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Gross’ conjecture for extensions ramified over
four points of P!

par Po-Y1 HUANG

RESUME. Dans le papier ci-apres, avec une hypothése modérée,
nous prouvons une conjecture de Gross pour l’élément Stickel-
berger de l'extension abelienne maximale sur le corps des fonc-
tions rationnelles non ramifiée en dehors d’un ensemble des quatre
places de degré 1.

ABSTRACT. In this paper, under a mild hypothesis, we prove a
conjecture of Gross for the Stickelberger element of the maximal
abelian extension over the rational function field unramified out-
side a set of four degree-one places.

1. Introduction

Let K be a global function field, S be a non-empty finite set of places of
K. Consider the S-zeta function

Cs(s) = D (Na)™,

aCOg

where Og is the ring of S-integers, and the summation ranges over all ideals
a in this ring. It is well-known that this series converges for R(s) > 1 and
has a meromorphic continuation to the whole complex plane, with at most
a simple pole at s = 1 and no other singularities. The leading term of its
Taylor expansion at s = 0 has a good formula (Class Number Formula):

hsR

Cs(s) = S gy O(s"), ass—0.
ws

Here hg is the class number of Og, Rg is the S-regulator, wg is the number
of roots of unity in Og, and n = #5 — 1, the rank of the units group, O%
(15).

Gross’ Conjecture is a generalization of the above class number formula.
In order to state it, we need to modify the above setting. We will follow
the notations used in [5]. First we fix a non-empty finite set 7' of places of
K such that TNS = (. Let Usr be the subgroup of O% consisting of units
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congruent to 1 modulo 7', which is known to be a free Z-module ([5]). The
modified zeta function is defined as

Csr(s) = Css) [T (1 — (Na)' ).
qeT
Then (s 7(s) is an entire function and the Taylor expansion at s = 0 be-
comes
_ #T—1 hS,TRS,T n n+1
Csr(s) =(—1) s+ O(s"), as s — 0.
ws.T

Here hgr is the order of ray class group modulo 7', Rg 7 is the regulator of
Us, and wg is the number of roots of unity in Ug 7, which, in our case,
equals to 1 ([5]).

Similarly, for a finite abelian extension L/K unramified outside S, with
G = Gal(L/K), and for each character x € @G, the modified L-function is
defined as ([5])

Lsr(x,s) = Ls(x,s) [ [ (1 = x(¢q)(Ng)' ™),
qeT
where
Ls(x.s) = 3 R(a)(Na)~
aCOg
is the usual L-function. Here for a prime ideal p, X(p) = x(¢p) where ¢,
denotes the Frobenius element at p, and for an integral ideal a, if a = [ p;",
then x(a) = [Tx(p:)™.
Now we introduce the Stickelberger element 6g7. It is an element of
C[G], with the property that

x(0s,r) = Lsr(x,0), ¥V xedq.

In our case, 051 € Z[G|([5], Proposition 3.7). In the group ring Z[G], the
augmentation ideal [ is the kernel of the homomorphism
Z|G] — Z
deG Qgg deG Qg-

In other words, I is generated by {g—1|¢g € G}. Through the isomorphism
g +— g—1, we can identify G with I/I? ([5]). Suppose that S = {vo,...,v,}.
For each place v;, let ry, : K — G, C G 2 I/I* be the local reciprocity
map. We choose a basis u1, ..., u, of Usr such that the sign of the determi-
nant det(v;(u;))1<i j<n is positive and define the Gross regulator detg(As r)
as the residue class modulo I"*! of the determinant det(r,, (u;) —1)1<ij<n
(13)).

Since L/K is unramified outside S, r,(u;) = 1 for v ¢ S, the product
formula says that the above definition is well-defined and is independent of
the choice of the basis uq, ..., uy,.
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Gross’ Conjecture ([5]) says that
(1) 0s7 = (—1)*T hgpdetg(Asr) (mod I"t1).

Stickelberger elements and Gross regulators enjoy functorial properties.
Regarding to this aspect, we quote the following simple lemma ([11], Propo-
sition 1.4).

Lemma 1.1. Suppose that Gross’ Conjecture holds for the extension L/K
with respect to S and T. Let L' /K be a subextension of L/K, S C S’ and
T C T'. Then the following are true.

(1) Gross’ Conjecture holds for L'/K with respect to S and T.
(2) Gross’ Conjecture holds for L/K with respect to S" and T.
(3) Gross’ Conjecture holds for L/K with respect to S and T".

