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Comparing orders of Selmer groups

par SEBASTIEN BOSCA

RESUME. En utilisant la théorie du corps de classes et la théorie
de Kummer, nous calculons l'ordre de deux groupes de Selmer, et
nous les comparons: le quotient des deux ordres ne dépend que de
conditions locales.

ABSTRACT. Using both class field and Kummer theories, we pro-
pose calculations of orders of two Selmer groups, and compare
them: the quotient of the orders only depends on local criteria.

Notations

- K is a number field.

- Ek is the unit group of K.

- WKn is the set of n'" roots of unity in K.

- PI(K) is the set of places of K.

- r1 is the number of real places of K.

- 79 is the number of complex places of K.

- (x) the principal fractionnal ideal genberated by =, with x € K*.

- Ik is the group of fractionnal ideals of K.

- I}( C Ik is the subgroup of fractionnal ideals of K prime to some
set S of prime ideals (to be named after).

- Py C Tk is the group of principal fractionnal ideals of K.

- 73;( C Pk is the group of principal fractionnal ideals of K prime to
S.

- Clg = Ig/ Pk is the class group of K.

- K*' ¢ K* is the subgroup of elements prime to S.

- Jg is the idele group of K.

- U, C K is the subgroup of v-units for a given finite place v of K.
When v is an infinite place of K, our convention is to note U, for the
whole group K.

- €y is the ramification index of v in F'/K for a given finite place v of
K. When v is an infinite place of K, our convention is: e, = 1 when v
totally splits at v and e, = 2 in the other case; with this convention,
we see v as a ramified place if e, = 2.
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- U = H K} H U, is the subgroup of “units” of J.
v|oo vtoo
- 9M C Ui is an open subgroup of the unit idele group of K; more
precisely, 9 = H M, is a product of open subgroups of the multi-

v
plicative groups K¢, and 9, = U, if v is a finite place which is not
in S.

- Py C P[/( is the subgroup of principal ideals generated by an element
x of K* whose image in Jg is in 9, for all v in S or dividing the
infinite place of Q.

- N = Np.g is the norm map.

Finally, for a given finite abelian group G and a given integer n, we note

G ={geq/g" =1}
and
Glny = G/G™.

G™ and Gy are respectively the maximal subgroup and quotient of G
with n as an exponant. They have the same order.

Introduction

For a given cyclic extension of number fields F/K with degree n, to
answer a question by Henri Cohen (asked in the particular case F' = K (i)),
we propose to calculate the orders of

S(F/K)={ze K*/(x) €I, v € N(F*)}/K*"
and
GF/K)={1€ZIx/3J€Ip,N(J)=1}/IxN(PF) .

In fact, calculations of the orders of these groups are not very usefull
because we cannot express them only with local criteria (however we express
them with only classical things manipulated in class field theory). But the
point is that the quotient of these two orders only depends on local criteria,
and that was enough to solve the problem of H. Cohen. So, the main result
is the following:

Theorem. If F/K is a cyclic extension of number fields with degree n, one

has:
IS(F/K)| _ |ugaln™*"

GEEL ] e
vePl(K)
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Two ways are given to prove this result: the first one uses class field
theory and interpretations of some groups as Galois groups or Kummer
radicals of some extensions; the second one is faster and only uses the
ambigous classes formula from Chevalley; it was proposed by Georges Gras,
who referred the first version of this article. I thank him for his work. So,
the second way is more acheived, while the first one shows more how to
find the result. Note also that in section 1 (the first way), we suppose that
K contains all n'* roots of unity, while in section 2 (the second way), this
hypothesis is useless; that’s a pity, but the question was initially asked for
n = 2 (see [1]), and all number fields contains 1 and —1; moreover, the
calculus made in section 1 can be adapted when K doesn’t contain all nt*
roots of unity, replacing K with K|[u,] and things like this, but that seem
complications for nothing since the second way prove the result in all cases.
An interested reader may examine that.

1. Using Class Field theory

1.1. Calculation of the order of S(F/K) as a Galois group.
Here, we see S(F'/K) as a ray class group, according to class field theory.
One has a natural map

o [SEFIE) — c1im
x —  I/(x)=1"
whose kernel is
Ex 0 N(FX)
To study Im ¢, let’s note, for each place v of K with w/v in F/K,
N, =U, N N(F)), and
M = H U, ;

vePl(K)

Ker ¢ =

we also note S the set of ramified places in the extension F//K. The Hasse
principle applied in the cyclic extension F//K, leads to

Im ¢ = {I € I} /I" € Pyy}/ Py ,
so that
lm ¢| = [{I € Zj/I" € Pon}/Pon||Pic/ Pox| "
= |(Zie/ Po) ™| | Prc/ Pom| "

On the other hand, K* N9 denoting the group of elements of K* whose
image in Jx is in 9, one has the exact sequence

1 — Ex/Ex NM — K*' /KX N9 — Pj/Pp — 1,
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so that
| Pic/Pon| = [K /K" |/ |Exc | Exc N
=[] eo/|Ex/Ex N .

Using the facts that |S(F/K)| = |Ker ¢||/Im ¢| and that Ex N9 = Ex N
N(FX); |Ex/E%| = n"""271 g |, one has

|(Zie/Por) ™ |77 e

Hv €y

1.2. Calculation of the order of S(F'/K) as a radical.

In subsections 1.2 and 1.3 we suppose |px | = n.

