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RESUME. Pour un exemple typique de corps de valuation discréte
complet K de type II au sens de [12], nous déterminons les quo-
tients gradués gr! K»(K) pour tout i > 0. Dans I'appendice, nous
décrivons les K-groupes de Milnor d’'un certain anneau local a
l’aide de modules de différentielles, qui sont liés & la théorie de la
cohomologie syntomique.

ABSTRACT. For a typical example of a complete discrete valuation
field K of type II in the sense of [12], we determine the graded
quotients gr! Ko(K) for all 4 > 0. In the Appendix, we describe
the Milnor K-groups of a certain local ring by using differential
modules, which are related to the theory of syntomic cohomology.

0. Introduction

In the arithmetic of higher dimensional local fields, the Milnor K-theory
plays an important role. For example, in local class field theory of Kato
and Parshin, the Galois group of the maximal abelian extension is described
by the Milnor K-group, and the information on the ramification is in the
Milnor K-group, at least for abelian extensions. So it is very important to
know the structure of the Milnor K-groups.

Let K be a complete discrete valuation field, vx the normalized additive
valuation of K, Ok the ring of integers, my the maximal ideal of O,
and F the residue field. For ¢ > 0, the Milnor K-group Ké\/l (K) has a
natural filtration U'K, é\/[ (K') which is by definition the subgroup generated
by {1+ mb, K*, .., K*} for all i > 0 (cf. §1). We are interested in the
graded quotients gr’ Ké\/[(K) = UiKé‘/[(K)/U"+1K§/[(K). The structures
of gr® were determined in Bloch [1] and Graham [5] in the case that K is
of equal characteristic. But in the case that K is of mixed characteristics,
much less is known on the structures of gr’ K. é\/f (K). They are determined by
Bloch and Kato [2] in the range that 0 < i < exp/(p—1) where ex = vk (p)
is the absolute ramification index. They are also determined in the case
ek = vk(p) = 1 (and p > 2), in [14] for all ¢ > 0. This result was
generalized in J. Nakamura [17] to the case that K is absolutely tamely
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ramified (cf. also [16] where some special totally ramified case was dealt).
We also remark that I. Zhukov calculated the Milnor K-groups of some
higher dimensional local fields from a different point of view ([24]).

On the other hand, we encountered strange phenomena in [12] for certain
K (if K is of type II in the terminology of [12]). Namely, if K is of type
II, for some ¢ we have gr’ Ké\/[(K) = 0 for some ¢ (even in the case [F :
FP] = p?~1), which never happens in the equal characteristic case. A typical
example of a complete discrete valuation field of type II is K = Ko (¢/pT)
where Ky is the fraction field of the completion of the localization of Z, [T at
the prime ideal (p). The aim of this article is to determine all gr! K37 (K)
for this typical example of type II (Theorem 1.1), and to give a direct
consequence of the theorem on the abelian extensions (Corollary 1.3). (For
the structure of the p-adic completion of K2 (K), see also Corollary 1.4).

I would like to thank K.Kato and Jinya Nakamura. The main result
of this article is an answer to their question. I would also like to thank
I.B.Fesenko for his interest in my old results on the Milnor K-groups of com-
plete discrete valuation fields. This paper was prepared during my stay at
University of Nottingham in 1996. I would like to express my sincere grat-
itude to their hospitality, and to the support from EPSRC(GR/L06560).
Finally, I would like to thank B. Erez for his constant efforts to edit the
papers gathered on the occasion of the Luminy conference (*).

Notation

For an abelian group A and an integer n, the cokernel (resp. kernel) of
the multiplication by n is denoted by A/n (resp. A[n]), and the torsion
subgroup of A is denoted by Aiors. For a commutative ring R, R* denotes
the group of the units in R. For a discrete valuation field K, the ring of
integers is denoted by Of, and the unit group of Ok is denoted by Uk.
For a Galois module M and an integer r € Z, M(r) means the Tate twist.
We fix an odd prime number p throughout this paper.

1. Statement of the result

Let Ky be a complete discrete valuation field with residue field F. We
assume that K is of characteristic 0 and F' is of characteristic p > 0, and
that p is a prime element of the integer ring O, of Ky. We further assume
that [F': FP] = p and p is odd.

We denote by Q}; the module of absolute Kéahler differentials Q}; /7 For
a positive integer n, we define the subgroups B,Q% by BiQ}. = dF C QL
and C‘anQ}; = BnﬂQ};/BlQ}J for n > 0 where C~! is the inverse Cartier
operator (cf. [6] 0.2). Then B,QL gives an increasing filtration on Q1.
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We fix a p-base t of F', namely F' = FP(t). (Recall that we are assuming
[F: FP] = p.) We take a lifting T' € Uk, of the p-base t of F', and define
K = Ko(¥/pT). This is a discrete valuation field of type II in the sense of
[12].

In this article, we study the structure of Ko(K) = K (K). As usual,
we denote the symbol by {a,b} (which is the class of a ® b in Ko(K) =
K* ® K*/J where J is the subgroup generated by a ® (1 — a) for a €
K>\ {1}). We write the composition of Ky(K) additively. For ¢ > 0,
we define U'K5(K) to be the subgroup of K»(K) generated by {Uk, K*}
where U}( =1+ mZK We are interested in the graded quotients

o' Ko(K) = U'Ko(K) /U Ky (K). (1)
We also use a slightly different subgroup U'K5(K) which is, by definition,
the subgroup generated by {Uj, Uk }. We have
U'Ky(K) = U'K3(K) D U*Ko(K) D UKy (K) D UPKo(K) D ...

It is known that Kg(K)/UlKg(‘K) ~ F* & Ks(F). Further, by Bloch
and Kato [2] (cf. Remark 1.2), gr’ Ko(K) is determined in the range 1 <
i <p+1in our case (note that ex = vg(p) = p). In this article, we prove

Theorem 1.1. We put m = {/pT" which is a prime element of Ok .
(1) If i > p+ 1 and i is prime to p, we have gr' Ko(K) = 0.
(2) Fori = 2p, we have UP Ko(K) C UPT1 Ky (K), and the homomorphism
x + the class of {1 + prPz, 7}
F — gr’? Ko(K)

(Z is a lifting of x to O) induces an isomorphism

F/FP = gr® Ky (K).
(3) For i = np such that n > 3, we have U"PKo(K) C U1Ky (K), and
the homomorphism x — the class of {1+p"x,w} (T is a lifting of  to Ok)

gives an isomorphism
2

FP"7 S o™ Ko (K.

Remark 1.2. We recall results of Bloch and Kato [2]. Let K be a complete
discrete valuation field of mixed characteristics (0, p) with residue field F,
and 7 be a prime element of O . The homomorphisms

Qp — UKy (K) U Ky (K) (2)
z-dy/y— {1+ 7'Z,7},

and
F — U'Ky(K)/U'K5(K) (3)

i {1+ 7%, 7},
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(z and y are liftings of  and y to Ok, and the classes of the symbols do not
depend on the choices) are surjective. They determined the kernels of the
above homomorphisms in the range 0 < ¢ < ep/(p — 1) where e = vg(p).
In particular, for our K, the above homomorphisms (2) and (3) induce
isomorphisms
(i) Qf — gr! Ko(K) fori =1,2,...,p— 1, and p + 1.
iy LEVE — UPKy(K) JUP K3 (K),

OL/BiQL ~ UP K, (K) JUPT K, (K).