There are already many evidences of Gross’ Conjecture over function
fields as well as number fields, for instance, [1], [2], [3], [4], [6], [8], [9],
[10], [12], [13], in which various different methods are used. However, in
this note we take another approach and follow the method in [11]. In [11]
M. Reid proves the following theorem.

Theorem 1.2. Let K =Fy(x), L be any abelian extension of K unramified
outside S which is a set of three degree-one places of K, T be a set of places
such that the greatest common divisor of their degrees is relatively prime to
q— 1. Then Gross’ Conjecture holds.

We generalize the above theorem to the following.

Theorem 1.3. Let K = Fy(x), L be any abelian extension of K unramified
outside S which is a set of four degree-one places of K, T be a set of places
such that the greatest common divisor of their degrees is relatively prime to
q— 1. Then Gross’ Conjecture holds.

This main theorem is proved in Section 3.1, as a consequence of Theo-
rem 3.2 which is a special case and whose proof will be given at the end of
this paper. The proof is based on an expressing of the difference of both
sides of the conjecture as certain polynomial which, by a series of compu-
tations, is shown to equal to a sum of several products. The polynomial
will contains about 300 terms if these products are expanded as sums of
monomials. We first use the software ”Maple” to do the expansions of these
products as well as the cancelations of monomials with opposite signs and
reduce it to one with only 70 terms. Then we use some congruence relations
to show that it is actually zero.

It seems that one can use a similar method to deal with the case where
S contains n degree-one places for any given n, but if one does so, one will
also need to deal with computations whose complexity will increase rapidly
with n. To have this kind of method work for all n at one time, one needs
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to introduce additional tool to overcome this difficulty. We will discuss this
matter in the forthcoming paper [7].

2. Group Rings

Let G be a finite abelian group, Z[G] its group ring, and I its aug-
mentation ideal. If there is no ambiguity, we use [ instead of I5. In
this section, we study some basic congruence relations modulo 12,13, 4.
Lemma 2.1 can be proved by straightforward computations. Other lemmas
except Lemma 2.3 (3) are from [11]. It is possible to generalize Lemma 2.3
to every r.

Lemma 2.1. The following are true.
(1) If A,Be I, A= A (mod I?) and B = B’ (mod I?), then AB =
A'B’ (mod I3).
(2) If A,B,C € I, A= A" (mod I?), B = B’ (mod I?) and C = '
(mod I?), then ABC = A’B'C’ (mod I*).
(3) If g1, 92 € G, then gigo — 1 = (g1 — 1) + (g2 — 1) (mod I?).

Lemma 2.2. Let g € G be an element of order n. If n is odd, then
n(g —1) = 0 (mod I3). If n = 2m is even, then n(g — 1) = m(g — 1)?
(mod I?). In both cases, n(g — 1) € I?>. If #G = n, then n annihilates
7)1+,
Lemma 2.3. Let G = G1 X -+ X G, where every G; is a cyclic group of
order n. Put m =n/2, if n is even, and put m =0, if n is odd. Let g; be
a generator of G;, and a; = g; — 1 € Z|G]. Then the following are true.
(1) If r =1, G =Gy, then Y (0 — 1) = ma; (mod I?).
(2) If r = 2, G = Gy X Gy, then Y (0 — 1) = m?(af + a1as + a3)
(mod I3).
(3) Ifr=3,G=G1 x Gy xGs, then Y (0 —1) =m3(a3 + a3 + a} +
alas + a3as + adas + ajasaz) (mod I*).
Proof. (of (3))
We have
919595 —1= (95 = D(9igh — 1) + (digs — ) + (6§ = 1), 0<ijk<n.
By Lemma 2.2, ma3az = najas = maja3 (mod I*), and consequently
we get

n—1
D= =0Q (-1 > (¢0-1)
ceG k=0 0€G1xGa

n—1
+n > (0—1)+n2k§:(g’§—1)
=0

ceG1xGa
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= mas - m*(a} + aras + a3) + nm?(a? + ayas + a3) + n*maz  (mod I*)
= m3(alas + a1asas + adaz + a3 + alas + a3+ a3) (mod I*).
U

Lemma 2.4. Suppose that g1, g2 € G are of order ni,ns, and (ny,n2) = 1.
Then for any r,

g1g2—1=(g1—1)+(g2—1) (modI").

Corollary 2.5. Let Gy, Gy be finite groups of order ny,na, and (ni,ng) =
1. Let G = G1 x Gg, and 7 : G — G; be the natural projection. For
n € Z[G],

nel; <« m) el and m(n) € lg,.

