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We investigate the structure of automorphisms of planar lattices. Our results make
it possible to give a lattice theoretical proof of theorems on automorphism groups
of planar lattices formulated by Lészl6 Babai and Dwight Duffus ([1] and [2]) and
George Gritzer and Csaba Szabé ([6]).

STANDARD PLANAR REPRESENTATIONS

A planar lattice is a finite lattice which has a planar representation. First we
should say what a planar representation is. Denote the real line by R. A planar
representation of a finite ordered set L := (L, <) consists of:

1. Vertices: We have an injective mapping a — [a*,a¥] of L into R x R such that
a¥ < b¥ whenever a < b; the point [a*,a¥] is called the vertex corresponding to the
element a and a¥ is said to be the level of a in the planar representation.

2. Arcs: We have a mapping [a, b] — & of the set {[a,b] € L x L: a < b} into the
set of all continuous real functions on closed intervals in R such that the domain of
Eap 18 (a¥,0Y), & = Ep(Y) iff ¢ € {a, b}, and whenever £4(y) = Eeq(y), then either
b=c& bW =y,ora=d&a¥y =y,ora=c& a¥ =y,orb=d & b =y, or
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[a, b] = [c,d]. The set of points
abi= {[€wn(y), o] € R x Rs y € (@,0)}

is said to be the arc connecting vertices [a*, a¥] and [b*, bY]. We say that ab is incident
with cifa=corb=c.
For a planar representation D of L we define

{[Cab(y),y]: a¥ <y <¥}ifa<b
en(a,b) := q {[&aly) yl: V¥ <y <a’}ifb<a

() otherwise

whenever a,b € L, and for X C L we put

pt(X) :={[a*,a”]: a € X}UU{cn(a,b): a€ X &be L},
dg(X) := {[a*,a*]: a € X} U| J{en(a,b): a € X & be X}.

If C:={c, <...<¢p} is a maximal chain in (a,b) where a < b, we define
ne(y) = e rei(y) for y € (eia¥, %), i € {1,...,n}.
If C:={cp} is a one-element chain, we put
ne(eo”) = co™.

It is transparent that 7 is a continuous function on (a¥,b¥) and dg C is its graph.
For a,b € L we write a € b if a || b and there exists a maximal chain C in L such
that b € C' and a* < nc(aY).

As usual, we denote

la:={x € L:z<a}
lTa:={xr€L:a<uz}
(a,b) :==Tan [b

ve:={yeL:z=<y}
Nx:={ye€ L:y=<x}.

By 7., my, we denote the natural projections of R x R onto R.
By an automorphism of a finite ordered set L := (L, <) we mean a permutation
of its universe which preserves the associated strict order <, or, alternatively, the
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associated covering relation <. The set of all automorphisms of a finite lattice
L := (L, <) will be denoted by Aut L. It is a group with respect to composition. For
A C L we define

AutaL:={f € AutL: f|p\ 4 = idp\a}.

It is a subgroup of Aut L. For ¢ € L and f € Aut L we put

a= = {f"(a): n eN}
a™ = /\aEf
aVs o= \/aEf

where N is the set of all natural numbers. The cardinality of a=/ is called the rank
of a with respect to f.

Notice that the concept of a planar lattice is self-dual, and so we can benefit from
the well-known duality principle: whenever an assertion about planar lattices is true,
the dual assertion is also true. Moreover, if we turn a planar representation of L round
a vertical axis, then we again obtain a planar representation of L. Thus we have
something like the duality principle for planar representations in both coordinates:
whenever an assertion about planar representations is true, the assertion obtained
by mutually interchanging the notions of left and right is also true, and so are the
dual assertions.

Lemma 1. If L is finite, then a=f is an antichain in L for each a € L and
f€AutL.

Proof. Ifnot,say f¥(a) < fY(a) where k < [, then f*(a) < fF+(=F(a) < ... <
frEtmU=k)(q) < ..., which is in contradiction with the finiteness of L. O

We need the following result from analysis, which we present without proof.

Lemma 2. Let f, g be continuous functions on {(a,b) C R such that f(a) < g(a)
and g(b) < f(b). Then there exists y € (a,b) such that f(y) = g(y).

In the next lemma we summarize some properties of maximal chains in planar

lattices.

Lemma 3. Consider a planar representation of a planar lattice L := (L, <).

(1) Let C be a maximal chain in (a,b), and D a maximal chain in (c,d). If
y € (a¥, )N (Y, d¥) is such that nc(y) = np(y), then either there exists z € CN D
such that z¥ =y or there exist v,w € C'N D such that v < w and v¥ <y < wY. In
particular, if ¥ < a¥,0Y < d¥,np(a¥) < a* and b* < np(bY), then C N D # .
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(2) If C is a maximal chain in (a,c), D is a maximal chain in (a,d) and R is a
maximal chain in (/\ L,b), where ¥ < b < min{c¢¥,d”} and nc () < v* < np(»Y),
then RN (C U D) # .

(3) Let a,b € L be incomparable, let C,C’, D, D’ be maximal chains in L and
a€CNC',be DND'. Then the following conditions are equivalent:

(i) np(a¥) < a®

(i) np(a¥) < a*

(iil) b* < ne(bY)

(iv) b <ner (BY).

(4) If C, D are maximal chains in L, ¢ € C, d € D such that ¢ < b, d < b and
c 4 d, then ng(bY) < b* < np(BY).

(5) The relation < is a linear strict order on any antichain in L.

(7 IfC’ D are maximal chains in L, ¢ € C, d € D such that nc(d¥) < d* and
¥) < ¢, then ¢ and d are comparable. In particular, if C, D are maximal chains
a,b) such that (Ve € C)np(c¢¥) < ¢ and (Vd € D)ne(d¥) < d*, then C = D.

)
(6) The relation < U <« is a linear order on L.

)
nD( o
n (
See [4] for the basic ideas of the proof.

Lemma 4. Let ¢ be a strict-order preserving map of a planar lattice L := (L, <)
into the set of all natural numbers N with the natural order. Then there exists a
planar representation of L such that a¥ = ¢(a) for each a € L.

Proof. Take any planar representation D of L. We will transform it by moving
vertices successively to the required levels, i.e. a vertex corresponding to a will
be moved to the level p(a). First we translate D into the lower halfplane: we just
subtract 2Y+1 from each a¥ where z :=\/ L. We obtain a planar representation Dg of
L in which a¥ < 0 for each a € L. Further we proceed by recursion. In order to obtain
D; we take the greatest element z of L and move it to the point [0, ¢(z)]. This is the
new vertex corresponding to z. We know that whenever w < z, the arc connecting
vertices [w*, wY] and [2%,2Y] is a parametrized curve {[{,.(y),y]: v € (w¥,2¥)}
where £,,, is continuous on (wY,zY). There exists b € R such that b < 2¥ and
wY < b for all w € L'\ {z}. The new connecting arcs for w < z will be

(6wt e W ) U{ [I= 26, 00.0] € (ot .

