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On ideals free of large prime factors
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In memory of Robert Rankin

RESUME. En 1989, E. Saias a établi une formule asymptotique
pour ¥(z,y) = {n<z:p|n=p<y}| avec un tres bon terme
d’erreur, valable si exp ((loglogz)(®/3%€) <y <z, 2 > 20(e), € >
0. Nous étendons ce résultat a un corps de nombre K en obtenant
une formule asymptotique pour la fonction analogue ¥k (z,y) avec
le méme terme d’erreur et la méme zone de validité. Notre objectif
principal est de comparer les formules pour ¥(z,y) et Vi (z,y),
en particulier comparer le second terme des développements.

ABSTRACT. In 1989, E. Saias established an asymptotic formula
for U(z,y) = {n<z:p|n=p<y} with a very good error
term, valid for exp ((log log x)(‘r’/g)“) <y <z x> x(e), € > 0.
We extend this result to an algebraic number field K by obtaining
an asymptotic formula for the analogous function Vg (z,y) with
the same error term and valid in the same region. Our main ob-
jective is to compare the formulae for ¥(x,y) and Vg (x,y), and
in particular to compare the second term in the two expansions.

1. Introduction

Many authors have studied the function ¥(z, y) defined to be the number
of positive integers n < x with no prime factor exceeding y; see, for example,
[1], [11], [12], [26] and other papers cited by these authors. Estimates (with
various degrees of precision) for ¥(z,y) have been applied in certain types
of investigations (for example, [5], [14], [15], [16], [18], [27]). Our objective
in this paper is to extend the more precise result of Saias [26] for ¥(x,y) to
an algebraic number field in order to compare the formulae obtained, and
we apply our results to a sum analogous to one first considered by Ivié [14]
for the rational field. We begin by giving a brief survey of two results on
U(z,y) that we will need and the associated notation.
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734 Eira J. SCOURFIELD
First we give some definitions. The Dickman function p(u) is defined by
the differential-difference equation

p(u) =0 foru <0,
(1) p(u)y=1 for 0 <u <1,
up'(u) + plu—1)=0 for u> 1.

Define A(z,y) for x > 1, y > 2 by
o0 lo z
@) Az, y) =z [y p <10ng3) d (%) forz ¢ N
A(z,y) =% (A(z—0,y) + Az +0,y)) forz € N.
Write log,(z) for log(log ) when x > 1. Let € > 0; define the region H, by

(3) H. : (logy )3+ < logy < logz, z > wo(e).

When (3) holds we write y € He. Let u = igg ;5 it is well known that
log(u + 1)

4 \\ = 140 —=———=

(@) (w) = apta) (140 (ELEDY)

for y € H,; this range for y was established in [11]. Various other expres-
sions for ¥(z,y) have been derived; we utilize one with a very good error
term established by Saias in [26]:

(5) U(z,y) = Az, y) (1 + 0. <eXp (—(log y)g‘6>))

for y € H..

The first goal of this paper is to establish a result comparable to (5) in
the case when the rational field Q is replaced by an algebraic number field
K. Let K be a number field with degree n > 2 and ring of integers O . For
any ideal a of O, define

(6) P(a) = max{N(p) : pla}
where p denotes a prime ideal with norm N(p), and let P(Ox) = 1. Define

(7) Uk (z,y) = {a: N(a) <z, P(a) <y}

Thus when K = Q, Vg (z,y) reduces to ¥(z,y). For papers in the literature
on Vg (x,y) see for example [3], [6], [7], [8]. [10], [19] and [22]. We establish
in Theorem 1.1 an asymptotic formula for Vg (z,y) for y € H, with an error
term of the same order of magnitude as that in (5). We use this theorem to
study the difference between Vg (z,y) and its leading term and derive our
main result in Theorem 1.3. This enables us to compare the second term
in the asymptotic formulae for Vg (z,y) and ¥(z,y).

In order to state our main results, we need some more notation. Let
Cr(s) denote the Dedekind zeta-function for the field K , a well studied



On ideals free of large prime factors 735

function. As we see from Lemma 2.3(i), (x(s) has a simple pole at s = 1
with residue Ax (given in (21) in terms of invariants of K). Let

(8) 9K (8) = Cr(s) — A ((s)

where ((s) is the Riemann zeta-function. Denote the Laplace transform
of p(u) (defined in (1)) by p(s) (see (43)). We define £ = £(u) to be the
unique real solution of

(9) e =14+ut  (u>1),
with £(1) = 0 by convention. Define ag = ap(x,y) by
1
(10) aozl—wwhereu—&.
logy logy
Let
1 ag+i00
(1) Joey) = 5 / 9 (5)(s — 1) logy p((s — 1) log y)s~z*ds.
ap—100

We will see in Lemma 4.3 that the integral in (11) converges. For € > 0,
write

3_
(12) Le(y) = exp <(10g y)® 6) :
We can now state our result analogous to (5).

Theorem 1.1. Let e > 0. Fory € H,

Ui (z,y) = AeA(z, ) <1 +0 (L:(y)» + Jo(w,y).

Using (4) and (5), we can compare Vg (x,y) with ¥(z,y), and we have:
Corollary 1.2. Fory € H,

xp(u
Le(y)
Theorem 1.1 and its Corollary prompt us to ask what the magnitude of
Jo(z,y) is and how it compares with that of ¥(x,y).

Theorem 1.3. Assume y € H..

(i) As u = }22”; — 00,

13) o) = o plusto) (1) + 0 (220 4 B2 ).

(i) If g (1) # 0, Jo(z,y) and V(x,y) — zp(u) have the same order of
magnitude as u — 00.
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We see from (18) and (23) that gx (1) = > JM=AK which converges.
1

m

m—
The question of whether there are algebraic number fields K # Q for which
gk (1) = 0 is an interesting one. The author has consulted several experts
in the area, but a definitive answer to this question does not seem to be
known at present. However, at least for some fields K, there are other
ways of looking at gx (1) that might help in deciding whether it is zero.
The author would like to thank Professor B. Z. Moroz and the Referee for
suggesting the following approaches. When K is a normal extension of Q,
Cr(s) = ((s)F(s) where F(1) = Ag and F'(s) is known to be an entire
function. Since ((s) = -5 + v+ O(|s — 1|) as s — 1, where 7 is Euler’s
constant, we deduce that as s — 1

Gels) = 224 i+ P+ Offs — 1)),

and hence
gk (1) = lim (Ce(5) = AreC(s)) = F'(1).

For K an abelian extension of Q, let G be the corresponding Galois group
and G* be the character group of G. The elements of G* can be regarded
as Dirichlet characters; let x, denote the principal character of G*. It is
known that
F(s)= ] L(s:0)

xE€G*

XFXo
where L(s, x) denotes a Dirichlet L-function; see for example Theorem 9.2.2
and section 9.4 of [9] and also Theorem 8.1 of [24]. Hence, since F(1) = Ak,

o o L/(LX)
ow (1) = P = 32 2
X#Xo

In particular when K is a quadratic field, gx(1) = F'(1) = L'(1, x) with
X a quadratic character; the results in [4] may enable one to calculate
gk (1) with arbitrary precision. The techniques in [23] might also be useful
in investigating g (1) further in some cases. However we do not address
these problems here.

We note that by (4) and (13) it follows from Theorem 1.1 that for y € H,

(14) Ui (z,y) ~ Axazp(u) as u — oo,

a known result for suitable y; Krause [19] has shown that this holds for
y € H.. Hence Theorem 1.3 (ii) tells us that provided gx (1) # 0 the second
term in Ag A(x,y) has the same order of magnitude as Jy(x,y). In Theorem
6.4 in section 6, we show how to express a truncated version of the complex
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integral Jo(x,y) (see (57)) in terms of real integrals. This representation
may be more useful in some applications.

To prove Theorem 1.1, we adopt the method used to establish (5) (see
[26] or chapter 3.5 of [31]) but with ((s) replaced by (x(s). To do so requires
properties of (i (s) analogous to some of the strongest known for ((s), for
example the zero free region given in [29] and consequential properties;
these are described in section 2. Properties of the Dickman function are
given in section 3. With these tools the proof of Theorem 1.1 in section 4
is standard.

The main work of this paper is to establish Theorem 1.3 in section 5.
Our approach must take into account that we have only limited information
on the partial sums of the coefficients of the Dirichlet series for (x(s) (see
Lemma 2.1(ii)), that the bounds for p(s) depend on the size of t = J(s)
(see Lemma 3.4(iii)), and that, as y increases in the range H,, u decreases

from (logz)(logy )™ 37 ¢ to 1. These remarks suggest that we should split
Jo(z,y) into several integrals which we find we have to estimate by different
methods. The main contribution (when gx (1) # 0) comes from the small
values of ¢ (see Lemma 5.1).

We end the paper with an application of our Theorems. From (4), Ivié
[14] derived the order of magnitude of the sum
Sq(z) = Z P(ln) where P(n) = max{p:p|n}ifn>1P(1) =1,
n<x
with as usual p denoting a rational prime. An asymptotic formula was
obtained in [5], and a sharper asymptotic formula was obtained as a special
case of Theorem 3 of [27]. In section 7, we consider a sum analogous to
Sq(x) for the field K and estimate it using our results. Let

(15) Sk(@)= Y B

where P(a) is defined in (6). Let

N|=
N——

(16) L=L(z)=exp ((; log 2 log, x)

We establish the following result.
Theorem 1.4. (i) If gx(1) # 0,

Sk(x) = (AK +0 <Liﬁ)>> /j 1;2110@; {P (iii)
(e e ol e
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where J(x,y) is defined in (57).
(11) As v — oo, Sk(z) =

o [ e Pt SRS w1 =2) = g (D) + o) b (2 )

v2log v 2logv ogv

where v is Euler’s constant and g (1) = lin% (Cr(s) — Ax((s)) .

We remark that other more general applications of the methods used to
derive (5) can be found in the literature. For example, in [28], H. Smida
studied the sum

(17) > di(m),

m<x

P(m)<y

where di(m) denotes the number of representations of m as a product of k
positive integers, its generating function being

> di(m)ym ™ = (¢(5)" (R(s) > 1).

Similarly one could consider sums analogous to (17) with di(m) replaced
by another appropriate multiplicative function with a generating function
involving one or more Dedekind zeta-functions, and we may return to this
problem.

The author would like to thank the Referee for helpful comments, and in
particular for those relating to the constant gx (1) and for a simplification
in the quantity Sk (x) investigated in Theorem 1.4.

Note added in proof: The author recently established an asymptotic ex-
pansion for the number defined by (7) that is analogous to the expansion
obtained in [26] for K the rational field. It is hoped to include this result
in a paper being prepared.

2. Properties of (k(s)

As usual, we write s = o + it.

Throughout this paper, K denotes a number field with degree n > 2 and
ring of integers O . Write a, b for ideals of O and p for a prime ideal, and
let N(a) denote the norm of a.

For o > 1, the Dedekind zeta-function (x(s) is given by

(18) Crls) =) (N(@)™> =) jmm™>

a m=1

where j(m) is the number of ideals a with N(a) = m. We require some
properties of (x(s) that are analogous to some of the strongest available
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for the Riemann zeta-function ((s) near the line ¢ = 1, and we embody
those we need and related ones in the following Lemmas.

Lemma 2.1. (i) Let d,(m) denote the number of representations of m as
a product of n positive integers; then

(19) j(m) < dn(m).
(ii) Let Ak be the residue of (i (s) at s =1 (given in (21) below); then
(20) S() = 3" j(m) = Agv + O x).
m<wv

These results are well known. For (i), see Corollary 3 of Lemma 7.1 of
[24], and for (ii), see Theorem 6.3 of [21] from which we see that

1
(21) A = 277" 7" Rh /m | A|2
where ¢ is the number of real and r is the number of complex conjugate
pairs of monomorphisms K — C, m is the number of roots of unity in
K and R, h, A denote the regulator, class number, discriminant of K,

respectively. For a stronger result, see Satz 210 of [20] or for recent results
see [25] when n > 3 and [13] for n = 2.

Lemma 2.2. For § fized with 0 < 6 < %,

Z dp(m)m®~! < 2%(log z)™.

m<x

Proof. This follows by partial summation and the result (see (13.3) and
Theorem 13.2 of [17])

Z dn(m) < z(logz)" 1.

m<x

g

Lemma 2.3. (i) (x(s) is differentiable in the half plane o > 1 — % except
for a simple pole at s = 1 with residue Ak (given by (21)), and in this
TeGLON
)\KS * —s5—1
(22) Ck(s) = Py +s (S(v) — Agv)v dv.
- 1

(i) With gx(s) = Cx(s) — Ak ((s) as in equation (8), we have for
o>1-—12 that

(23) gk (s) = Z b(m)m™* = 8/100 (S(v) — A [v])v 5" tdv
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(iii) For o >1— X and any N > 1

(24) 9K (s) = Z b(m)m™° + O (Nl_rlz_a ((f—tg’—i—l + 1)) )

m<N n

Proof. (i) (22) follows for o > 1 from (18) and (20) on using partial summa-
tion, and the other properties follow by analytic continuation since by (20)
the integral is absolutely convergent for ¢ > 1 — % (If we used a stronger
version of Lemma 2.1(ii), this range for o could be extended, but we do not

need this.)
(ii) Since for o > 0
(25) ((s) = i ~l—s/ ([v] — v)v~* " do,
s—1 1

(23) follows from part (i), (8) and (20).
(iii) By partial summation

gr(s)= D bm)m™ —(S(N) =AgN)N~*+s / (S(v) = Ag[v])o ™" tdv
m<N N
and the result then follows from (20). ]

We remark that (x(s) has more general properties in the whole complex
plane that are analogous to those of ((s), but we do not require them as
we are concerned only with the behaviour of (x(s) in a region just to the
left of the line 0 = 1. The properties that we need depend on the zero free
region of (x(s), established in [29] by A.V.Sokolovskii, and related results:

Lemma 2.4. (i) For suitable positive constants c,ty, Cx(s) # 0 in the
TEGLON

(26) o > 1—c(log[t|) "> (logy [t) ™%, [t| = to.
(ii) Let mx () denote the number of prime ideals p with N(p) < z; then
(27) WK<x)::u(x)+<)<x aq)(—cﬁogx)w5ﬂog2x)_w5>>.

Part (ii) is the prime ideal theorem. By standard arguments (i (14it) #
0; hence by taking ¢ to be sufficiently small it follows that (x(s) # 0 in the
region

(28) o >1—c(logty) 23 (logy to) /3, It] < to.
We require bounds for (x(s) and for C;((s) /Crk (s) in appropriate regions.

1
Lemma 2.5. For 1 — -5 <o <1,[t| >t

(29) gr(s) < M2, Cr(s) < V2.
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Proof. We apply (24) with N = [t|” and the property b(m) < d,(m) < m®
for any fixed 0 > 0 to obtain
1 1 1
gr(s) < Y m I L N1 < Nmr O g g N a < o]/
m<N
by our choice of N if we take 0§ < m Since ((s) < |t|1/2 for 3} <o <1,
the bound for (x(s) follows from (8) and analytic continuation. O

Lemma 2.6. For s in the region (26)

(30) Cre(s) < (log [t))*/* logy |1

Proof. From the results in [30], when o <1 in the region (26) we have
(31) Cre(s) < (log [t)*/7,

and, when o > %, Cr(s) is bounded. Hence we need only consider 1 < o <
%, t > to; the case t < —ty follows similarly. We apply Cauchy’s integral
formula twice using (29) and (31). Let n = @; suppose (x(s) < h(t) =
o (|t]) in the region (26), and let R be the rectangle with vertices

1—n+i(t+ht),24i(t +h(t).

