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On Tate’s refinement for a conjecture of Gross
and its generalization

par NoBOoRU AOKI

RESUME. Nous étudions un raffinement du & Tate de la conjecture
de Gross sur les valeurs de fonctions L abéliennes en s = 0 et for-
mulons sa généralisation a une extension cyclique abitraire. Nous
prouvons que notre conjecture généralisée est vraie dans le cas des
corps de nombres. Cela entraine en particulier que le raffinement
de Tate est vrai pour tout corps de nombres.

ABSTRACT. We study Tate’s refinement for a conjecture of Gross
on the values of abelian L-function at s = 0 and formulate its
generalization to arbitrary cyclic extensions. We prove that our
generalized conjecture is true in the case of number fields. This in
particular implies that Tate’s refinement is true for any number
field.

1. Introduction

In [9] Gross proposed a conjecture which predicts a relation between two
arithmetic objects, the Stickelberger element and the Gross regulator, both
of which are defined for any data (K/k,S,T), where K/k is an abelian ex-
tension of global fields and S, T are finite, non-empty subsets of the places
of k satisfying certain conditions. In the same paper, he proved the con-
jecture in the case of unramified extensions of number fields, and obtained
a partial result when the extension is cyclic of prime degree. Since then
the conjecture has been verified to be true in several cases (see Proposition
2.2 below), but yet it remains to be proved in general. Taking a close look
at the conjecture, however, one can easily notice that it becomes trivial in
some cases. For example, if S' contains a place which completely splits in
K, then both the Stickelberger element and the Gross regulator are zero,
and the conjecture is trivially true. Besides such a trivial case, there are
still some cases where the conjecture becomes trivial. As observed by Tate
[22], this is the case if K/k is a cyclic extension whose degree is a power of
a prime number [ and if at least one place of S “almost splits completely”
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in K/k (see Section 3 for the definition) and another place in S splits in
K /k. He then proposed a refined conjecture in that case.

The purpose of this paper is to study Tate’s refined conjecture from a
cohomological view point and to generalize it to arbitrary cyclic extensions.
(In a forthcoming paper [2], a further generalization of the conjecture will
be given.) We will prove that a weak congruence holds for any cyclic I-
extension (Theorem 3.3), which implies Tate’s refined conjecture when k
is a number field (Theorem 3.4). Piecing the congruences together for
all primes I, we will also obtain a weak congruence for arbitrary cyclic
extensions (Theorem 4.2), which is a partial result in the direction of our
conjecture. In particular it shows that the generalized conjecture (and
hence the Gross conjecture) is true for arbitrary cyclic extensions of number
fields (Theorem 4.3 and Corollary 4.4). In the last section, using the results
above, we will give a new proof of the Gross conjecture for arbitrary abelian
extensions K/Q (Theorem 10.1), which simplifies our previous proof in [1].

The main idea of the proof consists of two ingredients: one is an inter-
pretation of the Gross regulator map in terms of Galois cohomology, and
the other is genus theory for cyclic extensions K/k. Here by genus theory
we mean a formula (Theorem 7.1) for the (S,T)-ambiguous class number
of K/k, and it will play an important role when we relate the Stickelberger
element to the Gross regulator in the proof of Theorem 4.2. The idea to
use genus theory can be already found in the paper of Gross [9], where
he implicitly used it to prove a weak congruence in the case of cyclic ex-
tensions of prime degree. Thus our proof may be regarded as a natural
generalization of his.

Acknowledgements 1 would like to thank Joongul Lee and Ki-Seng Tan
for reading the manuscript very carefully and making a number of helpful
suggestions. Especially I am considerably indebted to Lee for the treatment
of the case “mg > 0” in Theorem 9.2. I am very grateful to David Burns
for letting me know of recent work by himself [3] and by Anthony Hayward
[11] both of which are closely related to this article. I also wish to express
my gratitude to John Tate for many valuable comments and suggestions.

2. The Gross conjecture

In this section we briefly recall the Gross conjecture. Let k& be a global
field, and let S be any finite, non-empty set of places of & which contains
all the archimedean places if k is a number field. Let Og be the ring of
S-integers of k and consider the S-zeta function

Cs(s) = 3 (Na) ™,

agﬁs
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where the summation is over the ideals a of Og. It is well known that
this series converges for R(s) > 1 and has a meromorphic continuation to
the s-plane, with only a simple pole at s = 1. The analytic class number
formula for k says that the Taylor expansion of (g(s) at s = 0 begins:
ols) =~ gn g O(sn ),
ws

where hg is the class number of Og, Rg is the S-regulator, wg is the number
of root of unity in the S-unit group Ug = € and n = |S| — 1. To achieve
a formula with no denominator, following Gross, we introduce a slightly
modified zeta function. Let T be a finite set of places of k which is disjoint
from S, and define the (.S, T)-zeta function

Csr(s) = [T = No'™*) - ¢s(s),
veT

where Nv is the cardinality of the residue field of v. To describe the corre-
sponding formula for (5 7(s), we define the (S, T)-unit group of k by

Usr={uecUs|u=1 (modw) forallveT}.

Clearly the index (Us : Us,r) is finite, and is a divisor of [J e (Nv —1).
Define the (S, T)-class number h = hgr by the formula

. HveT(NU B 1)
(Us:Usr)

Then the Taylor expansion of (s7(s) at s = 0 begins:

(1) h = hs

(2) Gsr(s) = ()T ST gy o)

where Rg 7 is the (S, T)-regulator (see below for the definition) and w is
the number of root of unity in Ug 7. We henceforth assume that 7" is chosen
so that Ug r is torsion-free. Then from (2) we obtain a formula without a
denominator:

(3) Csr(s) = (=D hRsrs™ + O(s" ).

To define the (S, T')-regulator, let Ys be the free abelian group generated
by the places of S and

XS:{ZCLU‘UEYS

veES

Zav:()}

veS

the subgroup of elements of degree zero in Yg. Then Xg = Z". Since we
are assuming that Ug r is torsion-free, we have an isomorphism Ugr = Z".
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Let (u1,...,up) and (x1,...,xy,) be Z-bases of Usr and Xg respectively.
Let detr(A) be the determinant of the map

Arsr o Usr — R® X, U Zlog Julo ®wv.
veS
taken with respect to Z-bases of Ugr and Xg chosen above. The (S,T)-
regulator Rg 7 is by definition the absolute value of detg()). By (3) we
have

(4) (sr(s) = £h - detr(N)s" + O(s" ),

where the sign of course depends on the choice of bases of Ug 7 and Xg.

The Gross conjecture predicts that there is an analogous congruence
relation if we replace (g 7(s) and detgr(A) in (4) by the Stickelberger element
and the Gross regulator respectively. We give a brief review of the definition
of these two objects.