We have obtained a planar representation D; of L with precisely one element on the
required level. Suppose that we have a planar representation Dy, of L with precisely
k elements on the required levels where 1 < k < |L|. In the sequel all coordinates
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will be related to Dj. Take a maximal element a of the set of all elements remaining
in the original positions. Hence all elements above a are on the required levels and
all elements below a are in the original positions. We shall try to move a to the
required level ¢(a). Consider the set 7a of all elements b which cover a and the
corresponding functions .. All £, are obviously defined on (a¥,p(a) + %), and
there exist bg, by € va such that &ap, (¥) < Eab(y) < Eap, () for each b € 7a and each

y € (a¥,¢(a) + 1). The set
Ci={[r,y] € Rx R: y € (a¥, p(a) + ) & Eavo(y) < @ < &any ()}

is bounded closed in R x R endowed with the Euclidean metric, and by Lemma 3(2)
it does not contain any vertex except [a*,a¥]. All arcs not incident with a are also
bounded closed and moreover disjoint with C. Hence there exists a real number
¢’ > 0 such that the &’-neighbourhood FE of C' does not contain any point of arcs not
incident with a. Put ¢ := %’ Consider further the arcs going from a downwards.
There exists ¢’ > 0 such that |{,4(y) — a*| < € for each w covered by a and each
y € (¥ — ¢, a¥). Put § ;= min{d’,e}. Now all points [£,q(y),y] lie in E whenever

y € {a¥ — §,a¥). Define

H:={[z,y e RxR: y € (a¥ —4,a”) & z € (a* —e,a* + &)
or y € (a¥, p(a) + ) & = € (avy (y) — &, Eavy (y) + )}

Clearly H C E and the functions

a*—¢ for y < a¥
d(y) = y !
Sabo(y) — € for y € (a¥. p(a) + 3)
) a* +¢€ for y < a¥
y) =
€ab (y) +¢ fory € (a¥,p(a) + 3)

are continuous on (a¥ —§, ¢(a)+3) and d(y)+¢ < h(y) there. Consider the following
continuous transformation of H onto itself:

[, y] F— [u, 0]

where
(a¥ - 5)+ £ = g“y =9 (y— (¥ = 5)) fory e (a¥ —6,a%)
@+ - A ) el + )
uw:=d(v) + h(xy)_—d(dy() )(h(v) —d(v)).
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For w € Aa the new arc connecting the vertices corresponding to w and a will be

{lwa(¥): y]: y € (w¥,a¥ —0)}
u{[aw) + () — )
gwa(ay + T,E,,)Jﬂ; 5) d(ay + Tu(ly:,é 5)

e ) — e+ e 5)

)iy e @ —ap@)}.

For w € \ya the new arc connecting the vertices corresponding to a and w will be

{]aw) + (h(y) - dv))

Euul6¥ £y p() - (ple) + 3 — o)) —d(6¥ +(p—pla) - (plo) 4§ o)
W@ + (g — pla) - (9la) + 5 — ) — (¥ + (y — (@) - (9(a) + 3 —a¥)) |

ola))-
€ (pla), 0a) + 3} U {lEaw(0),9]: v € ((a) + 3,0}

In this way we obtain a planar representation Dy of L with precisely k+ 1 vertices
on required levels. Finally, D ;| is a planar representation of L with the required
property. O

The preceding proof is the only place in this paper where vertical bars denote the
absolute value of a real number besides the cardinality of a finite set.

We say that a planar representation is standard if, for each a,b € L, a¥ = bY if
and only if there is an automorphism f of L with a = f(b). Of course there exist
planar ordered sets without standard planar representations, for example crowns.

Proposition 5. FEvery planar lattice has a standard planar representation.

Proof. Let L:=(L,<) be a planar lattice. Define a binary relation ® on L by
the rule
a® b= (3f € AwtL)b = f(a).

It is obvious that ® is an equivalence relation on L. The ordering < on L induces
an ordering < on L/ ®: we put

A< B:<= (Ja€ A)(Tb € B)a < b.
Indeed, reflexivity and transitivity of < are obvious. Let A < B & B < A. Then
(Ja1,a2 € A)(Fb € B)(If € AutL)a; < b & f(b) < ae

Hence a1 < b= f~1f(b) < f~'(a2) € A. In virtue of Lemma 1, A is an antichain,
and hence a; = f!(az). Therefore b = a;, and consequently A = B. This new
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ordering can be extended to a linear one. Hence we can order the blocks of ® into a
finite sequence Ay, ..., A, such that A; < A; implies i < j. For a € A; put ¢(a) :=1i.
By Lemma 1, ¢ is strict-order preserving, and the result follows by the preceding
lemma. O

A CONSTRUCTION FOR GROUPS

Direct products and semidirect products are two important standard constructions
in group theory. We are going to utilize them also in our further considerations.

Let G := (G,0) be a group and n a positive integer. We define nG, the n-
th symmetric power of G, as follows. The universe of nG is the set S, x G,
where S,, is the set of all permutations of {1,...,n}. Multiplication is defined by

D21, s 2n] 0 (@, Y15+ Un] =[P4 (1) © Y1y -+ 5 Tg(n) © Ynl-
It is clear that nG is a semidirect product of groups and hence a group.

For a class of finite groups K we define P(K) to be the least class of finite groups
which is closed under the formation of finite direct products, symmetric powers and
isomorphic copies, and which K is included in.

Notice that we can define the members of P(K) recursively as the groups obtained
by finitely many applications of the following rules:

(1) Isomorphic copies of members of K are members of P(K).

(2) If G; and G2 are members of P(K), then isomorphic copies of G1 x Gz are
also members of P(K).

(3) If n is a positive integer and G is a member of P(K), then isomorphic copies
of nG are also members of P(K).

The linear sum Ly ® Lo and the disjoint sum Li W...Wd L, of ordered sets we define
as usual, cf. [3]. By a parallel sum of Ly,...,L, wemean 1@ (L;W...wL,) &1,
the disjoint sum with new top and bottom elements added. All these concepts are
instances of the general concept of an ordinal sum of ordered sets over an ordered
set.

Let AG(PL) denote the class of all finite groups isomorphic to automorphism
groups of planar lattices.

Proposition 6. P(AG(PL)) = AG(PL).