3. Extensions Ramified over Four Points

3.1. A Reduction of the Proof. Let K = [F,(x) be the rational function
field over the finite field with ¢ elements, and let S = {oc0,z, 2 — 1,2 — s},
a set of four degree-one places of K. Let K&"™¢ be the maximal abelian
extension unramified outside S and at worst tamely ramified over S.

The following lemma is from Class Field Theory.

Lemma 3.1. We have K™ = F,(*V/z, “Vo—1, "z —s), and
Gal(Kime /K2 Zx Z)(q—1)Zx Z)(q — 1)Z x Z(q — 1)Z.

Theorem 3.2. Let L = Fpuw(Vz, Vo -1, "Ve—s), S = {0z,
x—1,x—s}, s € Fg\{0,1}. Let T contain a single place, T = {f(x)},
where f(x) is a monic irreducible polynomial and deg(f) = d. Then
Gross’ Congecture holds in this case when both sides are multiplied by
(14+q+q¢*+---+¢¥ 2, in other words,

(I+q+q*+-+q7)0sr
=(1+q+q¢+ - +q¢ ") 2hgrdetg(Asr) (mod I*).

We will postpone the proof of Theorem 3.2 until Section 3.4. Here we
use the theorem to prove Theorem 1.3. This proof is similar to the one in
[11].

Proof. (of Theorem 1.3)

By Corollary 2.5, we may assume that G is a p-group for some prime
number p. If p| ¢, then the Conjecture is already true ([12]). Consequently,
we may assume that L/K is a subextension of K§¥™¢/K and (p,q) = 1.

If (p,g —1) = 1, then the p-part of Gal(K%™¢/K) corresponds to a
constant field extension, and Gross’ Conjecture holds.

Now suppose that p divides ¢ — 1. By our hypothesis, T' contains a place
whose degree is not divisible by p. Let a be such a place, and put Ty = {a}.
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Let w = pF. Then for some k, L/K is a subextension of L, /K where
Ly =Fg(Vz, "o —1, "v/x —s). By Theorem 3.2, Gross’ Conjecture
for L, /K holds when multiplied by the factor (14 ¢+ ¢ + --- + ¢ 1)2.
This implies that Gross’ Conjecture also holds for L/ K when multiplied by
the same factor (Lemma 1.1 (1)). Since G is a p-group, the augmentation
quotient I"/I"*1 is p>®-torsion (Lemma 2.2). However, since (1 + ¢ + ¢* +
<4 ¢% 12 = d? £ 0 (mod p), the Conjecture for S and Tp holds. Using
Lemma 1.1(3), we prove the theorem. O

3.2. Notations and Pre-Computations. For the rest of this paper, let
L = Fpu(Yx, "Vae—-1, 3/ —s) and G = Gal(L/K). We keep the
notations in Theorem 3.2. Then G = G X Gy X G1 X G4, where Gy, =
Gal(Fgu /Fy) = Z/wZ, G; = Gal(Fy( "Va —i)/Fy(x)) = F;, i = 0,1,s.
Denote

H:G0><G1><Gs.

Definition. Define the isomorphism 7 : Fy x Fy x Fy — H such that for
a, B,v € Fy,
(e, B,7) (V) = a- Va,
(e, B,7)(“Vr—1) =8 V-1,
(e, B,7) ("W —s) =7 Vs
Also, let F' € G4 be the Frobenius element:
F: Fp — Fp

a —  af.

For the rest of this paper, we denote G = G - H. Thus an element
g € G can be expressed as the product of its Go-part and its H-part.

Lemma 3.3. Ifa & S is a degree-d’ place, which corresponds to a monic
irreducible polynomial h(x), then the Goo-part (resp. the H-part) of the
Frobenius element at a is given by F¥ (resp. 7((=1)¢ h(0), (=1)¥ h(1),
(=D h(s))).

Proof. Similar to [11], Lemma 3.4. O
Definition. Define A = U2 A; where, for ¢ =0,1,2,.. .,

Ai © {h(x) € Fylz] | h is monic, deg(h) = i,h(0) # 0,h(1) # 0, h(s) # 0},

and define the map ¢ : A — H such that if deg(h) = d’' then
$(h) = T((=1)*h(0), (=1)* (1), (=1)¥R(s)).
Also, for (o, 8,7) € F; x Fy x Iy, denote §(«, 3,7) = 7(, B,7) — 1 € Z[G].
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The following result is similar to [11], Proposition 3.5, which is for the
case where #S5 = 3. Here we give a more straightforward proof which also
works for the general case.