First we define the Stickelberger element. Let K/k be a finite abelian
extension which is unramified outside S and G the Galois group of K/k.
For any complex valued character x of G, we define the (S, T)-L function
associated to x to be the infinite product

L) = [T = x(Er)N@)1=*) T (1 = x(Fro)N() =),
veT vgS
where F'r, € G denotes the Frobenius element at v. Then there exists a
unique element g = 0g s € C[G] such that x(6g) = Lsr(x,0) for any
X. Gross [9] showed that ¢ is in Z[G] using integrality properties proved
independently by Deligne-Ribet [7] and Barsky-Cassou-Nogues [5].
Next, to define the Gross regulator, consider the map

A=Xgs1:Usr — G® Xg, uHer(u)@@v,

where r, : kS — G denotes the local reciprocity map. Let (g;;) be the
n x n matrix representing A with respect to the bases {u;} and {x;} chosen
above, namely:

AMug) = Zgij @z; (i=1,...,n).
=1

Let Z[G] be the integral group ring of G and I the augmentation ideal of
Z|G]. Then there is an isomorphism G = I;/I2, g — g — 1. Using this
isomorphism we can view the matrix (g;; — 1) with entries in I¢/I% as a
matrix representing . Define the Gross regulator by

detG()‘) = ngn(a)(gl,a(l) - 1) T (gn,a(n) - 1) € Ig’/Ingla

g

where the sum is over the permutations o of {1,...,n}.
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We are now in a position to state the conjecture of Gross.

Conjecture 2.1. Let the notation be as above. Then g € 1% and the
following congruence holds:

0c = £hdetg()) (mod I,
where the sign is chosen in a way consistent with (4).
In the following we have a list of the cases where Conjecture 2.1 is proved.

Proposition 2.2. Conjecture 2.1 is true in the following cases:

(i) n=0.
k is a number field and S is the set of the archimedean places.

(vii) K/k is an abelian l-extension, where | is a prime number different
from the characteristic of k and divides neither the class number of
k nor the number of roots of unity in K.

(viii) K/k is an abelian extension of a rational function field k over a finite
field and |S| < 3.

Proof. In the case of (i) Conjecture 2.1 is an immediate consequence of (4).
In both cases (ii) and (iii) the conjecture was proved by Gross in [9]. Case
(iv) is a consequence of the work of Hayes [10] proving a refined version of
the Stark conjecture. Case (v) was treated in our previous paper [1]. In
the cases (vi), (vil) and (viii) the conjecture was proved by Tan [19], Lee
[15] and Reid [16], respectively. O

As mentioned in the introduction, Gross [9] proved a weak congruence
when K/k is a cyclic extension of a prime degree. Here we give the precise
statement because our main results (Theorem 3.3 and Theorem 4.2) may
be viewed as a generalization of it to arbitrary cyclic extensions.

Proposition 2.3. Suppose K/k is a cyclic extension of prime degree .
Then there is a constant ¢ € (Z/IZ)* such that

0c = c- hdetg(\) (mod IZ™).
Proof. See [9, Proposition 6.15]. O

3. Tate’s refinement for the Gross conjecture

In this section we give the precise statement of Tate’s refinement for the
Gross conjecture.
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First, we assume that G is an arbitrary finite abelian group. Choose and
fix a place vg € S and set S1 = S\ {vo} = {v1,...,vn}. Then, as a Z-basis

of Xg, we can take {v; —vg,...,v, —vp}. In this case we have
Aw) = 1y, (u) @ (vj — vo).
j=1
Choosing a Z-basis {uy,...,u,} of Ugr, we define
Ra = RG’,S,T := det (T‘Ui (u]) — 1)1§i,j§n € Z[G].

It is clear from the definition that R € I% and Rg = detg(\) (mod IZ™).

Now, suppose that G is a cyclic group of degree I™, a power of a prime
number [. For each v € S, let G, denote the decomposition group of v in
G. We fix the ordering of the elements of S = {vg,v1,...,v,} so that

G’Uo QG’Ul 2 QGUTL
Let ™ = (G : Gy,) for i =0,...,n. Thus mg <m; <...<m, <m. Let
N =104 ... 4"t = |S(K)| ="
Clearly N > n, and N = n if and only if mg=---=m,_1 = 0.
If m,, = m, that is, v, splits completely in K/k, then 6 = Rg = 0.
Hence Conjecture 2.1 trivially holds. Let us consider the second simplest

case m, = m — 1. Following Tate, we say that the place v,, almost splits
completely in K if m, = m — 1. Tate [22] proved the following.

Theorem 3.1. Assume that m, = m — 1. Then 0g € Ig and Rg €
IJGV_lmOH. Moreover, the image of Rg in Ig_lm0+1/I]GV_lmO+2 18, up to the

sign, independent of the choice of the basis of Us and the choice of vg.

Since N > n, this theorem, in particular, shows that 0g € I%. Let us
consider the case where mg > 0. In this case we have N > n and hence
Theorem 3.1 also shows that 05 € Ig“. Moreover, one can show that

hRc =0 (mod I%*") (see Theorem 9.2, (i)). Therefore Conjecture 2.1 is
trivially true if mg > 0. On the other hand, if mg = 0, then both 645 and
Ra are in the same ideal Ig . Therefore it is meaningful to compare them

in the quotient group 1%/ Ig *1. Based on these facts, Tate [22] proposed
a refinement for the Gross conjecture.

Conjecture 3.2. Assume that mg =0 and m,, = m — 1. Then
0c = £hRg (mod INT),
where the sign is chosen in a way consistent with (4).
Obviously Conjecture 3.2 implies Conjecture 2.1 since N > n and
det¢(As,r) = R (mod IEH).

Now, we can state one of our main results.
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Theorem 3.3. Let the notation and assumptions be as in Conjecture 3.2.
Then there exists an integer ¢ prime to | such that

g =c-hRg (mod Ig“).
In particular, if | = 2, then Conjecture 3.2 is true.

We will give the proof of this theorem (more precisely, of Theorem 9.1
which is equivalent to Theorem 3.3) in Section 9. Here we only note that
the last assertion immediately follows from the first one. To see this we
have only to observe that IY /I3 ™ = Z/|G|Z since G is a cyclic group and
that both g and R¢g are killed by [ in Iév / Ig *1 under the condition that
m, = m — 1 (see Proposition 5.4). Therefore, if [ = 2, then chRg = hRg
(mod Ig“). Thus Conjecture 3.2 is true.

As a special case of Theorem 3.3 we have the following.

Corollary 3.4. If K/k is a cyclic l-extension of number fields, then Con-
jecture 3.2 1s true.

Proof. Actually, Conjecture 3.2 is non-trivial only when [ = 2 in the number
field case since [ g /1 g +1is an I-group and both g and R are killed by 2 in

1, g /1 g 1. Thus Corollary 3.4 is a direct consequence of Theorem 3.3. [

Remark 3.5. As remarked by Lee [14], one can not drop the condition
mg = 0 from the conditions in Conjecture 3.2. Indeed, he showed that
there are infinitely many cyclic l-extensions K /k for which 0g & I, g 1 put
hdetg(\) € IN ™. In the next section, we will generalize Conjecture 3.2 to
arbitrary cyclic extensions in order to remove the restriction on my.