We can bound (x(s) by (31) when w = 1 —n+i(t +v) and |v| < h(t),
and (x(s) is bounded when w = 2 4 i(t + v) and |v| < h(t). By Cauchy’s
integral formula and since 2 — o > 1/2 we have

1 Cr(w)
Ciels) = 271'2'/R w—sdw
h(?) dv 2 du
< —— 4+ h(t / —
/_h@ 2ot ") o )

h(t) dv 2 du
+ (logt 2/3/ — + h(t / I
(log?) ity 11 —n— o +iv| (¥ 1—p |u— 0o —ih(t)]

h(t)
< logh(t) + 1 + (log t)?/? (1 + / vldv>
o—14n

32) < (1 + (log t)2/3) log h(t).

By (29), (32) holds with h(t) = t'/2, and so we obtain

(33) Cie(s) < (logt)*/?
when 1 < o < 3/2 in the region (26). Now by (33) we can apply (32) again
with h(t) = (logt)®/3, and the result follows. O

Corollary 2.7. In the region (26)
(34) gx (s) < (log [¢])*/* logy [¢]
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Proof. Since ¢(s) < (log |t|)*/? in the region (26) (see Theorem 6.3 of [17]),
the result follows from the lemma and (8). O

Lemma 2.8. In the region (26) for a suitable choice of ¢,

Ck(s)

troe) < oz 1t))%/3 (logy [t])Y/2.

(35)

Proof. For o > 1,

p
and hence
Cx(s) log N(p) . . )
(36) gg(s) --> WJrO(l) < zp:j(p)p logp+0(1) < —.

Using (30) and (36), we follow the method used to prove a slight improve-
ment of (35) when K = Q described in the proof of Lemma 12.3 of [17]. In
the argument leading to equation (12.55) of that proof, take

h(t) = (log [t))~*/*(logy |t) ™2, 7 = h(to) logs fo
and use Lemma 2.4(i) above and then (35) follows. O

3. Properties of the Dickman function

The Dickman function p(u) is defined as in (1) by the differential-diffe-
rence equation

p(u) =0 for u <0,
(37) pluy=1 for 0 <u <1,
up'(u) + plu—1)=0 for u> 1.

Lemma 3.1. The function p(u) has the following properties:
(i) As u — o0

1
p(u) = exp <—u <10gu+]0g2u — 140 <0g2u>>> ‘
logu

(i)

o p(u) is continuous except at u = 0.

o o/ (u) is defined for w # 0 and continuous except at u = 1.

e 0<p(u) <1 foru>0,-1<p/(u)<0 foru>1.

e p(u) decreases strictly and p'(u) increases strictly on u > 1.

Proof. A stronger form of (i) is due to de Bruijn [2], and (ii) follows from
(37). O
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In (9), we defined £ = £(u) to be the unique real solution of the equation

(38) £(1)=0, e =1+ut (u>1).
Define I(s), J(s) by

(39) I(s) = /0 evv_ L seo)

(40) J(s) = /0 h Z_j__: dv (s€C\ (=o0,0)).

Lemma 3.2. (i) £(u) = logu + logyu + O (%) for u > 3.

1
&(u) ~ = as u — oo.
u

(ii) p*) (u) =
(iii) For u >

_ (5'2(:)>1/2 exp (v — ué + 1(€)) <1 +0 <i>> |

(iv) For |v| < %u, u>3, u—v>3
p(u—wv) = p(u)exp (v (logu+ logy u+ O(1))) .

Proof. For (i)—(iii), see equations (47), (59), (56), (51) of chapter 3.5 of
[31] or Lemme 3 of [26]. Part (iv) follows by considering the integral

(—&(u))*p(u) (1 +0 (%)) foru>1,u+#23,..k keN.
1

p(u

~—

o w,

- S

Note that we can rewrite (iv) as

(41) p(u—wv) = p(u) exp (v (&(u) + O(1))).

Corollary 3.3.

(42) e~ = p(u) exp (—u (1 +0 (ll‘z)g;;))) .

This follows from (i) of Lemmas 3.1 and 3.2.
As usual, we denote the Laplace transform of p(u) by p(s), so for all
seC

(43) pls) = /0 " e p(v)do.
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By Lemma 3.1(i), the integral converges absolutely for all s € C. In our
context, the inverse of this Laplace transform is given by

1 —&(u)Fico
(44) p(u) = e**p(s)ds

B % —&(u)—ioco
for all real u > 1; see, for example, equation (3.5.45) of [31].

Lemma 3.4. (i) I(—s) 4+ J(s) +v+1logs =0 for s € C\ (—o0,0], where
v is Euler’s constant.
(i3) sp(s) = exp(—J(s)) for s € C\ (—00,0], j(s) = exp(y + I(—s)).
(iii) For o = —€&(u), u > 1,

t2u

 2n2

o) < oxp (116 - 5 ) ol <

p(s) < exp <I<§> - 52+“7r2) for|t] > .

14 ué

5]

8,5(8)—1+O< )for [t] > 1+ ué.

(iv)
sp(s) =1 —i—/l e *p'(v)dv,

the integral being absolutely convergent for all s € C.

Proof. For (i) — (iii), see equations (43), (40), (44), (48), (49) of chapter
3.5 of [31]. For (iv), we have using (43)

o) == [ plo)dle*") = [=po)e 15+ [T e

—0ov

on integrating by parts. The result now follows since p(0) =1, e 7“p(v) —
0asv—ooand p(v)=0for 0 <v<l. O
Lemma 3.5. Asu = }géz — 00,
_/ v _Q[U]Pl (u_ 10gv> dv
1 v logy
(45) — Cpwe() (1+0( 4 — LY
—vr logu = (logyw)Y/2  x

where

(46) C:/OOU_QMdv:I—fy.



On ideals free of large prime factors 745

Proof. We consider first the integral over the range 1 < v < 2%/3, where

{ggz < 2u. By Lemma 3.2(i), (ii), (iv) and the mean value theorem applied
to £ we have for v < min (:U2/3, %) , SO U — % > 1, that

(o) =€ (o) o (i) (o ()
~ (sw+0 (SEL)) stwresw (22 e+ 0m)) (1+0 (1))

logv

an =g e (122 cw+ow) (1+0 (1))

Throughout this paper we are assuming that y € H, given by (3), so using
Lemma 3.2(i)

§u) +0(1)

2
1 —§-e
log ¥ < (logy @)

(48)

Hence if logv = o ((log2 m)+§+€> ,

log v
49
(49)  exp <10gy

(€) +0(1))) = 1+ 0 (logolog )£

Define V =V (z) by log V' = (log, x)+%+5; we could replace the exponent
% by any positive number < 2. For v < min(V, %), it follows from (47) and
(49) that

/ logv) Wolu 1 1
p <u— logy> = &(u)p(u) (1 +0 (logu + (long)1/2>> '

Hence since p’ (u - Eg;) =0 for v > 7,

V- 1
I = —/ ) UQM 0 (u — 12gv) dv
1 gy
1 1 min(V.3) 4 — [v]
=&uwpuw)|1+0 + / dv
§(u)p( )( (logu (long)1/2>> 1 02

1 1 1y
(50) = C&(u)p(u) (1 +0 (logu + oz, 2] + max <V’ x>>> )
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Since ((s) = -1 + v+ O(]s — 1]), we have C = 1 — ~ by (25). By (47)
again when % >V

min(z2/3,Z
’ — 1
0§I2::/ < y> Uﬂp’(u Ogv)dv
v v logy

2/3 z
b

<ot (140 (1)) [ e

_2_

where 7 = %{gz(l) =0 <(log2 x)7s 6) by (48). Hence since V7 ~ 1 as
T — 00

(51) I < E(u)p(u)V

_ logwv
logy
v = /> in all cases.

It remains to deal with the range x2/3 < v < x where we use Lemma
3.1(ii) to bound p’ (u — loﬂ) . We have

logy

x _ 1 x
(52) 0< I3:= —/ L[U]p/ (u — 0gv> dv < / v 2dv < 27%/3.

