Journal de Théorie des Nombres
de Bordeaux 17 (2005), 125-150

The joint distribution of ()-additive functions on
polynomials over finite fields

par MICHAEL DRMOTA et GEorc GUTENBRUNNER

RESUME. Soient K un corps fini et Q € K[T]| un polynome de
degré au moins égal a 1. Une fonction f sur K[T] est dite (com-
pletement) @Q-additive si f(A + BQ) = f(A) + f(B) pour tous
A,B € K[T] tels que deg(A) < deg(Q). Nous montrons que les
vecteurs (f1(A),..., fa(A)) sont asymptotiquement équirépartis
dans l'ensemble image {(fi(A4),..., fa(4)) : A € K[T]} siles Q;
sont premiers entre eux deux & deux et siles f; : K[T| — KT
sont @j-additives. En outre, nous établissons que les vecteurs
(91(A), g2(A)) sont asymptotiquement indépendants et gaussiens
si 1,92 : K[T] — R sont Q- resp. Q-additives.

ABSTRACT. Let K be a finite field and @ € K[T] a polynomial
of positive degree. A function f on K[T] is called (completely)
Q-additive if f(A+ BQ) = f(A) + f(B), where A, B € K[T] and
deg(A) < deg(Q). We prove that the values (f1(4),..., fa(4))
are asymptotically equidistributed on the (finite) image set
{(f1(A4),..., fa(4)) : A € K[T]} if Q; are pairwise coprime and
fj + K[T] — KIT] are Q;-additive. Furthermore, it is shown
that (g1(A), g2(A)) are asymptotically independent and Gaussian
if g1,92 : K[T] — R are Q- resp. Qq-additive.

1. Introduction

Let g > 1 be a given integer. A function f : N — R is called (completely)
g-additive if

fla+bg) = fla)+ f(b)

for a,b € N and 0 < a < g. In particular, if n € N is given in its g-ary
expansion
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n= Z 5g7j(n)gj

Jj=0

then

fn) =) flegi(n)).
Jj=0
g-additive functions have been extensively discussed in the literature, in
particular their asymptotic distribution, see [1, 3, 4, 5, 6, 7, 8, 9, 11, 12, 14,
15]. We cite three of these results (in a slightly modified form). We want to
emphasise that Theorems A and C also say that different g-ary expansions
are (asymtotically) independent if the bases are coprime.

Theorem A. (Kim [13]) Suppose that g1, ...,gq4 > 2 are pairwise coprime
integers, mi, ..., mq positive integers, and let f;, 1 < j < d, be completely
gj-additive functions. Set

H = {(fi(n) mod my,..., fi(n) mod mgq) : n > 0}.
Then H is a subgroup of Zp, X -+ X Ly, and for every (ai,...,aq) € H
we have
fi(n) mod m; = ay, )

1
— N : =
N# n < K

: +0 (N*‘S) ,
fa(n) mod my = aq4
where § = 1/(120d*g>m?) with

g = max ¢g; and T = max m;
97 55 1<j<d

and the O-constant depends only on d and g1, ..., gq4.

Remark. In [13] the set H is explicitly determined. Set F; = f;(1) and
dj = gcd{Tnj7 (qj—l)Fj,fj(T)—TFj (2 S] < Qj—l)}. Then (al, . ,ad) c H
if and only if the system of congruences Fjn = ajmodd;, 1 <j <d, has a
solution.

Theorem B. (Bassily-Katai [1]) Let f be a completely g-additive func-
tion and let P(x) be a polynomial of degree r with non-negative integer
coefficients. Then, as N — oo,

f(P(n)) —ruyslog, N —

A /ro’]% log, N

f(P(p)) — ruslog, N _

\ /TUJ% log, N

%# n<N: — O(x)

and

#<p <N :p prime, — O(x),

b
m(N)
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where
192 1L
quzfzf(r) and a]%_—Zf(r)z—ufc,
g r=0 9 r=0
and

z 2
e 12 qt.

*0= 7= )

Remark. The result of [1] is more general. It also provides asymptotic
normality if f is not strictly g-additive but the variance grows sufficiently
fast.

Theorem C. (Drmota [6]) Suppose that g1 > 2 and g2 > 2 are coprime
integers and that f1 and fo are completely gi- resp. go-additive functions.
Then, as N — 00,

—Hf loggh ) Hfa 10g92

\/ f1 loggl \/ loggz

1

— O (z1)P(

Remark. Here it is also possible to provide general versions (see Steiner
[17]) but — up to now — it was not possible to prove a similar property for
three or more bases g;.

The purpose of this paper is to generalize these kinds of result to poly-
nomials over finite fields.