4. A generalization of Tate’s conjecture
In this section G will be an arbitrary cyclic group. For any v € S, let
Ic(v) = Ker(Z|G] — Z[G/G,))

be the kernel of the canonical surjection Z|G] — Z[G/G,]. Let us choose
and fix a place vg € S. Let S1 =S\ {vp} and consider the ideal

I6(51) = [[ Ia(v)
=1

in Z[G]. If o is a generator of G, then G,, is generated by o, := o(G:Gr;)

and I¢(S1) is a principal ideal generated by (o, —1) - - - (04, —1). Since the
entries of the i-th row of the matrix (r,,(u;) — 1);; are in the ideal Ig(v;),
its determinant R¢ belongs to the ideal I;(S1). Moreover, the image of
R¢ in the quotient group I¢(S1)/Ig1(S1) is, up to the sign, independent
of the choice of the basis of Ug 7.
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Given a finite abelian extension K/k of global fields and finite sets S, T' of
places of k such that SNT = (), we call the triple (K /k,S,T) an admissible
data if the following conditions are satisfied:

(i) S contains the places of k ramifying in K and the archimedean places
of k.
(ii) Uk,s,r is torsion-free.

In [9] Gross gave a sufficient condition for Ug 7 to be torsion-free:

e In the function field case Ug r is torsion-free if T' is non-empty.

e In the number field case Ug 7 is torsion-free if T contains either primes
of different residue characteristics or a prime v whose absolute ramifi-
cation index e, is strictly less than p—1, where p is the characteristic
of IF,,.

It is worthwhile to note that each condition above also ensures that Uk g1
is torsion-free for any finite abelian extension unramified outside S.

We propose the following conjecture which will turn out to be equivalent
to Tate’s refinement when K /k is a cyclic l-extension such that my = 0 and
m, =m — 1.

Conjecture 4.1. Let (K/k,S,T) be an admissible data such that G =
Gal(K/k) is a cyclic group. Then

0c = +thRg (mod Iglg(Sh)),
where the sign is chosen in a way consistent with (4).

It is very likely that the congruence in the conjecture holds for any finite
abelian extension K/k. In a forthcoming paper [2], this will be discussed
in some detail and some evidence will be given.

If [ is a prime number dividing |G|, we denote by G| the I-Sylow subgroup
of G. For each v € S, let GG, be the decomposition group of v in GG, and put
Gy = G, NG. Thus G, is the [-Sylow subgroup of G,. Now, consider
the following condition:

()

There exists a place v, € S such that |Gy, ;| <1
for any prime divisor [ of |G].

In other words, this requires that there exists a place v, in S which either
splits completely or almost splits completely in the maximal [-extension of
k contained in K for each prime divisor [ of |G|. Although this condition is
very restrictive in the function field case, it is always satisfied in the number
field case since |Gy| = 1 or 2 for any archimedean place v of k.

Now, we can state our main result, which may be viewed as a partial
answer to Conjecture 4.1.
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Theorem 4.2. Suppose condition (5) holds. Then 6q belongs to 1z(S1)
and there exists an integer ¢ prime to |G| such that

g =c-hRg (mod Iglg(S)).

In the next section we will see that in order to prove Theorem 4.2 it
suffices to prove it when G is a cyclic group of a prime power order.

In the case of number fields, Theorem 4.2 gives a complete answer to
Conjecture 4.1.

Theorem 4.3. If K/k is a cyclic extension of number fields, then we have
«9@ = hRG (HlOd Iglg(sl)).

Proof. As we have remarked above, condition (5) is always satisfied in the
number field case. As is well known, if &k is not totally real or K is not
a totally imaginary, then Conjecture 2.1 is trivial. Suppose K is a totally
imaginary extension of a totally real field k. Then, as we will see later (see
Proposition 5.4), the quotient group I /IcIc(S1) is a cyclic group of order
2. Thus Theorem 4.3 immediately follows from Theorem 4.2. O

Since Conjecture 3.2 implies Conjecture 2.1, Theorem 4.3 proves the
following.

Corollary 4.4. If K/k is a cyclic extension of number fields, then Con-
jecture 2.1 1is true.

5. Stickelberger elements for cyclic l-extensions

Throughout this section we will assume that G is a cyclic l-group and
that (K/k,S,T) is an admissible data. In particular Uk g7 is torsion-free.
In order to state Theorem 5.1 below, let F' be the intermediate field of K /k
with [K : F] =1 and put

hi st =hrxsr/hrsr.

If at least one place in S does not split completely in K/k, then h}(’ st 18
an integer by [17, Lemma 3.4]. In particular, if m,, = m — 1, then Wg.sr s
an integer.

Theorem 5.1. Suppose m, =m — 1. Then
0G =0 (mod Ig(Sl)).

Moreover, the following assertions hold.
(i) If mo > 0, then g =0 (mod IgIg(S1)).
(ii) If mo = 0, then 6c = 0 (mod IcIc(S1)) if and only if Ky gr =
0 (mod 1).
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Although both the first statement and (i) of the second statement follows
from Tate’s theorem (Theorem 3.1) in view of Proposition 5.4, we will give
a proof for the completeness. We begin with a lemma.

Lemma 5.2. Let M be an intermediate field of K/k such that |S(K)| =
‘S(M)‘ Then UK,S7T = UM,S,T-

Proof. Let u be any element of U g 1. For any o € G, u”~! is also an ele-
ment of Uk g7 since Uk s is G-stable. Moreover the following argument
shows that u”~! is a root of unity. Indeed, the assumption of the lemma im-
plies that Ux s 17/Unm,s,7 is a finite group. It follows that there exists a pos-
itive integer m such that u™ € Ups gr. Therefore (u®~1)™ = (u™)7~! = 1.
Thus u°~! is an m-th root of unity. However, since Uk,sT is torsion-free,
this shows that u~1 = 1 for any o € Gal(K/M), hence u € M*. The asser-
tion of the lemma then follows from the fact that Ux s 7NM* = Uprg7. O

Proposition 5.3. Assume that m, =m — 1. Then
[T x(6c) = £15FN kg o o,

where x runs through the faithful characters of G.

Proof. Let F' be as above. Then the assumption on G,’s implies that
|S(K)| = |S(F)|. This, in particular, implies that
ords—oCk,s.7(s) = ords—oCr,s.7(s).

Further we have

(6) lim CKSTS HLSTX7 = x0),
X

s—0 Crsr(s)

where x runs through the falthful characters of G. On the other hand, by
(3), we have

. Cksr(s) | hxsrRisT
(7) lim = .

s—0 (rs7(s) hrsTRFsT
Gross [9, (6.4), (6.5)] showed that

Rk st JIS(K)|-1

Rrpsr (Ukst:Uprst)

The denominator of the right hand side is 1 by Lemma 5.2, hence
REST _S(K)|-1
Rpsr

The assertion of the proposition then immediately follows from (6) and
(7). O
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Proposition 5.4. Assume that m, =m — 1. Let p be an element of G of
order l. Then we have an equality

(8) Ia(S1) = Ig~"" " 0 (p = 1ZIC]

and an isomorophism

9) I(S1)/1g1q(S1) 2 Z/IZ.

Proof. See [22]. O

Corollary 5.5. If K/k is a cyclic l-extension such that mg =0 and m,, =
m — 1, then Conjecture 3.2 is equivalent to Conjecture 4.1

Proof. If mo = 0, then from (8) we have
I6(S1) = I 1 (o — )Z[G),
Iela(S1) = 15 0 (p— DZ[G).

Since both g and R¢g belong to (p — 1)Z[G], this shows that Conjecture
3.2 is equivalent to Conjecture 4.1. O

Proof of Theorem 5.1. Let Ng(¢,m)/q denote the norm map from Q(¢m) to
Q. Then by Proposition 5.3 we have

ord; (No(gm)/o(x(0c))) = |S(K)| =1+,

where v = ord;(hj 7). Since | completely ramifies in Q(¢m), it follows
from this that

ordi(x(8c)) = |S(K)| =1 + v,

Since |S(K)| —1= N +1™"! 1 and 0g € (p — 1)Z[G], from Proposition
5.3 and the lemma of [22] we deduce that

(10) O € TN\ 15T+

Thus 0g € 1¢(S1) by Proposition 5.4. This proves the first statement.
If mg > 0, then ™0 > 1, whence

Ielo(S1) 2 18 N (p - 1)Z[G]

by Proposition 5.4. Therefore 6g € IIz(S1) by Theorem 3.1. If mg = 0,
then by the same proposition we have

(11) Iela(S1) = 157 0 (p— DZ[G].

Therefore from (10) and (11) we deduce that 0g € IgIg(S1) if and only if
hgsr =0 (mod 1). This completes the proof. O
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6. Reduction to cyclic l-extensions

We wish to reduce Theorem 4.2 to the case of cyclic l-extensions. For
that purpose we consider the ring homomorphism ¥; : Z[G] — Z[G/]
induced from the canonical surjection G — Gj. Let

U = el : Z[G] — P zIG,

where [ runs through the prime numbers dividing |G|. For any place v € Sy,
we have ¥;(Ig(v)) = Ig,(v) and hence V;(Ig(S1)) = Ig,(S1). If * denotes
either v or S, then we define the map

U, : Ig(x —>@Igl

to be the restriction of ¥ to Ig(*).

Proposition 6.1. The following assertions hold for the maps ¥,, and ¥g, .

(i) Both ¥, and Vg, are surjective.
(ii) Ker(¥,) = Ker(¥g, ).
(iii) The maps ¥, and Vg, respectively induce isomorphisms

/IG Sl @IGZ /IGZ Sl)
Ia(51)/1ala(S)) @Ial S1)/1c,16,(51),

where | runs through the prime numbers dividing |G|.

Before giving the proof of this proposition, we show how the proof of
Theorem 4.2 can be reduced to the case of cyclic [-extensions. We continue
to use the notation above and assume that condition (5) holds. Then ¢
belongs to I(v,). Suppose that Theorem 6.1 is true for any G, that is, for
each prime divisor [ of |G/, f¢, belongs to Ig,(S1) and we have a congruence

(12) QGZ =C- hRGl (mod IGZIGI(Sl))

for some integer ¢; prime to I. Since ¥;(6g) = 6¢,, Proposition 6.1, (iii)
shows that 6g belongs to I(S1). Let ¢ be an integer such that ¢ = ¢
(mod [) for any prime [ dividing |G|. By Proposition 5.4, I,(S1)/I¢,1c,(S1)
is trivial or isomorphic to Z/IZ according as |G| =1 or [. It follows that

\Ifl(c . hRg) =C- hRGl (mod IGZIGZ(Sl))
for all [ dividing |G|. Then Proposition 6.1, (iv) and (12) shows that
g =c-hRg (mod Iglg(Sh)),

as desired. O
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To state the following lemma, for any subgroup H of G, we denote by
Iy the kernel of the natural surjection Z[G] — Z|G/H].

Lemma 6.2. Let G a finite abelian group and G1, Gy subgroups of G such
that GCD(|G1], |G2|) = 1. Then

I g, C I 1g, + I, 1g,.
for any positive integer t.
Proof. We have only to show that
(13) (g1 = (g2 = 1) € 15, Ig, + I, I,

for any g; € G; and any positive integer ¢. First we note that |G;|(g; — 1) €
Iéi for i = 1,2. By induction on ¢ one can easily see that |G;|'(g;—1) € Iggl
for any positive integer ¢. Since GCD(|G1],|G2|) = 1, there exist integers
a1, as such that a;|G1|t + az|Ga|' = 1. Then the identity

(91 = 1)(92 = 1) = a1|G1["(91 — 1)(g2 — 1) + a2|Ga["(g1 — 1) (g2 — 1)
shows that equation (13) holds, completing the proof. O
Proof of Proposition 6.1. 1t is clear from the definition that
(14) Wi(lg,,) = I, (v)

for any v € S and for any prime [ dividing |G|. Since I;(v) is generated by
Ig,, as l ranges over the prime divisors of |G|, it follows from (14) that W,
is surjective. From (14) and the definition of ¥; we also deduce that

Ie,(S1) ifl=1,
v 1o | =
! (H ot ) {0 otherwise.

vES

Since I(S1) contains [[,cg, Ia,, for all I, we conclude that the map Wg,
is also surjective.

To prove (ii) note that the ideal Ker(V,) is generated by the products
IGv,lIGv,z’ of two ideals I, , and IGM, as [,1’ runs through distinct prime

divisors of |G|. By Lemma 6.2 we have an inclusion
t t
IG'U,ZIGU,Z/ g IGv,ZIGU,l/ + IG'UJIG'UJ’

for any positive integer ¢. Since ItGM C I(Sy) for any t > n, this shows
that I, Ig, , € Ig(S1). Therefore Ker(¥,) C I¢(S1), whence Ker(Vs,) =
Ker(¥,).

To prove the first isomorphism of (iii), for * = v or S let

Pa(x) = @D I, (+):
l
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Since Pg(v)/Pg(S1) is isomorphic to @, I, (v)/Ig,(S1), ¥, induces a map
W, : Ig(v)/Ig(S1) — Pg(v)/Pa(Sh).

We have to show that W, is an isomorphism. To this end, consider the
commutative diagram

0 —— Ig(S1) —— Ig(v) —— Ig(w)/1g(S1)) —— 0

A
0 —— Pg(S1) —— Pg(v) —— Pg(v)/Ps(S1) —— 0.

Since both Vg, and ¥, are surjective, this diagram shows that U, is also
surjective. Moreover by the snake lemma we have an exact sequence

0 —— Ker(¥g,) —— Ker(¥,) —— Ker(¥,) —— 0.

Then the equality Ker(¥s,) = Ker(¥,) shows that Ker(¥,) = 0, whence
P, is an isomorphism.
In order to prove the second isomorphism of (iii), let

Qa(S1) = P Ia,I6,(S).
l

Then Qg(S1) is a subgroup of Pg(S1) and Pg(S1)/Qc(S1) is isomorphic
to @, I¢,(S1)/1c,1c,(S1). Hence ¥g, induces a map

Vs, : I6(S1)/1c1c(S1) — Pa(S1)/Qc(S1).
To show that Wg, is an isomorphism, we consider the commutative diagram

0 —— Iglg(S1) —— Ig(S1) —— Ig(S1)/Iglq(S1)) —— 0

lSOSl J/\I/SI l@sl

0 —— Qg(S1) —— Pg(S$1) —— P(51)/Qc(S1) —— 0,

where g, denotes the restriction of ¥g, to IgIg(S1). As we have seen
above, Ug, is surjective. Moreover, quite similarly as in the proof of the
surjectivity of Wg, , one can prove that g, is also surjective. Hence, by the
snake lemma again, 651 is also surjective and we obtain an exact sequence

(15) 0 —— Ker(ps,) — Ker(¥s,) —— Ker(¥g,) —— 0.