2/3 v2 logy 2/3

Since p’ (u ) =0 for v > %, we can extend the integral in Is up to

2/3

Combining (50), (51), (52) we obtain

1 1 Y
L+L+13= 1 =
1+ I+ I3 = C&(u)p(u) ( +0 <logu + (log, )12 + x>)

since &+ + % = 0 ((logy )~%/2) by (48) and Lemma 3.1(i). This gives
the result. 0

In (2) we defined A(z,y) by

A(x,y):x/ooop<llzig’;>d<[z]> for 2 ¢ N,

1
Az, y) = §(A(ﬂc +0,y) + Az —0,y)) for z € N.

Lemma 3.6. For x ¢ N and u = %ggz
gy

Mo = ot - [ 5Ty (0 () do} - (o - o).

See equation (80) of chapter 3.5 of [31], or Lemma 2.6 of [27] (where the
last bracketed expression was missing).
From Lemma 3.5 or equation (104) of chapter 3.5 of [31], we deduce
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Corollary 3.7. As u — o0

A(z,y) = {p(u) L Swp(u)

D21k o1}

Note that lgo(g; =0 (logk()gzl)) =0(1) as u — oo by (48).

Lemma 3.8 (Saias). Fore >0 andy € H, given by (3)
2 _e
V(z,y) = Az, y) <1 + O (exp (—(logy)5 ))) ~
See [26] or the proof of Theorem 3.5.9 in [31],

4. Proof of Theorem 1.1

Recall that throughout y lies in the region H, given by (3) and L¢(y) is
defined by (12).
With P(a) as in (6), define (x(s,y) by

_s\—1 s

(53) k(sy)= [[ O=0E)™*) " = > (N()

N(p)<y P(CSSy
which is valid in ¢ > 0 since the product is finite.
Lemma 4.1. To each € > 0, there exists yo(e) such that
(54)  Cx(s,y) = Cr(s)(s — 1)logy p((s — ) logy) (1+ O((Le(y)) ™))
uniformly for
(55) y > yo(e),o > 1~ (logy) ™5~ |t < Le(y).

Proof. The proof is similar to that given in [31] for the case K = Q (see
Lemma 9.1 of chapter 3.5); see also Lemme 6 and Proposition 1 of [26].
The properties of (}(s)/Ck(s) required have been established in Lemma

2.8. U
Recall (see (10)) that ap =1 — fo(g;. Let
(56) T = Less(y).
Define
1 ag+iT . 1
(67)  J(x,y) = 2/ g (s)(s —1)logy p((s — 1) logy) z°s™ " ds
T Jag—iT

where gx (s) = (x(s) — Ax((s) as in (8). Then (see (11))

Thm J(z,y) = Jo(z,y).
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Lemma 4.2. Fory e H,

(58) e(2,y) = A U(z,y) + J () + O (EPE;?) |
Proof. By Perron’s formula
1 ag+iT )
(59) U (z,y) = / Cr(s,y)x’s "ds+ E
271 aog—iT
where .
E < x®° Z Jy(m)

2 (T T Jlog 2])
with

Jy(m) = [{a: N(a) =m, P(a) < y}|
s0 0 < jy(m) < j(m) < dn(m), and by (53)

Crls,y) = 3 jymym™.
m=1

Following the method employed to bound the error term in the proof of
Lemma 9.4 of chapter 3.5 of [31], but with T" defined differently, and using
Lemma 4.1 and appropriate results from sections 2 and 3, in particular
noting that Cx(ag) < |ao — 1|7, we find that

(60) E < ap(u)(Le(y))

We now use Lemma 4.1 with e replaced by €/3 to substitute for (x(s,y)
in the integral in (59). The conditions of (55) hold since

§(u)
logy
and we assume throughout that x and hence y are sufficiently large. We
obtain

t| <T = L¢s(y) and ap =1 — > 1—(logy)_§_§ for y € H,

ag+iT
Viclo) = 5= [ Gs)(s = Dlogy pl(s — 1logy) o5 ds
zp(u)
o (Le(y)>
ag+iT
(61) = 2)\7:2 . C(s)(s —1)logy p((s — 1) logy) z°s 1ds
e+ (75)

by (8) and since
ag+iT

(Less(y) ™" / ke (s,y)2°s ™ ds < Cie(00,y)a (Les3(y)) " log T

ag—iT
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< (i (@0)€(w)p(—€(u))ze " log y(L3(y)) ™" < zp(u)(Le(y)) ™

on using Lemma 4.1, (22), Lemmas 3.4(iii), 3.2(iii) and the fact that logu =
o(log Les3(y)) for y € He.
The first term on the right of (61) equals

(62) A A(z,y) + O(zp(u)(Le(y))™);

see the proof of Theorem 3.5.9 in [31] with a slightly different range of
integration or Proposition 2 of [26]. The lemma now follows from Lemma
3.8. O

To complete the proof of Theorem 1.1, we need to show that
| Jo(z,y) — J(@,y)| < wp(u)(Le(y)) ™
this follows from

Lemma 4.3.

%ﬁw@“*mwmﬁmmmﬁﬁM<ﬁ$'

Proof. 1t is sufficient to consider the range ¢ > T. Let
* ~ s —1
J* = /T:ao g (s)(s —1)logy p((s — 1)logy) x°s™ ds.
t>T
Since T'logy > 1 4+ u&, we have by Lemma 3.4(iii) that

1+u£>

s—1)1lo o((s —1)lo :1—|—O<
(s —1)logy p((s — 1) logy) oz y

Hence by Lemma 2.3(iii) with N = ¢"+!

x —s (n+1) §0<u> —%
J —/7% Z b(m)m +O<t logy

2T \ m<entl

1
(1 + O ( +ug >> 2°s ds
|t[logy

(63) = ib(m) / e (%)Ss’lds—kEl

1
m=1 t>max(T,mn+1)
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where, as |b(m)| < d,,(m) and by Lemma 2.2 and Corollary 3.3,

I+u o o —« -
E < i f:1: 0/ Z dp(m)m™ | t—2dt

ogyY T .
o0 ("“)53(52)17%71 .
(64) o [T dt < wp(u)(Lc(y))
T
since
w0 =get, Sy T ).

logy
It remains to estimate the main term in (63). We have
/ > (z/m) (@/m)*

——dt < ;
max(matt,ry 0t 1+ max(m=1,T) [log Z|

(see Lemma 2.2.1.1 of [31]). Hence the main term of (63) is

[e.o]

dn,
(65) <z (m)m :
m=1 1 + max(m»+1,T) ’log %}

—ap

N N
When |m — x| > R |llog £| > m™ 2+1. Hence the contribution of
these terms to (65) is

d
< 3 > - n(m)m :
(m+ 4 T)m™ %D

—ag

1
|mfx|>:):1 2(n+1)

o0
dn(m
(66) cae Y — I ) (L(y)
m=1 ma0+m +7T
by Corollary 3.3; for the series on the right converges since ag + m > 1,

and its sum is < T~ = (Le/3(y)) "
1
When |m — | < z' 2050 (x/m)* < 1 and dy,(m) < 2° for any § > 0,
and so the contribution of these terms to (65) is

(67) < 2® 27T < wp(u)(Le(y)) !

L
if we take 0 < 4(T1+1) (say) so Le(y)/p(u) < x20+D %, Combining equations

(63) to (67), we obtain
J* < zp(u)(Le(y)) .

The result of the lemma now follows, for the integral over t < —T is just
the complex conjugate of J*. O

The result of Theorem 1.1 now follows from Lemmas 4.2 and 4.3.
In the next two sections we investigate J(x,y) further.
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5. Asymptotic formula for J(x,y)

Define J(z,y) by (57) with 7" = L./3(y) and y € H. given by (3). We
split the integral into several parts depending on the size of |t| and of wu,
and deal with each part in a separate lemma. Our aim is to show that the
magnitude of J(z,y) (when gx (1) # 0) is the same as that of the second
term in A(z,y), given in Corollary 3.7. Provided gx (1) # 0, the leading
term comes from the range |¢t| < 7 in (68).