Lemma 3.4. Let L, S, T be as in Theorem 3.2. Then we can express the
Stickelberger elements as

bsr=(1—q"Flo(f) 1+ F Y o)+ F> ) o(h)
heA helAs
+F3(1+qF+q2F2+"'+qd_1Fd_1) ZO_
oceH

Proof. Put Y = ¢7° and let
Ls(s) = Y ¢a(Na)™*,  Lgr(s) = [[(1 - ¢a(Na)' %) - Ls(s).

aCOg aeT
Here, as before, ¢ is the Frobenius element at p if p is a prime ideal, and
¢a = [1 ¢p; if a =]]p;". By Lemma 3.3, if h(z) is a monic polynomial and
(h) = a, then ¢4 = FIEMp(p).
Now we consider Lg(s) and Lg7(s) as elements of Z[G][[Y]]. Then we
have

Ls(s) = ) FUEWo(h) (g M) = Y ViF'Y",
heA 1=0
where
Vi= Y o(h).
heA;

Let us consider V3. First, note that #As = (¢ — 1)3 = #H. It is easy
to show that the map ¢|a, : A3 — H is injective, hence is surjective.

Therefore,
h=Y o
oeH

Similarly, we have, for ¢ > 3,
Vi=q*> o
oceH
Now, as T = {f(2)},

Lsr(s) = (1= q'Flg(f)Y?) Y ViF'Y".
i=0
The term V3F3Y? multiplying with ¢?F9¢(f)Y? will cancel with the
term V3 F4T3Y 43 and, by this, the coefficient of Y43 is zero. Similarly,
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the coefficients of higher degree terms are also zero. Consequently, the
degree of Lg 7 is at most d + 2, and

d+2
Lsr(s) = (1 = ¢*FU¢(f)Y?)(1 + ViFY + VoF?Y?) + Y ViF'Y".
=3
Because 857 = Lg7(0), the lemma is proved. d

For future computations, we define the following data.

Definition. We define the set of data t,«,3,7v,a,b,c, k,l,m,v,go, 91, gs,
A, B,C, D as following. The element t is a fixed generator of the multiplica-
tive group [Fy. The elements a, 3,7 in F; and the residue class a,b, ¢, k,l,m
in Z/(q — 1)Z are defined to satisfy the following

a=1t*=(=1)7f(0), B=t"=(=Df(1), ~v=1t"=(=1)"f(s).
th=s, th=s—-1, t"=-1.

The elements gg, g1, gs in H are such that
90 :T(t,l,l), g1 :T(l,t, 1)7 s :T(l,l,t).

Finally, define A = F —1,B = g9 — 1,C = g1 — 1,D = g; — 1, and
v=1+q+¢+--+q¢ "

Note that A, B, C, D generate I. An element is in I” if and only if it can
be written as a finite sum of monomials in A, B, C, D, with each monomial
of total degree at least 7.

The following lemma is a direct consequence of Lemma 2.2.

Lemma 3.5. We have the following identities:
(¢—1)B=mB? (mod I3), 2mB =mB? (mod I?),
(¢ —1)C =mC? (mod I?), 2mC =mC? (mod I?),
and (¢q—1)D=mD? (mod I3), 2mD =mD? (mod I®).

Note that we do not have (¢ — 1)A = mA? (mod I3).

3.3. The Computation of 0g7. In this section, we will find an expres-
sion (see Lemma 3.10) of fs7 (mod I*) in terms of those quantities defined
in Section 3.2. For this purpose, we need the following three technical lem-
mas, among which the first is in fact similar to a result in [11] and the others
are crucial here but otherwise not needed if one is dealing with the case
where #5 < 3. On the other hand, if one is going to treat the case where
#S > 5, then more formulae of this type are needed and their cardinality
as well as their complexity increase with the number #5S.
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Lemma 3.6. We have

> (é(g)—1)=(m—k)B—IC+ (m—k—1)D (mod I?).
geM

Proof. Using Lemma 2.1 (3) and definitions of the maps ¢ and §, we have

D (dlg)—1) = (H ¢(9)) —1 (mod I?)

gEAY 9E€M

=6((-1)73 I 90), (=)= T 9(0),

gEM geEM
(=) I 9(s)) (mod I?)
geA

Note that we always have (—1)7~3 = 1 for ¢ either even or odd. By Wil-
son’s Theorem we have [[ <4, 9(0) = (=1)/((=1) - (=s)) = t™=% and also