We wish to show that Ker(¥g,) = 0. To see this note that in the proof of (i)
we have actually proved that Ker(¥,) is contained in the ideal IgIg(S1).
Therefore Ker(Wg, ) is also contained in the same ideal, whence Ker(¥g,) =
Ker(¢s,). Thus from (15) we deduce that Ker(¥g,) = 0, as desired. This
completes the proof of Proposition 6.1. O
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7. The (S, T)-ambiguous class number

Let S, T be any finite sets of places of k such that SNT = (). (We do not
impose any other condition on S and T'.) Let Ji be the idele group of k.
If v is a place of k, then we denote by k, and &, the completion of k and
the integer ring of k at v, respectively. We define the (S, T')-idele group
Js 1 = Ji,s1 of k to be the subgroup

JS,T:Hk:ij@}X,lx H oy

veES veT vgSUT

of Ji, where for v € T we put ;) = {u € 0 | u=1 (mod v)}. Clearly
we have

(16) Ust = kN JsT.

The (S, T)-idele class group Csr = Cj g7 is defined to be the quotient
group
Csr = Jsr/Us.

Let Cy = Ji/k™ be the idele class group of k. It follows from (16) that the
inclusion Jg7 < Jj induces an injective map Cg7 — Cj. We define the
(S, T)-ideal class group Clgr = Cly 51 of k by

Clsr = Cy/Csr.

Then Clg 7 is isomorphic to the ray class group Ji/k* Jgr corresponding
to the subgroup k*Jg 7 of Ji. To see this, note that

Ker(Jy/k* — Jx/k*Js1) = k" Js1/k™.

By (16) we have an isomorphism k*Jg7/k* = Js1/Us 1, whence

T/
Je /K  Jgp & ———
k/ 7 Js1/UsT
Let h be the (S, T')-class number defined in (1). This naming will be justified
if we show that h = |Clgr|. To show this, note that we have an exact
sequence

= Cy/Cst = Clgr.

(17) 0 — Usr — Jso — C, — Clsr — 0.

For simplicity we let Clg := Clgy (the S-ideal class group of k) and Jg =
Jgp (the S-idele group of k), respectively. Then, as a special case of (17),
we have an exact sequence

(18) 0 —Ug — Jg— Cp, — Clg — 0.
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For any v € T, let F,, be the residue field of v. Then two exact sequences
(17) and (18) fit into the following commutative diagram:

0 0 0
Us,r Us [Toer F5
0 —— Jsr Js S o p—
0 —— (% Ch 0 — 0
Cls,r Clg 0
0 0

Applying the snake lemma to this diagram, we obtain an exact sequence
0 — Usy — Us — |[ ¥y — Clsr — Clg — 0.
veT
Since hg = |Clg], it follows that
[Toer(Nv—1)
|Cls,r| (Us : Us1)

Therefore h = |Clg 1|, as desired.

Now, let K/k be a finite Galois extension with the Galois group G.
We define Uk 51, JK,57,CKk, 51, etc. similarly as above. Then, taking
H (G, —) of the exact sequence

19) 0 — Ugsr —2— Jrsr £, Cksr —— 0

of G-modules, we obtain the long exact sequence
(20)
o Bo

0 —— Ust — JsT —=—  Cgs1©
— HY (G, Ugsr) —2— HYG,JrsT) SN HYG,Cksr)
—— H*(G,Ukgsr) —2— H*G,JKrsT) =, H*(G,Cksr)

e —

The next formula will play a key role in the proof of Theorem 4.2.
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Theorem 7.1. Suppose G is cyclic. Then

G‘ _ h|Coker(as)|
G|

Proof. Since H'(G,Ck) = 0, taking cohomology of the short exact se-

quence

|C' lk.sT

0 — Cks1 — Cx — Clg s — 0
yields the exact sequence
0— CK,S,TG — ¢ — ClKS’TG — HYG,Ck.s51) — 0.

Noticing that C¢ = C}, we obtain
(21) Clisr = [H'(G,Crs7)| - |Ci/Cr 57,
For any G-module M, let Q(M) denote the Herbrand quotient:
_ |H*(G, M)

[H'Y(G, M)|’
From the exact sequence (20) we deduce that

Q(Jk,s1)
Q(Uk,s,T)
By class field theory we know that Q(Cx) = |G|. Moreover, we have
Q(Clk,s1) = 1 since Clg g7 is a finite group. Therefore, from the exact
sequence

QM)

(22) |HYG, Cks7)| = |Cr.s7%/Cs7| - |Coker(az)|.

0 — Ckgs17— Cg — ClgsT — 0

we obtain Q(Ck,sr) = |G|. Since Q(Jr,s1) = QUk s7)Q(Cr,s1), it
follows that Q(Jk,s1)/Q(Uk,s1) = |G|. Therefore by (22) we have

 |Cr,s7%/Cs.r| - |Coker(as))|

|H'(G,Ck.s1)| =
G|
Substituting this into (21), we obtain
e |1Ce/Cr 51 |Ck 50 /Cs.r| - |Coker(as)|
|Clisr™| =
G|
_ |Cr/Cs,| - |Coker(az)|
G|
Since |Ck/Csr| = |Cls | = h, this proves the theorem. O

Remark 7.2. If S is the set of archimedean places Sy, and T = (), then h
is the usual class number h; of k and Theorem 7.1 reduces to a well known
formula for the ambiguous class number for the cyclic extension K/k:
hre(K/k)

23 ClgC| = ,
(23) Clre™] GI(Ey, - N K% 0 Ey)
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where hy, = |Cly|, e(K/k) and Ej, denote the class number of k, the product
of ramification indices in K /k of the places of k and the unit group of k,
respectively. For this formula we refer the reader to [12, Lemma 4.1]. We
should also remark that Federer [8] obtained a similar formula for |Clx s¢
when S is arbitrary. Thus our formula may be viewed as a generalization of
those formulae. To see that (23) is a special case of Theorem 7.1, it suffices
to prove the formula
e(K/k)
(Ek : NK/kKX N Ek)

in the case of S = S, T = (). To prove this note that
HX(G, Jks.) = [[ 05 /Nikwm,(02) = ][ /e,
v v

(24) |Coker(as)| =

where v runs through the places of k. Hence |H?(G, Jks.)| = e(K/k).
Moreover, we have H*(G,Uk,s..) = Ex/Ng;Ex, where Ex = Uk s, is
the unit group of K. Therefore (24) follows if we prove the formula
Ng /kK *N Ey

NgwEx
But this is an easy consequence of the Hasse’s norm theorem asserting the
injectivity of the natural map

B Ng K — [Tk Nk, i, Ko -

Ker(ag) =

8. Cohomological interpretation of A

Throughout this section we will assume that (K/k,S,T) is an admissible
data such that G = Gal(K/k) is a finite cyclic extension. In Section 1 we
have defined A to be a map from Ugr to G ® Xg. However, in order to give
a cohomological interpretation of A, it seems natural to replace the target
group G ® Xg with a subgroup X¢ g defined below. To begin with, we let

YG,S = @ Gy.
veS

We will regard Y g as a subgroup of G ® Yg via the natural injection
sending (..., gv, .- -)ves 10 D cqg 9o @ v. Next we define a subgroup Xg g
of Yg s by the exact sequence

0— Xgs —Ygs — Dsg —0,

where Dg is the subgroup of G generated by G, for all v € S and the map
Ya,s — Dg is defined by sending (..., gv,...)ves t0 [[,cggv- Then the
image of A is contained in X g. We will hereafter regard A as a map

A:Usr — Xg,5-
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For example Coker(X) will stand for the quotient group X¢, s/Im(\).