We also remark the surjectivity of (2) and (3) implies that
UK (K)/UT Ky (K) is generated by the image of {Uk, T}, and that
U'Ky(K)/U'K5(K) is generated by the image of {U%, 7} in our case.

Let U(K2(K)/p) be the filtration on K»(K)/p, induced from the fil-
tration U'K»(K). We put gr'(Ka(K)/p) = U'(K(K)/p) /U™ (Ko (K)/p).
Bloch and Kato [2] also determined the structure of gr'(Ky(K)/p) for gen-
eral complete discrete valuation field K. In our case, (2) and (3) induce
isomorphisms
(iil) Q% = gri(Ky(K)/p) for i =1,2,....,p—1, and p+ 1, and
(iv) F/FP — g?(Ky(K)/p) (z — {1 4 7%, 7}). Here, we have
U (KK p) = U7 K (K.

These results will be used in the subsequent sections.

Corollary 1.3. K does not have a cyclic extension which is totally ramified
and which is of degree p3.

Proof. Let M/K be a totally ramified, cyclic extension of degree p". In
order to show n < 2, since M/K is wildly ramified, it suffices to show
that p?(UT K (K) /U Ko(K) NNy Ko(M)) = 0 where Ny is the norm
map. In fact, if K is a 2-dimensional local field in the sense of Kato [8] and
Parshin [18], this is clear from the isomorphism theorem of local class field
theory

KQ(K)/NM/KKQ(M) ~ Gal(M/K)

In general case, U'Ky(K)/U'Ky(K) N Ny Ko(M) contains an element
of order p™ by Lemma (3.3.4) in [12]. So it suffices to show
p*(U'K2(K) /U 'K2(K) N Ny Ka(M)) = 0.

We will first prove that UPT2K5(K) C Ny Ko(M). If j is sufficiently
large, Ug( =1+ m‘}{ is in (K*)P", so U/Ky(K) is in p"K3(K), hence
in Ny K2(M). So by Theorem 1.1, in order to prove UPT?K3(K) C
Ny K2(M), it suffices to show {Uf(p,w} is in Ny g Ka(M). Since M/K
is totally ramified, there is a prime element 7' of Og such that 7' €
Na/g (M*). Hence, the subgroup {Uép,w’} is contained in Ny g K2(M).
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We note that {U%, 7} is generated by {Uf, 7'} and U'Ky(K) for all i > 0.
Hence, Theorem 1.1 also tells us that {U?(p,w} is generated by {U, 7'}
and UJKy(K) for sufficiently large j. This shows that {U?(p,ﬂ'} is in
Ny Ko(M), and UPT2Ky(K) C Ny Ko(M).

Since (UL UPT2 we get pPU'Ko(K) C UPT2Ky(K), and
p?(U'Ky(K)/U'K3(K) N Ny Ko(M)) = 0. This completes the proof
of Corollary 1.3.

In order to describe the structure of Ks(K'), we need the following ex-
ponential homomorphism introduced in [12] Lemma 2.4 (see also Lemma
2.2 in §2). We define Ky(K)" ( resp. Q})K ) to be the p-adic completion of

Ks(K) (resp. QloK) Then, there is a homomorphism
exp,, QloK — Ky(K)"

such that a - db — {exp(p?ab),b} for a € Ok and b € Ok \ {0}. Here
exp(z) = X,>02"/n!. Concerning K»(K)", we have

Corollary 1.4. Let K be as in Theorem 1.1. Then, the image of
exp,2 : QloK — Ko(K)"

is UP Ko(K)" and the kernel is the Z,-module generated by da with a € Ok
and b(pdr/m —dT/T) with b € Ok.

We will prove this corollary in the end of §3.

2. p-torsions of Ks(K)

Let ¢ be a primitive p-th root of unity. We define Ly = Ky(¢) and
L = K(¢) = Lo(w) where 7P = pT as in Theorem 1.1.

Let {U'K3(L)} be the filtration on Ko(L) defined similarly (U?K5(L) is
a subgroup generated by {1 + m’, L*} where my, is the maximal ideal of
Op). Since L/K is a totally ramified extension of degree p — 1, we have
natural maps U'Ko(K) — UP~DIK,(L).

We also use the filtration U?(K3(L)/p) on K3(L)/p, induced from the
filtration U'Ky(L). If n is in UY(K2(L)/p) \ UTH(K2(L)/p), we write
fil; (n) = i. We also note that since L/K is of degree p—1, U*(K3(K)/p) —
UP=Di(Ky(L)/p) is injective.

Our aim in this section is to prove the following Lemma 2.1.

Lemma 2.1. Suppose a € Uk, = Of. .
(1) We have {¢,1 + (7°/(C —1))a} = {1 — 7%a, T} (mod UP~V+1[K, (L))
fori>1.
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(2) We regard {¢,1+ (7'/(¢ — 1))a} as an element of Ko(L)/p. For i =
2,...,p—1 and p+ 1, we have

fil({¢, 1 + (x'/(¢ = 1))a} mod p) = (p — 1)i.

Ifi =p, then il ({{, 1+ (7?/(¢ — 1))a} mod p) > (p — 1)p.
(3) Fori=p+2,

{G 1+ (772/(¢ = 1)a} = {exp(r"a), p}

in Ko(L)" where Ko(L)" is the p-adic completion of Ko(L) and exp(x) =
Enzol‘n/n!. ‘
(4) Fori>p+2, {¢,1+ (7'/(C—1))a} =0 in Ky(L)".

We introduced the map exp,2 in Corollary 1.4, but more generally, we
can define exp, as in the following lemma, whose proof will be done in
Appendix Corollary A2.10 (see also Remark A2.11). The existence of exp,
follows at once from the existence of exp,. For more general exponential
homomorphism (exp, with smaller vk (c)), see [15].

Lemma 2.2. Let K be a complete discrete valuation ﬁeldA of mixzed char-
acteristics (0,p). As in §1, we denote by Ko(K)" (resp. QloK) the p-adic
completion of Ko(K) (resp. Q})K). Then there exists a homomorphism
S T
such that a - db — {exp(pab),b} for a € O and b € Ox \ {0}.
We use the following consequence of Lemma 2.2.
Corollary 2.3. In the notation of Lemma 2.2, we have
{1+p%e,p} =0 in Ky(K)"
for any c € Og.

Proof. In fact, {1+ p%c, p} = expp(p_2 log(1 + p?c) - dp). Hence, by Lemma
2.2 and dp = 0, we get the conclusion.
We also use the following lemma in Kato [7].