[Tyer, 9(1) = (=1)/(1-(1=s)) = t~" and [Tjen, 9(s) = (=1)/(s- (s = 1)) =

t™—*=l_ The definition of the data B,C, D says that
Sk =L m Pl = (m —k)B—1C + (m —k—1)D (mod I?),
and the lemma is proved. O

Lemma 3.7. We have

D (#lg)—1)=(k—m)B+IC+ (k+1-m)D (mod I?).
g€

Proof. The proof is similar to that for Lemma 3.6. Let

Sy ¥ ig) e Fq4[z] | g is monic, deg(g) = 2, ¢(0) # 0},

Sy ¥ {(x = 1)(w—i)|i € Fyg i # 0},
Ss & {(z — s)(x — i) |i € Fy,i # O}
Then

A =5; \ (52 U 53),
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hence, by Wilson’s Theorem again,

I 900) = (H g<0>) : (H g(O>) 7

gEA2 geSL geS2
—1

[Tso| - II 90

gESs geES2NS3

Similarly, we have
[To=s—1 TJ gs)=—s(s—1).
gEA2 g€A2

Therefore,

ISR
—~
S
|
—_
Il

(T 90, IT 9. IT 9(s)) (mod 1?)

gEA2 gEA2 gEA2 gEA2
6(—s,s—1,—s(s—1)) (mod I?)

S(tF=m gt tFHmy (mod I?)
=(k—m)B+I1C+ (k+1—m)D (mod I?).

Lemma 3.8. We have
> (glg) — 1) =m2B? + (m® + ml)C? + (Ik — Im + km) D?
geENUAS
+ (m?* + ml)BC + (Ik — Im + km)BD
+ (Ik +mk)CD  (mod I?).

Proof. The proof is similar to the previous one but involves more compu-
tations. Comnsider the projection 1: Gy x G1 X G — Gy x G1. Let

I'; = {h(z) € Fy[z] | h is monic, deg(h) =1, h(0) # 0,h(1) # 0}.

Let m UXIy — Go x Gy be such that n(g) = T((—l)deg(g)g(()),
(—1)%e@g(1),1). Then w|py = no ¢. The map 7|, is injective. As
#Ty = |Go| - |G1] = (¢ — 1)?, it is also surjective. By Lemma 2.3, we
have

Y (mlg)-1)= D (0-1)=m?(B*+BC+C? (modI?).

g€y 0€Gox Gy
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Put Q =F,\ {0,1}, S1 ={(z —s)} and Sy = {(z — s)(xz — i) |i € Q}. We
have I'y D S1, T'e D Sy and Ay U Ay = ("1 \ S1) U (I'2\ S2). Therefore,

2) Y @l -1= (nlg) -1 =) (rlg) =1+ (nlg) 1)

geA1UA2 geTls gEeSa gel’y

- (rl9)-1)

geSL
=m?*(B*+ BC +C?) —I+II-IIT (mod I?),

where
1= (n((x—s)(x—1i)-1)
1€Q
I => (n(z—i)—1)

1€Q)
III = (7(z —s) — 1).

For each i € €, define a;,b; € Z/(q—1)Z such that i —0 = %, i —1 = tb.
Then by Wilson’s Theorem, we have

(3) Zaizm (mod ¢ — 1), and ZbiEO (mod g —1).
1€Q 1€Q)

We have 7(x — i) = g5 g%, m((x — s)(x — 1)) = g3 g% and hence

i b i+k b+l
IM-T=> (9597 — 1) — (g6 g™ = 1)

1€Q

=D (B+1)"(C+ 1" —1) = (B+ 1)*H(C + 1) —1)
1€Q
1€Q

— ((ai + k)B + (bi + Z)C + (ai -+ k?)(bz + l)BC'

 +k b +1
(B2 (PN ) (mod 1),
2 2
Note that the above congruence is from the binomial expansion. Now we

have (a;“’g) — (g) = af + (’g) and #Q = g — 2. These together with
Equation (3) and Lemma 3.5 imply
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(4) II—I:—(q—2)(l<:B+lC)—(kZai—l-(q—Q)(];))BQ
U+ -2 ()i

— (k> bi+1> a;i+(q—2)kl)BC (mod I?)
= —(q¢—2)(kB +1C) + (km + (’;) )B? + (é) c?
+ (Im + kl)BC  (mod I?).
Also,
(5) ITI = g5g} — 1
= (B+DMC+1) -1

=kB+1C + kIBC + (’;) B% + (é) C?  (mod I®).
From (2), (4), (5), we get

> (xlg) —1) =m?(B* + BC + C*) — (¢ — 2)(kB +1C)
gEAL1UA2
+ (km + <g> )B? + (;) C? + (Im + kl)BC

l

2

= —(¢— 1)kB — (¢ — 1)IC + (m?® + km)B* + m*C?
+ (m? + ml)BC (mod I3).