S(F/K) is a subgroup of K*/K*™, so that it is the radical of some
Kummer extension L of K, with exponant n. We should study the local
norm group Np.x(Jr) to calculate the degree of L/K.

Let x € K*/K*"; according to the Hasse principle, x € S(F/K) if and
only if:

- n/ugp(x) is for each prime P;

-x €N, forallvesS.

For any prime ideal B, we note ny the unique element of Usp/ U% such

|S(F/K)| =

that ch[n}n/n] is the unique non ramified extension of K¢ with degree n.
The first condition about the elements of the radical of L/K is equivalent
to the fact that Np.x(Jr) 3 ngp (use the symetry of the local nt" Hilbert
symbol to see this: for a local Kummer extension with exponant n L,,/K,,
Rad(Ly,/K,) C X <= < Rad(L,/K,),X*+ >=1 < N(LY) D> X").
The last condition is equivalent to the fact that Np.x(J1) contains both 7,
and zq for each v in S.
Finally, L is then defined by the fact that

NL:K(:}L) D) Sﬁ*ﬁ’}( R
where
* L L Z. Zym
m = [ M =15 I ES ] «6mU%.
vePl(K) v real v complex P prime
Note that 9" C Ug. So, one has:
[S(F/K)| = [Rad(L/K)| = |Gal(L/K)|
= Ik /K*M Ty | = [(Zic/ Pone ) (m)

the last equality coming from J /K*9* = I / Poy- is a well known Galois
group with ray 2.
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1.3. Calculation of the order of G(F/K).
One has:

G(F/K)| =1 €Ix/3J €Ip,N(J)=1}/IN(Pr)|
= [N(Ip)/IgN(Pr)| ;
note now that Ipy = Jps/Ups for M = F and M = K, so that
|G(F/K)| = [N(@Qp/NWUp)I5N(E")| .
On the other hand, the Hasse principle leads to
Np)N(F*) = N@Op)NK*N(Up) ,
so that
|G(F/K)| = IN(3p)/IN(3r) N K*N(Up)]T%| -
We now interprete this formula: at first,
T /K*N(Up)

is, according to class field theory, the Galois group of the maximal abelian
extension of K which is not more ramified than F' (note also that N (Up is
equal to 9 defined in subsection 1.1). Call T this extension. After this,

Ik /K> N(Up)JT%
is just (Gal(T/K))(n) = Gal(T'/K), where T' C T is the maximal subexten-
sion with exponant n. So, N(Jp)/[N(Jp)NK* N (Lp)]I’% is the subgroup of
Ik /K> N (Up)J% whose elements are norms from Jg (since J% C N(Jr)).

But the subgroup of norms from F' on the idele side corresponds with the
subgroup obtained by restriction from F' on the Galois side, so that

T: K
Now, [T": K| = |Gal(T"/K)| = |Gal(T/ K ) ()| = \(J’K/Pgm)(nﬂ, so that
|G(F/K)| = |(3%/Pan) )| /70 -
The subsections 1.1 and 1.3 prove the theorem.

2. Using Ambigous classes formula

One has the following 4 short exact sequences, for any cyclic extension
F/K with degree n and o as a generator of Gal(F/K) (j denotes natural
maps):

1 — Ex NN(F*)/E% — S(F/K) — {c € Clg,j(c) €CI5 '} — 1,

1 — I3 j(Zk ) Pr/j (k) Pr — Ip/§(Tx)Pr —
N(Zp)/IgN(Pp)=G(K) =1,
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1 — j(Ix)Pr/Pr — I3 'j(Ix)Pr/Pr — I3 j(Tk)Pr/j(Tk)Pr — 1,
1 — {c€ Clg,j(c) € C1%1} — Clg — C1%14(Clg)/ClE — 1.
So, one has
|S(F/K)| = |Ex N N(F*)/Ef||{c € Clg, j(c) € CIg 1}
|Clk|

= |Ex N N(F*)/Ep|——— _
s t(Cl) /157

and
|Zr/j(Zk)Pr|
27 i (Zr) Pr/§ (T ) Prl
. |7(Zx ) Pr/ Pr|
= |Zr/j(Zk) Pr|. 2 (Zx) Pr/ P
17(Cl)|
Az ti(Clg)|

G(F/K)| =

= |Clr/j(Clk)|

so that
| |Clk|
S(F/K) _ ICIE (Cli)/ClE |

G(F/K) Clm/i(Cl 5(Cli)|
| F/j( K)||CI;—1](CIK)I

_ 1Bk N(F*)/E%|.|Clg|.|C1%Y|
Clr|

Remember now the well known ambigous classes formula from Chevalley
(see [2]): for any cyclic extension F'/K with degree n, one has:

’CIK’ H €y

vePl(K) _
TL’EK/EK N N(FX)‘ ’

) |Ex N N(F*)/E%

|CIE| = |Clp/Clg ! =

Then, it comes
S(F/K) _ |Ex N N(F*)/E%|.|Clk|
G(F/K) Cle/CI2 |
_|Exk N N(F*)/E%|n.|Ex/Ex 0 N(F>)|
= H .
vePl(K)
_ nBx /B nn )
e 1] o

vePl(K) vePl(K)

as wished.
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