Lemma 2.4. (Lemma 6 in [7]) If x # 0,1, and y # 1,271,
{1-z,1—-y}={1-2y,—z}+{1 -2y, 1 —y} — {1 —zy,1 — z}

Proof of Lemma 2.4.
{1-z1-y={l-22(1-y)}={1-2,-(1-2)-(1-2y))}

1—ay 1—ay
t-a1- ) = 1-ay1- )

={l—ay,—z(1-y)(1—=2)""}.
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Using this lemma, we have

{1+ (7' /(C—1))a} =
{1-7'a,¢ =1} + {1 = 7'a, 1+ (7'/(¢ = 1))a} +{¢,1 —7'a} (4)
Put 7, = (( — 1)/, and u = p/(¢ — 1)?~!. Then 7y, is a prime element of
Or, and w is a unit of Z,[(]. Since 7P = pT', we have
¢—1=unT. (5)
Since u = vP(1 + w(¢ — 1)) for some v, w in Zy[C], by (4) and (5) we get
{¢, 14 (7*/(¢ =1))a} = {1 — 7'a, T} (mod UP=VHL, (L))

Thus, we obtain Lemma 2.1 (1).

Put x = amodp € F. Lemma 2.1 (2) follows from Lemma 2.1 (1). In
fact,if 1 <i<pori=p+1, {1 —na, T} mod p is not in U (K5(K)/p)
by Remark 1.2 (iii) (note that x # 0 and x - dt/t # 0). Hence, it is
not in UP~VH+1(Ky(L)/p). So, il ({1 — n'a, T} mod p) = (p — 1)i. For
i =p, {1 —7Pa, T} mod p is in UPT}(Ko(K)/p). In fact, we may suppose
a = YP_ U for some b; € O, then {1 — 7Pa, T} = Sy {1 — 0T, T} =
—Yis1im H{1 = T W} = 0 (mod UPTH(K»(K)/p)) (cf. Remark 1.2 (iv)).
Hence, fil; ({1 — 7Pa, T} mod p) > (p — 1)p.

If p>3ori>p+3, Lemma 2.1 (4) is easy because 1 + (7¢/(¢ — 1))a

is in Uf“ C (LX) (Note that erp/(p — 1) = p?). We deal with the case
p =3 and i = p+ 3 in the end of this section.
We proceed to the proof of Lemma 2.1 (3). Since (1 + (xP+2/(¢ —

1)a)/(L + (w2/(¢ — 1))a¢) € UL (L),
(¢ 14 (@2/(C = 1))a} = {¢, 1+ (7772/(C — 1))aC}. (6)

By Lemma 2.2, we have

{¢ 14+ (@72/(C = 1))ac}t = {¢ exp("*a/(C 1))}
= —exp,((7*Ta/(C — 1))dC)
= —exp,((7*Ta/(¢ — 1))d(¢ — 1))
= —{exp(r"%a), ¢ — 1}. (7)
Hence by (5) (6) and (7), we obtain

{G.1+ (@2/(C — 1))a} = —{exp(n’a), u}
— plexp(n?a), 7}
— {exp(n"*%a), T}. (8)
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First of all, {exp(7?™2a),u} = 0 in Ky(L)". In fact, if we write du = w - d(
for some w € Z,[(],
{exp(nPT2a),u} = expp(7r2Ta ~du/u)
= expp(WQTau_lw -dQ)
= {exp(7" awCu™t), ¢}

Since exp(mP*2aw(u!) is in U£2+1 C (L*)P, {exp(7P2a),u} = 0.

By the same method, p{exp(7?*2a),( —1} = 0, hence the second term of
the right hand side of (8) is equal to p{exp(7P*2a), 7} (from 7y, = ((—1)/7).
Hence by (8) we have

{G 1+ (@P2/(¢ = 1))a} = {exp(n?2a), 7P /T} = {exp(n?a), p}

(recall that 7 = pT"). Thus, we have got Lemma 2.1 (3).
We go back to Lemma 2.1 (4). For p = 3 and i = p + 3, by the same
method, we obtain

{1+ (72 /(¢ = 1))a} = {exp(nP*a), p}.
But the right hand side is zero by Corollary 2.3.

3. Proof of the theorem

3.1. First of all, we prove Theorem 1.1 (1). Let i be an integer such that
p+1 <i. Then by Lemma 2.1 (1), we have

{G 1+ (7 P/(C — 1))aT} = {1 — #PaT, T} (mod UP-DE-PH1Ey(T))
for a € Ok,. Hence, taking the multiplication by p, we get
0={1—pr'Pal, T} = {1 —7'a,T} (mod UP~VH1K,(L)).

This implies {1 — 7’a,T} = 0 (mod Ut Ky(K)). Since U'Ky(K) =
U'K3(K) for all i with (i,p) = 1 and the surjectivity of (2) implies that
U'Ky(K) /U Ky (K) is generated by the image of {U%, T'}, it follows from
{1 — 7%a, T} € UM Ky(K) that U'Ky(K) = Ut Ky (K) for all i with
(i,p) = 1.

We remark that by [12] Theorem 2.2, if ¢ > 2p and i is prime to p, we
already knew gr! Ko(K) = 0 ((QloK)tors is generated by "~ ldr — dT, and
isomorphic to O /(p)). So the problem was only to show gr’ K3(K) = 0
for ¢ such that p+ 1 < i < 2p.

3.2. Next we proceed to i = 2p. By 7P = pT', we have p-dT = prP-dr /.
Hence, exp,(p - dT') = exp,(pr? - dr/7), namely

{exp(p®aT), T} = {exp(p*nPa), 7} in Ky(K)"
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for all a € O. Hence, UPKo(K) C UPT1Ky(K) and
gr?? Ky(K) = UP Ky (K) J U Ky (K)

(this also follows from [12] Theorem 2.2).
For a € Uk,, by an elementary calculation

{1 —prPaP, 7} = p{1 — 7PaP, 7} (mod U K,(K))
= {1 —7PaP, 7P} = {1 — 7PaP 1/aP}
= _{]‘ _pﬂ-papaa}7

we know that FP is contained in the kernel of the map = — {1 + pnPz, 7}
in (3) from F to gr?? K»(K) because of UPKo(K) = UPT1 Ky (K).

Next we assume that a € Uk, and £ = amod pis not in FP. We will prove
{1+prPa,n} ¢ U Ky(K). Let L = K((), U (Ko(L)/p), filL(n) be as in
§2. Since z ¢ FP, by Remark 1.2 (iv) we have filx ({1 +7Pa, 7} mod p) = p
and

filr,({1 + 7Pa, 7} mod p) = (p — 1)p. 9)

Let A = Gal(L/K) be the Galois group of L/K. Consider the following
commutative diagram of exact sequences

(LX/(LI)ID(U)A - K2(i()/p 2 Kﬂf)/p2
HYK,Z/p(2)) — H*(K,Z/p(2)) — H*(K Z/p*(2))

where p; is the restriction to the A-invariant part (L*/(L*)P(1))? of the
map L*/(L*)P(1) — Ka(L)/p; @ — {C,x} (we used (Ko(L)/p)> =~
K5(K)/p), and py is the map induced from the multiplication by p
(amod p — pamod p?). The left vertical arrow is bijective, and the central
and the right vertical arrows are also bijective by Mercurjev and Suslin.