— (kB +1C + kIBC + <§> B% + ( >C2) (mod I?)

Finally, we use Lemma 3.5 to obtain

6) > (r(9)—1)=m’B>+ (m*+ml)C? + (m*+ml)BC (mod I*).
geAN]UA9

Similar formulae can be obtained by using other projections. In fact, if
we put 7' Gy x G1 X G3 — Gy x G5 and 7’| =1 0 ¢, then we have

(7) > («'(9) — 1) =m?B + (Ik — Im + km)BD
geA1UA2

+ (Ik — Im + km)D?  (mod I?),
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and also, if n”": Gy x G1 X G5 — G x Gg and 7|y = 1" o ¢, then
(8) > (7"(g) - 1) = (m® + ml)C? + (Ik — Im + km)D?
geENUAS
+ (Ik +mk)CD (mod I®).
It is known that the kernel of the natural map
Z[Gy x G1 x Gg] — Z[Go x G1] X Z|Gy x G| X Z|G1 x G§]
is contained in I*® ([10], Lemma 2). Therefore, the congruences (6), (7), (8)
together imply
> (glg) — 1) =m2B? + (m® + ml)C? + (Ik — Im + km) D?
g€A1UA2
+ (m?* + ml)BC + (Ik — Im + km)BD
+ (Ik +mk)CD  (mod I?).

Lemma 3.9.

050 = —vA> +IV-V —(¢(f) = 1)- VI+v Y (0 —1) (mod I*),
oceH
where

IV=1-—¢"—(F'—1) = (¢(f) - 1)
V=F -1 _Ble)-D+2> (g -1+ Y. (e(g)—1)

geA gEAg geEANUA2
VI=(q—1)2+2¢*-5¢+3)(F—1)+ (¢* =3¢+ 3)(F —1)?

Proof. We shall compute the right-hand side of the formula in Lemma 3.4.
First, we use the facts #A; = ¢ — 3 and #As = ¢> — 3¢ + 3 to get

L+F Y dlg)+F2 ) dlg) =1+ ((q3)+(q3)(F1)

geA geAs

gEAL 9EM

9) + Y (8(9) =)+ (F 1) Y (¢l9) - 1))

+ ((q23q+3)+ (> =3¢ +3)(F*-1)

geN2 gEA2

+ Y (dlg) 1)+ (F2=1) Y (d(g) — 1))
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— VI+ VIL,
where
VII= 3 (¢(g9) - 1)+ (F—1) D (é(g) —1)
gEA1UA2 geN
+((F=1)*+2(F - 1)) Y (d(g) = 1).

gEA2

Those terms involved in VII are basically computed in Lemma 3.6,
Lemma 3.7 and Lemma 3.8. In particular, we see that VII € I2. We
need to compute (1 —¢?F9(f))- VII, and it is easy to see that this equals
to

(1—a' = "(F" = 1) = q"(6(H) = 1) = ¢"(F" = )((f) = 1)) - VIL.

Lemma 3.5 allow us to make some simplification of this. For instance,
since ¢ = 1 (mod ¢ — 1) we have ¢¢ - VIT = VII (mod I?) and hence

(10) (1= q'F(f)) - VII= (1— ¢’ = (F'=1) = (6(/) ~ 1)
—(F— 1)(8(f) — 1)) “VII (mod I*).

Note that (F? — 1)(¢(f) — 1) € I? and, consequently, (F? — 1)
(6(f) — 1) - VII € I*. Hence (1 — ¢?Fe(f)) - VII = IV - VII (mod I?).
Also, VII -V = (F —1)2. > gen, (@(g) — 1) which is in I?. By Lemma 3.5
again, the multiple of this term with the factor IV is actually in I*. From
these, we see that

(11) (1—q¢?Fip(f))- VII=IV-V (mod I*)

By definition, ¢(f) — 1 € Z[H| NI = (B,C, D), and we can also apply
Lemma 3.5 to get ¢?(¢(f) — 1) = ¢(f) — 1 (mod I?) and (B,C,D)" - VI €
I"™2 (here we use the fact that ¢ — 1]2¢? — 5¢ + 3). From these, we get