Proof. By definition, AG(PL) is closed under the formation of isomorphic
copies, and AG(PL) is included in AG(PL).
Claim. If L; and L, are planar lattices, then Ly ¢ Ly is a planar lattice and

Aut L1 x Aut L2 =~ Aut (L1 D LQ)
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Without loss of generality we can assume that L; and Lo are disjoint. The first part
of the claim is obvious. For f € Aut (L @ L2) we have f[L1] = Ly and f[L2] = Lo
in virtue of Lemma 1. Clearly f|r, € AutL; and f|7, € AutLy. We define

p: Aut (Ll (&3] LQ) — Aut L; x Aut Lo

by the rule
(p(f) = [f|L1af|L2]'

Since ¢(f o g) = [(f © 9)lL,, (f 0 9)lLo] = [flrss Flo] o [9lLss gle.] = o(f) 0 ¢(g), we
conclude that ¢ is a group homomorphism. ¢ is injective: ¢(f) = ¢(g) implies that
fle, = gle, and f|r, = g|r,, which in turn yields f = f|., U fz, = glr, Uglr, = 9.
© is surjective: Let f1 € AutL; and fa € AutLs. Then fi U fo € Aut (L; @ Ly).
Indeed, f1U f> is a permutation, and whenever a < b, then either a,b € L; and hence
(f1U f2)(a) = fi(a) < f1(b) = (f1 U f2)(b), or a,b € Ly and hence (f1 U f2)(a) =
fa(a) < f2(b) = (frUf2)(b),ora € Ly and b € Ly and hence (f1Uf2)(a) = fi(a) € L1,
(f1 U f2)(b) = fa(b) € Lo, which in turn yields (f1 U f2)(a) < (f1 U f2)(b). Now
e(frU f2) = [f1, fo]-

Claim. If n is a positive integer and L a planar lattice, then the parallel sum
1@ (LW...’”L)® 1 of n isomorphic copies of L is a planar lattice and

nAutL ZAut (1@ (Lw...wL)®1).

The first part of the claim is obvious. The universe of 1 ® (L W... L) & 1 is
{0,1}UL x{1,...,n}. It is clear that for each f € Aut(1® (LW...wL)®1) we have
0,1 € fix f. Furthermore, from f([a1,i]) = [b1,j1] & f([az,i]) = [b2,J2] it follows
that j; = j2, and hence we have a permutation p; of {1,...,n} and f;: L — L
for each i € {1,...,n} such that f([a,i]) = [fu)(a),ps(?)]. Clearly prog = prpy.
Further, a < b implies that [a,i] < [b, 4], which in turn yields f([a,]) < f([b,4]), and
we can conclude that f;)(a) < f)(b). f() is bijective as f(;)(a) = f;)(b) implies that

la,i] = [ f(la,i]) = [ ([feiy (@), ps D] = f~H([fa) (0), 2 (D)) = FHF([bs4]) = [by4],
which in turn yields a = b, and L is finite. Hence f(;y € Aut L. We define

v: Autl@ (Lw...wL)® 1) — nAutL

by the rule
o(f) = [ps, fays - Fyl-

By the preceding, [(f o g)@)(a), prog(d)] = fog([a,i]) = f(lgu)(@), pg(D)]) = [fipyi)) ©
9¢i)(a), ppy (i), and hence o(f o g) = [pfog, (fog))s-- - (fog)m)] = [PrPgs fip,(1)) ©
95+ -5 Fipy(n)) © Iyl = [Pfs f1ys -5 Fmy] © [Pgs 91)s - - - 9m)] = (f) © ¢(g), and so
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¢ is a group homomorphism. ¢ is injective: ¢(f) = ¢(g) implies that p; = p, and

(Vi) ftiy = 9, and hence f([a,i]) = [f)(a),ps(9)] = [94:)(a), pg(i)] = g(la,i]) for
each [a,i] € L x{1,...,n}. @ is surjective: Let f1,..., fn € AutL and p € S,,. Then
clearly

[ =idgo1y U([a,i] — [fi(a),p(i)]) € Aut(1© (Lw... 6w L)1)

and o(f) = [p, f1,-- ., fnl- -

Notice that the above statement is true for each class of finite lattices closed under
the formation of linear sums and parallel sums, not only for planar lattices.
If we denote the class of all one-element groups by 7, then we have

P(T) C P(AG(PL)) = AG(PL).

In the remainder of this paper we will prove the converse inclusion.

BLOCKS AND COMPONENTS

In the whole of this section L := (L, <) will be a planar lattice.

A sequence [z, . . ., 2] of elements of a subset X C L is a connection in X if either
2; < zi+1 O z;41 < z; for each ¢ € {0,...,p — 1}. In particular, [2¢] is a connection.
We define a < b if there is a connection [@a=z0,...,2,="0]in X. A subset X C L

is said to be connected if x < y for each z,y € X, i.e. Qo= X x X.
For f € Aut L we put

fix f:={xeL: f(zx) =z},
mov f:={z € L: f(z) # =z},
Bt = {[z,y] € mov f x mov f:y = f(z)}.

-1
Clearly "% ="%L" | and a %% b implies that f(a)

We define

mov f
e~

f(b).

afsb = (In € N)a "% fm(b).
It is easy to verify that 6 is the equivalence on mov f generated by mevt UBs;
moreover 6y = 0¢-1, and af¢b implies f(a)0yf(b). It is obvious that each block of
0 has at least two elements. We say that a subset B C L is a block if it is a block
of 0y for an automorphism f. By a component of a block B we mean a maximal
connected subset of B.
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We put
MovaL := | J{mov f: f € Aut4 L}

and

MovL := U{movf: f € AutL}.

Lemma 7. Let B be a block of 8y with precisely k components, and let K be a
component of B.

(1) fY[K], i € {1,...,k} are all components of B.

(2) xV¢ is the least fixpoint of f in Tx.

(38)Ifre K,ye L\ K and x <y, then there exists an element u € K such that
z < u=<xYf <y. Moreover, f(z) <y and u’f = zV7,

(4) \/ B is the least fixpoint of f in T\ K.

(5) BU{bV7} is connected for each b € B.

(6) If C' is a connected subset of L such that CNK # () and C'\ K # (), then there
exists an element x € C' N K such that either v < ¥/ € C or x = 2V € C.

Proof. (1): Itis obvious that B isablock of f~!, and f[K] is connected. There
exists a component K’ of B such that f[K] C K’. Now K = f~'f[K] C f![K],
and since K is a component of B, we get K = f '[K']. Hence K’ = f[K]. By
induction, f![K] are components of B. Let conversely K’ be a component of B. By
the definition of 6, there exist elements ¢« € K and ¢’ € K’ such that o’ € a=/.
Consequently K’ = fi[K] for some i € N. Now f¥[K] # K would imply f![K] =
fI[K] for some i < j, i,5 € {1,...,k}. Then fi—{[K] = K and so B would have at
most j — i components. Therefore f*[K] = K.

(2): Obvious.

