120 (1995) MATHEMATICA BOHEMICA No. 4, 393{00

QUASICONTINUITY AND RELATED PROPERTIES OF FUNCTIONS AND MULTIVALUED MAPS

Janina Ewert, Slupsk^1

(Received March 15, 1994)

Abstract. The main results presented in this paper concern multivalued maps. We consider the cliquishness, quasicontinuity, almost continuity and almost quasicontinuity; these properties of multivalued maps are characterized by the analogous properties of some real functions. The connections obtained are used to prove decomposition theorems for upper and lower quasicontinuity.

Keywords: uniform space, multivalued map, quasicontinuity

MSC 1991 : 54C08, 54C60, 26A25

Throughout the paper (X, T ) or simply X is a topological space, Cl A, Int A are the closure and the interior of a set A ⊂ X, respectively.

A set A ⊂ X is said to be – semi-open, if A ⊂ Cl(Int A), [10]; – preopen, if A ⊂ Int(Cl A); – semi-preopen, if A ⊂ Cl ( Int(Cl A) ) , [1].

The union of any family of semi-open (preopen, semi-preopen) sets is a set of the same type, [1, 10]. The intersection of an open set and a semi-open (preopen, semi-preopen) one is again semi-open (preopen, semi-preopen).

Let X, Y be topological spaces. A function f : X → Y is called quasicontinuous (almost continuous, almost quasicontinuous) at a point x ∈ X if for each neighbourhood V of f(x) we have x ∈ Cl ( Int f^{−1}(V ) ) , ( x ∈ Int(Cl f^{−1}(V )), x ∈ Cl ( Int ( Cl f^{−1}(V ) ))) , [10, 8, 2]. Equivalently, f is quasicontinuous (almost continuous, almost quasicontinuous) at x ∈ X if for each neighborhood V of f(x) there is a semi-open (preopen, semi-preopen) set A satisfying x ∈ A ⊂ f^{−1}(V ). Let us observe

1 Sponsored by KBN research grant (1992{94) No. 2, 1144-91-01 that the quasicontinuity of f at x is equivalent to the condition Int ( U ∩f^{−1}(V ) ) ≠ ∅ for every neighbourhoods U, V of x and f(x), respectively, [9].

A function f is called quasicontinuous (almost continuous, almost quasicontinuous) if it has this property at each point. It follows from definitions that continuity implies quasicontinuity and almost continuity; moreover, each of these properties implies almost quasicontinuity but these implications cannot be replaced by equivalences, [14].

Quasicontinuity and almost continuity are independent properties. Furthermore, almost quasicontinuous functions need not have the Baire property.

Example 1. Let R be the space of real numbers with the natural topology,

B ⊂ R a Bernstein set and f the characteristic function of B. Then f has not the

Baire property. Nonetheless, since B and R \ B are dense sets [15], the function f is almost continuous.

Now let (Y, ϱ) be a pseudometric space. A function f : X → Y is said to be cliquish at a point x_0 ∈ X if

(1) for each ε > 0 and each neighbourhood U of x_0 there exists a nonempty open set W ⊂ U with ϱ ( f(x), f(x^′) ) < ε for x, x^′ ∈ W , ([18] for metric spaces).

By A(f) we denote the set of all points at which f is cliquish. A function f is called cliquish if A(f) = X.

The symbols C(f) and E(f) are used to denote the sets of all points at which a function f is continuous or quasicontinuous, respectively. Then

(2) C(f) ⊂ E(f) ⊂ A(f) = Cl ( A(f) ) ; (3) A(f) \ C(f) is of the first category;

(4) if X is a Baire space, then f : X → (Y, ϱ) is cliquish iff X \ C(f) is of the first category;

(5) a function f : X → (Y, ϱ) is continuous iff it is cliquish and almost continuous. The statements (2)–(5) are proved in [11, 13, 6, 17] for a metric space (Y, d), but by the same arguments they are valid for pseudometric ones.

In the sequel we will consider maps with values in uniform spaces. For a uniform space (Y, ν) we denote by P_ν a saturated family of pseudometrics inducing ν. For any y ∈ Y , M, M_1 ⊂ Y , ϱ ∈ P_ν and r > 0 we denote

B(y, ϱ, r) = {z ∈ Y : ϱ(y, z) < r}, B(M, ϱ, r) = ⋃ {B(y, ϱ, r): y ∈ M}, ϱ(y, M) = inf_{z∈M} ϱ(y, z), ϱ(M_1, M) = sup_{y∈M1} ϱ(y, M).

It is easy to verify

(6) if M_1 is compact, then ϱ(M_1, M) < r iff M_1 ⊂ B(M, ϱ, r).

A function f : X → (Y, ν) is called cliquish at a point x ∈ X if for each ϱ ∈ P_ν the function f : X → (Y, ϱ) is cliquish at x, [3].