By the change of variable (s — 1)logy — s, we can rewrite (57) as

J(x,y) = — /£(U)+1'T1°gy 91+ 5y)
, 2mi —&(u)—iT logy s +logy

Lemma 5.1. For {(u) > 1,

L e g1t )

J = — — %7 5p5(s)e"ds
! 2710 J _euy—in s+ logy Ps)

_ _”(11253(/“) {gK(l) +0 (150(:3)/ + \/1§> } '
Proof. Let

(69) F(w) = gre(w)w! (ﬂ?(w) -1 i)

(68) sp(s)e*®ds.

so in this region F'(w) is differentiable and is bounded for bounded w.
Hence for |w — 1| < 5 (say),

F(w)=F(1)+ O(Jw —1]).

Putting w =1+ _lfg"'r?jt, |t| < 7, we obtain since £ = {(u) > 1

(10) F (1 i ”t) — g(1) + O(E(w)/ log ).

logy

Thus by Lemma 3.4(iii)

¢ ’ it) D 1 tut
b 27rlogy/ﬂgK(l)(_g'i‘“f)P(—f-i-zt)e dt

(71) +0 <<§;‘;)2 o ué /: exp (1(5) - ;ﬁ) dt> .

The error term in (71) is

ey L (WY O
@) <o) L () <o) (f)
by Lemma 3.2(i) and (iii).
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It remains to investigate the integrals

1 7 |
(73) W= / p(—€ + it)eEF 0 g,
1 [7 |
(74) J@ = o / tp(—& + it)e -t gt
™ —T

for by (71) and (72)

2
@) n= 2 i) 40 <p<u> (s2) ) .

By (44)

1

1 _
(76) I = plw) -

/ p(—€ +it)e"=E+ ) gy,
[t|>7

Using Lemma 3.4(iii) and Lemma 3.2(i) and (iii)

1 ; U
= Y 1\ Ju(—E+it) —ug o *
27 ) <etiue p(=€ +it)e dt < ue " exp <I(§) &z 7T2>
(77) < uév/up(u) exp <—§2 iﬁ) )

For any Uy > 1+ u&, by Lemma 3.4(iii) the contribution to the integral in
(76) from the range 1 +u& <t < Uj is

1 u(—&+it) 1
- 6.(14—0( +u€>>dt
27T 14ué<t<U; —5 + 1t t

1 —&+iUy Ur gt
= — s le®ds 4+ O <e“€(1 + ug)/ 2)
278 J e yi(14ug) 14ug

1 ous —&£+iU1 —&+ily
= -— {] —I—u_1/ 52" ds p 4+ O(e™™)
2 [ LUs ] _gpi(itug) ~g+i(l+ug)

(78) < e ™ = p(u)exp <_“ (1 0 (ﬁ)))

by Corollary 3.3. The same estimate holds when 1+u& < —t < U;. Letting
U1 — oo, we obtain from (76), (77) and (78) that

(79) I = p(u) {1 +0 (u3/2 log u exp (-521772»}

since &(u) > 1.
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By Lemmas 3.4(iii) and 3.2(iii) and (i)
i U 2
I < e /0 texp <I(£) - 2;) dt
(50) < Viplu)u™ = —Zplu) < —=p(w)e(w)

since &(u) > 1.
We deduce from (75), (79) and (80) that since 1 < {(u) ~ logu

Jp = —[w <gK(1) +0 (150(;); + \/16>>

as required. O

Lemma 5.2. For {(u) > 1

1 gr(1+ 1ogy)

21 | o=—¢(w) 1
i m<[t|<1+ug s+ logy

< p(ii;g(/u) exp <§2;u7r2> u3(log u)3/2.

Proof. Let Uy = min(1 + u, n%rl logy); then for m < |t| < Uy, s = —=§ + it

logy < logy +n%r1 < % for sufficiently large y, and so gx (1+ lozy)

is bounded whilst ‘1 + kéy’ > 1. With F(w) as in (69) it follows that

F<1+ i > < 1.
logy

S

1 F(1+
2ri [’—E(u) | l gy) spls)etds

Jo 1= sp(s)e“’ds

we have

Hence by Lemma 3.4(iii)

211 4 logy
< (lzé);\/ﬂp(u) exp (—52172>
(81) < p(llg;;m exp <—§2 j:ﬂ) w5 logu

by Lemma 3.2(i) and (iii).
Now suppose that Uy = n%rllogy < 14w, U < [|t| <1+ u. In this

1/2
case, gk (1 + 1557) < (lclgy) by Lemma 2.5, and ‘1 + g7

> 1. Using
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Lemma 3.4(iii) again

1 F(1+4 2
Py _ Msﬁ(s)e“sd,ﬂ
2me ) | O &(u) log y
Py log y<|t|<14+ug
u 1+ug
< (logy)~®?exp <I(£) —uf — 22) / 324t
5 +7 #_1 logy

< ()" 108) 2 ) exp (g

e ) e

The result of the lemma now follows from (81) and (82), the latter applying
only when H%Ll logy < 14 u€. O

(82) <

Lemma 5.3. Foru >5 and 1+ u€ < n%rl logy

1 9r(1+ pay) 1
Jg 1= o o=t (u) P — logy sp(s)e’ds < p(lu)§(u) (\)gfu'
T el < L togy O 08Y o8y Vu
Proof. We can expand F' ((1 — %) + iloéy> in a power series in @ since

llgy < n%q, and we obtain
o0 m é.
(83) Z c(m) <logy> where ¢(0) = F <1 - logy> <1
m=0
For m > 1 we have by Cauchy’s inequalities that
1
(84) c(m) < (n+ §)m
since F'(w) is analytic and bounded for ‘w —(1- logy) <(n+ %)*1 < %

Substituting in the integral J3 and using Lemma 3.4(iii) and (iv) we see
that

e U &
— log y)~™
= 3rlons > e(m)(logy)
m=1
~ 1
/ tmezut <1 4 9] <+u§>> dt
Lrug<t|< 11 logy i

—u€ () . © .
(85) + 676() / €lUt <1 + / e(g—lt)vp/(v)dv> dt
2mlogy Jitue<iti<—1;logy 1
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For m > 1,

i logy m

n+1 1
(86) / tm 1t < ( log y> ,

14ug n+1
) 1 m
/ tmedt < ut < log y)
L ug<[t< oy log y n+l

by the second mean value theorem for real integrals. Hence by (84)

oo
- 1
g c¢(m)(logy) m/ tmetut <1+O< +u€>>dt
1+u€§|t\§ﬁlogy ‘t‘

=1

(87) <<Z <n+1> (w4 u) < ug.

However, when m = 0, the right side of (86) becomes O(log, y) which is
too big for our purposes. Hence we adopt a different approach for this case,
as indicated in (85). We split the inner integral into sections, recalling that
it is absolutely convergent. Since
1

(88) etdt < ut,

/1+u€<|1t|<ni1 logy

our main concern is to investigate (with s = —& + it)

1 us o —sv !
(89) 271-2]0gy/ ¢ € (/1 (& ( )d’l)) dS.

1
1+u £<\t|§ 1 logy

The first three derivatives of p(v) are continuous on v > 4, so consider first

A e[ eom)a

1+u§<t< 7 logy

4 % logy )
(90) = e_“E/ P (v)e® / " =g | dv < — (W8
1 14+ué ‘S

since p'(v) is bounded and u — v > u — 4 > 1. (It would be enough here
and below to have u — 4 > § for any fixed 6 > 0.)

Let X be large (with logy X > & + 1) where later we let X — oo. On
integrating by parts twice
(91)

X

X
/ e—svp/(,u)d,u — [(_S—IPI(U) _ S_Qp"(v)) S_SUL); —|—5_2/ e—svpl//(v)dv‘
4 4
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In order to determine what this contributes to (89), we need estimates of
the following integrals for v =4, X :

B S—le(u—v)sds
.