(3): In (z,y) there exists a maximal chain {z = 2z < ... < 2z, = y}. Clearly
20 € K and z, € L'\ K. Let i be the least natural number such that z; € L\ K.
Then z;_1 € K and z;_1 < z;, and consequently z; € fix f. This and (2) together
yield V¢ < z; < y. Clearly f(x) < f(zVf) = V4 < y. Consider a maximal chain
{r=wy < ... <wy, =2Y/}. Put u:=wp_q. Since u < ¥/ € fix f and u € K by
(2), we obtain uv/ = V7.

(4): Obvious.

(5): Follows immediately from (3).

(6): Choose z € CNK and y € C'\ K. There exists a connection [z = z, ...,
zp = y] in C. Let i be the least natural number such that z; € C'\ K. Then either

v A
Zi1 < zi=z o0z =z =20 O
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Lemma 8. If By,..., B, are pairwise disjoint blocks of 0¢,,...,0f

. respectively,
then g: L — L defined by

x otherwise

i(x) forx € B;
g(x):{f() €

is an automorphism of L and B, ..., B, are the only blocks of 0.

Proof. Since ¢g[B;] = fi[B:] = Bi, g is bijective. Let < y. If x and y are
elements of the same block B;, then g(z) = fi(z) < fi(y) = g(y). If not, we proceed
as follows. First we prove that g(z) < y. This is obvious if z € fixg. Otherwise
there exists ¢ € {1,...,n} such that « € B; and y ¢ B;. By Lemma 7(3), there exists
z € fix f; such that © < z < y. Then g(z) = fi(z) < fi(z) = 2 < y. Now g(x) € B;
and y € B;, and dualizing the preceding argument we obtain g(x) < g(y). O

In the remainder of this section we will consider a fixed standard planar represen-
tation D of L.

In view of Lemma 3(5), in any non-empty antichain X in L we have an element
£(X) such that (Va € X){(X) 4 a. We say that £(X) is the leftmost element of X.
Let f € Aut L. We say that an element x € L is situated to the left (right) of f(x)
if 2* < f(ax)* (f(z)* < o).

Lemma 9. Let f € AutL. Let a,b be elements of a connected subset C' of L
such that a is situated to the left of f(a) and b is situated to the right of f(b). Then
f has a fixpoint in C.

Proof. The assertion is obviously true if a = b. Suppose a # b. There exists a
connection [a = zg,...,2, =b] in C. Put

i:=min{j: j € {1,...,p} & z; is situated to the right of f(z;)}.

Then z;_; is situated to the left of f(z;—1). Moreover, either z;_1 < z; or z; < z;_1.
In the first case, we have z; 1* = &.,_,.,(2i 1Y) < i) fien)(2i-1Y) = f(zi1)®
and f(2:)* = e fz)(2Y) < &oily2(2Y) = 2. In virtue of Lemma 2, either
zi1* = f(z;—1)* and hence z; 1 = f(z;_1), or 2;* = f(2;)* and hence z; = f(2;).
Similarly for the other case. O

Lemma 10. Let K and f*[K] be distinct components of a block of §;. If an
element x € K is situated to the left (right) of f*(x), then each element y € K is
situated to the left (right) of f*(y).

Proof. If not, then by Lemma 9 f* would have a fixpoint in K, which is a
contradiction. ]
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In this case we say that the component K is situated to the left (right) of f*[K].
Notice that the assertion is not true if K = f*[K].

Lemma 11. Every block has at least two components.

Proof. Suppose to the contrary that the block B of 6 is connected. Consider
an arbitrary element x € B. Denote by y the leftmost and by z the rightmost
elements of =/. Then y is situated to the left of f(y) and z is situated to the right
of f(z). By Lemma 9, f has a fixpoint in B, which is a contradiction. U

We say that a block B of 0 is of kind A if (Vb € B)(bYf = \/ B & b = \ B).
Otherwise we say that B is of kind Z.

Lemma 12. Every block of kind Z has precisely two components.

Proof. Let a block B of §; be of kind Z. Without loss of generality we may
assume that there exists b € B such that ¥/ < \/ B. Let K denote the component
of B for which b € K. By Lemma 7(4), there exists a € K such that a £ b¥7. We
have a connection [b = zg,...,2, = a] in K. Denote by i the least integer such that
z; £ bYs. Clearly 1 < i. Put ¢ := 21 and d := z;.. Then ¢ < d, ¢/ < bY/ and
d £ ¢Vs. Assume that B has at least three components. Then there exist k,l,m € N
such that f*(c)* < fl(c)* < f™(c)*. In view of Lemma 3(2) we have f!(d) < ¢¥7,
which is a contradiction. t

An element = € L is situated on the left (right) of a connected subset C' C L if for
each a,b € C such that a < band a¥ < ¥ < b we have 2* < {up(aY) (Eap(aY) < %),
and there exists at least one such pair of elements a, b.

We say that a maximal chain C in (a,b) C L is the leftmost (rightmost) mazimal
chain in {(a, b) if all elements of (a, b) are situated on the right (left) of C.

Lemma 13. Let a € L and X C L. Then there exists precisely one chain
{a=cy < ... =< cy} such that c; = £(\yc;—1NX) fori € {1,...,n}, and e, NX = .

Proof. Consider the set C of all chains {a = 29 < ... < zp},p € N, where
zi = (Vzi-1 N X) for i € {1,...,p}. Since {a} € C, C # (). Further, p < |L] for

each such chain. Hence C has a maximal element {a = ¢y < ... < ¢,}. Clearly
¢i =l 1NX) forie{l,...,n}, and V¢, N X = () by maximality. Uniqueness
is obvious. g

The chain from Lemma 13 will be denoted by LY (a, X).

Lemma 14. For any pair of elements a < b of L there are precisely one leftmost
and precisely one rightmost maximal chains in {(a,b). Moreover, if {a = ¢y < ... <
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¢n = b} is the leftmost maximal chain in (a,b), then ¢;_1 = {(Ac¢; N Ta) and ¢; =
U(7¢i—1 N |b) for each i € {1,...,n}.

Proof. Will be accomplished for the leftmost maximal chain. LY(a, |b) is
clearly a maximal chain in (a,b) and all elements of (a,b) are situated on the right
of it. Uniqueness follows from Lemma 3(7). The rest of the proof is obvious. g

By a left (right) boundary of a block B we mean a maximal chain C in (A B,\/ B)
such that C'\ {A\ B,V B} C B and all elements of B are situated on the right (left)
of C.

Lemma 15. FEach block has precisely one left and precisely one right boundaries.

Proof. Will be accomplished for the left boundary of a block B of §¢. The
set M of all maximal elements in B is non-empty as B is non-empty finite. By the
preceding lemma, the leftmost maximal chain {AB = ¢p < ... < ¢, = {(M)} in
(A\B,{(M)) and the leftmost maximal chain {{(M) = ¢, < ... < ¢, = \VB} in
(¢(M),\ B) exist. Clearly ¢, € B. Denote by i the least natural number such that
¢j € B for each j € {i,....p}. Then ¢p1 = ¢y’ € fixfand ¢;_g = cg\f € fix f by
Lemma 7. Let K be the component of B for which ¢(M) € K.