This diagram says that the kernel of p is equal to the image of {¢, L*}*
in Ko(K)/p. The filtration Ut = 1 4+ m% on L* induces a filtration on
(L*/(L*)P(1))?, and its graded quotients are calculated as (U} /U (1))4
= Ui /Ut if i = —1modp — 1, and = 0 otherwise ((L* /U ® Z/p(1))?
also vanishes).  Since the image of 1 + (7°/(¢ — 1))Ug, generates
Uép_l)l_p/Uép_l)l_pH, if 7 is in Tmagep; C (Ko(L)/p)®, then n can be
written as n = {¢, 14 (7/(¢ —1))a;} (mod UP~VH1EK, (L)) for some i > 0
with a; € Ug,. Hence, by Lemma 2.1 (2), we have filj,(n) # (p — 1)p.

Therefore by (9), {1 + nPa,7} does not belong to {¢,L*}* in
(Ko(L)/p)® = Ko(K)/p. So by the above exact sequence,

{1+ prPa,7} #0 in Ko(K)/p?.

Since UPT Ky (K) = U Ko(K) C p?K2(K), this implies that {1+prPa, 7}
# 0 in gr?? Ko(K). Hence, the kernel of the map x +— {1 + pnPZ, 7} from
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F to gr' K3(K), coincides with FP. This completes the proof of Theorem
1.1 (2).

3.3.  We next prove (3) of Theorem 1.1. Let n > 3. By the same method
as in 3.2, we have U Ko(K) = U1K, (K) (this also follows from [12]
Theorem 2.2), in particular, the map

F — gr'"? K»(K) (x —{1+p"z,7}) (10)

is surjective.
Suppose that a € Og,. By Corollary 2.3, we have {exp(p" ta),p} = 0
in Ko(K)", hence we get

{exp(p"a), 7} = {exp(p""a), 7"} = {exp(p"~'a), pT}
= {exp(p”_la), T}. (11)
Since n > 3, the above formula implies
{1+p"a,7} = {exp(p™a),7} (mod U(”‘H)ng(K))

= {exp(p"'a), T}
={1+p" a, T} (mod UMYPEK,(K)). (12)

Recall that we fixed a p-base t of F' such that T'modp = t. We define
subgroups B, of F by B,dt/t = B,Q% for n > 0. Suppose that z is in
B,—2. Let a = T be a lifting of 2 to Og,. Then by [14] Proposition 2.3, we
get

{1+p"'a, T} € UMKy (Kyp). (13)

Let ig/k, : Ka(Ko) — Kz2(K) be the natural map. Then, we have
ik K, (U'K2(Ko)) C  U™Ky(K), but by the formula (11),
ik iy (UM K2 (Kp)) C U™ Ky(K) also holds. Hence by (12), (13), and
ik (UMK2(Ko)) C UMYPEY(K), we know that {1 + p"a,m} is in
U+ Ky (K). Namely, B,,_» is in the kernel of the map (10).

Since Bn_gQ}7 is generated by the elements of the form aP" gt /t such
that z € F and 1 <4 < p" 2 — 1, F/B,_5 is isomorphic to Fpn_z, and we
obtain a surjective homomorphism

n—2

FP' 7 — g™ Ky (K); x— {1+p"z,m}. (14)

We proceed to the proof of the injectivity of (14). We assume that
{1 + p"a,n} is in UPT Ky (K) for a € Og,. Since U Ky(K) =
UPHOP K (K) C© p"Ky(K), {1 + p"a,m} = 0 in Ky(K)/p". Hence
{1+p"ta, 7} is in the kernel of Ko(K)/p" ! — Ko(K)/p" (amodp™~!
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pamodp™). As in 3.2, we consider a commutative diagram of exact se-
quences with vertical bijective arrows

(LX/(LI)p(l))A - Kz(Ki/p”_1 — KQ(fj)/p”
HY(K,Z/p(2)) — HYK,Z/p""'(2)) — H*K,Z/p"(2)

where py is the restriction to (L /(L*)P(1))? of the map L* /(L*)P(1) —
Ko(L)/p" Y 2 — {¢, 2} (we also used (Ko(L)/p" A ~ Ko K)/p™ ).
From this diagram, we know that {1+ p"~!a, 7} is in the image of p;. We
write {1 4+ p"la,7} = {¢, ¢} for some ¢ € (L*/(L*)?(1))*. So by the

) (p—1)i—p

argument in 3.2, ¢ is in Uép_l P for some i > 1. If ¢ was in Uy \

U}Jp*l)(iﬂ)*p for some ¢ with 1 < ¢ < p, we would have by Lemma 2.1 (2)
fil;,({¢, ¢} mod p) = (p—1)i. But {1+p" ta, 7} is zero in Ko(L)/p (because
1+p"ta € (L*)P), so ¢ must be in Uép_l)p_p(l)A. We write ¢ = ¢1co with
c1 € Uff(l)A and ¢y € U,gp*l)(pﬂ)*p(l)A. Again by the same argument
using Lemma 2.1 (2), ¢z must be in UF~ VP ™P(1)A By Lemma 2.1 (3)
and (4), we can write

{1+p""a, 7} = {¢, e1} + {exp(n?2c3), p} (15)

for some c¢3 € Ok, in Ky(L)/p"~*. Let Ny, + Ko(L) — Ka(Lo) be
the norm homomorphism. Taking the norm Ny, of the both sides of the
equation (15), we get

{1+p" ta,pT} = {¢, A} + {exp(Try 1, (77 2e3)), p}
—0 (16)

where Trp, /7, is the trace, and we used Try, 1, (nP2¢3) = pTes Trr/L, (7?) =
0. On the other hand, the left hand side of (16) is equal to {1 + p"~!a, T}
by Corollary 2.3. Hence, the equation (16) implies that {1 +p"~la, T} =0
in Ko(Lo)/p" !, hence in Ky(Kp)/p" L.