1
1+u§§t§n—+1 logy

—?Z-l-% logy
— 1 e(ufv)s + + 1 / 3 5726(u71})sd8
s( o==¢

u—v) —&+i(1+ug) w=v 1+uf<t< A7 logy

92 ef(ufv)g
<
52) (L +u)Ju—v]
and
—(u—v)§
-2 _(u—v)s €

(93) =g S € TS G

T+ué<[t|< 7 logy
We need also to estimate

X
/ ot eusS—Q / e—svp///(v)dvds
4

1+ut <[t <71 log y

n%!—l logy X
(94) < e_“g/ t2 </ e ‘p’"(v)| dv> dt.
1 4

+uf

Since p’(v) < 0, the inner integral is

X
0 =0+ Ew)] | +6 [ plon

where on using Lemma 3.1(i), (43) and Lemma 3.4(iii)
b'e
(95) / eUp(v)dv = p(—€) + O(£71e*) + O(e X108 X)) « IO 4 g1
4

as X — oo. From (95) and since ‘p(k)(X)‘ efX = 0as X — oo for k =
0,1,2, (94) is
(96)

< e (€21 1 264 (14 )™ < (Ep(w)v/u + €2e47E) (14 ug)
From (91), (92), (93) and (96) we obtain

/ o=t e’ (/ e_svp'(v)dv) ds
1 4

1+u€§|t\§n+1 log y

(97) < (&p(u)Vu+e47) (1 +ug) ™ < p(w) () /Vau



On ideals free of large prime factors 757

by Corollary 3.3. Combining (97) and (90), we see that the double integral
in (89) is

p(u)€(u) €(u)
(98) <Fegy Ve

It follows from (87), (88) and (98) that

e ul | p(u) (€(w)* _ p(w)(E(w)* _ plu)é(u)logu
logy Valogy S logyvu © logy vu
by Corollary 3.3. O

So far we have evaluated the part of the integral (68) with |¢| < max(1-+
ué, n%rllog y) = Us (say). To complete the estimate for the range Us <

J3 K

t| < Tlogy, we consider separately the two cases u < (log,y)?2, when
Uz = ——logy, and u > (log, y)2.

n+1
Lemma 5.4. For u < (logyy)?,&(u) > 1
1 9 (1 + 557)
Jy = 2/ o=—£(u) ?logy sp(s)e"ids
T togy<l<Tlogy oY

n+1

< Mexp <—u (1 +0 <log2u>>> .
logy logu
Proof. By Lemma 4(iii),

1 gr(1+ 555) 14 u
Jy = — o sy’ 1 O us g
4 2m‘/1 o=—¢(u) s+logy ( - ( |t] )) e

11 log y<[t|<Tlogy

—ug ) 1
(99) = / gK(O‘Oﬂ)x“<1+O< +u€)>dt
2w #<|t\§T oo + it |t| logy

n+1—

by a change of variable. We verify that we can use Corollary 2.7 to bound
9k (ap +it) in (99) by showing that (26) is satisfied. Thus we need to show
that

£ - _
(100) ag=1-— o7 >1—c(logT)"?3(og, T) /3.
Since &(u) ~ logu = logy x — logy y and y € H, (see (3))
L (log y) 75~ = (logy) * 743,
logy logy —
and

(log T)*/3 (logy T)'/* < (log y) 355 (logy 1)/*
and so (100) follows for sufficiently large y. Hence by Corollary 2.7

(101) g (oo +it) < (log [t)) ¥ log, |t| < log |¢]
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for tg < |t| < T, and gx(ap + it) is bounded for %H < |t] < to.
By (101), the error term in (99) is

1 T
< e % (1 +uf) <1 + / t~2log tdt)

lo to
(102) < ng{p <_“ (1 +0 <11(;gg25>>>

by Corollary 3.3.
The main term in (99) may be written as
-1
T gk (s)s 1zsds.

2wy ) 7290
arr SIHLT

We integrate this in the range n%rl <t < T by parts six times to obtain

x_l 5 | dj | aog+iT
P Z(—l)J@(gK(S)S_I)xs(log95)_]_1
=0 Oéo-l—n%rl
6 aog+iT dﬁ 1
(103) +(logz)™ ﬁ(gK(s)s_ )xids »
0404—,"(#%1

with a corresponding expression when
1

n%rl < —t < T. Applying Cauchy’s
inequalities to gr(s)s™" on a circle with centre s and radius of the form
c1/ log |t| for [t| > to and using (101) we have that for to < |t| < T

&’
dsi
For n%rl < |t| < to, the left side of (104) is bounded. Hence the main term
in (99) is

(104) (9x(s)s™") < [t~ (log [t))* (0<j <6).

< g0t ((log z)"t 4 (logz) 6 (1 + /Tt_l(logt)7dt)>

< e ((logz) ™ + (log ) O (log T)*)

<Le ((log z)~t 4 (log z) 5 (log y)8(%_§)> < (logz)~temut

105) < 2 (—u <1 +0 <1°g2“>>>

log y

since y < z, £(u) > 1 and by Corollary 3.3. The result of the lemma now
follows from (99), (102) and (105). O
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Lemma 5.5. For u > (logs y)?

1 gK(l + 108 )
J = gY ~ usd
5T o o=—((u) s+ logy spls)etds
Us<[t|<Tlogy

<o)

9e
Proof. Note that —+ < Usz/logy < T since logy z < (log y) T 56439 and
SO

ué log x log, x
logy = (logy)?
Using a modification of (99)

Js_e—uﬁ/ gK(aO—é—.it)wit (1+ <1+u£>>
2T %SMST Q) +at ‘t‘l og vy

T
<oy +/ t_llogt< o >
logy max(to,Us / logy)

by (101). The integral is < (logT')? since legy < Zﬁ < 1. Hence by
Corollary 3.3 and the definition of T’

Js < P<l>gfg</>p (_u <1+0 (11gg>)> (1ogy + (log ) # %)

1
) (o (s
logy log u
since logy y < /u and so the positive powers of logy can be absorbed into
the O—term of the exponential. This completes the proof. O

<T= Le/3(y)

Collecting together the results of Lemmas 5.1 to 5.5, we obtain from (68)

Lemma 5.6. For u > 5, so &{(u) > 1,

J(z,y) = —p(ﬁi:;wif {QK(l) +0 <E§z * 1?5;) } .

Comparing this result with Corollary 3.7, we see that as u — oo, the two
quantities A(x,y) — zp(u) and J(z,y) have the same order of magnitude
provided gg (1) # 0. Which error term dominates in Lemma 5.6 depends
{EEZ compared with log y. The result of Theorem 1.3 now
follows from Theorem 1.1 and Lemma 4.3.

on the size of u =
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6. J(x,y) in terms of real integrals

The definition of J(z,y) in (57) is given in terms of a complex integral.
Our aim in this section is to find an alternative way of expressing J(x,y) as
a combination of finite real integrals and an error term. In some situations
it may be easier to manipulate this alternative form for J(z,y).

Using Lemma 3.4(iv), we write (57) in the form

1 ag+iT
(106) J(x,y) = — / gxc(s)s e

271 Jag—iT
oo
<1 + / 6_2(5_1)1°gyp'(z)dz> ds=1+ I,
1

where T' = L./3(y) and

1 ag+iT 1
(107) L = 5 . gi (s)s™ x’ds,
(XO*'L
1 ag+iT

(108) I, = Tt o ir gx (s)s 1z </100 y_z(s_l)p'(z)dz> ds.
By Lemma 2.3(ii),
(109) gr(s)s™t = /:o(S(v) — Ag[v])v ¥ o (0 >1- %)

where by Lemma 2.1(ii)
(110) S(v) = Agv + O(w 7).

Hence the integral in (109) is absolutely convergent when o = ag. The idea
is to use (109) and (110) to replace gx (s)s—! in (107) and (108). It turns
out (see Lemma 6.2) that, assuming gx (1) # 0, the main term in Lemma
5.6 comes from Iy, with I; contributing to the error term.

Lemma 6.1.
2z T T
L = %ﬂﬁao /1 (S(v) = Ax[v])v = (log 5)71 sin(Lc3(y) log ;)dv
+O(xp(u)(Less(y) ™).

Proof. Substituting (109) into (107), we have on interchanging the order of
integration (valid by absolute convergence) that

L= %mao /1 iO(S(v) Ak [o] o0 ( / ' (x/v)“dt) dv.