Claim. All elements of B are situated on the right of C := {cop < ... < ¢, }.

If b € B, then b < ¢(M) or b || £(M). In the former case b € (A B,{(M)),
and hence 7o (bY) < b*. In the latter case, there is an element ¢ € M N 1b, and
{(M) <« ¢ by assumption. From Lemma 3(1) it follows that if b* < nc(bY), then
either b < ¢(M) or ¢(M) < ¢, which is a contradiction.

Claim. K C (¢;i—1,¢p41) \ {1, cpt1}-

Clearly K N{c;_1,cpr1} = 0 because ¢;_1, cpr1 € fix f. Let [((M) = 2, ..., z4] be
a connection in K. We will verify by induction on % that

(%) cic1 < zk < cpr1 & ne(zeY) < 2™ < nppep(z)

This is obviously true for k = 0. Let k£ > 1. Assume that (x) is satisfied for k — 1.
Suppose first that zx_1 < zx. Then ¢; 1 < zp_1 < zk. Since zx € B, by the
preceding claim we have no(zxY) < 2. Since 2 1* < nypep(zr-1Y) and 21 < 2,
it follows from Lemma 3(1) that 2x* < nfjoy(21¥). But 2x™ = n5j07(21¥) would yield
either cp+1 < 2z or 2 € f[{ci,...,cp}], which is a contradiction. Now zxY < ¢cpy1¥
implies that zx < cp4+1 by Lemma 3(2). If cpp1Y < 2Y, then cpy1 < 25 by the dual
argument, but this is impossible. Similarly for z; < zx_1.

Claim. AB=c¢;_1 and \/ B =cpy1.

From Lemma 7(4) and the preceding claim it follows that ¢; 1 < A B < ¢; € B,
and hence A\ B = ¢;_1. Analogously for the latter identity.

Uniqueness follows from Lemma 3(7). O
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The component of B which contains the left boundary of B is called the leftmost
component of B.

Let C, D be maximal chains in (a, b) such that nc(y) < np(y) for each y € (a¥,bY).
We say that ¢ € L is inside the region bounded by C, D if ¥ € (a¥,0¥) & nc(¥) <
® < np(c¥). Otherwise we say that c is outside the region bounded by C,D. Tt
follows from Lemma 3(2) that whenever c is inside the region bounded by C, D, then
c € (a,b).

Lemma 16. Let B be a block.

(1) Let z,y € L, \ B # x < y, x inside and y outside the region bounded by the
boundaries of B. Then \/ B < y.

(2) If X is connected and X N{/A B,\/ B} =0, then X is completely (i.e. each
¢ € X is) inside or completely outside the region bounded by the boundaries of B.

(3) BU{\/ B} and BU {\ B} are connected.

Proof. Denote by S,T the left and right boundaries of B respectively.

(1): Take a maximal chain {z = zg < ... < 2z, = y} in (z,y). There exists
1 €40,...,p— 1} such that z; is inside and z;; outside the region bounded by the
boundaries of B. Clearly z; # /A B. The only possibility is that z; is an element
of a boundary, say the left one; see Lemma 3(2). If z; # \/ B, then obviously
Zip1 = z;/f </ B. Clearly f(z;) < zi41 and z; <€ f(z;). By Lemma 3(4) we obtain
Ns(zi+1Y) < zig1™ < nr(zi+1Y), which is a contradiction. Hence z; = \/ B.

(2): The assertion follows immediately from (1).

(3): Denote by K the leftmost component of B. Since S\ {A B,V B} C K,
K U{\/ B} is connected. By Lemma 7, each component of B is of the form f¥[K].
Hence f*[K]U{\/ B} is also connected. Consequently, BU {\/ B} is connected. [

Lemma 17. Let K be a component of a block of 0¢. If ¢ € L and [u, Y], [v, Y] €
pt K such that u < ¢* < v, then ¢ € K.

Proof. There exist a,b € K such that [u,c¥] € pt{a} and [v,c¥] € pt{b}.
Moreover, there exists a connection Z := [a = cg,...,¢, = b] in K. Choose a
shortest one. Its diagram dg Z can be regarded as a parametrized curve in the real
plane. If [u, ¥] ¢ dg Z, then we can extend dg Z by adding the adjacent part of the
arc containing [u, ¢¥], similarly for [v,¢¥]. In this way we obtain a curve C' C pt K
connecting [u, ¢¥] and [v, ¢¥]. Let [u,¥] = dy,...,dq = [v, Y] be the sequence of all
points of C the y-coordinates of which are equal to ¢¥, in the natural order. Clearly
g < p+ 1. There exists ¢ € {1,...,q} such that either 7, (d; 1) < ¢* < m,(d;) or
o (d;) < & < mp(di—1) or mi(d;) = . I mp(d;) = &, then d; = [¢*,¥] and hence
¢ € K. Further, one of the conditions m,(d) < ¢¥ and ¢¥ < m,(d) is satisfied for all
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points d € C between d;_1 and d;. Denote C' := {d € C: d is between d;_; and d;}.
Without loss of generality we may assume that (Vd € C')e¥ < m,(d), m(di—1) <
* < mz(d;) and f[K] is situated to the right of K. Denote by 7’ := [cg, ..., ¢] the
largest part of Z with dg Z/ C C’. Consider the set

X :={e€eten(L\ K): V maximal chain D in <e,\/L)DﬂZ'75@}.

Suppose ¢ € X. Choose first a maximal element m in X and then z in Tm N Z’ with
the least possible level. Then, by Lemma 7, m < f(z), and we have a maximal chain
D in (m,V/ L) such that f(z) € D. Since DN Z" # () by assumption, there exists
an element w € D N Z’ such that either m < w < f(z) or m < f(z) < w. Choose
a minimal one. The former case is impossible as the levels of z and f(z) are the
same. In the latter case we obtain m < z < zVf = f(z)¥/ < w by Lemma 7, and
2Vi e tenfix f € Ten(L\ K). Since m is maximal in X, there exists a maximal
chain D in (2V/,\/ L) such that D N Z’ = (). But for each pair of maximal chains
D', D" in (m, f(2)),{f(z),2Vf) respectively we have D'NZ' =, D" N Z’' =), and
hence (D'UD”UD)NZ" = (). This contradicts the assumption, and therefore ¢ ¢ X.
Now ¢y, is situated on the left and ¢; is situated on the right of each maximal chain
D in (¢, L), and hence D N Z’' # (. Therefore ¢ ¢ ¢ N (L \ K) and consequently
ce K. (]

Lemma 18. Ifa < b and f € AutL, then a* < f(a)* implies b* < f(b)*.
Proof. Follows immediately from Lemma 2. O

ForYCLandz € LwedefineY —z:={yeY:yy =a¥}.