In the proof of [14] Corollary 2.5, we showed that exp,. induces

expy ¢ (Qby, /A0K,) @ Z/p"% — Ka(Ko) /p"™!

which is injective. In Ka(Kp)/p" !, we have {exp(p" 'a),T} = {1 +
p"la,T} = 0, hence by the injectvity of the above map, we know that
p"3adT /T mod p"~2 is in d(Og,/p™ 2). This implies that = - dt/t is in
B2k where z = amod p € F ([6] Corollaire 2.3.14 in Chapter 0). Hence,
x isin By,—9. Thus, the kernel of the map (10) coincides with B,,_s. Namely,

the map (14) is bijective. This completes the proof of Theorem 1.1.
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3.4. Finally we prove Corollary 1.4. Let M be the Z,-submodule of Q%)K
generated by da with a € Ok and b(pdn/m — dT/T) with b € Og. It
follows from 7P = pT that prPdr /7 = p*Tdr /7 = pdT in Q})K Hence, the
existence of exp,, implies that b(pdw/m — dT'/T) is in the kernel of exp,..
Further, da is also in the kernel of exp,> by Lemma A2.3 in Appendix. So
exp,2 factors through QIOK/M. Since b(pdrn/m — dT/T) € M, Q})K/M
is generated by the classes of the form cdn/m. We define Fil’ to be the
Z,-submodule of Q%)K /M, generated by the classes of cdr /7 with v (c) >
i — 2p, and consider gr’ = Fil’ / Fil“+1,

We can easily see that gr’ = 0 for 4 which is prime to p. In fact, if ¢ is
prime to p, for a € Uk, ar'dr /7 = ai~ldr’ = —n'da (mod M). We can
write da = a1dT + agdn = a1Tpdr/m + agwdn /7w (mod M) for some aq,
as € Ok, hence ar'dr/m is in Fil“*!. For i < 2p, we also have gr’ = 0.

Suppose that n > 3 and consider a homomorphism

F — g™, g p" Zdn/m. (17)

This does not depend on the choice of z. Suppose that z is in B,_o (for
n—271 pn—2

B,,—2, see the previous subsection). We write z = X0_ " 2l "t dt/t as

in 3.3, and take a lifting o = X"~ '3" 7. dT/T where 7, is a lifting of
z; to Of,. We have p"2adr /7 = p"3adT/T (mod M) = db (mod Fil"?)
for some b € Og,. Hence, p"2adr/m € M, and B,_2 is in the kernel of
(17). So the restriction of (17) to FP"~* gives a surjective homomorphism
) gr as in 3.3. This is also injective because the composite
Pt gr"™? — gr" K5 (K) with the induced map by exp, is bijective
by Theorem 11 (3). Therefore, comparing gr® with gr! Ko(K), we know

that exp,2 : Q})K /M — U Ko(K)" is bijective.

Appendix A. Milnor K-groups of a local ring over a ring of
p-adic integers

In this appendix, we show the existence of exp,, (Corollary A2.10). To do
so, we describe the Milnor K-groups of a local ring over a complete discrete
valuation ring of mixed characteristics, by using the modules of differen-
tials with certain divided power envelopes. (For the precise statement, see
Proposition A1.3 and Theorem A2.2.) This description is related to the
theory of syntomic cohomology developed by Fontaine and Messing.

On a variety over a complete discrete valuation ring of mixed characteris-
tics, Fontaine and Messing [4] developed the theory of syntomic cohomology
which relates the etale cohomology of the generic fiber with the crystalline
cohomology of the special fiber. In [9] Kato studied the image of the syn-
tomic cohomology in the derived category of the etale sites, and considered
the syntomic complex on the etale site. He also used the Milnor K-groups
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in order to relate the syntomic complex with the p-adic etale vanishing cy-
cles, and obtain an isomorphism between the sheaf of the Milnor K-groups
and the cohomology of the syntomic complex after tensoring with an al-
gebraically closed field ([9] Chap.I 4.3, 4.11, 4.12). Our description of the
Milnor K-groups says that this isomorphism exists without tensoring with
an algebraically closed field (for the precise statement cf. Remark A2.12
(28)). This appendix is a part of the author’s master’s thesis in 1986.

A.1. Smooth case.

A.1.1. Let A be a complete discrete valuation ring of mixed characteris-
tics (0,p). We further assume that p is an odd prime number, and that A
is absolutely unramified, namely pA is the maximal ideal of A. We denote
by F' = A/pA the residue field of A.

Let (R,mp) be a local ring over A such that R/pR is essentially smooth
over F', and R is flat over A. Further, we assume that R is p-adically
complete, i.e. R — IEnR/p”R, and define B = R[[X]]. In this section, we

study the Milnor K-group of B. (One can deal with more general rings by
the method in this section, but for simplicity we restrict ourselves to the
above ring.)

Since R/pR is essentially smooth over F, R/pR has a p-base. Namely,
there exists a family (ey)aer, of elements of R/pR such that any a € R/pR

can be written uniquely as
=[]
s AEL

where a; € R/pR, and s ranges over all functions L — {0,1,....,p — 1}
with finite supports.

For a ring A, QY denotes the module of Kéhler differentials. Let ey be
as above, then {de)} is a basis of the free module Q}% IR We consider a
lifting I C R of a p-base {e)}. Then {dT;T € I} gives a basis of the free
R-module Q}% where Q}% is the p-adic completion of Q}%. Since R is local,
we can take I from R*. In the following, we fix I such that [ C R*.

For the lifting I of a p-base, we can take an endomorphism f of R
such that f(T') = TP for any T' € I, and that f(z) = 2P (mod p) for any
x € R. We fix this endomorphism f, and call it the frobenius endomorphism
relative to I.

We put B = R[[X]]. We extend f to an endomorphism of B by f(X) =
XP. So f satisfies f(z) = 2P (mod p) for any x € B. Let X B be the ideal
of B generated by X.

Lemma A.1.1. Put f; = %f : B[l/p] — B[1/p], f{' = fio..ofi (n
times), and E1 = exp(> oy f1"). Then, for a € B, Ei(aX) is in B*, and
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Ey defines a homomorphism (Shafarevich function)
E,: XB — B*.

It suffices to show FEj(aX) is in B* for a € B. We define a, € B
inductively by a9 = a and

f"(a) = Wy(ag, a1, ..., an)
where f" = fo..o f (n times), and Wy, (Tp, ..., T),) is the Witt polynomial
([19] Chap.II). (It is easily verified that f™(a)—(a?" +pa11°n71+...+p"_1an_1)
is divisible by p". Hence, a,, is well-defined.) By the formula of Artin-Hasse
exponential exp(X2 ,T?" /p") = i my=1(1 — T™)~Hm)/m e have

Ei(@X)=]] [] (- (anx*"ym)-stm/m

n=0(p,m)=1

Hence, F1(aX) € B*.

A.1.2. Let Q}B be the (p, X)-adic completion of QL. For an integer r € Z,
let Q% = /\TBQE for r > 0, and QTB =0 for r < 0. Let r be positive. Then
f naturally acts on Q%, and the image is contained in pTQ%. So we can
define f. = p~"f on Q.

We define Iz = TU{X}. Then {dTy A ... AdTy;T; € Ig} is a base of ;.
For i > 0 we define U;'(Q% to be the subgroup (topologically) generated by
the elements of the form adTi A ... AdT,, and bdTi A ... NdT._1 AdX where
ac€ X'B,be X" 'B,and Ty, ..., T} € I.

A.1.3. Foraringk and g > 0, the Milnor K-group Ké”(k:) is by definition
M -
K/ (k)= (k"®.0k%)/J

where J is the subgroup generated by the elements of the form a; ® ... ® aq
such that a; + a; = 0, or 1 for some ¢ # j. (The class of a1 ® ... ® a4 is
denoted by {a1, ..., aq}.)

