llull = | Tjull, TR =~T=J;",

Jp i+ i = Jle/ + J{Jk = JI/ch/ + JZIJ,Q =0,

when written in terms of the “creation” and “annihilation” operators

1 . . 1 .
ap = E(JI{C+ZJk) ap = 5(—J]2+1Jk)
become
ara; + ajap, = 0 = aja] + ajay, ara; + ajag = dk;.
Therefore, the products
Nk; :aZak, N,/C:CL]CCLZ

are mutually commuting bounded self-adjoint operators, that are projectors:
N2=N,,  NJ°=Ns.

According to the Spectral Theorem for self-adjoint operators, there exist a o-
algebra of sets B and a measure p on B such that

@D
(6.1) % :/ Vi, du(b),

uB
where each operator in the set N' = {N,, N]}, acts as multiplication by an
essentially bounded function, f — ¢f. Indeed, any selfadjoint operator P that
commutes with all elements in N is of the same form.

If the operator P is a projection, the corresponding function must satisfy
¢? = ¢ and, therefore, be the characteristic function of some set Yp € B:
52
P(f)=xvef, V€ / Vi du(b).
U

B

In this way, each of the operators Ny, N, corresponds to a set Xy, Xy € B, so
that, in the decomposition (6.1),

But because our N’ comes from a Clifford representation, one has the identities

Nk—l—N;:I, NkN]::O,
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So, Xj =X .
The direct integral representation (6.1) is not unique. Moreover one can
consider as the underlying space the set X whose points are the subset in B of

the form -
r = ﬂ Zk
k=1

where Z,, = X}, or X, and B is replaced by the Borel algebra generated by the
sets {Xj, X} }. We assign the number 1 to each set X; and 0 to each X} . So
that to each point z € X correspond an infinity binary sequence. In this way,
we identify X with Z3°.

We may now write

V= /69 Ve du(x)

X

with the operators N acting by

Nif(x) = xp(@)f(x) = 2 f(2),  Npf(z) =xp(@)f(2) = (1 - 2) f(2)

if we view z in Z.
The fact that = — v(z) = dimV,, is measurable, is part of the spectral
theorem. The quasi-invariance of p follows from the identity

(6.2) JiLg = —LiyJy,

where L is the operator of multiplication by the C-valued, bounded measurable
function ¢ and *¢(z) = ¢(z+5%). When ¢ is a characteristic function of a set
X or X, (6.2) is a formal consequence of the relations between the aj’s and
the Jg,J;,. Hence the formula holds for any measurable characteristic function.
How to go from this to the quasi-invariance of p and the A-invariance of v
is explained in [8] and the main idea was used in the proof of the invariance
statements of Theorem (3.2), so we will skip that here.

As to the operators cx(z) : V; — Vs =V, they are defined explicitly
by

dp(z+9%)

T k .
() f(z+67)

cr(x) f(x) = i(—=1)" T2t Ty f(2), e f(z) =

That they satisfy the invariance property is, again, a formal consequence of (6.2)
and of the commutation relations satisfied by the J, Jj . ]
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