-T
When v # x, the inner integral equals

2(log E)_1 sin(7 log f) — 2T as v — w,
v v
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and hence is continuous at v = x. We deduce that
let > —ap—1 Ly_1 . L
I= a0 [ (S(0) ~ Axlol)e0 (log 1) sin(Ls(y) og o
17

by the definition of 7' The result of the lemma now follows since by (110)

200 /QOO(S(U) — Mg [v]) v~ (log %)71 sin(Le3(y) log %)dv

€T

< xao/2 v dy < 2l < zp(u)(Less(y))

T

Lemma 6.2. For &(u) > 1

I < zp(u)é(u)(logy) ™" exp <u (1 + 0 (bg?u)» .

logu

Proof. We split the integral in Lemma 6.1 at the points V' := exp(y/log x)
and /. We have

1% i )
200 /1_ (S(v) = Ak [v])v~*(log ;)—1 sin(L./3(y) log ;)dv

T v 1 xe us
< T dy <
log = /1 v v log =

< zp(u)§(u)(logy) " exp <_“ (1 O <1og2 U>>>

log u

by Corollary 3.3. Also

vz X T
o0 [ S0) = Arluro log ) sn(L sl log Do

Ve ¢
L g™ / 00w dy < xaovlogyfi
1%

< zp(u)é(u)(logy) ' exp <_“ (1 +0 <10g2 u)))

log u
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since eXP<<logy - %) J@) logy = o(1). For /z < v < 2z, % is
bounded, and hence

2z
280 / (S(v) — Mg [v])v~ L (log %)*1 sin(L/3(y) log %)dv

VT
2w 1 16 1
@ —@0—5 o 3oy =)
<L x OL€/3(y)/ v~ "d’U<<ZU 0L6/3(y)x2 logy n
N
_ logs u
1 _ 2
< wp(u)(u)(log y) exp< “<1+0(10gu>>>

11 &
since L¢/3(y) logy = o(ufcé(}z logy)). This completes the proof of the lemma.
[

Lemma 6.3. Let X = max(z, ' exp((logy)®/®)). Then

, x /w S(v) — Ag[o]

2:7Tlogy v2

</yzv ) (u B log(vw)> Siﬂ(Le/SE(y) log w)dw> do
<= logy w' T osv log w
+ O (zp(u)(Less(y) ™) -

Proof. The inner integral in (108) converges absolutely for o = « since
‘y*(sfl)z‘ = ¢%*. Substituting (109) into (108) and rearranging the order of
the integrals, we obtain

x [ S(v) — A [v] /OO / z \"
I, =X oAl gz dtdzdv.
2 21 Ji_ po+1 1 e p (Z) t|<T vYF zav

The inner integral is

2sin(T log -
M if vy® # x and 2T if vy® = «x,

T
vy*®

log

and so is a continuous function of vy® at x. Hence

¥ [ S(v) — v o sin(T log -
(111) I = 77/1 M (/1 eézp/(z)wdz> dv.

T
peo+l lOg v

Let U = max(2u, (logy)3/®). We show that we can truncate the integral
with respect to z at z = U and the integral with respect to v at v = =z
at the expense of a quantity covered by the error term of the lemma. For

z > U > 2u, we have y* > 22 and so for v > 1’11;2 < % < 1, whence
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‘log Ux?‘ > log x. Hence

£z o/ vy / Ez | d -1
e’p(z = dz < e 1p'(2)|dz < (Les3(y
/ ( ) gvyz 10g$ ‘ ( )‘ ( /3( ))

since for z > U > log L, /3(y)
e (2) < %% p(2) log z < exp(—zlog U)

by Lemma 3.1(i) and Lemma 3.2(ii). It follows that the contribution to
(111) from the range z > U is

(112) <2 (Lepa(y) ™ /100 v dy < wp(u) (Legs(y) "

For v > x, z > 1, we hav SO ‘log#’ > logy. Hence

< =

> S(v) — Ag[v] /oo e s )
ao —_ z —————dz | d
! /ac vt 1 ) g ,Uz;z A
CCaO oo 7a07% o¢] 52 ,
< i v dv e~ |p'(2)| dz
O8Y Jx 1

1__¢
x logy £ _ 1 g -1
og gloey ngel©) « wp(u)(Les3(y))

(113) <

since the integral over z is < £e/®) +1 and @/ﬂe“gm’*% < (Le/g,(y))_1 for
y € H.. Here we have used that

0>/1 550/ (2)dz = [ (2) —5/ dz = —1— &p(—6),

by Lemma 3.4(iii), and Lemma 3.2(iii).
By (112) and (113), we can now write (111) in the form

()~ Axl] (7 e, sin(Les(v)log )
/ Uao—i—l /1 e§ p'(z) ’ng Y—dz | dv

o +0(2i).

To obtain the result in the form given in the lemma, we change the variable
in the inner integral of (114) by putting w = 7%, so z = (log ) /logy =

— = Z -z _ 1
(s rrort e = wlogy Also w ywhenz—l and w ol =

or %exp(—(logy)8/5) according as z = U = 2u or z = U = (logy)®/?;

log(vw) and 0z __
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hence when z = U, w = ﬁ by definition of X. It follows that ef* =

__ & __¢
eSty gy ey and so

K[v]
7T log Yy /
( log(vw > sin(L/3(y) logw) dw dv+0< zp(u) )
Xv logy wH@ log w Less(y)

as required. O

From Lemmas 6.1 and 6.3 we deduce

Theorem 6.4.
x “ S(v) — Ak [v]
J =
(-’L',y) ﬂlogy /1_ 1)2
/yzv y <u B log(vw)> Sin(L€/3§(y) log w)dw do
= logy w' T osy log w

2z T X
+ ixo‘o /1_ (S(v) = Ag[v])v* ! (log 5)_1 sin(Le/3(y) log ;)dv

o (ﬁi@)) |

7. An application

Our aim in this section is to use our main results above and the methods
of [27] to study the sum defined in (15):

(115) Sk(z)= Y Pla)
N(@<e

where P(a) = max{N(p) :p|a}, P(Okg) = 1. When K = Q the sum in

(115) becomes

ZiwhereP( )=max{p:p|n}, P(l)=

n<x

which, as stated in section 1, has been the subject of several papers (for
example [5], [14], [15], [16], [18]). It follows from [27] that for a sufficiently
small € > 0

So(z) = (1 +0 (exp (_ (; log 2 1og, w) t))) H(z)
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where
. 1 Ty — log
H(a;):/2 P | _/ vl 8y Y g g
5 w?logw log w 1 v?logw log w
It was shown in [14] that

Sq(x) = xexp <—(210gx10g2 x)Y2(1 4 0(1))) .

We can obtain the corresponding results for a general number field K.
In (16) we defined

(116) L= L(z) = exp ((; log 7 l0g, :c) §> .

Lemma 7.1.

. 1 T
(i) Sxe)= 3 N(prK(N(p)’N(p))

£1/3§N(p)§£3

+ O(zexp(—(3+o(1)) log L(x))).
(i) Sk(x) = Agxexp(—(2+o0(1))log L(x)).

Proof. Let r(a) denote the number of distinct prime ideals p with p|a and
N(p) = P(a), so 1 <r(a) <n where n = [K : Q]. For each of these prime
ideals p, a = pb where P(b) < P(a), so

r(a) B L _ 1 x
Za: P(a) 2. N(p) 2 1= X N(p)\PK <N(p)’N(p)>'

N(@sa N I
P(b)<N(p)

Hence

W7 Sk = 3 g (x N(p))— vy ool
N(p) N(p)’ —~  P(a)

M= N(a)<z

When a contributes to the last sum of (117), a has two or more different
prime ideal divisors with norm P(a), so a = p;p2b with N(p1) = N(p2) =
P(a), P(b) < P(a). It follows by a similar argument to above that

r(a) —1 1 x
2 “pw < N%;x N <<N<p>>2’N(p)> '
N(a)<z -

Adapting the method used to prove Lemma 3.3(i) of [27], we find that the
contribution to the first sum in (117) made by those p with N(p) < £1/3
or L3 < N(p) <z is

L zexp(—(3+o0(1))logL).
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Since Vg (W, N(p)) < Uk (N‘fp),N(p)> , part (i) will be established

if we show that

Z th)\IlK ((Nw N(p)) < zexp(—(3+0(1))logL).