Let F, be a finite field of characteristic p (that is, ¢ = |Fy| is a power
of p) and let Fy[T] denotes the ring of polynomials over F,. The set of
polynomials in Fy of degree < k will be denoted by P, = {A € F,[T] :
deg A < k}. Fix some polynomial Q € F4[T] of positive degree. A
function f : Fy[T] — G (where G is any abelian group) is called (com-
pletely) Q-additive if f(A+ BQ) = f(A) + f(B), where A, B € F,[T] and
deg(A) <deg(Q). More precisely, if a polynomial A € F,[T] is represented
in its Q-ary digital expansion

A=Y DA,

>0

where Dg j(A) € Py are the digits, that is, polynomials of degree smaller

than k = deg @, then
=Y f(Dg;(A
j=0
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For example, the sum-of-digits function sq : Fq[T] — Fy[T] is defined by

sq(A) = Dq;(A).

720
Note that the image set of a Q-additive function is always finite and that (in

contrast to the integer case) the sum-of-digits function satisfies sqg(A+B) =
SQ(A) + SQ(B).

2. Results
The first theorem is a direct generalization of Theorem A.

Theorem 2.1. Let Q1,Qo,...,Qq and My, Ms, ..., My be non-zero poly-
nomials in Fq[T] with deg Q; = ki, deg M; = m; and (Q;,Q;) =1 fori # j.
Furthermore let f; : Fy[T] — Fy[T] be Qi-additive functions (1 < i < d).
Set
H :={(fi(A) mod M, ..., f4(A) mod My) : A € F,[T]}.

Then H is a subgroup of Ppy, X -+ X Py, and for every (Ri,...,Rq) € H
we have
1
[H|

Since the image sets of f; are finite we can choose the degrees m; of M;
sufficiently large and obtain

Jim o {4 € s fi(4) = Ra... fulA) = Ra} =

1
lhm ?#{A epb: fl(A) mod My = Ry, .. ,fd(A) mod My = Rd} =

1
[H'|"

where

H = {(fi(A),..., fa(A)): A€ Fq[T]}.
In particular this theorem says that if there is A € Fy[T] with fi(A) = R;
(1 < i < d) then there are infinitely many A € [F,[T'] with that property.

The next theorem is a generalization of Theorem B.

Theorem 2.2. Let Q € Fy[T],k = degQ > 1 be a given polynomial,
g :F [T — R be a Q-additive function, and set

1 1
(2.1) pe=— Y g(A),  opi=— > g(A)? —pl.
q A€EP, q A€EP;,

Let P(T) € Fy[T) with r = deg P and suppose that o
n — 0o,

3 > 0. Then, as

(P(A)) — T hg

(2.2) Lylacp, !
q
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and

L# AEIn:g<P(A>)_%Mg <zp—P(x),

(2.3) A

nr 2
k%

where I, denotes the set of monic irreducible polynomials of degree < n.
Finally we present a generalization of Theorem C.

Theorem 2.3. Suppose that Q1 € F,[T] and Q2 € Fy[T] are coprime
polynomials of degrees kv > 1 resp. ko > 1 such that at least one of the
derivatives Q, QY is non-zero. Further suppose that g1 : Fo[T] — R and
g2 : Fy[T] — R are completely Q- resp. Q2-additive functions.

Then, as n — oo,

kl /1’91 kg Ngz

\/ kl gl \/ k2 92

Lulaep, . ?

n

Furthermore, Theorems 2.1 and 2.3 say that @-ary digital expansions are
(asymptotically) independent if the base polynomials are pairwise coprime.

3. Proof of Theorem 2.1
Throughout the paper we will use the additive character E defined by

(3.1) E(A) = e2mitr(Res(A))/p.

that is defined for all formal Laurent series

A = Z aijj

jz—k

with £ € Z and a; € Fy. The residue Res(A) is given by Res(A) = a; and
tr is the usual trace tr : Fy — F,.

Let Q1,Q2,...,Qq and My, My, ..., My be non-zero polynomials in F,[7]
with deg Q; = ki, deg M; = m; and (Q;,Q;) = 1 for i # j. Furthermore let
fi be completely @;-additive functions. For every tuple R = (Ry,...,Ry) €
Py, XX Py, set

R;

(32) o ()= B )

and
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d d R
3 on()= [T )= 5 (3 ).
i=1 i=1 """

Proposition 3.1. Let Q1,Q2,...,Qq, My, Ms,..., My, and R = (Ry,...,
Ry) be as above. Then we either have

gr(A) =1 for all A € Fy[T]

or

1
fim = > gr(4)=0.
AEPR,

We will first prove Proposition 3.1 (following the lines of Kim [13]).
Theorem 2.1 is then an easy corollary.

3.1. Preliminaries.

Lemma 3.1. Let H # 0, H,G € F,[T], and let E be the character defined
in (3.1), then:

(3.4) S F <G R) _ { gleH if H divides G

H 0 otherwise.
deg R<deg H

The next lemma is a version of the Weyl-van der Corput inequality.