We will define a homomorphism £, which is regarded as exp(352, /)
from the module of the differential (¢ — 1)-forms to the g-th Milnor K-
group. First of all, we remark that in K2!(B), the symbol {1 + Xa, X}
makes sense for a € B. Namely, for any x in the maximal ideal mp, we
define {1 4 za, z} to be

| {1+za,—a} if a¢gmp
{1+ 20,2} = { (—(1+a)/(1—2),(14ax)/(1—2)} if a€ms.
Then, usual relations like {1 + zya,z} + {1 + zya,y} = {1 + zya, zy},
{1+ za,z} +{1+ab,z} = {(1 4+ za)(1 + xb),z}, {1 —x,2} = 0 hold, and
the image of {1 + za,z} in K} (B[1/x]) is {1 + za,x} ([22], [11]). Hence,
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the notation {1 + Xa,bq,...,b4—2, X} also makes sense in Ké\/[(B) where
b; € B*.

We define Ké\/[(B)/\ to be the (p, X )-adic completion of Ké‘/I(B), namely
the completion with respect to the filtration {V;} where V; is the sub-
group generated by {1 + (p,X)", B*,...,B*}. Let UxK}(B)" be the
subgroup (topologically) generated by {1 + X'B, B*, ..., B*} and {1 +
X'B,B%,...,BX,X}. We define

E,: UXQL " — KM(B)" (18)

by
dT, dTy—q
aX - — N A
T T, 1
where a € B and T; € Ig. Since fy(aX - (d11)/T0 A ... AN (dTy—1)/Ty—1) =
f1(aX)-(dT1)/Ti A ... AN(dTy—1)/Ty-1, E4 can be regarded as exp(X52 f7')-

= {El(aX)?Tlv "'aqul}

Lemma A.1.2. E, vanishes on UxQ% ' nd0% % = dULOQ%5?).

We may assume ¢ = 2. So we have to prove Ez(d(Xa)) = 0. By the
additivity of the claim, we may assume that a is a product of elements
of Ig, namely a = II7; where T; € Ig. In particular, f(a) = a”. Using
Xa = XIIT;, we have

Ey(d(Xa)) = Y {Ei(Xa),XT;} = {E1(Xa), Xa}
={ [ a-&am#m/m Xa}

(pm)=1

= > —um)/m{1— (Xa)", (Xa)"}

(pym)=1
=0.

This completes the proof of Lemma 2.2.

A.1.4. Fori> 0 we define Ui (Q% " /dQ% ) to be the image of UL Q%™
in Q%1 /d0%L .

Proposition A.1.3. E, induces an isomorphism
B, UL (Q4 /) = ULKM (B)
which preserves the filtrations.
Proof. Using Vostokov’s pairing [23], Kato defined in [9] a symbol map
hg = (sf,q,dlog) : KM(B) — (Q% ' /d0% ) @ Q%
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such that

qu({ala s Gg})

L Ja)d dag 1 f dag d
Z it lpog ) dar o dainy T daigy T dagy
i— a; a1 ai—1 P Qit1 P ag

and dlog{ai,...,aq} = (dai)/ai A ... A (dag)/aq.
Concerning the map sy, we will give two remarks. If T1,...,7;_1 are in
Ip (and {a,T1,...,Ty—1} is defined), then

floydli | dTy

1
Sf7q({a7 Tl; ..-7Tq—1}) = — g ap Tl ees T . .
q—

Here, we are allowed to take T; = X. To see this, since the definition of sy,
is compatible with the product structure of the Milnor K-group, we may
assume ¢ = 2 and 77 = X. Since {a, X} is defined, by our convention, a
can be written as a = 1+ bX. The image of {a, X} under the symbol map

Ky(BIL/X]) — Qb /d(BL/X]) is p~tlog(f(14+bX)/(1+bX)P)dX/ X
which belongs to the image of QL /dB — QB“/X /d(B[1/X]). This map

is injective, so sga({a, X}) = p~tlog(f(1 4 bX)/(1 + bX)P)dX/X (cf.also
[10] 3.5).

Next we remark the assumption p > 2 is enough to show that sy , factors
through Ké\/[ (A). In fact, by the compatibility of s;, with the product
structure of the Milnor K-group, the problem again reduces to the case

= 2. So Chapter I Proposition (3.2) in [9] implies the desired property.
We do not need the ¢-th divided power J!9 or S, (q) with ¢ > 2 in [9] to
see this.

We go back to the proof of Proposition A1.3. We have

dTh dly 4
Srq0FE (aX - — A ... N =1
fa o T, T, )
= dT dr,
=(fi — 11 M (aX) ot A A =
(fr—1)log exp(Z:O M @X)7 T
dTy dly_1
=—aX - — N..N 1
Ty Ty—1
This means that sy, o E; = —id. Thus, E, is injective.

On the other hand, by [2] (4.2) and (4.3), we have a surjective homo-
morphism

pi Q@ QL — UK (B)/US K, (B)!
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such that
db dbg_ -
pila=— A . A ==L 0) = {1+ X'a,by,....by_1}
by by1
db db,— .
pi(0, a2 A A2 = {14 XPaby, . by_o, X}
by by—2

where a € B, and b; € B*. This shows that U}'(Ké\/I(B)/\/U;‘(HKéV[(B)/\ is
generated by the elements of the form {1+ aX* T1, ..., Ty—1} where a € B,
and T1,...,T4_1 are in Ip. Hence, E; is surjective, which completes the
proof.

A.2. Smooth local rings over a ramified base.

A.2.1. In this section, we fix a ring B as in §1, and study a ring
A=B/Y where = (X°—pu).

Here, u is a unit of B, and < is the ideal of B generated by X¢ — pu. We
put ¢ = X°¢ — pu. We denote by

Yv:B— A

the canonical homomorphism. (For example, if A is a complete discrete
valuation ring with mixed characteristics, one can take A as in §A1 such
that A/A is finite and totally ramified. Suppose that R = A, B = R[[X]],
and f(X) = X° —pu (u € B*) is the minimal polynomial of a prime
element of A over A. Then, A ~ B/(X®¢ — pu) and the above condition on
A is satisfied.)

Let D be the divided power envelope of B with respect to the ideal <,
namely D = B[p"/r!: r > 0]. We also denote by

Pv:D— A

the canonical homomorphism which is the extension of ¢ : B — A.

We define J = Ker(D 2, A). Then, the endomorphism f of B naturally
extends to D. Since ¢ = X¢ — pu, we have D = Blp"/r! : r > 0] =
B[X¢ /r! : v > 0]. Hence, f(J) C pD holds. So fy =p~'f:J — D can
be defined. Since f(QqB_l) C pq_IQqB_l, fo—1= p~ @1 f can be defined on
Q‘gl, and

1 n g o
fq:ﬁf:J®Q%1—>D®Q‘fgl (19)

can be also defined.
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A.2.2. Recall that B = R[[X]]. We denote the image of X in A by the
same letter X. For i > 0, we define U% A* = 1+ X*A. We note that U} A*
is p-adically complete.

