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DISCRETE SPECTRA CRITERIA FOR SINGULAR
DIFFERENCE OPERATORS
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Abstract. We investigate oscillation and spectral properties (sufficient conditions for
discreteness and boundedness below of the spectrum) of difference operators

(="
w,

BY)n+k = A" (prA"yg).
Keywords: difference operator, property BD, discrete variational principle

MSC 2000: 39A10

1. INTRODUCTION, AUXILIARY RESULTS

Let wy, be a positive real sequence and denote by 2 the Hilbert space of real-
(o]

valued sequences y = {yx},—, such that > wypyi < oo, with the scalar product
k=1

o0
(y,z) = > wryrzr. The aim of this paper is to investigate oscillation and spectral
k=1

properties of 2n-order difference operators generated by the expression

1 n
(L1) m(Y)ken = == > (DAY Aypny),
A=0

where pff’\) are real and p,(Cn) > 0.

Denote
D(B) = {y ={u}rzy € lo: {m@)rrn} €15}
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and consider the operator B: D(B) — (2 given by B(y)x+tn = m(Y)ktn-

Let By := B* be the adjoint operator of B. The operators B and By are said to
be the mazimal and the minimal operator defined by the difference expression m(y).
We say that the operator B has the property BD if the spectrum of any self-adjoint
extension of By is discrete and bounded below.

A similar problem in the case w = 1 and pg)), p,(cl), ceey p,(cnfl) = (0 was investigated
in [3]. It was shown that the operator B has property BD if and only if

[e.e] 1
: (2n—1) -
sk 2y =0
j=k Pj

Another paper related to our investigation is [5], where oscillation and spectral
properties of differential operators generated by the expression

(1) (ps (g )
=0

J

are investigated.

Here we use the recent results about oscillation properties of self-adjoint difference
equations m(y) = 0, see [1, 2], to establish a discrete analogue of some results of [5].
We also extend the results of [3] concerning one-term difference operators.

Oscillation properties of the even order difference equations

n

(1.2) S DAY ANy 2) =0
A=0

are defined using the concept of the generalized zero point of multiplicity n introduced
by Hartman [6]. By this definition, an integer m + 1 is said to be the generalized zero
point of multiplicity n of a solution y of (1.2) if ym # 0, Ym+1 = -+ = Ymtn—1 =0
and (—1)"Ym¥Ym+n = 0. Equation (1.2) is said to be oscillatory if for any N € N
there exists a nontrivial solution of (1.2) having at least two different generalized
zeros of multiplicity n in [V, c0), in the opposite case it is said to be nonoscillatory.

Proposition 1. The following statements are equivalent:

(i) B has property BD.
(ii) The equation m(y) = AYk+n is nonoscillatory for every \ € R.
(iii) For every A € R there exists N € N such that

I(y,N) = Z Z P (A'ysn—i)? > Z ALY
=0 k=N k=N

foranyy € Dp(N) ={y={ye} 21 s =0,k < N+n—-1,3m: yp =0,k >
m}.
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For n = 1 the above given Proposition may be found in [4] and a closer examination

of its proof shows that using results of [1,2] it may be formulated in the form given
here.

2. NONOSCILLATION CRITERIA

We start with a discrete version of a Wirtinger-type inequality.

Lemma 1. Let M} be a positive sequence such that AMy, # 0. Then for any
y € D1(N) have

> — MM
(2.1) D 1AMy < v Y0 S (B,
k=N k=N

M, |AM| ér
= su 1+ ( )
Y k>g M1 [ k>N |AM—_1]

Proof. Suppose that AM; > 0, in the opposite case we proceed in the same
way:

Z |AMy|y7 sy = Myyi| 5 — Z MyAy; = — Z M (Yr+1 + yi) Ayg
k=N k=N k=N

My (|yk+1] + |yx]) |Aye]

/AN
M2

k=N
= > Milyea| [Ayrl + D Milys| |Aygl
k=N k=N
o) 1 1
MkMk+1 2 2
< ( Z TTAM,| ) ( Z |AMk Z/k+1>
k=N
1
o~ M M1 2
(A AM| <
+(,§ L y) (z| )
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1