We now wish to reveal a connection between the Gross regulator map
A and the (S,T)-ambiguous class number formula (Theorem 7.1). To this
end, we start with studying H?(G, Jx sr). For each place v of k, choose,
once and for all, a place w of K lying above v. Then by Schapiro’s lemma
we have an isomorphism

(25) H*(G, Jk) = P H*(Gy, K),

where v runs through the places of k. Let
prs : H(G, Jix) — D H (G, Kyy).
veS

be the projection to the S-part in the right hand side of (25). Similarly we
have an isomorphism

H*(G, Jks1) =P H* (G, K)) 0 P H* (G, O 1) ® €D H* (G, 07).
veS veT vgSUT

Lemma 8.1. Both H*(G,, 0)) and H?*(G,, O,1) vanish whenever v € S.

Proof. First, for any v we have H?(G,, 0)) = 7/ e, 7, where e, denotes the
ramification index of v in the extension K/k. Therefore, if v & S, then K /k
is unramified at v, and so H%(G,, 0%) = 0. Next, to see that H?(G,, Ou1)
also vanishes for any v € S, we consider the long exact sequence

(26) - — HYGy,F)) — H*(Gy, O ,) — H*(Gy, O5) —
obtained from the short exact sequence

0— Op, — Op — F — 0.
By Hilbert’s theorem 90 we have H(G,,FX) = 0. From this and (26) it
follows that H?(G,, @j,l) = 0 for any v € S. This completes the proof. O

By this lemma we may view H?(G, Jx s) as a subgroup of H*(G, Jk).
Thus, restricting the map prg to H2(G, Ji s.1), we obtain an isomorphism
prg : H2(G, Jg.s0) — €D H*(Go, K3).

veS
Recall that the local invariant map

inv, : H2(G,, KY) —

1
|Gl

is an isomorphism for any place v. Let

69IGI
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Then the map
invg := (Byesinvy) o prg : HQ(G, Jk.sT) — %a.s

is an isomorphism. In order to study the image of Im(as) C H*(G, Jk s1)
under the map invg, let

SI@G’S%Q/Z, ("‘>yv>"')UESszv
vES

be the summation map. If we denote by Dg the subgroup of G generated
by G, for all v € S, then Im(s) L_7/7. We define Z¢ s by the exact

~ |Ds|
sequence

(27) 0 —— 2as —— Y5 —— pgL/L —— 0.
Lemma 8.2. invg(Im(az)) € Zg 5.

Proof. By class field theory we have an isomorphism

. 1
invgy, : H*(G,Ckg) — @Z/Z.

Let invy/p g : H?(G, Ckst) — ﬁZ/Z be the composite map of invg and

the natural map H%(G,Ck s1) — H?(G,Ck). Then we have a commu-
tative diagram

H(G, Uksr) —2— HX(G,Jxs1) —2— HG,Ck.sr)

linvs linVK/k,S

0 —— Za.s — Ya.s - ﬁZ/Z,

from which the assertion of the lemma follows. O

Now, the connecting homomorphism
§ : Hom(G,Q/Z) — H*(G,7)

obtained from the short exact sequence
0—7Z—Q—Q/Z—0.

is an isomorphism since H*(G,Q) = 0 for i > 0. For any G-module M we
consider the cup product

U: H%G,M) x H}(G,Z) — H?*(G,M).

Choose and fix a faithful additive character ¢ € Hom(G,Q/Z) of G. Then
§(v) € H*(G,Z) defines an homomorphism

Us(y) : M® = HY(G, M) — H*(G,M), x> zUd(1)).
Lemma 8.3. If M is torsion free, then the map Ud(v) is surjective.
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Proof. By [18, Chap. IX, §8, Theorem 14|, the cup product
HY(G, M) x H*(G,Z) — H?*(G, M)
is a non-degenerate pairing. Since H%(G,Z) is a cyclic group generated by
§(¢), this induces an isomorphism HY(G, M) = H?(G, M). Therefore the
composite map
US(v) : MG — HY(G, M) = H2(G, M)

is also surjective. O

We define a map
py : UsTr — Za.s
to be the composite map

Us(e
Usrt L), H*(G,Uksr) 2a,s-

Since v is a faithful additive character of G, it induces an isomorphism
Gy, = |G—1UIZ/Z for any v € S. We denote the map

invgoas

Yo s — %as, (o 9vs--Dves = (o5 0(G), - - )ves

by the same notation 1. Clearly this map is also an isomorphism.
Proposition 8.4. Notation being as above, we have

PoA= fuy.
In particular, we have |Coker(\)| = |Coker(py)|-

Proof. For each v € S we denote by

My Usm — 7|7

1
|Gl
the v-component of the map ji,,. Similarly let

it H(G, Uk s1) —2 H(G, Jg.57) —— H(G,K))

be the v-component of the map «;. Then we have a commutative diagram

o, T
Ust — kx — Gy

(28) o) o) lv
HY(G,Uksr) —— H*(Gy,K)) —— 7] 7Z.

gy inv, |G
Indeed, the left square commutes by the functorial property of the cup
product. The right square commutes by [18, Chap. XI, §3, Proposition 2].
Let

Prg GB'UESTU
rs = DyesTv : JS,T e ves kg _— YQS.
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Then A = rg o ap. From (28) we obtain a commutative diagram

(o) rs
Usrt — Jsr —— Yg5

|wste) st |v

H*(G,Uksr) — H*(Gy,Jxs1) —— Yo.5-

a2 nvg

It follows that p, = invg o as o Ud(¢)) = ¢ orgoag = 1 o X. This proves
the proposition. O

The following proposition, which is a corollary of Theorem 7.1, will be
useful when we relate 65 with hRq.

Proposition 8.5. Notation being as above, we have

h|Coker ()]

Ik,sm)°] =
(sl 1= D]

Proof. Since Uk g 7 is torsion-free, the map
U(S(w) : US,T —_— HQ(G, UK,S,T)

is surjective by Lemma 8.3. Thus we have a commutative diagram

Usr 2290, H?*(G, Jks1) — Coker(ag) —— 0

)\l %linvs

0 — Zgs —— %a.s —_— ﬁZ/Z — 0.
From this we obtain an exact sequence
0 — Coker(\) — Coker(ag) — ——
Hence

|Coker(ag)| = |Dg| - |Coker(A)].