(1= q"Fo(f) - VI= (1= q"F* — ¢*(6(f) - 1)

—g"(F1 = 1)(é(f) ~ 1)) - VI

(12) = (1—¢?F? - VI—(¢(f)—1)- VI (mod I*)

Note that we have #H = (¢ — 1)® and, by Lemma 2.3,
(13)
> (0—1)=m*(B*+C*+ D*+ B*C+ B’D+C?’D+BCD) (mod I*).
oceEH
Put

N =1+qF +¢@F?+...+ ¢ 1Fi1
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Then it is easy to see

(14) F’NY o=(q—1’F*N+N> (c-1)+NF* -1)> (0 —1)
oceH oeH oceH

=(q—1)°F°N+v) (¢—1) (modI*)
o€eH

We complete the proof by using Lemma 3.4, Equations (9), (11), (12),
(14) and the following straightforward computation:

(1—-¢*F?) - VI+(qg—1)3F3N

=N(1—qF)(1+(q—3)F +(¢* =3¢+ 3)F?) + (¢ — 1)°F°N
= N(1-3F 4+ 3F% - F3)

= N(1-F)3

= A% (mod I').

Lemma 3.10. We have
Osr = —vA® + va((k —m)B241C? + (k41— m)DQ)
—A(dA+aB+bC+cD)<(k—m)B+lC+(k¢+l—m)D)
o <m2B3 + (m2 + ml)C® + (Ik — lm + km)D?
+(m? + ml)B2C + (Ik — lm + km)B2D + (Ik + mk)02D>
— (dA + aB + bC + ¢D) <m232 + (m® 4+ ml)C?
+(Ik — Im + km)D? + (m? + ml)BC
+(Ik — Im + km)BD + (Ik + mk:)CD)
+m?(aB3 + bC? + ¢D3) + mA(aB? + bC? + ¢D?)
— A%(aB + bC + cD) + vm3(B3 +C3 4 D3+ B2C
+B?D + C*D + BCD) (mod I%).
Proof. We shall express the right-hand side of the formula in Lemma 3.9
as a polynomial in the data A, B,C, D,a,b,c,d, k,l,m,v. To do so, we first
apply Lemma 3.6, Lemma 3.7, Lemma 3.8, together with the facts that

F? —1 =dA (mod I?) and ¢(f) —1 = aB + bC + c¢D (mod I?). Using
these, we are able to write the product

(~tF' =1 =) -1)-V
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as such kind of polynomial. In order to deal with the expression of the
product (1 —¢%) -V as well as that of —(¢(f) — 1) - VI, we also need to use
Lemma 3.5. Then we actually get

IV.V = va((k: —m)B2+1C% + (k+1— m)D2)
—A(dA+aB+bC+cD)<(k—m)B+lC+(k+l—m)D>
+ mu <m2B3 + (m? +ml)C?® + (Ik — Im + km)D?
+(m? +ml)B2C + (Ik — lm + km)B2D + (Ik + mk)02D>
— (dA +aB +bC + cD) <m2B2 + (m* 4+ ml)C?
+(Ik — Im + km)D? + (m? + ml)BC

+(ik — Im + km)BD + (Ik + mk)C’D) (mod I*),

—(¢(f) = 1) - VI=m?(aB® + bC? + cD*) + mA(aB” + bC? + cD?)
— A%(aB 4 bC + ¢D) (mod I*).

For the expression of v} (0 — 1), we just apply Equation (13). O

3.4. The Proof. In this section, we finish the proof of Theorem 3.2. To
do so, we first compute the Gross regulator by using a method similar to
the one used in [11].

It is difficult to find a basis of Us r. Instead of doing so, we consider the
following. The group of units Ug is generated by Fy,z,x — 1,z — s. Put

up = g FICEE (14 f(0)) = 1Y /o,
up = (a — IFreEta(C)dp(1)) = (@ - 1)°/8,
us = (x — s)ITIFCEHET (1) f(5)) = (- 5)" /.