MMy, 1 2>é< My, )2
—— (A su
> |ADM| (Age) P

k>N My

Z AMkyiH) + ( Z |AMk3/1%> ]
k=N

(= My Miq1 2 2 My, \®

= Z \AM | (Ayg) sup

k>N M1

(
|
(
l iAMkyk“) (3 i ”
(
|
(

1 1
o~ MM 2)5( My, )5
— - (A su
Z | A M| (Ayr) k>RMk+1

00 1 AM| \P[ &
AM, 2 ‘ AMi. 2
Z | kyk+1> + (SUP AM,_ 1) (Z |AMj, 1|yk>‘|

k=N

1 1
M. M, 2 M B
Y (Ayk)2> (Sup u )
|AM| k=N M1
1

AM V] (S : \*
1—|—<sup AMpo] Z|AMk|yk+1 )

k=N

Hence

( 3 AMuyzH)

k=N
1 1 1
o~ My M1 2)_ ( |A M| )5 ( My, )5
< — (A 14| sup — sup
(k_z;v |AMj| (Bg) k}g |AMj_1| k>N M1
and thus
- o~ M M1
2.< S (Ayg)?.
k:ZJV ‘AMk‘yk+1 1/)N k:ZJV |AMk| ( yk?)

O

Using this inequality we can prove the following nonoscillation criterion for a two-
term equation

(2.2) (=D)"A™(rkA"yr) = PkYk+n, rp >0, pp = 0.
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Theorem 1. Suppose that there exist positive sequences M,il), MIEQ), ceey M,i")

such that |AM,§1)|, |AM,£2)|, ces |AM,§”)| are eventually positive,
‘AMIEJ+1)|>L7 jzl,...,’l’b—l,
|AM|
(n) 3 r(n)
M Mk+1 X Tk
AN
satisfying
(2.3) 0< 1i]rvnsupw§v”w§3> ) = < o0,
where
m_(su ;i”){l (sup | Mml) }
VTR U0
k=N M,chl k>N |AMk+1|
If
(2.4) hm sup ij

then equation (2.2) is nonoscillatory.

Proof. According to Proposition 1, we need to prove that there exists N € N
such that the quadratic functional

oo

H(y) = Y {re(A"yn)® = peyiyn}
k=N

satisfies H(y) > 0 for every nontrivial y = {yx} € D, (N).
Let € > 0 be such that

hm sup Z p; < ¢ s
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Then from (2.4), using Lemma 1 and summation by parts, we have for N sufficiently
large
o0 o0 1 o0
> ke = 3 2
k=N j

1
ij> M/E )Ay?H»nfl
k

1
k=N M}i ) =
LR S CIT
< Z My [AY ]
Vv+e =
1 oo oo
SUte [ ST M k| Ayl + Y M;5”|yk+n_1||Ayk+n_1|]
k=N k=N
(1) , (1) 4 7(1) 1/2 , o0 1/2
MM,
N k+1 2 (1)), 2
< V(3 AT (g ?) (A
1 n k |Yktn
vte k=N |AMk )| N
’(/} (1) [e%s)

< pye) Z |AMP | (Aysn—1)?

2
VoD &

bte 1AM

(Aka+n—2)2

(1 oo
< N Z IAMP | (A%ypn—2)?
W@l o2 g™ pg™)
S 1/) Z k+1 (n "yk)2-
pie o 1AM

pD @
Since (2.3) holds, % < 1if N is sufficiently large, hence

D Py < Y, —ELE (ATy)? <O re(Ay)?
k=N k=N

k=N |AMkn) |

Consequently, H(y) > 0 if N is sufficiently large.
Now consider the equation

(2.5) (=1)"A™ (K'Y A1) = pryiern

with pp > 0 and « ¢ {1,3,...,2n — 1}, o < 2n — 1 i.e., equation (2.1) where

T(k+1)

gl VT ::/ —sgt=1 g
Tk Th—atl) (t) ; e °s s
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Corollary 1. Ifa ¢ {1,3....2n—1}, a <2n—1 and

2
(2.6)  limsup k1= ij A=) @n-3-0)j@n-1-0)
k—o0 =k 4n

then (2.5) is nonoscillatory.