Substituting this into the right hand side of the formula in Theorem 7.1,
we obtain the desired equality

)G‘ _ h|Dgl||Coker(A)|

(Cli,s
| |

This proves the proposition. O



Tate’s refinement for a conjecture of Gross 479

9. Proof of Theorem 3.3

In this section we will prove the following theorem which is equivalent
to Theorem 3.3 under the assumption that mo = 0 and m,, = m — 1 (see
Corollary 5.5).

Theorem 9.1. Assume that G is a cyclic l-group and mg = 0,m, = m—1.
Then there exists an integer ¢ prime to | such that

g =c-hRg (mod Iglg(Sh)).

We start with the following theorem, which is a counter part of Theorem
5.1.

Theorem 9.2. Assume that G is a cyclic l-group and m,, =m — 1. Then
the following assertions hold.
(i) If mg > 0, then hRg =0 (mod IgIc(S1)).
(i) Ifmg =0, then hRg =0 (mod IgIg(Sh)) if and only if |Cly 57| =
0 (mod ).

Before begining the proof of this theorem we will prove the following
lemma, which I learned from Lee and is stated in [14, §4] without proof.

Lemma 9.3. Notation and assumptions being as above, the (S,T)-class
number h is divisible by [™°.

Proof. Let M be the subextension of K/k such that [M : k] = ["0. Then
every place in S splits completely in M. Let S(M) denote the set of places
of M lying above a place in S. Let (S) and (S(M)) be the subgroup of Clj,
and Clys generated by the prime ideals in S and S(M) respectively. Then
we have a commutative diagram

0 — (S(M)) —— Clyy —— Clys —— 0

lNM/Ic lNM/k lNM/k

0 —— () —— Cl —— Cls —— 0,

where N/, denotes the norm map. Since every place in S splits completely
in M, the left vertical map is surjective. Therefore we have an isomorphism

Cli/Npyi(Clar) = Cly,s /Ny (Clags)
Since M /k is unramified, Cli /Ny (Clar) (and hence Cly s/Npy/i(Class))
is isomorphic to Z/I"°Z. This, in particular, implies that |Clj, g| is divisible
by [0, Since h is a multiple of |Cly, g|, it follows that h is also divisible by
[mo, O

Proof of Theorem 9.1. Suppose first that mg > 0. Then h = 0 (mod 1)
by Lemma 9.3. But, since Ig(51)/Iclc(S1) = Z/IZ, this implies that
hRa =0 (mod IgIg(S1)). This proves (i).
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To prove (ii), let o,, a generator of G,,. First we will prove that there
exists an integer ¢ prime to |G| such that

n

(29) Ra = c- |Coker(N)] - [ (00, = 1) (mod IgIg(Sh)).
i=1
To prove this, define n? integers a;; by r,(u;) = o,”’. Since the map

Ust — Ig(vi)/IgIg(v;) sending u — 7,(u) — 1 (mod Ig(v)?) is a homo-
morphism, we have
(30) Re = det(ag) - [ (o0, = 1) (mod IaI(Sh)).
i=1
On the other hand we have a congruence
(31) det(ai;) = c - |Coker(A)| (mod 1)

with an integer ¢ prime to [. Then (29) follows from (30) and (31) .
Now, combining Proposition 8.4 with (29), we obtain a congruence rela-
tion

(32) R = c-|Coker(N)| - ] (60— 1) (mod IoIg(Sh)).
vEST

Note that Dg = G since we are assuming that mg = 0. It then follows
from Proposition 8.5 that |Clx, 57| = h|Coker(\)|. From this and (32) we
deduce that

hRG =C- ‘CZK7S7TG‘ . H (Jv — 1) (mod Igfg(sl)).
vEST

Therefore, hix srR¢a belongs to Iglg(S1) if and only if ]CZK@TG] =0
(mod [). This proves (ii). O

We would like to prove Theorem 3.3 by relating Theorem 9.2 to Theorem
5.1. For this end we will prove two lemmas.

Lemma 9.4. Let G be a cyclic l-group and A a finite abelian G-module.
Let H be the subgroup of G with |H| =1, and put v = Y,y h € Z|G].
Then the following conditions are equivalent.
(i) A =0 (mod ).
(ii) |[A%| =0 (mod I).
(iii) |Ker(v: A — A)| =0 (mod ).

Proof. Clearly it suffices to show the lemma in the case where A is an
l-group. Both implications (ii)=(i) and (iii)=(i) are trivial. To prove
the converse implications, assume that (i) holds, namely A # 0. This, in
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particular, means that the multiplication-by-/ map on A is not injective.
Let o be a generator of G. Then we have an identity

G|-1 lel ‘
(33) -1 == 3% ()o-

i1 N
Since G is an [-group, we have ('?') = 0 (mod [) for any integer ¢ with
0 < i < |G|. It follows from (33) that the map 0 —1: A — A is not
injective. This means that A% # 0, hence (i)=-(ii).

To prove the implication (i)=-(iii), note that we have an identity
v =lv.

This implies that the map v : A — A is not injective, or equivalently,
Ker(v: A — A) # 0. This proves (iii), completing the proof. O

Lemma 9.5. Let M be the intermediate field of K/k such that |S(M)| =
|S(K)|. If Uk s is torsion-free, then the natural map Cly s — Clg g7
18 injective.

Proof. Let H = Gal(K/M). First we show that H'(H,Ug s7) = 0. For
this end note that Ux s = Up,s 7 by Lemma 5.2. Therefore

HY(H,Ugsr)=H'"(H, Uy s71) = Hom(H,Ups 7).

The last group is trivial since H is a finite group and Uprs7(C Uk, s1)
is torsion-free, so H'(H,Ugk g ) = 0. Thus, taking H (H, —) of the exact
sequence (19), we obtain an exact sequence

(34) 0 —— Umsr —— Jusr — Crsr? —— 0.

This implies that Car57 = CKys,TH i
Now, consider the commutative diagram

0O —— Cuyst —— Cy —— Clysr —— 0

! l !

H

0 —— Cksr’ —— Cxt —— C'lK,S,TH>

where the vertical maps are natural maps. It is well known that the middle
vertical map Cyy — Cx™ is an isomorphism. By what we have shown
above, the left vertical map Cy 57 — C{'{I g7 is also an isomorphism. As a

consequence the right vertical map Cly g1 — Cl K757TH is injective, hence
the map Cly s — Cli s is also injective. O

Proof of Theorem 3.3. One can easily see that Conjecture 3.2 for the data
(K/k,S,T) implies the conjecture for any data (K/k,S’,T) with 8" O S.
Therefore we have only to prove Theorem 3.3 in the case where S is the
union of the places ramifying in K and the archemidean places. If mg > 0,
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then Theorem 4.2 becomes the trivial congruence 0 = 0 (mod I¢I¢(S1))
by Theorem 5.1,(i) and Theorem 9.2,(i). Suppose mg = 0. In this case, by
Theorem 5.1,(ii) and Theorem 9.2,(ii), Theorem 4.2 reduces to the equiva-
lence

‘(CZKS,T)G‘ =0 (modl) <= hjgr=0 (mod1).