Lemma A.2.1. Let ¢/ = [e/(p — 1)] + 1 be the smallest integer i such that
i>e/(p—1)+1. Then, z — zP gives an isomorphism

U AX ~ UG A,

The proof is standard (cf. [19] Chap.V Lemme 2).

For an element z € U)efe/AX, by Lemma A2.1, there is a unique y €
U}"’(/AX such that y? = x. We denote this element by z'/?. By the same
way, for x € U)"f“IAX, a unique element y € U)B(IAX such that y?" = z, is
denoted by z/P". Since U)I(AX is a Zp-module, we also use the notation
x/mP" for an integer m with (p,m) = 1 for x € U}HEIAX.

Recall that D = B[p"/r! : 7 > 0] = B[X® /r! : r > 0]. Let U3, D be the
ideal of D generated by all X¢" /r! with r > 0. We define a homomorphism

Ei4:UxD — A*
by
E1A(aXe /) = ¢(Ey(a X))

where a € B, and F; : XB — B* is the map defined in §A.1. Since
er > eord,(r!) + ¢, (Ey(aX )/ is well-defined by the above remark.

A.2.3. For ¢ > 0, we will define E, 4 similarly as in 1.3. For ¢ > 1,
let U (D ® Q'gl) (resp. UL (D ® QqB_l)) be the subgroup generated by
a- (dTy)/Ty A ... A (dTy—1)/Ty—1 where a € ULD (resp. a € X'D) and
’Tj e Ip.

Let Ké\/[(A) be the g-th Milnor K-group. As in 1.3, for i > 0, let
U}'(Ké”(A) be the subgroup generated by {1 + XA, A% ..., A%} and {1 +
X'A A%, ..., A%, X}, and define Ké\/[(A)/\ to be the completion of KéW(A)
with respect to the filtration U}'(Ké\/[(A). We denote by U}'(Kéw(A)/\ the
closure of UL KM(A) in KM(A)". Note that Uy KM (A)" is p-adically
complete, namely Uy KM(A)" = lEnU)l(K;W(A)/p". We also note that by
definition, a natural homomorphism K éw (B — K, éw (A)" exists.

We define

E,a:UX(D2Q5) — KMAn (20)
by
dT dT,
Bypala- S0 A A L) = (B aa), 6(T1), o 90Ty 1))
1 q—1

where T; € Ipg.
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Recall that f, =p~9f: J® QqB_l — D® Q}Ig—l is defined (cf. (19)). We
put

SHA,B) =D Q5 /(dD Q5 + (f— DT @ Q5 ). (21)
The filtration on D@Q% " induces a filtration on S}(A, B), which we denote
by U&S;{(A, B). Our aim in this section is to prove
Theorem A.2.2. E, 4 induces an isomorphism
Ega: UxSHA, B) = Ux K} (A)"
which preserves the filtrations.

A.2.4. Let QqA_l be the p-adic completion of 9?4_1. We begin with the
following lemma.

Lemma A.2.3. There exists a homomorphism
exp,2 ot — KX (AN
such that
dby dbg—1

a——N... N\
by bg—1

= {exp(p2a), b17 ) bq—l}

where a € A, b € A, and exp(z) = Yp>0x"/n!. Furthermore, dQ'ifQ is
contained in the kernel of exp,..

Proof. By Corollary 2.5 in [14], we have a homomorphism
expy2 g : QL /dOL? — Ké\/[(B)A
such that
dby dby—1

a— N ... N\
b1 bg—1

where a € B and b; € B*. Consider the exact sequence

S®p Qfol — thl/alflq}_;2 — Q%l/dﬂqffz — 0.

— {exp(p2a), b1, couy bq_l}

Since & ® QqB_l is clearly in the kernel of ¥ o exp,2 p : QqB_l / quB_2 —
Ké\/" (B — Ké\/[ (A)", the map exp,: 5 induces the desired homomor-
phism

exp,e Q410 — K (A
Corollary A.2.4. For any a € A\ {0}, in Ko(A)" we have

(1) {exp(p*a),a} = 0,
(2) {exp(p®a), p} = 0.
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Proof. In the proof of Lemma 2.5 in [12], we showed that

{exp(p®a), a} + {exp(p°b), b} = {exp(p*(a +b)),a + b}.

This formula holds for a, b such that a, b, a +b € A\ {0}, hence (1) is
reduced to the case a € A%, so follows from Lemma A2.3.
The equation (2) is a consequence of (1). In fact,

{exp(p®a),a} = p{exp(p*a),a} =0
by (1). So we have

{exp(p®a), p} = {exp(p’a), ap}.

But the latter is zero again by (1).

A.2.5. We first show
Lemma A.2.5. E, a vanishes on d(Uk (D ® Q% ?)).

As in Lemma A1.2, it suffices to show Es 4(d(aX®"/r!)) = 0 for a €
D and 7 such that f(a) = a” and r > p. Let EAH(T) = i my=1(1 —
T ~rm)/m ¢ 7, [[T]] be the Artin-Hasse exponential. We have
Es a(d(aX /1))

= {w(BH (aX )V (X} + {p (B (aX )Y, v (a))

= {EM (g () (@)Y pip(u)} + LB ((pib(w) (@)™, w0 (a)}

= {EY () (@)D p} + {EA (oo ()" (a) V" p(au”) ).

Hence, Lemma A2.5 is reduced to show the following.

Lemma A.2.6. For anya € A\ {0},
(1) {BAH (pra)/ =Dt p} = 0,
(2) {EAH (pra)t/™, a} = 0.

Proof of Lemma A2.6. From EAY(T) = £2°_, exp(T?" /p™), in order to
prove Lemma A2.6 (1), it is enough to show {exp((p"a)?" /p™(r—1)!),p} =
0, which follows from Corollary A2.4 (2). By the same method, Lemma
A2.6 (2) follows from Corollary A2.4 (1).

By Lemma A2.5, F, 4 induces a homomorphism

Ega: Ux(D® Q%) /d(Uk(D & Q%))
= Ux (D@ QL )/ [Ux (D@0 ) nd(D e 0F )] — K (A
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A.2.6. Next we have to show that E, 4 vanishes on
Image(J © 05 12 Do QL — Do OL /(D @ 0% 2))
N Ux(D Q5 ) /d(U (D @ Q57%)).

We assume that

== P x) (22
r>0
satisfies
(f—D(@) eUX(D® Q%) (mod d(D & Q% ?) (23)

where 7, € QqR_l and w, € QqB_l. We write u = ug + u1 X with ug € R*

and u; € B. We put
1 —puo)”
=13 (T')W
p r>0 ’
Sow—pneUx(D® Q%_l). The assumption (23) implies that
(fg— V)(pn) € A7), (24)
Lemma A.2.7. n can be written as n = pn1 such that n1 € d(QqR_Q).

By the standard method, Lemma A2.7 is obtained from (24) (cf. [6]
Chap.0 Corollaire 2.3.14).

We put
X —pu)" — (—pug)” X — pu)"
R e = L'
r>0 r>0
So by (22),
w = w1 + wa + pn. (25)

From (24) and the definition of E, 4, we have

Eqa((fy —V)w) = Eqa((fg — Dw1) + Ega((fy — Dw).
If we write w, = Eiar,i(dTr,i,l)/Tr,i,l VAR (dTr,i,q—l)/Tr,i,q—l with Tr,i,j S
Ig, by the definition of E 4,

Eya((f, Z{w exp( P X ) (Tt oo b(Trig1)}

:O.

Next we calculate Eq o((fy — 1)w1). We write n, = 3;by;(dTi1)/Tri1 A
A (dTy.g-1)/Trig—1 with Ty.; ; € Ig. Then by the definition of E, 4, we
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get
Eqa((fg = 1))

= Z{w exp( ! br,i)aw(TT,i,1)7"'7¢(TT,i,q—1)}

= S e ) w(Ti), (T}

By Lemma A2.7,
—puo)”
> (r,)m = pn=p’m
r>0 )
and 1 € d(Q%?). Hence by Lemma A2.3,
Eqa((fg = Dw1) = —exppa(m) = 0.
This shows that
Image(J ® 0% "2 Do 0L — D 0L /d(D @ 0% )
N Uk (D@ )/dUx (D ® Q%))
is in the kernel of F, 4. Namely, F, 4 induces a homomorphism
Eya : ULSYU(A, B) — ULKM (A)". (26)
A.2.7. Asin §1, E, 4 has the inverse. The target group of the symbol
map in [9] has two components as in §1, and its projection to the first
component is
spga: K (A) — S%(A, B)

which satisfies

sfaal{ar, . aq})

q ~
i-11 a;) da dai—y  f da; £ da
:Z(—l) 1 Jog f(Np)N—l/\.../\ — ! /\7(#“)/\“_/\7(7(1)
i=1 b ai al ;1 P Qi1 p aq

where @; is an element of D* such that ¢ (a;) = a;. This does not depend
on the choices of @;.

Asin 81, sy 4 4 0 Eg 4 = —id because if T1,...,7;,_1 are in Ip, then
1 f(a)dTy T,
1), e, (T,— =-log=—"— A .. A ——.
vaq({aa¢( 1)7 a¢( q 1)}) p og ar T1 qul

(As we note in §A1, we are allowed to take 7; = X using our conven-
tion.) So Ej is injective. On the other hand, by considering U%K%(A)A/
U)i(HKéV[(A)/\ as in §A1, we know that F, is surjective. Hence, E, is bijec-
tive. It is clear that E, preserves the filtrations. This completes the proof
of Theorem A2.2.
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Remark A.2.8. By a slight modification, we can deal with more general
ring, for example, a ring of the form R[X1, ..., Xi](mp xy,.. x)/ (X1 -
XE& — pu) by the same method.
Remark A.2.9. Assume that #I < ¢ — 2. Then we have U}(S?(A,B) =
S}(A, B) and Ux KM (AN = KM (A)™. So Theorem 1.1 says that we have
an isomorphism

Ega: SH(A,B) ~ K} (A)".
This isomorphism in this special case was obtained in Kato [10].
Corollary A.2.10. There exists a homomorphism

exp,, QqA_l — Ké\/[(A)A

such that

b dby
B N B

where a € A and b; € A*.

= {exp(pa), bla EREE) bqfl}

Proof. By [2] Lemma 4.2, it suffices to show

l

Z{exp(pai)7 g, blv ceey bQ*Q} = Z{exp(pa;), Cl;', bla ceey bq72} (27)
=1

=1

for a;, al, b; € A* such that Ya; = Xa}. So we may assume ¢ = 2.
Let s 4 be the map as above. Then, for a € A*, taking a € B such
that ¢(a) = a, we can calculate

sralexp(pa), a} = (fi — 1) log exp(pa) fi(dlog a)
-~ log(f(@) /") dlog exp(r)
= fi(da) — pda.
Here, we used d(log(f(a)/aP)-a) = 0 in S;(A, B). The final equation is
clearly additive in a. Since
sp2.4 : Ux Ko (A — Ux S3(A, B)
is bijective by Theorem A2.2, {exp(pa),a} is additive in a, and (27) is

satisfied. Hence, exp,, is a homomorphism.

Remark A.2.11. One has {exp(pabXZ) bX1} = {exp(pa(l + bX1)),
(14bX%")} fori > 0,a € B, and b € B* (note that {exp(pabX?), bXZ} makes
sense in K»(B)" by our convention (cf.1.3)) because sy, 2({exp(pabXZ) bXZ})
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= sr2({exp(pa(l +bX%), (14bX%)}) (cf. remark after the definition of Sfq
in the proof of Proposition A1.3). Hence, we have
dbo dbg—1

dbi XA == A A
exp, (adby by bt

) = {exp(palei), b1 X% by, ..., bg—1}

for a € A, by,....,bq—1 € AX, and i > 0.

Remark A.2.12. Theorem 1.1 gives a different proof of the main result
in [13]. Let K be a complete discrete valuation field with integer ring O,
and X be a smooth scheme over Ox. We denote by i : Y — X the special
fiber of X and by j : X,, — X the generic fiber of X.

Let KéW(OX) be the sheaf of Milnor K-groups, and S,,(r) be the syntomic
complex on D(Ye) defined in [9] for n > 0. Then by using (a modified
version of ) Theorem A2.2, we can show the existence of an isomorphism

FEY(O0x)/p" ~ MY (Sn(q)) (28)

for ¢ such that 0 < ¢ < p — 1. In fact, Theorem A2.2 says that
Uli*Ké\/[(OX)/p" ~ UYHI(S,(q)). (Here Uli*Ké\/[(OX) is defined similarly
as above.)

Comparing this isomorphism (28) with a result in [2], we have an exact
sequence

0 — HI(Sn(q)) — *RYLZ/p"(q) — WuQf L, — 0. (29)

This exact sequence was proved in [13] by a different method.
For r such that ¢ < r < p — 1, we can also prove the bijectivity of

("KM (O0x)/p) @ pSU =9 = HI(S (1)) (30)

by a similar method as in this paper. Then by (29), (30), and the theory of
Fontaine and Messing, we can show the existence of a distinguished triangle

Sn(r) — 1< i"RjZ/p"(r) — WnQTY;(l)g[_r]

which was the main theorem of [13]. Tsuji extended this result to much
more general setting [20] [21], and proved the semi-stable conjecture by
Fontaine and Jannsen.

(*) Note. This paper was written long time ago, but the author still thinks
the problems to determine all gr’ Ké\/[ (K) for complete discrete valuation
fields of mixed characteristics, and also to determine the kernels of the
exponential homomorphisms for Milnor K-groups (cf. [15]) are interesting
problems.
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