Proof. Let M,i") =|1—a|(k - 1)), M,i"_l) =(1—-a)?3—al(k —2)3)
MY =(1-a)’B-a)...[2j - 1-al(k—j) >, j=3..n

Recall that we have T'(k + 1) = kI'(k) and Ak(®) = ak(®~1) hence

1 1 1
R T a1t ((k—1)<a—1>)'

Using these formulas one can directly verify that sequences M ,EJ ), j=1,...,n,satisfy

the assumptions of Theorem 1 with 7, = k(*) and hm w =4. Consequently (2.4)
reads (2.6) and (2.5) is nonoscillatory by Theorem 1 O

3. SPECTRAL PROPERTIES OF DIFFERENCE OPERATORS

In the next theorem we investigate spectral properties (sufficient conditions for
property BD) of the full-term difference operator m(y) given by (1.1). We use essen-
tially the following idea. The general operator m(y) is viewed as a “perturbation”
of a certain one term operator

(=1)" i () A
w—kA (p](g)AJy/H»nfi)

for some i € {1,2,...,n} and on the remaining terms we impose such restrictions
that they do not interfere with this term.

Theorem 2. Leti € {1,2,...,n} be fixed and let the positive strictly monotonic
sequences M,gl), M,iQ), e M,EZ) satisfy

(1) 2, (i=1) 5 r(i—1)
AMY > wy, AMP > My My - AMY > My Mg ?
AMY] AMY)
Then the operator B has property BD if the following conditions are satisfied for
some i, 1 <1< n:
(a) pl” >0, Z l) < o0, hm M(l)zp(li)zo.

k=l 'k
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(b) For j > i, p(J) > 0.

(c) The i sequences {

C.

(j)

m ;0< i< — 1} are bounded below by a constant

(d) For every 0 < j < i we have w%) < oo, where

Proof.
and j =1,2,...,
(3.1)

N

= sup

112
NV
Mm L+ (SUP ‘AMU)‘ :
k>N My k>N 1AM,

Let 4 be a real number. From Lemma 1 we have for any y € D, (N)
i—1

Z IAMP (AT i ji1)?

o0 M(J)M(J) '
(4) k+1 2
<o) S0 E L Ay, )
N |AM |

% Z IAMIHV (AT o).

Now, by conditions (b), (c)

(3.2)

N) —p

Using AM, (1)

k=N
o0 o0 . ]
ST wdin = D 0 (Alyrgn—i)?
k=N k=N
i—1 oo
+1
+Cz Z |AM(J )| (A Y i) —n Z wkyk+n
=0 k=N k=N

> wy and (3.1) we obtain

oo

[e’s) 1—1
S IAMP AT Yy j)? < [0V Z|AM< Dy pnis1)?,
k=N =j

for1 <j <

1—1 oo

i — 1, hence there is a D > 0 (D > pu) such that

CY Y lAaM; DN (A g P wiypy,=—DY IAMO (A i)

j=0k=N

k=N k=N

o -1 112
We set M, := (Z 1%) and ¢y = :gg Ml\ﬁl [1 + (su \A%\%ﬁ‘ﬂ)z} :
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oo

ST IAMP (A e nign)?
k=N

MO [IA g niga |+ A Y il] A kg1

/AN
NE

T
=

00 00 1 —1 . . .
= D (Z W) (A yrpn—ia] + AT rgn—il] |AYksn1]
k=N M=k P;

/
no
9|~
=z

o0

Z P?(Aiymn%ﬂ)?

k=N

/AN
[\&)
Sk

Thus the left hand side of (3.2) is bounded below by

o~ () A I 2 () ai
Z P (AMypsn—i)? = D (E Z (A yk+ni)2> > 0.
k=N k=N

Now we turn our attention to the one term difference operator

(3.3) U)o = (<17 A" (0 A",

We will use the following statement known as the discrete reciprocity principle, see
[3] Proposition 2. Let wg, r > 0, A > 0. Equation (—1)"A"(rpyA"yx) = AWk Ykin I8
nonoscillatory if and only if the so-called reciprocal equation

A
Tk+

(3.4) (—1)nAn(wikA"yk> = Uk

is nonoscillatory.

Theorem 3. Let wy = k(l—a), a¢{1,3,...2n—1}, a < 2n—1 and

(3.5) lim ECGr=1me)y "ot = 0.

k—o0
=k

Then (3.3) has property BD.
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Proof. Let A > 0. By Proposition 2 the equation I(y) = Ayk+ is nonoscillatory
if and only if (3.4) is nonoscillatory.

If (3.5) holds, then lim k("~1=) 7 7t = 0 < (o) @no1o0) pepce by

J
Corollary, equation (3.4) with wik = k(@) is nonoscillatory, i.e. [(y) = Aypin is also

nonoscillatory and by Proposition 2, (3.3) has property BD. O
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