29
£1/3§N(p)§£3 (p))

Then part (ii) follows on using the argument in the proof of Lemma 3.4 of
[27].

From [19] or Theorems 1.1 and 1.3 and equation (4) above we see that
for y € He and &£(u) > 1

B log u
(118) Ur(x,y) = Ag zp(u) (1 +0 <logy>> .
When u = log)% —2,L'3 < N(p) < £, we have
1logxlogy x ) (log £)?
u) =exp| —————(1+o(1 =exp| ————(1+o(1
o(w) p( 5 L1 of1)) ) = exp  — B (14 0(1)

on using equation (120), (116) and Lemma 3.1(i). Hence by (118)

L x ex _M 0
" (o ) < o p( os N <1>>>-

Since N(p) = p™ for some rational prime p and m < n,

1 T
2 N K ((N(p))2’N(p)>

LY/3<N(p)<L3

<r Y Lew (— (g 07, o<1>>>

L1/3<p< 3

< x/ﬁ ! exp (—(kz)ng)Q(l + 0(1))) dw

r1/3 w3 logw

on using Lemma 2.9 of [27]. The required bound for the second sum in
(117) now follows on integrating by parts. O

From (61) and (62) we have for y € H,
(119) Uk (z,y) = Ak A(@,y) + J(2,y) + O(zp(u)/Le(y))-

We substitute this in Lemma 7.1(i) and investigate the sums involved.
A(x,y) is given by Lemma 3.6 and J(z,y) by Lemma 5.6. We need to
estimate J(7,v) for LY3 << L3,
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Lemma 7.2. (i) For L3 <y < L3,

1
J(5,v) = —5(logy @ + logz  + O(1) (g (1)
log x
- P logv 1
+0 ((1og2 2)%/4(log ) 1/4))<Ui;ogv )

(ii) Provided gk (1) # 0,—(2/gx(1))vlogvJ(L,v) is positive and in-
creases in magnitude as v increases from L3 to L3.

Proof. (1i)We apply Lemma 5.6 with u = llzggi = féi — 1. Then

log v
log x

logu:10g2m—log20+0< ) , logy u = logg z + O(1)

so for L1/3 < < L3,

logy u
log u

§(u):logu+log2u+0< ) = logy x — logy L + logg x + O(1)
1
(120) = i(logQ x +loggz) + O(1) =logy v + O(1).

Also

logu = &(u)  logyx log £ log, = L/4
1 1 :
logv+ Vau < log £ * log z 82 < gx 082

Hence by Lemma 5.6 when L1/3 < v < L3 we have

IE 0 == (Glioms +1ogg ) +00) ) ()

_Ulogv 2
log =
5/4 —1/4 52 _
+O((10gzﬂf) (log z) >>p<10g” 1>

which is the result stated.
(ii) As v increases from £/3 to £3, p (log‘” — 1) increases and by (120)

log v
and Lemma 3.1(i) equals exp (—}zgi(logQ v+ O(l))) . Hence if gx (1) # 0,
the result follows from (i) since gx (1) is real. O

Lemma 7.3. (i) Assume gx (1) # 0. Then

> s (i 0) = (0 (i) L Tt

L1/3<N(p)<L3
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(i) When gk (1) =0,

2 th)J (Ng(:p) ’ N(p))

LU3<N(p)<L3

& pllzz
1 941 —1/4/ Dlogv g
< z(logy )" *(log x) s (vlog0)? v

Proof. (i) From the Prime Ideal Theorem in the form of Lemma 2.4(ii), we
deduce that

O (x):= Y logN(p) = (1 + E())
N(p)<z

where

E(z) < (Lepo(x)) ™
By Lemma 7.2(ii), it follows as in Lemmas 2.8 and 2.9 of [27] with g(v) =
vlogv|J(%,v)| and h(v) = vlogv that

! v o J(5,v) -1
~? \ v V) ) = (14 O((Lse/a(v))))dv
£1/3§%p)§£3N(p) (N(p) ) /51/3 vlogw 3e/4

(121) +o< max M)

v=L1/3,3 Leya(v)

For £1/3 < v < L3, (L3esa(v) ™t < (Le(£)) ™t Also for v = £33,

1 log
-1 —(3 1)) log £
ol — 1) < exp(~(3+ o(1) log 0
and so
J(E v
(122) G )<<xexp(—(3+o(1))log£).
Le/?(v)
This error term is smaller than
1 (2 J(E )
123 —_— v d
(123) L(L) Al/3 vlogwv Y

for (123) is

= xlogy x v

1 /53 pIEL 1)
Lo(L) Jris (vlogw)?

and from [5] (or by proofs analogous to those of Lemma 3.4 and 3.5 of [27])

ES p(logx _ ) "

l’/ l‘;Ldv ~ E p_l\I'(—,p) :l'eXp(—(2—|—o(1)) logﬁ).
/3 vélogo P

LY/3<p<L

The result now follows from (121) and (122).
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(ii) This follows from Lemma 7.2(i) since

S e o)~ [ A
p -1~ ————dv.
LUB<N (p)<L3 (N(p))*log N(p) \log N(p) /s (vlogv)?
O
Although we do not need to do so to prove Theorem 1.4, we can use
Theorem 6.4 in section 6 to express the integral on the right of Lemma 7.3(i)

in terms of real integrals. Let n(v) = ¢ (}zgi —1)/logv. From Theorem 6.4
we deduce

Lemma 7.4.

/53 J(Gv), /53 27
r1/3 vlogv R £1/3 v271() log v

- vZ

22-n(v) vz
i
7 Jri3 (viogv)?
/v x 'UQZ X 3
/ / S(z) —2)\[([2] / / g <10gvzw> Sm(lLe/y,(v) logwdw 2o S dw
1— z s log v w () log w
3 log
—1)v3(L logv) ™
+0 <a:/£1/3p (logv )U (Les3(v) logwv) dv)

where X (v) = max(7, ¥ exp((log v)8/%)).

v

Note that the O—term is

< Loy [

[£1/3

L3 T
(v logv)*lJ(;,v)dv.

Lemma 7.5.

w55 ve)

L3N (p)<L?

+0 (:c(N(p)LJN(P))_l" (bg)l% . 1>>}

~ 0 + O(L(£) ™) [ g {p (1"“ - 1)

r1/3 v21log v log v

T o, log &
—/ v [w]p’ 8 y —1]dw dv.
1 w?logw logv
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Proof. This follows on combining the method used to prove Lemma 7.3(i)
with that used to establish Theorem 3 of [27] (and in particular with a
result analogous to Lemma 4.1(i) of [27]) in the case v =1, n(w) =1. O

Proof. (Theorem 1.4.) (i) From Lemmas 7.1(i), 7.3(i), 7.5 and equation
(119), we obtain when gx (1) # 0

Sicla) = e + OLLEN™) [ g {122 -1)

r1/3 v2log v logv
x log Z
1 w?logwv logv
x

(124) +(1+O((L€(£))_1)/£ L% v)do.

ri/3vlogv “w

We can extend the range of integration for v to 2 < v < z at the expense
of an error term of the form (122) which we know can be absorbed in the
O—term above.

(ii) From (119), (120), (124) and Lemmas 7.2, 7.3, 7.5, 3.5, we deduce
(irrespective of the value of gx (1)) that

Sica) =20 +O(LL) ™) [ cL, (1"” - 1)

173 v2logv" \ logw

c
{1 + 21Ogv(logQ x +logg x + O(l))}dv

1 —
— 52(10gy @ +logg  + O(1)) (9 (1) + O ((logy )/ * (log )4} )
L3
1 log x
/51/3 02(logv)2p <logv a 1) dv

/53 1 log 1
=X _—
r1/3 V2 logvp log v

1
et 3o s (O — 9rc(1) logg e + logy 2 + O(1) }dv

where C =1 — v and gx(1) = hHi(CK(S) — Ak ((s)). As before the integral

over v can be extended to the range 2 < v < z since the error involved is
bounded by the right side of (122) and so is negligible. O
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