Lemma 19. Let Ky and K> be components of blocks By and By respectively
such that K1 N Ky # (. Then By U By is a block and precisely one of the following
conditions is satisfied:

B C Ks;

By C Kq;

K1 = K5 and K is a component of By U By if and only if it is a component of By
or Bs.

Proof. Let By, B be blocks of 0, , 0y, respectively. The assertion of the lemma
is obviously satisfied if By C K or Bs C K. In view of Lemma 11, By # K3 and
Bs # Ki. Assume that K1 N Ky # 0, B; \ K2 # () and By \ K7 # 0.

Claim. {\/ B,V B2, A B1, A\ B2} C fix f1 N fix fo.

It suffices to verify that \/ B; € fix fo. Suppose to the contrary that \/ By €
mov fa. For z € BiNfix f, we would have z = f5(2) < f2(\/ B1), and by Lemma 16(1)
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we would obtain \/ By < f2(\/ B1), which is a contradiction. Hence By Nfix fa = ()
and, again by Lemma 16(3), B; C By U{\{ B1} C K3 as By U{\/ B1} is connected.
This is again a contradiction.

Claim. \/B; =V Bz and A B; = A\ Ba.

It suffices to verify that \/ By < \/ B2. As K is connected, and by the preceding
claim K3 N{A Bz,\/ B2} =0, K; is inside the region bounded by the boundaries of
By by Lemma 16(2). Hence \/ K7 < \/ Bs, and since \/ B € fix f1, we conclude that
\V By <V Be.

Claim. If By is of kind A, then also B; is of kind A and K; = K.

This follows from Lemma 7(6). Clearly Ky C K7, otherwise \/ By € Ky or A By €
K. If By were of kind Z, say there are y € K5 and z € fix f3 such that y < z < \/ Ba,
then we would have K1 3 y < 2z < \/ Bo = \/ By, and hence z € K;. Now A\ By =
A Ba < fa(y) < z € Ky, and therefore fo(y) € K1 N f2[K2]. Hence fao] Ko] C Ky,
which would yield By = Ko U f3[K2] € K;, which contradicts the assumption. Thus
B> is of kind A, and by the same argument as above K; C K5. Hence K; = K.

Claim. If By and Bs are of kind A, then By U Bs is a block.

Order the set of all components of B; and B, in a sequence Kjp,...,K.. In
view of the preceding claim, they are pairwise disjoint and isomorphic. Take an
arbitrary isomorphism of K onto K, for f|x ifi € {1,...,s—1}, and put f|x; :=
(f‘Ki)flO. . .O(f|K‘;71)71, f|L\(B1UBz) = idL\(BluBQ)- Then f € Aut L and B1UDB>
is its block.

Claim. If B; and Bs are of kind Z, then B; and By have the same boundaries.

There exists an element b € B; such that ¥/ < \/ By or A By < b"/. Without
loss of generality we can consider the former case. By Lemma 7(5), By U {bV/} is
connected, and moreover (B; U{b"/})N{A Ba,\/ Bz} = 0. In virtue of Lemma 16(2),
By U{bV7} is completely inside the region bounded by the boundaries of Bs, and so
is B;. By an analogous argument we obtain that By is completely inside the region
bounded by the boundaries of B;. From Lemma 3(7) it follows that B; and By have
the same boundaries.

Claim. If By and Bs are of kind Z, then K; and K5 are simultaneously left or
right components in the respective blocks.

Take z € K3 N Ky. If Ky were left and K right, then | f2[K3] — z| < |K; — x| =
|f1[K1] — z| < | K2 — z| = | f2[ K2] — z| by Lemma 17, which is a contradiction.

Claim. If By and By are of kind Z, then K7 = K.

If not, one of the following possibilities must occur in virtue of Lemma 7(6):

(1) (ExeKlﬁKQ)(Hyng\Kl)m<y,
(2) <3I€K1QK2)(3y€K2\K1)y-<.T,
(3) (E!IGKlﬁKQ)(E'yGKl\KQ)I%y,
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(4) Bz e KiNKy)(Ty e K1\ Ka)y < .

Without loss of generality we may assume the first one and suppose that K;, K5 are
left components. Then y € fix fi. As fi(z) < fi(y) = y € Ko, we have fi(z) ¢
f2[K2] by Lemma 7(3). If fi(z) € K3, then |[K1 — z| < |Ks — x| = |f2[K2] — z| <
|fi[K1] — z| = | K1 — z| in virtue of Lemma 17, which is a contradiction. Hence
fi(z) ¢ Ko. Again by Lemma 7(3), fi(x) € fix fo. As ¢ <y and faf1(x) = fi(x) <
f1(y) =y, for each k € N we have (faf1)¥(x) < (fof1)*() = (fof1)* 1 (z). We shall
prove by induction on k that

(f2f1)"(2)* < (1) (2)%,

1) (fof1)F ()* < (f2f2)" ()™

is true for each k € N. Since K;, K> are left components, (Iy) is true. Sup-
pose (Iy),..., (Ix) are true. Then (fof1)*(y) = (fof1)* ' (z) < (faf1)" ' (y) =
(f2f1)""2(x) < (fof1)*"2(y). By Lemma 18, (fof1)**(2)* < (fof)* 2 (2)*. If
(f2f1) M (@) = (fof)* T2 (@), then (f2f1)*'(z) = (f2f1)*"*(x), and conse-
quently = = fofi(z) = fi(z), which is a contradiction. Hence (fof1)* ! (z)* <
(fof1)*+2(2)*. Now we can proceed analogously for y. We have obtained an infinite
subset of L, and this is not possible.

Claim. If B; and B; are of kind Z, then B; = By = B; U Bs.

By the preceding claims, Ky = Ky and f1[K;] = f2[K2], which yields By = By =
By U Bs. O

Proposition 20. Let A C L. Theset {0f: f € Auty L} has the greatest element
with respect to set inclusion.

Proof. Consider an arbitrary element x € Mov 4L. Since L is finite, the set of
all blocks from $(A) which contain z has a maximal element B with respect to set
inclusion. Now, if D is a block from ©(A) containing z, then BUD is also a block from
$(A) containing z in virtue of the preceding lemma, and the maximality of B implies
that D C B. Hence B is the greatest block from ©(A) containing x. Denote it by
B,. By Lemma 8, there exists g € Aut4 L such that |J{Bg; x B;: @ € Mov4L} = 6,.
It is clear that 6, is the greatest element of {0s: f € Autq L}. O

In fact, {#; UAL: f € Aut L} is a V-subsemilattice of the lattice of all equivalences
on L.
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AUTOMORPHISM GROUPS
We denote the greatest element of {f;: f € AutL} by Or.

Lemma 21. (1) Each f € AutL maps any component of a block of Oy, onto a
component of the same block.
(2) If B is a block of ©1, and f,g € Aut L, then f|p U g|r\p € Aut L.

Proof. (1) Let K be a component of a block B of Or,. For each a € K we have
either f(a) = a and hence f(a) € B, or a and f(a) are elements of the same block of
; and hence f(a) € B. Therefore f[K] is a connected subset of B with the same
cardinality as K, and so a component of B.

(2) The proof follows immediately from Lemma 8, since each block of f and g is
included either in B or in L\ B. O

Lemma 22. For any planar lattice L := (L, <) and A C L there exists a planar
lattice Ml := (M, <) such that Aut4 L = Aut M.

Proof. By induction on the cardinality of L\ A.

Basic step. |L\ A] = 0. Then of course Aut4 L = AutL and we may take L for
M.

Induction step. Let m > 0. Suppose the assertion is true whenever |L \ A| < m.
Let L := (L, <) be a planar lattice and let A C L be such that |L\ A| = m. Denote
n := |L|. Choose a € L\ A and put C, := {co < ... < ¢, } where {cq,...,c,} =:C4
is disjoint with L, and C, := {z} for x € L\ {a}. Let K := (K, <) be the ordinal

sum Y. C,. Notice that we have just replaced a with an n-element chain. It is clear
zeLi
that K is a planar lattice. We first prove that for each f € Autayc, K we have

C, C fix f. Since |C,| > |L|, there exists b € C, such that f(b) € C,. This in turn
yields b = f(b) because {b, f(b)} is an antichain by Lemma 1. Further, each ¢ € C,
is comparable with b and hence f(c¢) is comparable with b = f(b). By the definition
of K, f(c) is comparable with ¢ as well, and therefore ¢ = f(c). We claim that
Auta L = Autauc, K. For each f € Auta L put ¢(f) := fl|r\{a} Uideg,. Clearly
o(f) € Autauc, K. Then of course

o(fog)=(fogli\{a} Vide, = flr\iay © 9l\{a} Vide,
= (flo\fay Vide,) © (9lo\fay Uide,) = o(f) 0 ©(g).

Injectivity: o(f) = o(g) implies f|r\{a} = 9lr\{a}, Which in turn yields f = g.
Surjectivity: Let f € Autauc, K. Put f := f'|x\c, Uiday = f'lo\{a} Uidgay-
Clearly f € Auty L. Then

"= Flr\e, Vide, = f'livgay Vide, = (f'12\{ay Yidia})l\fay Yide, = o(f).
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Now |K \ (AU C,)| =m — 1, and by the induction hypothesis there exists a planar
lattice M such that Aut auc, K = Aut M. O

Theorem 23. P(T) = AG(PL).

Proof. We have already noticed that P(7) C AG(PL) in virtue of Proposi-
tion 6. We must verify the converse inclusion. We will prove by induction on the
cardinality of G that G € AG(PL) implies G € P(T). We have only to show that
for each G € AG(PL) one of the following conditions is fulfilled:

(1) GeT.

(2) There exist G; and G2 in AG(PL) such that G =2 G; x G2 and |G1] < |G,

|G2| < |G].

(3) There exist an integer n > 2 and H in AG(PL) such that G = nH; then of

course |H| < |G].
Without loss of generality we can assume that there exists a planar lattice L such
that G = Aut L.

Claim. If O, has no block, then G € 7.

The proof is obvious.

Claim. If Or, has at least two blocks, then there exist planar lattices L; and Lo
such that G = Aut L = Aut Ly x Aut Ly and | Aut Ly | < |Aut L|, | Aut Lo| < | Aut L|.

Take a block B of O1,. In view of Lemma 22, it suffices to show that

AutL = Autg L x Aut;\p L

and |AutpL| < [AutL|, [Aut;\p| < |AutL|. This follows immediately from
Lemma 21(2): we define

p: AutL — Autp L x Autp\p L

by the rule
o(f) == [flpUidp\p,idB Uf|\B]-

Then clearly

@(fog)=I[(fog)lpUidr\p,idsU(f o g)|r\B]
= [flp Vidp\m,idp Uf|r\B] o [g|s Uidr\B,idp Ug|r\B] = ¢(f) © ¢(9).

Injectivity: ¢(f) = ¢(g) implies that f|p = g|p and f|.\p = g|r\ B, Which in turn
yields f = g. Surjectivity: Let f € Autp L and g € Auty\p L. Then f|pUg|\p €
Aut L by Lemma 21(2) and [f, g] = ¢(f|5 U glz\B)-
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Claim. If ©r, has precisely one block, then there exist an integer n > 2 and a
planar lattice Ly such that G = Aut L 2 n Aut L;.

By definition, there exists h € Aut L such that Oy, = 6;,. Take the number of
components of the unique block B of O, for n. By Lemma 11, n > 2. In view of
Lemma 22, it suffices to show that

AutL 2 nAutg L

where K is a component of B. We can denote the components of B by K1,..., K, in
such a way that K; = h[K], see Lemma 7(1). For each f € Aut L we define py € S,
by pf(i) := j where f[K;] = K;, see Lemma 21(1). Clearly ptoq = pypgy. Denote
fl:=hPi® o foh! Then f'[K] = K and whenever z < y, z,y € mov f’, z € K,
then y € K because K is a component of a block of O, = 6, and mov f' C mov h.
Therefore each block of 0 is included either in K or in L\ K. In virtue of Lemma 8,
h7Pi® o f o h|x Uidy, i is an automorphism of L. We define

p: AutL — nAutg L

by the rule

o(f) = I[ps;--- kDo fohi|x Uidp\g, - -
It is transparent that ¢(f o g) = ©(f) o p(g). Injectivity: ©(f) = ¢(g) implies
pf =py = pand Vi h PWo foh?| = h PWDogohl|k,ie. flx, = g|K,. But this yields
flB = g|lp and consequently f = g. Surjectivity: Let f; € Autg L (¢ € {1,...,n})
and p € S,,. We define f: L — L by

f= idL\BUUhp(i) o f; Oh_i|Ki.

It is clear that f is bijective. We have to show that f is an automorphism of L.
Take z < y. If 2,y € K;, then f(z) = h?® o f; 0 h=(z) < h?® o f; 0 b (y) = f(y).
Ifr € K; & y ¢ K, then y ¢ B, and consequently f(z) = h?® o f; o h=¥(x) <
hP® o fioh™(y) =y = f(y). Similarly fory € K; & v ¢ K;. Ifz ¢ Bandy ¢ B,
then f(z) =z <y = f(y). Clearly o(f) =[p;..., fi,-- ] O

A note is hidden in [2] which says that the groups isomorphic to the automorphism
groups of planar lattices are precisely the groups isomorphic to the automorphism
groups of trees. This is proved as a particular case in [1] in terms of graph theory.
Since it can be easily seen that Theorem 23 describes also the automorphism groups
of trees, see also [5], we have in fact proved the assertion of the note mentioned above
in terms of lattice theory.