Lemma 3.2. For each A € Fy[T] let us be a complex number, with |ua| =
1, then

2
1 11 1
(3:5) S ual S—+— Y |5 Tauap|.
q Aep, q q DeP-\{0} q AePR

Proof. Since (P, +) is a group we have

QTZUAZ Z ZUA—B

AeP, BeP,. Ach,

:ZI(Z uAB>.

A€P, BeP,
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Hence, using the Cauchy-Schwarz-inequality

2
¢ ZUA SZlQZ ZUA—B

A€eP, AeP, A€P |BeP,

= ql Z Z Z UA-BUA-C

AeP, BEP. CeP;

= Z Z Z UA-BUA-B+D

DeP, AcP, BEP;,

= Z Z Z UA-BUA-B+D

DeP, BEP,. A€P,

l —
=d"" ), ) auasp

2

DeP,. AeP,
_ qH—r Z ’UA’2 +ql+r Z Z UAUALD-
AeP, DeP\{0} A€P,
The desired result follows from |u4| = 1. O

Lemma 3.3. Let f be a completely Q-additive function, andt € N, K, R €
F,[T] with deg R, deg K < degQ'. Then for all N € F,[T] satisfying
N = Rmod Q' we have

(3.6) FIN+K)—-f(N)=f(R+K)— f(R).

Proof. Due to the above conditions, N = A4 - Q' + R for some A € F,[T].
Since f is completely Q-additive, and deg(R + K) < deg(Q?), we have

FIN+K)— f(N) = f(AQ" + R+ K) — f(AQ" + R)
= [(A) + f(R+ K) = (f(A) + f(R))
f(R+K) - f(R).

(3.7)
O

3.2. Correlation Estimates. In this section we will first prove a corre-
lation estimate (Lemma 3.4) which will be applied to prove a pre-version
(Lemma 3.5) of Proposition 3.1.

Let Q € Fy[T] of deg@ = k, M € F,[T] of degM = m, and f be a
(completely) Q-additive function. Furthermore for R € P, set g(A) :=
E (3 £(4)).

Unless otherwise specified, n and [ are arbitrary integers, and D € F,[T]
arbitrary as well. We introduce the correlation functions

3,(D) = ql S o(A)g(A+ D)
AcEP,
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and
T Ach,

Lemma 3.4. Suppose that |®(R)| < 1. Then

rOF

HGP[

53 () - ) 2

q A€P,
1 —|D(R)?
kqk '

< exp (— min{n,{}

Proof. We begin by establishing some recurrence relations for ®,, and ®;,,
namely

(3'8) (I)k:-‘rn(QK + R) = ‘bk(R)(I)n(K)

for polynomials K, R with R € Py. By using the relation g(AQ + B) =
g(A)g(B) and splitting the sum defining ®5.,(QK + R) according to the
residue class of A modulo @) we obtain

(@K +R) = > > g(AQ + DNg(AQ + T + QK + R)
I€eP, AEP),

_Z Z g(A+ K)g(I +R)

I€eP, AEP),

=Y gDg(I+R) > g(A)g(A+K)
IePy A€eP,

= ¢"®(R)q" @ (K).

This proves (3.8).
Next observe that

M piifan = D D Prn(QA+ DPpyn(QA+ )

IeP, AeP,
=SS E R A (1) (4)
IeP, Ach,
= Z (1) Pr(1) Z D,(A)®n(A)
I€P, A€P,
(3.9) = ¢" Py 1q' Py -

Thus
(3.10) Dt ktn = PrpPrn
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and consequently

(3.11) Digeititrn = (Phg) Oy

Since |®;,,| < 1 we also get Py ikin| < |<I>kk|z
Hence, if n and [ are given then we can represent them as n =ik +r,l =
ik + s with ¢ = min([n/k], [l/k]) and min(r,s) < k. By definition we have

1
=7 > |Pk(A)
q A€EPy
with [®(A)| <1 for all A. Since |®;(R)| < 1 we also have
1 —|®(R)[? 1 —|®(R)[?
1= B (LY
q q

and consequently

. . 1 —|®k(R)|?
D1 | < |Prpl < exp < mln{l,n}"q()') :

kqk
O

Remark. We want to remark that |®;(R)| =1 is a rare event. In particu-
lar, we have

VR:|®k(R)|=1 & VRVA€ P :g(A)g(A+ R) is constant

& VR, VA, Be P, :g(A)g(A+ R) =g(B)g(B+ R)

& VA,BeP,:g(A+B)=g(A)g(B).

Thus, there exists R with |®;(R)| < 1 if and only if there exist A, B € Py
with g(A)g(B) # g(A + B).

Next we prove a pre-version of Proposition 3.1.

Lemma 3.5. Let Q1,Q2,...,Qq € Fy[T] be pairwise coprime polynomials,
My, Ms,...,Mq € F,[T], and R = (R, Ra,...,Rq) € Py, X+ X Py, such
that |®y; (R;)| <1 for at least one j = 1,...,d. Then

o1
(3.12) Jim % 3 gn(4) =0,
AEP;

where gn(A) = TTJ_, gr,(A) with gr,(4) = B (5 £(4)).
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Proof. Set Bj = Q;j and suppose that b; = t; deg Q; satisfies that r < b; <

2r with r = é. Given S = (51,59,...,5¢) and By, Ba, ..., By, we define
Ng:={A e P : A= S modBy,...,A = S;modBy}. By the Chinese
remainder theorem we have for [ > Z?Zl b;

l
ol =t
H] 1q

Furthermore set § := B, X --- x B,,. By Lemma 3.3 we obtain for
D e P\ {0}:

> 9r(A) gr(A+D)=>" > gr(A)gr(A+D)

AcP, SeS AeNg

Y T Monion (s, )

Ses AEst 1

—ZHQR )9r,;(Sj + D) Zl

SeS j=1 AeNg

d !
=11 X 9n,(S)on,(8;+ D) =

J=15;€P,, H] 1q

d
1 -
=q¢[] 5 > 9r,(5)) gr,(S; + D).

According to Lemma 3.2 we obtain for r </

2

Y gr(A)| < +d D | gr(A)gr(A+ D)

AGPL D€PT\{0} AEPI
d
_ q2lfr Z H qibj Z 9R; (Sj)gRj (SJ + D)
DeP\{0} [j=1  S;eR;
D]

+0(* ™).
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Holder’s inequality gives

FIRTNRVICESY

d
Si<g/ YT D e DD 9r,(Si)gr, (S + D)

=1\ Dernfoy|  sien,
p 2y 1/(d+1)
<q¢ Il D |a% D 9r,(S)gr;(S;+ D)
Jj=1 DEPT\{O} S;EPy,

For some j we have |®; (R;)| < 1, so that Lemma 3.4 is applicable and
thus

2

¢ > |a% D 9r,(S))9r,(S;+D)| —0

DeP\{0} SjEPb].

as 7 =1/(3d) — oo. For all other j we trivially estimate by < 1 and obtain

(3.13) Z gr(A)| —0

Aeh

as [ — oo. O

3.3. Proof of Proposition 3.1. Asabove we set gr(A) = HJ 19R;(A) =
E (Z] s Lfi(A )) We split up the proof into several cases.

Case 1: There exist j and A, B € Py, with gg,(A)gr,;(B) # gr,(A + B).

This case is covered by Lemma 3.5 (compare with the remark following
Lemma 3.4).

Case 2: For all j and for all A,B € Py, we have gg,(A)gr,(B) =
gr;(A+ B).

In this case we also have (due to the additivity property) ggr, (A)gr;(B) =
gr;(A+ B) for all A, B € F,[T] and consequently g(A)g(B) = g(A+ B) for
all A, B € F,[T].

Case 2.1: In addition we have g(A) =1 for all A € F,[T].

This case is the first alternative in Proposition 3.1.
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Case 2.2: In addition there exists A € F,[T] with g(A) # 1.

For simplicity we assume that ¢ is a prime number. Thus, if A =
> isoaiI" then we have g(A) = [[;5,9(T")*. Consequently there exists
i > 0 with g(T") # 1. Furthermore

q—1 . ;
e _ Ja ifg(T7) =1
2_9(T) _{0 if g(T9) # 1.

qg—1 qg—1 q—1
> g(A) = Y g(TO)g(TH)™ - (T )™
AEP; ap=0a1=0 a;_1=0
q—1 q—1
:< g(TO)ao Z g(Tl—l)al,l
ap=0 a;—1=0
(3.14) =0

If ¢ is a prime power the can argue in a similar way. This completes the
proof of Proposition 3.1.

3.4. Completion of the Proof of Theorem 2.1. We define two (addi-
tive) groups

G::{R:(Rl,RQ,...,Rd)EPml X--'XPmd:VAEIFq[T] gR(A):l}

and

Ho:—{SGPmlx---med:VRGGE<Z—S]§i>—1}.

Furthermore, set

d . .
(3.15) F(S) := é’ Y E (Z—S]’é?) .
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Now, by applying Proposition 3.1 we directly get
1
?#{A € P : fi(A)=SimodM,..., fo(A) = Sgmod My} =

d .
Y e Y EB[Xu@-s)

Aqu " REPpy x- X P, j=1""

o SR\ 1
YR 2 Bl Mj).qugRM)

! Rer1><-~-><Pmd

7j=1 A€eP,
1
= s 2P Z o(1)
q==1" peg
G
:ZL |va(S)+0(1).
q&i=1"

More precisely the coefficient F'(S) characterizes Hy.
Lemma 3.6. We have
(1) F(S)=1 for S € Hy
(2) F(S) =0 for S ¢ Hy.
Furthermore |G| - |[Ho| = |Pmy X -+ X Py, | = g™ T 1tma,
Proof. 1t is clear that F'(S) =1 if S € Hy.
Now suppose télzg S & Hy. Then there exists RY = (R}, RY,...,R})) € G
with F (E?Zl - ]ZWZ) # 1. Since

535 - ZE(Z )

ReG =1 RedG =1

)

i=1 ReG i=1 M;

it follows that F'(S) = 0.
Finally, by summing up over all S € P, x --- x B, it follows that
|G| - |Ho| = | Py X -+ X Pyl O

In fact we have now shown that (as [ — o0)

1 1
?#{A € P : fi(A)=SimodM,..., fo(A) = Sgmod My} = Tl +o(1)

if S =(51,...,84) € Hp and (as | — o0)

qll#{A € Pr: fi(A) = Simod M, ..., fa(A) = Samod My} = o(1)
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if S =(51,...,54) € Hy. The final step of the proof of Theorem 2.1 is to
show that

H = {(fi(A) mod My,..., fa(A) mod My) : A € F,[T]} = Hy.

In fact, if S € Hp then we trivially have S € H.
Conversely, if S € H then there exists A € F,[T] with fi(A) = S
mod My, ..., f4(A) = Sgmod My. In particular, it follows that

d d
_ R; _ R;S;
gr(A) = E ;Mjfm) =E ;Mj :

Moreover, for all R € G we have

d

R;S; | _
E Z sl 1.
7j=1

Consequently, S € Hy. This proves H = Hy and also completes the proof
of Theorem 2.1.

4. Proof of Theorem 2.2

4.1. Preliminaries. The first lemma shows how we can extract a digit
Dg ;(A) with help of exponential sums.

Lemma 4.1. Suppose that QQ € F,[T] with deg @ =k > 1. Set

1 DH
c =—F|l——].
D gk ( Q >

Then

AH 1 if Dgj(A)=D
Z CH7DE<4+1> :{ ; ’]‘
i, QJ 0 if Dg;(A)# D.
Proof. Consider the @)-ary expansion
(4.1) A=) "D (A)Q with Dg;(A)€ Py

>0

Then it follows that for H € Py

() (24



The joint distribution of Q-additive functions on polynomials 139

Consequently, for every D € P, we obtain

AH 1 DH AH
pIRS (1) = qu; () e (%)

# 2 7 (gWasta-)

HeP,

o 1 if DQJ(A) = D,
T 0 if Dg;(A)# D.

The next two lemmas are slight variations of estimates of [2].

Lemma 4.2. Suppose that Q € Fy[T]| has degree deg@ =k > 1 and that
P e F,[T] is a polynomial of degree deg P =r > 1. Then

1 ( H
—|> E .P(A))
+1
q AeP, <
(4.2) < n¥" max (q‘“*”kﬁ, g™, q(”l)szr_”’"w)
Corollary 4.1. Let n'/3 < j+1 <2 fnl/?’. Then there exists a constant
c > 0 such that uniformly in that mnge
1 H 1/3
— E — P(A ) <Le "
v 35 (g

A similar estimate holds for monic irreducible polynomials I,, of degree
< n. Note that |I,| = ¢"/((g — 1)n) + O(¢"/?) ~ ¢"/((g — 1)n).

Lemma 4.3. Let %nl/?’ <j+1< 57— %nl/g, and H be a polynomial
coprime to (. Then

= ()

Aely,

1

(4.3) A

< (logn) - p /32T o2l

With help of theses estimates we can prove the following frequency esti-
mates.

Lemma 4.4. Let m be a fized integer and nl/3 < 1 <ja<-+<jm<
= Qk’” 13 Then

qln 4 {A€ P, : Dg, (P(A) = Di,..., Do (P(A)) = Dy}

1 _.1/3
:W+O<e o )
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and

L W{Ael,: Do, (P(A) =Du..... Doy, (P(A) = Dy}

1]
1 _.1/3
:7qkm+()<e o )

uniformly for all Dy, ..., Dy € Py and for all ji, ..., jm in the mentioned
range.

Proof. By Lemma 4.1 we have

qln# {A€ P,:Dg,,(P(A) =Dx,...,Dg,j, (P(A) = Dy} =

LS S emns (CﬁP(A))

= q’I’L
A€eP, i=1 Hiepk

m
1 Hl Hm
= Y emnn X (P (gt i)
Hi,...Hn€P;, i=1 AeP,
= C0,D; * " " €C0,Dp,

*

m
Y emn 2P

Hiy,...Hn€P; t=1 AeP,
1
= — 45,
qk:m

where Y_* denotes that we sum just over all (Hy, ..., Hy,) # (0,...,0). In
order to complete the proof we just have to show that S = O(e_cnl/s).