We will use the following result:

(7) A function f : :siFq())q(.7m:)28bFJa23bFq(()pFm771MB32B>le mbD8Fw3r(h0(spa)qh(r(387'Ωami23b'7'm23b(M)8MF2(y)e(()pFm771MB32(((12FF'Ω19(tm(w(Ja152)q(s)o(sio)q(oFCAl)g(same)()2ami2)eF1707yFq(CA21C207E9F22>I1)106921Ao(eFq(ΞA7EA34A7EA3EC0)n(u)0'27F170'ΩFbFC6)6)h(3)e)q((3C6)6)lo)Eh0Fq:(mbD8Fw3)q(ur(bn7)627*)4R(r(h0(spa)qh(r(387'Ωami23b'7'm23b(M)8MF2(y)e(()pF4)22Ωo()29A21Ao(es'ΩFl)m:)28b)23o(ar)pFmxF803FFmxF803FFmxF803FFmxF803FFmxF803FFmxF803FFmxF803FFme)28s6(si'21Ao(es'0Λ8F)gF)03C6)2e6b(e)q(h(r(3'Ω'ΩFm(3C6)6)h(3)sohe)h89)llmbD8(e)qq(ur(bn7)hF27*)4R(r(61121A(r(387'Ωami2ami2r)o(esFm(P)R25b7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω(at)e7'FFmxF803FFmxF803FFme)(:)29d)g(mb(e)q(q7(e)28)o2m28s6(Wi)o(esFm(P)FFmxF803FFmxF803FFme)(:)29d)g(mb(e)q(q7(e)28)o2m283)sohe)h89)llmbD8(e)qq(ur(bn7)hF27*)4R(r(61121A(r(387'Ωami2ami2r)o(esFm(P)R25b7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω()n(a6(si'03FFmxF803FF03FF:)29d)g(mb(e'Ω01E01328)o2m28s6(W:)29Fl(280001mxF803FFmxF8'Ω(aF6D1317k'ΩFq03FF0ami27m:)29803)e7'F)p7)10689)o(4)(e)qq(ur(bn7)hF27*)4R(r(61121A(r(387'Ωami2ami2r)o(esFm(P)R25b7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω(at)e7'Ω()n(a6(si'03FFmxF803FF03FF:)29d)ga6(s:)89'Ω437y((7R8s6(W:)29Fl((r(301mxF803FFxF8'Ω(aFq(s)317k'ΩFq0W:)2F803m:)29803)e7'F)p7)106(mb(27*)4R(r(611,(e)qq(ur(903E003E'Ωb(un)r(61121(siΩ6CE(bn)gFm(f)03C6)h(follo))0'27E1123(ns)'Ωg(n'F)'Ω(a(at)e7'Ω(at)e7'Ω()n(a6(si'03FFmxF803FF03FF:)29d)ga6(s:)89'Ω437y((7R8s6(W:)29Fl((r(301mxF803FFxF8'Ω(aFq(s)317k'ΩFq0W:)2F803m:)29803)e7'F)p7he)hczsi'03FFmx11,(e)qq(ur()4R(003Er(90un)r(611(bn781(si)g(sk'ΩFq0W:)03C6)h(follo))0'27E1181A207FB00037'F)h(a)Fq(I77y(e7'ΩC6)hat)e7Fm(M)37929A21Ao(es'ΩFl)ns)')FFmxF803FFmxFy((7R8s6(W:)29Fl((r(301mxF803FFxF8'Ω(aFq(s)317k'ΩFq0W:)2F803m:)29803)e7'F)p7he)hczsi'03FFmx11,(e)qq(ur()4R(003Er(90un)r(611(bn781(si)g(sk'ΩFq0W:)29Fl((r03Fn())0'27E1g(skæB00022bF)h(ollo03F027E11m(M)1FC06)e7Fm(M)379223b803FFmxFy((,es'ΩFl)ns)p7B3FF921Ao(eFq(ΞA7EA34A7EA3EC0)n(u)0Fq())11''099q())Fm(XFm(xF8003m:)e7'F)p7he)hczsi'03FFmx11,(e)qq(ur()4R(003Er(90un)r(611(bn781(si)g(sk'ΩFq0W:)29Fl((r03Fn())0'27E1g(skæB00022bF)h(ollo03F027E11m(M)1FC1m(M(d)f1m(M)1FCb803FFmxFy(�36E6)ns)ΥB3FF9Fj(o(eFq(ΞA03FFFl)n3EC0)n(u)0Fq())11''mxF8)e7'F)p7he),))Fm(XFm()2F8m(M(d)f1m(Mm(:)0e)hc80393C3)3yFn(,(e)qq(urA36E6C517k'781(si)g(sk'ΩFq0W:)29Fl((r03Fn())0'27E1g(skæB00022bF)h(ollo03F027E11m(M)1FC1m(M(d)f1m(M)1FCb803FFmxFy(�36E6)ns)ΥB3FF9Fj(o(eFq(ΞA036E)ns)P6)h((u)0Fq())1m(M(xF8)e7'F)p7he),))8)e7h(fol636;)14b((Mm(:)0e)hc80303FF71C7C49C732B002B00022b9d)g(mb;3Ao(e0)qq(urA36(ur(bn7)627f)0F07E1g(skΓq(Γ22bF)h(ollo03F027E11m(M)1FC1m(M(d)f1m(M)1FCb803FFmxFy(�36E6)ns)ΥB3FF9Fj(o(eFq(ΞA036E)ns)P6)h((u)0Fq())1m(M(xF8)e7'F)p7he),))8)))8)03FFmm(Y)dFq(,)28bFm)hc80303FF717he)9C732B002B00032b9d)g()qq(83Ao(03Fe7'F)p7hbn7)627f)0F07E1)0F54002sk(w1,(e1A(r(Fq(s)317k'ΩFthenFC1m1C7C2841F803FF07E11)29d)ga6(s:)8b9d)g(mb;3Ao(e0)qq(ureFq(ΞA036E)ns)P6)h((u)0Fq())1m(M(xF8)e7'F)p7he),))8)))8)03FFmm(Y)dFq(,)28bFm)hc80303FF717he)9C732B002B00032b9d)g()qq(83Ao(03Fe7'F)p7hbn7)638157FA07EE1)0F54002s()2F3(e1Ac803q(s)317k'ΩFth317k2sk(w1,(n7)631,(e7E11)29d)ga6)29dF)p29803)e9d)g()qq11)2,Y , ur↼21FγΩi↼↽↽1 F07E1g↼s2C7C2↽00FC18495↽ M e1Ac803q↼s↽317kγΩFth0 36q↼↽↽27 b↼is↽k↼ev↽m↼e↽29d ur↼21FγΩi↼i↼↽sk↼w17γΩ↼at↽e7γΩ↼o2C7C↽6 27↼e↽2B002B00 Fm↼f↽8 b ↽d FC91C7FC19d↽ga6↼s.↽8 bU00032e7γΩ↼d↽g↼↽qq↼83Ao↼ 03Fe7γ F↽p7hbn7↽638157FA07EE1↽0 F54002s↼↽2F3↼e1Ac803q↼s↽317kγΩFth0 36q↼↽↽27 b↼is↽k↼ev↽m↼e↽29d↽ga6↽29d↼M↽c Fq03 eFq Fmm↼3FFm7↼e↽m↼f↽8 b ↽d FFm↼fq0W.↽A07002B00 Fm↼f↽8 b M e1Ac803q↼s↽317kγΩFth0 36q↼↽↽27 b↼is↽k↼ev↽m↼e↽29d eFq efAfq0m(Fm07002B00Fm(ff)8)8b7XFF3o22C7Co(lic002s803q(s)317kfl7F177E3q(sΩFth036qs)k(C91C7FC1Rd)ga6)29d(M)cFq03eFqefAef2fq0m(Fm07002B00Fm(f)80Fm)k(e()qq1)8A07002B007FatebiE1ffl5903E0103b70933821FFmeD6C02B007Ff2C1772sk(w11,()03b03b02s(t)e7flCD99d)ga6h9122qq1f2C1772sk(w11,()03b03b02s(t)e7flCD99d)ga6eveh91F82Fmga6636q(b(73A4eb,7tΩo(ar)o(the;)k(o(,)h(6q03)eF)p7)106eD6C022s3t(g(the)g7tΩo(ar)o(the(i(7(a6(F5407XF8bm(fflXF82s80C))F(f2C1772sk(w11,()03b03b02s(t)e7flCD99d)ga6)2cbm(h91F82Fm)k0k(ev)m(e)29d)g()flq)g(fl590ga6)21FFmeD6C022s3t(nt3)m(h9(e)2F)pCA429m(ga6636q(17flΩA4e590gΩo(ar)oar)o0gΩo(ar)oaf)8d)g()g()106eD6C022s3)eFo(ar7tflΩ8003C0:g(1)E6)4Fq(A)26()2)22s()2F3(e1Ac8R)o(3F027E()pq(sΩFth0af)8(3F02s(t)e7flCD99d)ga6)2cbm(h91F82Fm)k0k(ev)m(e)29dent3ga6636q(17flΩA4e590gΩo(ar)oar)o0gΩ36q(a)o(ar)oafh9(e)2Ffl2F3(e1Ac8R)o(3Fp7aflΩ(ate))eFt(nt3A4eO(W)124(The)i7E()pqm: