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Abstract. Sobolev’s original definition of his spaces L™ P(Q) is revisited. It only assumed
that @ C R" is a domain. With elementary methods, essentially based on Poincaré’s
inequality for balls (or cubes), the existence of intermediate derivates of functions u €
L™P(Q) with respect to appropriate norms, and equivalence of these norms is proved.
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1. INTRODUCTION

In 1936-38, S. L. Sobolev introduced in his pioneering works [10], [11] spaces of in-
tegrable functions having weak derivatives in LP. These function spaces have turned
out to be an appropriate framework for studying boundary value problems for par-
tial differential equations by using methods of functional analysis. A presentation
of these results obtained up to 1949-50 may be found in Sobolev’s monograph [12].
On the other hand, these function spaces became a research field of independent
interest, and since that time the theory of these spaces has undergone an enormous
development (cf.e.g. [2], [5], [9], [13]).

The commonly used definition of these spaces in the contemporary literature is as
follows. Let 2 C R™ be an open set, let m € N and 1 < p < +00. Then the vector
space

WP (Q) :={u e LP(Q): 3D € LP(Q)V|a| < m}
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(or generalized) derivative of u corresponding to the multi-index o = {ay, ..., an}
(ol = a1 + ... + ay) (cf. eg. [1], [4], [8], [14]). W™P(Q) is a Banach space with

respect to the norm

is nowadays called “Sobolev space”. Here D%u = denotes the weak

1/p
(Z ||Dau||Lp(Q> if 1<p< oo,

lal]<m
||U||Wmm(9) =

Z [D“ul| Lo () if p=+4oo.

lal<m

The above definition of the space WP () fits very well the weak formulation of
boundary value problems for partial differential equations on bounded domains, but
it is less convenient when unbounded domains are under consideration. To see this,

let us consider
Q:={zeR": |z[>1},

1—|z|>*™™ if n>3, z€Q,
() :=
log |x| if n=2, z€qQ.
It is readily seen that

uwe LL () forany 1< g < +oo,
0
u ¢ LP(9), 8“ (Q (i=1,...,n) foranyp> -1,

Au=0 in Qu=0 on 99.

Therefore, for the function space setting of boundary value problems for PDE’s in
unbounded domains, the following definition seems to be more adequate:!

L™P(Q) := {u € L,.(Q): 3D € LP(Q) V|a| =m}.

This is a slight generalization of Sobolev’s original definition [10], [11], [12] where
he used functions in L'(€) in place of L{ () [notice that the letters W and L for
the notation of the above spaces in [12] vary in the contemporary literature]. Our
definition of L™P () coincides with that in [6], [7].

To furnish L™P(Q) with a norm, we assume throughout this paper that  C R"®
is a domain, and we fix any G CC Q,% and define for every u € L™P(Q)

”U”m,p;Q,G = HUHLI(G) + |u|m,p;97

I Without any further reference, in all that follows we restrict our discussion to the case
1<p<+o0. B
2 That is, G is open and bounded and G C Q. Clearly, we assume G # ().
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where

1/p
[Ulm,ps02 1= ( Z ||Dau||zl),p(g)>

lee|=m

(note that ||u||m, p0,¢ = 0 implies in particular |u|m p.o = 0, hence u = P (= poly-
nomial of degree < m — 1; cf. Theorem B below) a.e.on G, and ||P|z1(q) = 0 gives
P=0on G and thus u = P =0 a.e.on Q).
The following problems occur in the study of the spaces L™?():
1. existence of intermediate derivatives DPu € LT () (|8] < m — 1) for any
u € L™P(Q);
2. completeness of L™P(Q) with respect to the norm || - ||m.p:0.G;

3. equivalence of the norms || - ||m,p:,c, for arbitrary domains G, CC Q (k =1,2).

By using the method of spherical projection operators, these problems are settled
n [12] for bounded domains  which are finite unions of domains each of which is
starshaped with respect to a ball (cf. also [3], [7], [12]).

The aim of the present paper is to solve problems 1.-3. by an entirely different and
simpler method which is essentially based on Poincaré’s inequality over balls. This
inequality can be proved by elementary calculus arguments. Moreover, we introduce
a new class of norms on L""P(Q)) which are equivalent to the norm || - ||, p.0,¢ and
give a better insight into the product space structure of L™P({2).

A more detailed presentation of our approach will appear in a forthcoming publi-
cation.

2. NOTATIONS. PRELIMINARIES
We introduce the notation for our following discussion:

P(m) :={P = P(z): P(z) = Z aez®,z € R"}

lal<m

= vector space of polynomials of degree < m in R";

for any set G C R™ and z € G let

P 1dist(z,0G) if G # R",
T if G = R";

finally,
Br(zg) :=={x € R*: |z — x¢| < R};

in particular, we denote By, = By, ().

317



2.1 We begin by proving two auxiliary results.

Theorem A. Let G C R" be a bounded open set. Then for any u € W™P(Q)

there exists a uniquely determined polynomial P, € P(m — 1) such that

(2.1) /Do‘(u—Pu)dxzo Y]a| <m—1,
G
(2.2) [Pullwm-1.0(c) < Cllullwm-10),

where the constant C' depends only on m, n, p and mes G.

Proof. Let m =1. Given any u € WH?(G), then

Py = — /u(y)dy

mes G
G

satisfies (2.1), (2.2) (with C'=1).
Suppose the claim is true for m > 1. Let u € W™ +LP(G). Define

1
Q(z) = Z bgz?, = € R", where bg := A mesC /Dﬁudy.
G

|B]=m
Clearly,
/Do‘(u —Q)dx =0 Vo =m,
G
(2.2) 1Qllwm.r(c) < Cllullwm.r(c)

(the constant C' involves bounds on |z7| (Jy| < m — 1) over G). The function

v:=wu— @ lies in W™P(QG). Hence, there exists a P, € P(m — 1) such that

/DV(U—Pv)dx =0 Vjy|<m-—1,
G
(2.2”) HP’U”W”"*LP(G) g C”UHWrnfl,p(G) g ClHunrn,p(G).

Thus, P, := (P, + Q) € P(m) and

JD*(u—-Q)dzr =0 V]a| = m,
/Do‘(u—(Pv+Q)>dx: ¢

J/D¥*(u—Q—P,)dz=0 V]a|<m-—1,
G G

and (2.2) (with m in place of m — 1) is readily deduced from (2.2") and (2.2").
The uniqueness of P, also follows by induction.
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Theorem B. Let G C R™ be a domain. Let u € L"™P(G) satisfy D*u = 0 a.e.in
G for all || = m. Then there exists exactly one P € P(m — 1) such that

u=P aeinGG.

Proof. a)Let x € G be arbitrary. For 0 < ¢ < d, we consider the standard
mollifier u, on the ball Byg,. Then

|u —ugllLr(B,,) =0 aso—0,
(D%up)(§) = (D%u)o(§) =0 VE € Bq,,V|a| =m.

Hence there exists a polynomial P(@ € P(m — 1) such that uplg, = PO|p

ds

The space P(m — 1) being complete with respect to the norm H . \de Li(Ba, )’
there exists a P(*) € P(m — 1) such that ||[P(®) — gl Lr(B,,) — 0 as ¢ — 0. Thus,
u=P® ae.in By,.

b) Let 2,y € G with By, N Ba, # (). Then By, N Bg, is open and therefore
P@ = pW on By, N By,, i.e. P@ = PpW.

c¢) Let zp € G be arbitrary, but fixed. Define

M :={zeG: P® =plo}

Clearly, zo € M. The set M is open, for x € M and y € By, imply By, N By, # 0,
and by b) we have PW = pi) = p@o) je, By, € M. On the other hand, M is
relatively closed. Indeed, let z;, € M and 2, — x € G. Then z, € By, for all k > ko,
and again using b) gives P@) = plerg) = p@o) je 2 e M. Thus, M = G.

d) Set P := P®). Let G} (k € N) be bounded open sets such that Gj cC

Gry1 CC G and G = |J Gy. Given any k € N there exist 2; € G (i = 1,...,5)
k=1

such that G C U By, . By a) and c),
=1

1=

lu =Pl <Y llu— Pllis,,,) =0
i=1
Hence u = P a.e.in G, and therefore u = P a.e.in G. (]

2.2 The following result is fundamental to our subsequent discussion.

Theorem C. (Poincaré’s inequality). Let Br = Bgr(z) be any fixed ball. Then
there exists a constant C(R) > 0 (depending also on m, n and p) such that
HUHW"L—LP(BR) < C(R)|u|m,p;BRv
(2:3) Yu € W™ ?(Bg) with /Dﬁudx =0 V|gl<m-—1.
Br
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An elementary proof of this theorem ® for m = 1 which is based on potential
estimates, may be found in [4]. The proof for m > 2 follows by induction.

3. EXISTENCE OF INTERMEDIATE DERIVATIVES

Without any further reference, throughout the following discussion we denote by
Q a domain in R™. Our first result in solving problem 1 is

Theorem 3.1. Let u € L"™P(Q). Then there exist the weak derivatives

Due Lf (Q) V|8 <m—1.

loc

Proof. a) Let x € Q be arbitrary. As above in the proof of Theorem B, for
0 < ¢ < d, we consider the standard mollifier u, on Bag,. For any sequence (o)
such that 0 < g, < d, and g — 0, we have

(3.1) = ttgy lrpasy = 0, [t = tgy ez, — 0 2 k — 0.
By Theorem A (with G = By, ), there exists a P,, € P(m — 1) such that

(3.2) / D’ (ug, — Py, )dz =0 V|3 <m—1.

By

x

Define vy := ug, — Py, . Then D%y = D%u,, on By, for all |a| = m. Using (3.1)
and (3.2), Theorem C gives

vk = villwm-1p(B,,) < Cda)|tg, — g lmp;Ba, — 0

and thus |lvx — villwm.e(B,,) — 0 as k,l — oo. Hence, there exists v € WP (By, )
such that [[v — v |lwm.»(B, ) — 0 as k — oo.
Let ¢ € C (). For any multiindex o with || = m we have

/(u—v)Do‘godx = / uD%pdx — klim / vg D% dx
B

Ba, Ba, dg
()" [ D wpds— (-1" fim [ (0w, )ods
de de
=0.
n
3 If we replace for z € R" the Euclidean norm |z| = |z|s = ( Y x?)l/Q by the equivalent
=~
norm |z|eo := max {|z;|, i = 1,...,n}, then a “ball” Br(zg) with respect to | - |so-norm
is the cube Wgr(zg) := {z € R": |z; — xp4] < R,i=1,...,n}. In this case Poincaré’s

inequality for m = 1 admits a very simple proof by induction on n.
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By Theorem B, there exists a polynomial P € P(m — 1) satisfying u — v = P a.e.in
Bdm~ Thus, u = (U + P) S Wm’p(de).
b) Let Q' CC Q be arbitrary. There exist z; € Q' (i = 1,...,s) such that O/ C

U By, . From a) we have u|p, € W™P(By, ) (i =1,...,s). Then, by a standard
i=1 K ’
argument, u € W™P(Q') (cf. e.g. 8], [12]).

c) Let ©; be subsets of Q satisfying Q; CC Q41 (j =1,2,...) and Q@ = |J Q.
j=1

Let ugﬂ) € LP(Q;) denote the weak DP-derivative (|8] < m —1) of u in Q;. It follows
that

/Uﬁ)ﬁﬂdx _ /ug.@)@dx Vo € C2(9;),
Q; Q

ie. uﬁ)l = ug-ﬂ ) ae.in ;. Therefore we can choose appropriate representatives in

ugp ) (not relabelled) such that ugi)l (x) = ugﬁ )(ac) for all z € ;. Then the function

u(ﬂ)(x)::ugm(x) forxeQ; (j=1,2,...)

is well defined on Q, u(?) € L? (Q) and u'”) = DPy a.e.in Q. g
Remark. Let Q € C° (i.e. Q is bounded and the boundary of Q is locally the

graph of a continuous function). Let u € L™P(Q). Using a method from [8] for
proving the compactness of the imbedding W1?(Q) C LP(Q), we obtain:
DPu e LP(Q) VBl <m—1

(cf. also [3]).

4. NorMs ON L™P(§2). COMPLETENESS OF L™P((Q))

Let G cC Q. By Theorem 3.1 we may define, for any v € L™P(Q),

b 16 = 3 / D dx

[Bl<m—1"&

)

[ulm.p0.6 = ulm—1;6 + [tlm.p0-

The norm | - |
equivalence of various norms on the space L™?(2) than the norm || - || p.0,¢ con-

m.p:Q,G seems to be better adapted to the study of completeness and

sidered in the introduction.
To begin with, we prove
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Lemma 4.1. There holds:
1. | |m-1,¢ is a norm on P(m — 1).
2. | |m.p:02,¢ is @ norm on L™P(Q).

Proof. 1. Let be P € P(m — 1) such that |P|y,—1.¢ = 0. We may write
P(z)= Y. agz®, x € R". In particular, it follows that

|Bl<m—1
0= Z /Dﬂde: Z lag| B! mes G,

|Bl=m—1"¢G |Bl=m—1

ie., ag =0 for all |3| = m — 1. Repeating this argument gives P = 0.

2. Assume u € L"™P(Q) satisfies |u|m p; 0, = 0. By Theorem B, u = P a.e.in ,
where P € P(m — 1). Then 1. implies u = 0 a.e.in €.

All the other properties of both norms are readily seen. O

We now define

LEP () = {u e L™P(Q): [ DPudz=0 V|3 <m-— 1}_

Qe

Then
(4.1) L™P(Q) = L& () & P(m —1)|q (direct decomposition).

Indeed, by Theorem A there exists a uniquely determined P, € P(m — 1) such that
/Df”(u—Pu)dx =0 Vgl <m-—1.
G

Then ug := (u — P,) € LEP(Q) and v = ug + P,.
Ifv e LEP(Q)NP(m—1)|q,ie v e P(m—1)and /Dﬁvdx =0forall |8 < m—1,
G

it follows that v = 0.
With the decomposition u = ug + P, just introduced, we have

|u|m,p; Q.G = |PU|m—1; G+ |u0|m,P; Q-

Furthermore, if G is a domain with G CC Q, then |- |, ; o is a norm on L ()
(cf. Theorem B).
Our principal result in this section is
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Theorem 4.2. Let (uy) be a sequence of functions in L™P? () such that
|uk_ul|m,p;ﬂ_>0 aSk,l—>OO,

Let xg € 2 be arbitrary, but fixed, and let P, = Péfo) € P(m—1) be the polynomial
from Theorem A:

/Dﬁ(uk—Puk)dxzo VBl <m—1 (k=1,2,...).

deo
Then there exists a u € L™P(Q) such that

(4.2) l|lu— (ur — Puk)HWm—l,p(Ql) —0 ask— oo, VO cCQ,

| — Uk|mp, 0 =0 ask— oo.

Proof. a) From Theorem C (Poincaré’s inequality) it follows that

ok = Pa) = it = Pu) By,
= [[(uk — w) = (Pu, — Pul)\\zﬁwﬂ,p(g%) + |ur — ul'fn,p; Bua,,

< (1 + (C(dup))P) ur — wily, —0 ask,l— oo,

m,p; Bag,

ie., (ur — Py, ) is Cauchy in W™P(By, ).
b) Define

M :={z € Q: (ug — Py,) is Cauchy in W™P(By,)}.

By a), xg € M. We shall show that M is open. To this end, let z € M. Given
any y € By, we have to show that (up — P,,) is Cauchy in W™P(B,, ). Indeed, let
P € P(m —1) satisty

/ D(up — PM)de =0 V|8 <m—1
Ba,

(cf. Theorem A). The same reasoning as in a) gives: (up — qui’)) is Cauchy in
W™P(Bg,). Denoting E := By, N By, we find

H(Puk - Péz)) - (Puz - Pé?))me—lp(E)

< H(Puk —uk) = (Pu, — ul)meﬂyp(de) + H(uk - Pﬁfi)) — (- Pé?))mefl,p(de)
—0 ask,l— oo
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Thus, (P, — quz,j)) is Cauchy in W™ 1P(E) and therefore also in W™~ 1P(By,)
(since all norms on the finite dimensional space P(m — 1) are equivalent). Hence,
(ur, — Py, ) is Cauchy in W™P(By, ).

Next, we shall show that M is relatively closed, i.e., x5 € M, x5 — x € Q implies
x € M. Indeed, we have zs, € By, for a sufficiently large so, and (up — Py, ) is
Cauchy in W™?P(B,, ). Since Bq, N Ba, # 0, we obtain as above that (ux — Py,)
is Cauchy in W™?P(Bg, ). Thus, M = Q.

c) Let Q' CC Q be arbitrary. Then there exist z; € Q' (i = 1,...,t) with @/ C

t
By, . From b) we have: the sequence (uy — P, ) is Cauchy in W"™P(By, )
7: =

i=1
(i =1,...,t), and therefore also in W"P(Q)'). Hence, there exists a u € W™P(Q')
(possibly depending on ') such that

Hu — (ug — Puk)”mep(Q,) —0 ask — oo

d) Let Q; be subsets of Q satisfying Q; CC Q41 (j =1,2,...) and @ = |J Q;.
=1

Let v; € W™P(;) be the limit function of (ur — Py, ) in W™P(Q;) (cf. c))j Then
vjy1 = v; a.e. in {2, and by choosing appropriate representatives of v;, we may
define a measurable function » on £, such that v = v; a.e.in Q; (j =1,2,...). An
analogous construction for the weak derivatives D%v; gives D*u = D%v; a.e.in §;
(j=1,2,...). We obtain v € W}""*(Q) and (4.2).

e) It remains to show that v € L™P(Q2) and (4.3). To see this, we note that our
assumptions imply for any |a| = m the existence of functions w, € LP(2) such that
|wa — DYug| r) — 0 as k — oo. Hence, w, = D%u a.e.in Q; (€; is from c) and
the claim follows. O

Corollary 4.3. Let (ux) C LE" () be Cauchy with respect to the norm
zo

| * lm.p; o-* Then there exists u € Lgﬁo (Q) such that

Hu — UkHWm—l,p(Q/) —0 ask— o0, VQI cC Q,

| — Uk|mp; 0 — 0 ask — oo.

Indeed, the proof of Theorem 4.2 remains true with P,, = 0. If we choose 2/ =
By, then [, Dudr = klim [z, DPuydr =0 for |3] < m —1 and therefore
o —00 xQ

ue Ly? (Q).
xg

The following two results give the solution of problem 2 (cf. Introduction).

* That is, we consider the norm |- | »; 0,¢ With G = By, ~on the subspace Lgf (2) of
©o
L™P(Q) (cf. Lemma 4.1).
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Theorem 4.4. Let G CC Q. Let (u) C L&P(Q) be Cauchy with respect to the
norm | - |y p; 0. Then there exists u € Ly (Q) such that

Hu — UkHWm—l,p(Q/) —0 ask— oo, VQI CcC Q,
| — Uk|mp; 0 — 0 ask — oo.
Proof. a) By Theorem A, (and Theorem 3.1), there exists P,, € P(m — 1) so
that vy, := up — Py, € L () (k= 1,2,...), where 29 €  is an arbitrary, fixed
zo

point. Then (vy) is Cauchy with respect to the norm | - |, p; o, and Corollary 4.3
guarantees the existence (and uniqueness) of a v € Li;"" () such that
zQ

(4 4) HU — UkHanfl,p(Ql) — 0 ask — oo, v cc Q,
' |v — Vglmp; 0 = 0 ask — oo.

b) Again, by Theorem A we find a polynomial @ € P(m — 1) such that u :=
(v+Q) € LEP(Q2). It follows that

[ — Uk |mp; 0 = [0+ Q — vk — Puylmp; 0 = [0 = Vk|mp; 0 — 0

as k — oo.
¢) Observing that |ulm—1; ¢ = |uklm-1; ¢ =0, we obtain from (4.4) with Q' =G

”Q_Puklmfl; G = |Q —u-+ (u—uk)—l— (ug _Puk)"mfl; G
< |U - Uklm—l; G

< co(mes )P ||v — vk |l ym 1oy — 0

as k — oo, where ¢q is a constant which depends on m, n and p only. Since the space
P(m — 1) is finite dimensional, we have

|Q_PUk||m—1;G — 0 iff HQ—PukHWnlfl,p(Q/) — 0 for any Q/ CcC Q
(cf. Lemma 4.1). Whence

Hu - uk”Wm*l'p(Q’) = HU + Q - (Uk + Puk)HWm—l,p(Q/)

< v = vkllwm-10@n) + |Q = Puyllwm-10(0r) — 0

as k — oo. O

Theorem 4.5. Let G cC Q. Then L™P(Q) is a Banach space with respect to
the norm |- |m p; 0.G-

Proof. The claim follows by combining the direct decomposition (4.1) with
Lemma 4.1 and Theorem 4.4. O
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5. EQUIVALENT NORMS
We begin by proving a Poincaré type inequality.

Theorem 5.1. Let G CC Q. Then for every ' CC € there exists a constant
Cqr > 0, such that

(51) ||u||Wm_1.,p(Q,) < CQ/|u|m,p; Q Yu € Lg’p(Q)

Proof. Assume (5.1) fails. Then we find a sequence (uy) C Lg" () satisfying
lukllwm-1r@y =1 (k=1,2,...), |uglmp, 0 — 0ask— oc.

However, Theorem 4.4 implies ||ug||ym—1.p() — 0 as k — oo, a contradiction. [

The following theorem plays the key role for our discussion of equivalent norms
on L™P(Q).

Theorem 5.2. Let G; cC Q (¢ = 1,2). Then there exists a constant K =
Ka, ¢, > 0 such that

(5.2) |u|m,p; 0,61 S K"u"m,p; Q,G2 Vu € L™P(Q).

Proof. We make use of the direct decomposition (4.1) with G = G3: given any
u € L™P(Q), we have u = ugz2 + P, where ugy € Lg;p(ﬂ), P, e P(m—1). By (5.1)
with Q' = Gy,

[l p; .60 = [wo2 + Pulm-1,6, + [w02|m.p; 2

N

(53) XX ||Pu|m—1;G1 + CO(meS Gl)l/p/||u02HW'"*1’P(G1) + |u02|m7p; Q

< Pulm—1; 6y + (1 + co(mes G1) VP Ca, )os|im,p; -
On the other hand, there exists a constant Ky = Ko, ¢,,¢, > 0 such that
[Pln-1.6, < KolPlm-1,6, VP €P(m—1).
Inserting this inequality with P = P, into (5.3) gives
[tlmp; 0,60 < K(|Pulm—1; G5 + [w02]m.p; 0)

where K = max{Ky, 1+ co(mes G1)/?'Cg,}. Finally, observing that |Py|m_1; ¢, =
[uoz + Pulm—1; Ga» [t02lm.p;: @ = [to2 + Pulm,p; o, the claim (5.2) follows. O
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Theorem 5.3. Let G CC Q. Then there exist constants K; > 0 (i = 1,2) such
that®

(5.4) Killullm.p; 0.6 < lubnp; 0.6 < Kellullmp; 0.6 Vo€ L™P(Q).

Proof. First of all, we note that
(5.5) Kr|IP|l L) < |Plm-1; ¢ < Ks||P|lpae) VP €P(m—1),

where the constants K; > 0 (¢ =1,2) depend on m, n and mes G only.

Let u € L™P(Q). We have the decomposition u = ug + P, with ug € LZ"(Q),
P, € P(m —1) (cf.(4.1)). From (5.1) (with Q' = G) we obtain [Jugl/z1(q) <
Co(mesG) /P [ug|m.p: 0. Thus by (5.5)

||U||m,p; o, = |luo + PuHLl(G) + |u0|m,p; Q
< max {kl_lv 1+ CG(meS G)l/p,}("Pulmfl;G + |u0|m,p; Q)a

i.e., the first inequality in (5.4) with K; = (max{f(fl, 1+ Cg(mes G)l/pl})_l.
To prove the second inequality in (5.4), we use once more (5.1) (with Q' = G) to
obtain

[ulm.p; 2.6 = |Pulm—1;6 + [to|mp; 0
< Kalluo + Pullzr(c) + Ka(mes G) /7' ||ug|| ogay + [tolm.p; o
< Ka([Juo + Pull1 () + [uolm.p; 2)

= KZHUHm,p; Q,G

where Ko = max{f?g, 1+ Ccf?g(mes G)l/p’}' 0

Combining Theorem 5.2 and 5.3 gives: Let G; CC Q (i = 1,2). Then the norms
|- lmopa.cy and || [|m.p; 0.6, are equivalent. From another point of view our choice
of the norm | |, p;0.¢ (for G CC Q) seems to be very natural, too. If we consider the
factor space L™P?(Q)/P(m—1) equipped with the usual norm then it is isometrically
isomorphic to Lg*(£).

® Cf. the introduction to the definition of the norm || - ||, 5, 0,G-
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