They are linearly independent. Let V' be the group, generated by ug, w1, us.
The index (Us: V) is (g— 1)(1+q+¢*>+---+¢* 1) and (Us : Usr) =
(¢* —1)/hsr. Therefore (Usz: V)= (1+q+q¢*>+ -+ ¢*1)2hgr, and

(1 +q+ q2 + -4 qd71)2h57Tdetg()\5,T)

ro(ug) —1 7ro(u1) =1 7ro(us) —1
=det | ri(ug) —1 ri(ug)—1 ri(us)—1 (mod I*)
rs(ug) =1 7re(ur) — 1 rs(us) —1

where rg, 71,75 are the local reciprocity maps at 0,1, s respectively.
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Lemma 3.11. The values of the local reciprocity maps are:
ro(ug) = F~'7((=1)%a~!, (=1)4, (=),
ri(ur) = F707(L (=1)871, (1 = )79,
rs(us) = F70r(s™ (s = 1) 7%, (=1)" 1),

ro(ur) = 7((-1)?87",1,1), ro(us) = 7((—s)% 7", 1,1),

r1(ug) = 7(1, a b 1), ri(us) =7(1,(1 — s)d’y_l, 1),

rs(uog) = 7(1,1, sdafl), rs(ur) =7(1,1,(s — 1)dﬂ*1).
Proof. Similar to [11], Proposition 3.7. O

Corollary 3.12. We have

(1+qg+¢+ -+ ¢ 2hgrdetc(Nsr)
A1l (dm —b)B (dm+dk —c)B

= det —aC A22 (dm+dl —c)C (mod 1),
(dk —a)D (dl —b)D Asa
where A1 = —vA + (dm — a)B + dmC + (dm — dk)D, A2 = —vA

+ (dm —b)C + (dm — dl)D, X33 = —vA — dkB — dIC + (dm — ¢)D.
Now we can prove Theorem 3.2.

Proof. (of Theorem 3.2)
By Lemma 3.10 and Corollary 3.12, the residue class

0205 — v?hgrdetg(Asr) (mod I*)

can be expressed as a polynomial Z(A, B,C,D,a,b,c,d, k,l,m,v). Then
we use the software "Maple” to expand those products into sums of mono-
mials as well as to do the cancelations of monomials with opposite signs.
The output is the following expression of Z. Note that the A% term in Z
vanishes, and since v = d (mod ¢ — 1), we have (v — d)(B,C, D) c I
Therefore we can replace v by d in our expression of Z.

3 2 2 3 2 2 3 2 3 2 3 3 2 3 3 3 2 3 3 2
-2d m AB +2d m AD -2d A Dm+2d m C 1+2d m D k+2d m B C+d m B D

2 3 2 2 3 2 3 3 3 3 3 3 2 2 2 2 2 2 2 2
-2d aBm -2d pbCm +2d m B +2d m C +2d AaB m-d aBC m-d aB Cm

2 2 2 2 3 2 2 2 2 2 2 2 3 3 2 2 3 2 2
-d bCm B -2d pbC ml-d bC Bm-d ¢cDm B -2d ¢cD km+d m B Cl-d m B D1

3 2 2 3 2 2 3 3 3 2 2
+2d m B Dk+d m C Dk-2d ABCml-4d ABDkm-2d ACDkm-d aBC ml

2 2 2 2 2 2 2 2 2 2 2
+d aBD ml-2d aBD km-d aB Cml+d aB Dml-2d aB Dkm-2d aBCDkn

2 2 2 2 2 2 2 2 2 2
-d bCD km-2d bC Bml-2d bCBDkm-d bC Dkm-2d ¢cDC ml-2d cDBCml1l
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2 2 2 2 3 2 3 3 2 3 3 2 3 2 2 3
-2d ¢cD Bkm-2d ¢cD Ckm-2d A mC-Bd m D -2d m CD +d m C kB-2d AmCkB

3 2 3 2 2 3 3 2 2 3 2 3 2 2
-2d AmC 1+4d Am CD-2d AmCcD-4d ADm1C+2Bd m AD+B d m Ck+Bd m C 1

3 2 2 2 2 2 2 3 2 3 2 2 2 2 2
+2Bd m D1C+Bd m D ¢c-d mC bkB+2d m CDkB+3d m C D1+2d m CD c

2 3 2 3 2 3 2 3 2 2 3 2 2 2
-2D d ml1kB-2D d kAm-2D d km1C+2D d m kB+3D dm 1C-B d mbCk

3 2 2 3 2 2 2 2 2 3 2
+Bd m D 1-2d mCD1kB-2d mCD 1c-2Dd mbC 1+D d kmC

Theorem 3.2 is proved by checking that Z = 0 (mod I*). To do so, we
use the obvious congruences

mB2*C =mBC?, mB*D =mBD? mC?D=mCD? (mod I?),

which are consequences of Lemma 3.5. O
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