To show this, let v = 1+ p+---+ p'~! € Z[G] and Ng/p the norm map
from K to F. Since Clg s — Clg s is injective by Lemma 9.5, we have
Ker(v : Clg s — Clk sr) = Ker(Ng/p : Clg s — ClpsT)-
Therefore, in view of Lemma 9.4, we have only to show the equality

(35) hi s = [Ker(Ng/p : Clg s — Clg s7)|-
First, consider the commutative diagram

Clg —— Clgs
(36) lNK/F lNK/F

Clp —— Clggs,

where the both horizontal maps are surjective and the vertical maps are
norm maps. Since every finite place of S ramifies completely in K/F, the
norm map Ng,p : Clg — Clp is surjective. Therefore (36) shows that the
norm map Ng/p : Clig g — Clpg is also surjective.

Next, consider the commutative diagram

l lNK/F lNK/F

[er(m Fo —— Clpsy —— Clpg —— 0,

where the left vertical map is the norm map, and is surjective. The right
vertical map is also surjective as we have seen above. Therefore the middle
vertical map is also surjective. It follows that

_[Clgsr| _ .
|CZF’S,T K,S,T‘

Thus (35) holds, as desired. O

|Ker(Ng/p : Clg,sr — Clpst)|

10. The Gross conjecture for abelian extensions over Q

As a consequence of Corollary 4.4 we can give a proof of the Gross
conjecture for abelian extensions of Q which simplifies our previous one [1].

Theorem 10.1. If k = Q, then Conjecture 2.1 is true, that is, the congru-
ence

0c = hdetg(\) (mod IZ™)
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holds for any admissible data (K/Q,S,T).

Actually we will prove this in a more general setting. To state it we need
some notation. Let G be a finite abelian group such that

(37) G=G| x %Gy,

where G, ..., G, are non-trivial cyclic groups of prime power order. Then
r = r(G) is independent of the decomposition. Fix a number field k. If
K /k is a finite abelian extension, we denote by Sy (K/k) the set of places
of k which ramify in K and by S the archimedean places of k. Define two
integers r(K/k) and n(K/k) by

r(K/k) = r(Gal(K/k)),  n(K/k) = [Sram(K/k) U So| — 1.

Let Kk be the set of finite abelian extensions K/k such that r(K/k) >
n(K/k). If K/k € K, then we put

(K /k) = (n(K/k),r(K/k) — n(K/k)) € ZZ,,
where Z>o denotes the set of non-negative integers.

Theorem 10.2. If K/k € Ky, then Conjecture 2.1 is true for any admis-
sible data (K/k,S,T).

Proof. We consider the lexicographic order on the set Z2>0. Thus for any
(a,b), (d/, V') € Z%,, we have (a,b) > (a’,V') if and only if either a > d
ora =a and b > V. Clearly the minimal element of ZZ%, is (0,0). We
will prove Conjecture 2.1 for any admissible data (K /k, Spqm U Seo, T') with
K/k € K}, by induction on 6(K/k). If §(K/k) = (0,0), then Conjecture
2.1 is true as we have remarked in Proposition 2.2. Suppose §(K/k) =
(n,r —n) > (0,0) and assume that the conjecture holds for any K'/k € K
with §(K'/k) < 6(K/k). Let G = Gal(K/k). In the decomposition (37),
foreachi=1,...,r, we let
i : Z|G] — Z|G/G;]

be the ring-homomorphism induced from the natural surjections m; : G —
G/G;. Tf we set K; = K then K;/k € Ky and 6(K;/k) < 6(K/k) for all
t. By the inductive hypothesis we have

(0 — hdeta(N) = 0g/q, — hdetg/q,(A) =0 (mod fgjéi)

for all 7.
Here we need a lemma.

Lemma 10.3. Let o; be a generator of G;. Then

Nmt (1558,) = (01 = 1)+ (o = VZIG] + 157!
=1
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Proof. We use Darmon’s trick ([6, §8]). For any a = Y . co0 € Z[G], we
consider the element

o =) ci(o1—1)--(0p—1) € (o1 —1)- (o — 1)Z[G],

where for each ¢ € G we write ¢ = 01 ---0, with g; € G; according as
the decomposition (37) of G. For each subset J of {1,...,r}, we regard
Gy =l,es Gj as a subgroup of G and let

7y Z|G) — Z|G/G ]
be the natural surjection. Then we have
(38) o= Y (=)lis(rs(a)),
JC{L,mr}

where i : Z|G/G ;] — Z|G| denotes the injection induced by the inclusion
map G/G; — G. Clearly we have iJ(Ig7éJ) - I?;'H. Now, suppose

mi(a) € Ig;rél foralli=1,...,7. Then m;(«a) € Ig;réj for any non-empty

J. Therefore (38) shows that

a=ad - > (=)Vij(ns(a) €(or=1) (o — DZ[G] + IET.
0£IC{L,....7}

This proves the inclusion
T
Nmt (1658,) S (1= 1)+ (o = VZIG] + 15
i=1
Since the converse inclusion is clear, the lemma holds. O
By this lemma, we have
0c — hdetg(\) € (o1 — 1) -+ (0, — 1)Z[G] + IZT.

If r > n, then this shows that g = hdetg(\) (mod I%™). Suppose r = n.
Then there exists an integer a such that

(39) 0c — hdetg(\) = a(oq — 1)+ (0, — 1) (mod IZT).

Let ¢ : G — I' be the maximal cyclic quotient of G such that p(o;) = v
for all 7, where ~ is a generator of I'. Then |I'| = GCD(|G4],...,|Gn|). By
Corollary 3.4 we know that

©(0c — hdetg(N\)) = Op — hdetr(\) =0 (mod IpH).
Since p((01 —1)--- (o5, — 1)) = (v — 1)", this shows that
a(y—1)"=0 (mod I}*).



Tate’s refinement for a conjecture of Gross 485

Note that (y — 1)" is a generator of the quotient group If/Ipt = 7Z/|T|Z,
this shows that a =0 (mod |T'|). Thus, if we show that

(40) Tlo1=1) (on—1)=0 (mod I2),
then (39) proves that Conjecture 2.1 holds for (K/k, Sram,T). To show
(40) note that there exist integers aq, ..., a, such that

a1|G1|+ -+ + an|Gp| = |T|

since || = GCD(|G1],...,|Gn]). Then the fact |G;|(c; — 1) € I% proves
(40), as desired. The proof of Theorem 10.2 is now complete. O

Proof of Theorem 10.1. It suffices to prove Conjecture 2.1 for any admissible
data (Q((n)/Q, S, T) for all positive integers m, where (,, is a primitive
m-th root of unity and S,, = {oco} U {primes dividing m}. By Theorem
10.2 we have only to show that Q((,) € Kg. Let m = my ---m,, be the
decomposition of m into the product of prime powers with GCD(m;, m;) =

1 (i # j) and let G; = Gal(Q((m,)/Q). Then
GgGl X"-XGn.

Note that if we regard G; as a subgroup of GG, then G; coincides with the
inertia group of the prime dividing m;. Thus Q(¢n) € Kq, as desired. O
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