Proposition 24. It is not true that every automorphism group of a planar
lattice is identical with the automorphism group of a tree.
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Proof. Here is a counterexample:

There is no tree with the same vertices as the planar lattice visualized above such
that they both have the same automorphism group. O

We say that a block B is saturated if for each block C either BNC =) or BC C
or C' C B. Notice that any two saturated blocks are either disjoint or in inclusion.

Lemma 25. (1) For each block B the set of all saturated blocks that include B
has the least element.

(2) For each element a € Mov L the set of all saturated blocks that contain a has
the least element.

Proof. (1): Since L is finite, each block is included in a maximal one. In view
of Lemma 19, each maximal block is saturated. Hence the set of all saturated blocks
that include B forms a finite nonempty chain with respect to inclusion. It follows
that it has the least element.

(2) follows immediately from (1). O

The saturated blocks from Lemma 25 will be denoted by s(B) and s({a}) respec-
tively.

Lemma 26. All components of a block B are also components of s(B).

Proof. Since L is finite, there exists a maximal element D of the set of all
blocks such that B C D and all components of B are also components of D. If C' is
a block with CN'D # 0 and D ¢ C, then by Lemma 19, C' U D is a block and all
components of B are also components of C'UD. The maximality of D yields C' C D.
Hence D is saturated. O
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In fact D = s(B).
We say that (X,C) is a tree-ordered set if C is a strict order on X with a top
element, and ¢ C a & ¢ C b implies that either a =bor a C bor b C a.

Proposition 27. Consider a fixed standard planar representation of L. Put
r(a) := s(a) for a € MovL and r(a) := L for a € L\ Mov L. Define a binary relation
C on L by the rule

r(b)

aCb:<= a«sb& (r(a) Cr) or(r(a) =r() & a¥ <bv)).

Then (L, Z,Y) is a colored tree-ordered set with the same automorphism group as L.

Proof. Notice that, for f € AutL, it follows from a w f(a) that a = f(a).

In other words, a e b & a # b implies that a¥ # bY. Indeed, in view of Lemma 11
a¥ = bY would imply that there is a block B with components K1, Ks,..., K1 # Kj
such that « € K;, b € K5. By Lemma 26 K; and K are also components of s(B).
But a "% b yields a %2 b because r(b) C s(B). This is a contradiction.

First we prove that C is a tree order. Irreflexivity is obvious. The top element in
L becomes the top element in (L, ).

Transitivity: a Cb& b C ¢ = (r(a) C r(b) or (r(a) =r(b) & a¥ < b)) & (r(b) C
r(c) or (r(b) =r(c) & W < ¥)) & a g2
r(c) & a¥ < ¢¥)) £Ladc=aqre

Nowlet ¢ C a & ¢ C b. Thenr(c) C r(a) & r(c) C r(b) and therefore ¢ € r(a)Nr(b),
which in turn yields r(a) C 7(b) or r(b) C r(a). Without loss of generality we may
assume that r(a) C r(b). Then obviously a & e & e ®2 b and therefore a W2 b,
Suppose that a # b. It is easy to see that r(a) C r(b) yields a = b. Assume that
r(a) = r(b). Hence a¥ < b¥ or ¥ < a¥ and consequently a C b or b C a.

Let f € AutL. Then obviously (Vo € L)r(f(z)) = flr(z)] & f(x)Y = 2¥. If
a T b, then (r(a) C r(b) or (r(a) = r(b) & a¥ < B) & a “% b. This implies
that (r(f(a)) = flr(a)] < fIr®)] = r(f()) or (r(f(a)) = flr(a)] = fIr(®)] =
H(FB) & F(@)Y = a¥ <7 = f0) & f(a) "H F0), e, f(a) © £(b). Tt follows
that f is an automorphism of (L,C,Y).

Let conversely f be an automorphism of (L,,¥). Let a < b. Then f(a)¥ = a¥ <
bY = f(b)¥, and therefore either f(a) < f(b) or f(a) || f(b). Consider the latter case.
Since f(a)¥Y = a¥ and f(b)Y = b¥, there exist g, h € Aut L such that g(b) = f(b) and
f(a) = h(a). Clearly h(a) # g(a) and h(b) # g(b). Let us investigate all possibilities
of the mutual position of 7(a) and r(b).

1. r(a) N 7(b) = B: It is impossible by Lemma 7(3) and Lemma 8.

¢ = (r(a) C r(c) or (r(a) =
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2. r(a) C r(b): From a < b we immediately obtain that a “2 b Thenar b
and hence h(a) = f(a) = f(b) = g(b). Thus h(a) € r(h(b)) Nr(g(h)), and there-
fore r(h(b)) = r(g(b)) = r(f()). Hence h(b) "L na) "L ¢(b). This is a
contradiction.

3. r(b) C r(a): From a < b we immediately obtain that a "9 b Then b a
and hence g(b) = f(b) T f(a) = h(a). Thus g(b) € r(g9(a)) Nr(h(a)), and there-
fore r(h(a)) = r(g(a)) = r(f(a)). Hence h(b) "&2 h(a) "% ¢(b). This is a
contradiction.

4. r(b) = r(a): From a < b we immediately obtain that a X2 b, Since a¥ < b,
we have a C b and hence h(a) = f(a) T f(b) = g(b). Thus h(a) € r(g(b)) Nr(h(b)),
and therefore r(h(b)) = r(g(b)) = r(f(b)). Hence h(b) "¢@) h(a) o g(b). This is
a contradiction.

Summing up we obtain that f(a) < f(b). It follows that f € AutL. O

As an immediate consequence we obtain the following recent result of George
Gritzer and Csaba Szabd.

Corollary 28. Every automorphism group of a planar lattice is identical with
the automorphism group of a colored tree.

PROBLEMS AND CONCLUDING REMARKS

It is clear that AG(PL) is decidable. We must only construct the trees of all
possible decompositions of a given finite group into symmetric powers and direct
products of subgroups. This algorithm is finite but rather complex. Its complexity
would be lower if the following hypotheses were true.

(1) Is it true that for m,n > 1, nG=ZmH = m=n & G ZH?
(2) Is it true that nG = Gy x G2 = min{|G1],|Gz|,n} =17

We have defined components via the definition of blocks. Some people may prefer
to define a component of mov f as a maximal connected subset of mov f, then to
check that for each component K of mov f its image f[K] is also a component of
mov f, and finally to say that a block is the smallest union of components which is
closed under f.

We could also define Oy, as the equivalence on Mov L generated by J6;. The

f

crucial point is to verify that each block of ©p, has at least two components. We
have done this in Lemmas 9-19 and Proposition 20 with help of Lemmas 1-4 and
Proposition 5.
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