Let [ be the largest i with H; # 0 then

;ZE<P(A)<¢£I+1+"'+C%>):; ZE(P(A)QfH>

AeP, AeP,

where H = H;+ H;_1 Q7511 4 ...+ H{ Q%1 By our assumption we have
2—,:711/3 <n< - %nl/?’. Hence by Lemma 4.2 the first result follows.
The proof for A € I,, is completely the same. O
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4.2. Weak Convergence. The idea of the proof of Theorem 2.2 is to com-
pare the distribution of g(P(A)) with the distribution of sums of indepen-
dent identically distributed random variables. Let Yp,Y7,... be indepen-
dent identically distributed random variables on P, with P[Y; = D] = ¢=*
for all D € P,. Then Lemma 4.4 can be rewritten as

qln# (A€ P,: Do, (P(A) = Dr...., Do, (P(A) = D)

= P[Y}, = Di,...,Y;, = Dp] + O <e—0"”3> .

Note further that this relation is also true if j1,...,j,, vary in the range
%nlﬂ)’ < gt g2, dm < — %nl/g and are not ordered. It is even true
if some of them are equal.

In fact, we will use a moment method, that is, we will show that the
moments of g(P(A)) can be compared with moments of the normal distri-
bution. Finally this will show that the corresponding (normalized) distri-
bution function of g(P(A)) converges to the normal distribution function
O(x).

It turns out that we will have to cut off the first and last few digits, that
is, we will work with

g(P(A)) = > 9(Dq,;(P(A4)))

2r 1/3<i<cnr 21 .1/3
ent/3<j<nr—rnl/

instead of g(P(A)).

Lemma 4.5. Set

n= S g(H) =Eg(v)).
T pep,

Then the m-th (central) moment of g(P(A)) is given by

53 (ateean - (3 - 22ae) ) =

q A€P,

2r 1/3<i<cnr 21 ,1/3
et/ 3<j<ir—rnl/
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Proof. For notational convenience we just consider the second moment:

nr 2r 2
Z( <k‘k”3>“) -
" ir,

=2 > #{AeP Dqi(P(A)) = Dy, i = 1,2}
J1,J2 D1,D2
- Zzgwl)in#m € Pyt Doy, (P(A) = D1} - S g
i Dy q Ja
- n zzgp2 #{A € Py: Do jy(P(A)) = Do} + Y 2
Ji Jj2 D2 71,52
:E:E:gpumbwmf:mg%zpﬂ+0@%%ww
J1,92 D1,D2
~E X DRl =P
j1 D1
—ZNZZQ (D2)P[Y;, = &3] +ZZM2
J1 j2 Da Jj1 Jo

2
=E | Y (o) —p) | +0 (n%e ).

The very same procedure works in general and completes the proof of the
lemma.

Since the sum of independent identically distributed random variables
converges (after normalization) to the normal distribution it follows from
Lemma 4.5

<z p=o(z)+o0(1)

1
~—4laep,.?
qn

Because of

[G(P(4)) — g(P(4))] < n'/?

and n'/3 /nt/? = n=1/6 _ 0 it also follows that

qln# {AePn : W Sx} = ®(x) + o(1).
k

This completes the proof of Theorem 2.2.
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5. Proof of Theorem 2.3

5.1. Preliminaries. As usual, let v (%) = deg(B) — deg(A) be the valu-
ation on (7).

Lemma 5.1. For a,b € Fy(T) we have

(5.1) v(a+b) > min{v(a),v(b)}.
Moreover, if v(a) # v(b), then
(5.2) v(a+b) = min{v(a),v(b)}.

Furthermore, we will use the following easy property (see [10]) that is
closely related to Lemma 3.1.

Lemma 5.2. Suppose that v (g) > 0 and thatn > v (g), then
B
5.3 El=A]=0.
(5.3 S £ (ga) o0
AeP,
Another important tool is Mason’s theorem (see [16]).

Lemma 5.3. Let K be an arbitrary field and A, B,C € K[T| relatively
prime polynomials with A+ B = C. If the deriwatives A', B',C’" are not all

zero then the degree deg C' is smaller than the number of different zeros of
ABC' (in a proper algebraic closure of K ).

We will use Mason’s theorem in order to prove the following property.

Lemma 5.4. Let (Q1,Q2 € F,[T] be coprime polynomials with degrees
deg(Qi) = ki > 1 such that at least one of the derivatives QY, Q% is non-
zero. Then there exists a constant ¢ such that for all polynomials Hy € Py,
and Hy € Py, with (Hy, H2) # (0,0) and for all integers myi,mo > 1 we
have

deg(H1Q45"? + HoQT") > max{deg(H1Q5"?),deg(H2Q")} — c.

Proof. Set A = H1Qy?, B = HyQ{", and C = A+ B. If A and B
are coprime by Mason’s theorem we have deg(A) < no(ABC) — 1 and
deg(B) < no(ABC)—1, where ng(F) is defined to be the number of distinct
zeroes of F'. Hence

max{deg(A),deg(B)} < ng(ABC) —1
= no(H1H201Q2C) — 1
< deg(H1H2Q1Q2) + deg(C) — 1
and consequently
(5.4) deg(C) > max{deg(A),deg(B)} — deg(H1H2Q1Q2) + 1.

This shows that (in the present case) ¢ = 2k; + 2k, is surely a proper choice.
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If A and B are not coprime then by assumption the common factor D is
surely a divisor of H;H,. Furthermore, there exists m’ > 0 such that D?
is a divisor of H; H(Q1Q2)™ . Consequently we have

(A/D)(B/D) = (HyHa(Q1Q2)™ /D)@y Q5>
and by a reasoning as above we get

deg(C/D) >
max{deg(A/D),deg(B/D)} — deg((H,H2(Q1Q2)"™ /D*)Q1Q5) + 1.

or

deg(C) > max{deg(A), deg(B)} — deg((H1 Ha(Q1Q2)™ /D*)Q1Q2) + 1.

Since there are only finitely possibilities for Hi, He, and D the lemma
follows. 0

5.2. Convergence of Moments. The idea of the proof of Theorem 2.3 is
completely the same as that of Theorem 2.2. We prove weak convergence
by considering moments. The first step is to provide a generalization of
Lemma 4.4.

Lemma 5.5. Let mq1,mo be fixed integers. Then there exists a constant
' >0 such that for all 0 < iy <ig < -+ <ipy < %fc’ and 0 < j1 < jo <
s < Gy < k%—c’ we have

1
q—n#{A € Py Doy (A) = Dy, Dgy i, (A) = Dpuy,

D@ujr(A) = B, -, Dy iy (4) = B, |

1
1191m1q

komso *
2

q

Instead of giving a complete proof of this lemma we will concentrate on
the cases m; = mo = 1 and m; = mo = 2. The general case runs along the
same lines (but the notation will be terrible).
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First let m; = mo = 1. Here we have

1
q—n#{A € Pu i Do, i(A) = D1, D 4(A) = Ex }

1 AHl AH2
:(F Z Z CH1,Q1,01 <Qzl+1> Z CHz, Q2,1 B <Qj2+1>

AeP, H1€Pk1 H2€Pk2
1
- qk1+k2
1 H; Hy
+ Z CH17Q17D10H27Q27E1Q7 Z E (A (Qﬂ_l + j+1>> .
(H1,H2)#(0,0) AcP, 1 @

Now we can apply Lemma 5.4 and obtain

, H, n HQ _, H1Q§+1+H2Qi+1
Q21+1 Q%Jrl Qzl+1%+1

<ki(i+1)+k(j+1)
— max{deg(H;) + ko(j + 1),deg(Hy) + k1(: + 1)}
+c

<min{k1(i +1),k2(j + 1)} + ¢

Thus, there exists a constant ¢ > 0 such that
min{k1(i +1),k2(j+ 1)} +c<n

for all 4,7 with 0 <7 < - —¢ and 0 < j < £+ — ¢/. Hence, by Lemma 5.2
1 2

Hy Hy
A;n < (Qlﬁl Q%Jrl))

This completes the proof for the case m; = my = 1.
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Next suppose that mq, = mg = 2. Here we have

1
qin#{A SIS DQ1,i1(A) = D17DQ1,Z'2(A) = Do,

DQ27j1 (A) = by, DQ27j2(A) = E2}

1 Hyy
LS5 s (ga)

AeP, H11€Pk1

Hiyy
Z CQ1,Hi2,D: (124_114)

H12€Pk1

Ha,
Z CQy,Ha1,E1 B <Q]1+1A> X

Ho1€Py,
Hso
E : CQ27H22,E2E< j2+1A
H22€Pk2 Q2

= E : €Q1,H11,D1 €Q1,H12,D2 CQ2,Ho1,E1 CQ2,Hzz,Eo
Hi1,H12€ Py ,H21,H22€ Py,

1 Hyp Hio Hoyp Hoo
g Y E (A ( Fe s Qi + Qf“))

AeP, 1 1

Of course, if Hi1 = His = Ho1 = Hoo = 0 then we obtain the main term
—2k; —2k
q gy %
For the remaining cases we will distinguish between four cases. Note

that we only consider the case where all polynomials Hi1, Hio, Ho1, Hoo are
non-zero. If some (but not all) of them are zero the considerations are still
easier.

Case 1. i3 — i1 < c1,j2 — j1 < co for properly chosen constants ¢, co > 0.

In this case we proceed as in the case mi = mo = 1 and obtain

Hyq Hi Hyy Has
QZ11+1 Z12+1 Q%1+1 Q%QJrl
(HuQP ™" + Hi)QP ' + (HnQF 7 + Hy)QP™!
Qi2+1Qj2+1
1 2
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<ki(iz+1) +kao(j2 + 1)
—max{deg(H11Q? ™" + Hia) + ka(j2 + 1),
deg(Ho1QF 7' + Hao) + ki (ia + 1)} + c(c1, 2)
< min{k1(i1 + 1), ko(j1 + 1)} + €(c1, c2)
for some suitable constants c(c1, c2) and é(cy, ¢2).
Case 2. i3 — i1 > c1,j2 — j1 > co for properly chosen constants ci,co > 0

First we recall that

Hyy Hoyy ) . .
v (Qi1+1 + le_H) < min{ky(i1 + 1), k2(j1 + 1)} + ¢
1 2

Furthermore

H .
v ( izlil) > k‘l(ZQ + 1) — deg H1s

> kl(ig — il) + k111 > kl(il + Cl)
H .
v (ng_ﬁl) > k‘g(]l + CQ)
2

Thus, if ¢; and co are chosen that (¢; — 1)k; > ¢ and (¢ — 1)k > ¢ then

Hyy Hoyy . Hys Has
VI ot T it | Smma v T V| S
1 Qs 1 Qs

and consequently by Lemma 5.1

Hyy Hyo Hoy Ho '\ Hyy Hoy
v (Q?—H - Q' - Qi + Q) ~ v T + Qi

< min(ky (i1 + 1), k2(j1 + 1)) + ¢

Case 3. iy — i1 < c1,j9 — j1 > co for properly chosen constants c1,co > 0

First we have

Hyq Hio Hoy
v (Q?Jrl + Q§2+1 + Q%lJrl)

(((HuQP T + Hi2) Q! + Hoy Q2!
-V QT
<ki(ia +1) + ka(j1 + 1)
—max{kyi(ia — 1) + ko(j1 + 1), k1(ia + 1)} + ¢(c1)
= min{kl(il + 1), kg(jl + 1)} + C(Cl).
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Furthermore,

Hoo .
v (Q%TH> > ]CQ(]Q —+ 1) — deg(HQQ)
> ko(jo — 1) + k2j1 > k2(j1 + c2).
Hence, if ¢y is sufficiently large then

Hyq Hi Hyy Has Hyq Hys Hoyq
v < i11+1 + 2'12+1 + Q%'1+1 + Q%2+1> = V( i11+1 + Ziz+1 + Q%'Hrl)

< min(kl(il =+ 1), kg(jl + 1))

+ C(Cl)

Case 4. i3 — i1 > c1,j2 — j1 < ¢o for properly chosen constants c1,co > 0
This case is completely symmetric to case 3.
Putting these four cases together they show that (with suitably chosen

constants c1,cy) there exists a constant ¢ such that for all polynomials
(H11, Hi2, Ho1, Ha2) # (0,0,0,0) we have

5 Hy Hio Hyp Hyo
11+1 i9+1 Ji1+1 Jjo+1
Q' Qs

) < min(ki (i1 + 1), k2(j1 + 1)) + &
1 1

Thus, there exists a constant ¢ > 0 such that
min{k; (i1 + 1), k2(j1 + 1)} +¢<n

for all i1, j; with 0 < i1 < kﬂl—c’ and 0 < j; < %—c/. Hence, by Lemma 5.2

H H H. H.
Z b (A ( i11-il-1 + i2142-1 + j12-&1-1 + j22-&2-1>> =0.
AeP, Ql Ql Qz Qz

This completes the proof for the case m; = mo = 2.

As in the proof of Theorem 2.2 we can rewrite Lemma 5.5 as
1
QT# {A € Py DQ17Z'1(A) =Dy,... 7DQ1,im1 (A) = Dy,

DQ2,j1(A) = El""vDQmjmz (4) = Emz}
:P[Ygllew--vY 1:Dm17Zj1:E1,.,.,Z :Emz]u

im g
where Y; and Z; are independent random variables that are uniformly dis-
tributed on Py, resp. on P,.
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If we define
GiA) = > g1(Dg,;(A),
jlﬁﬁfcl
R2(A) = Y g2(D@yn(A))
j2§%—c’

then Lemma 5.5 immediately translates to

Lemma 5.6. For all positive integers mi, mo we have for sufficiently
large n

1 _ n e n 2
(- L) (B )
1" Acp, ! 2
mi m2
=E Z (91(Yj1) — 1gy) E Z (92(Zjs) — Hgs)
B<E—e PR

Of course this implies that the joint distribution of g; and gs is asymptot-
ically Gaussian (after normalization). Since the differences g1(A) — §1(A)
and g2(A) — g2(A) are bounded the same is true for the joint distribution
of g1 and g2. This completes the proof of Theorem 2.3.
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