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Abstract. With help of suitable anisotropic Minkowski’s contents and Hausdorff measures
some results are obtained concerning removability of singularities for solutions of partial
differential equations with anisotropic growth in the vicinity of the singular set.

Keywords: solutions of partial differential equations, removable singularities, anisotropic
metric, Minkowski’s contents

MSC 2000: 65705, 28A12

Let G C RY be an open set. We consider differential operators of the form

(1) P(D)=> a,D*  a€M,

acting on distributions in G; M is a finite set of multiindices o = (a1, @z, ..., an),
where the components «; (1 < j < N) are nonnegative integers and a,, are infinitely
differentiable complex-valued functions on G. We write

D% =D D3*... DY, where D; = —i0;

0; is the partial derivative with respect to the j-th variable and i is the imaginary
unit. Let us fix m € RY with components m1,ma,...,my € N (N is the set of all
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positive integers) in such a way that

N
aGM:>a:mEZ < 1.

k=1

£z

(After all, we can assume that

M:{aeNéV; a:mgl},
where Ny is the set of all nonnegative integers.) Put
(2) m =max{mg; 1 <k <N}
and define for z = (21, 72,...,2x5) € RY and y = (y1,92,...,yn) € RY
(3) om(x,y) = max{|zx — ye[™/™; 1<k < N}
Then 0, is a metric on RN . If \y is the Lebesgue measure in RY and
(4) By (z,0m) ={y € RY; om(z,y) <r}
is the closed ball centred at x € RY of radius > 0, then

B2, 0m) = [21 — 7™M 2y 4 ™) X [y — ™2 gy 4 T/ M2]

X ..oX oy — TN gy 4 /MmN
and
|
5 M (Br(z, 0m)) = 2N here b=) —.
( ) N( (IE,Q )) r ) where ]; mi
(In what follows b will always have this meaning.)
For L C RN we denote by
(6) diam(L, o) = sup{om(z,y); =,y € L}

the diameter of the set L and for v € Ry (R4 is the set of all nonnegative numbers
in R) we define the outer anisotropic Hausdorff y-dimensional measure of the set L
by setting

%Y(Q)a Qm) =0



and for L # ()
(7)

(L, o) = supmf{ Z diam” (L, 0m); L C ULn,O < diam(Ly, om) < 5}.
e>0 neN n

The distance of 2 € RY from L C RV with respect to the metric o,, will be denoted
by

(8) om(z, L) = inf{on(z,y); y € L}.
For e >0 and L C RY put
(9) L.={z eRY; op(z,L) <e}.

For compact K C RV denote by N.(K, 0,,) the minimal number of balls B.(z, 0,,)
with € K sufficient for covering K. The lower vy-dimensional Minkowski’s content
of K # () is given by

(10) M (K, o) = liminf N (K, or,) - €7,
e\.0
the upper y-dimensional Minkowski’s content of K # (J is given by

(11) MV(K, o) = limsup Nz (K, o) - €7
e\.0

Further put
(12) M, -dim K = inf{y > 0; M7 (K, om) =0},
which is the so-called Minkowski’s dimension of K corresponding to the metric g,,.

Remark 1. There exist constants ¢y > 0, dy > 0 (depending only on N) such
that for each compact K C RN

A
en My (K, or,) < liminf N(b ) < dv My (K, om),
e\.0
en MY (K, om) < hmsup ( j) < AN MY (K, 0m),
eNo0

M, -dim K < mb.

Proof. Givene > 0, observe that M. (K, o,,,) closed balls of radius 2¢ suffice to
cover K.. Hence
hm\iélf AN (K.) /™77 < My(K, o) - 270N
€

limsup Ay (K.) /e™ 77 < MY(K, o) - 274N
e\0



we see that it is sufficient to set dy = 2™*+V. Consider the map 7.: RV — RY

given by

1-m/my 1-m/ma2 1—ﬁ/mN)
R .

71'5(351,:62,...,1']\[):(:61'6 T9 € ye s IN €

For fixed z € RV,
Te (BE(Z) Qm))

is the cube centred at 7.(z) of side length 2 - e™/™1 . g1=M/m1 — 9¢ and for any
compact K C RN

m(K) C m(K.) C U e (B:(2, 0m))-
z€EK

Next, we use the following consequence of the Morse-Besicovitch covering theorem
(cf.[2], § 1, chap.1, Th.1.1):

There exists a natural number v(N) with the following property:

If A is a bounded set in R and if with each x € A associate a closed euclidean
cube B(x) centred at x, then there are finite sets

AI;AQa---;A'y(N) CcA

such that
v(N)
Ac |J U Bw@),
i=1 z€A;

where for each fixed i € {1,2,...,7(N)} we have

B(z1) N B(xz) =0 whenever x1,x9 € A;, 1 # Xa.

Put A = m_(K). There exist Ay, Ay, ..., A, () C m(K) such that

Y(N)

m.(K) C U U Te (BE(Z, Qm))

i=1 7. (2)€A;

Y(NV)

so K ¢ U U Be(z,0m) for S; = m-1(A;)] and Be(21,0m) N B:(22,0m) = 0
i=1 z€S;

whenever z1, 22 € S;, 21 # z2. If card(M) means the number of elements in M, then

Y(N)
Na(K7 Qm) < Card( U Sz)
=1



If B° denotes the interior of B C RV, then we have

Y(N) 7(N)
NN (K, o) < QNgW’card( U Si) < Z Z AN (B2 (2, 0m))
=1 i=1 z€S;
Y(N) (V)
= > (U BeGeiom)) < 30 Ao = 3(N)Aw (Ko).
=1 2€S; =1

Hence
EN(K, om) <7 y(N)- 27N e TAN(KL) = y(N) - 27 VAN (K.) /g™,
It is sufficient to put ¢y = 2V /() to obtain

CNM’Y(K; Oom) < lim\i(?f /\N(Ks)/emb_"Y,
13

en MY (K, o) < limsup Ay (K:) /g™,
e\.0

We conclude that MY(K, g,,) = 0 for v > mb, whence M, -dim K < mb, which
proves Remark 1. O

Lemma 1. Suppose that K C RY is compact and 0 < ¢ < mb. If
M, -dim K < mb — ¢,

then
/ om(z, K)79da < 400
Ke

for each € > 0.

Proof. (A similar reasoning occurs, e.g., in [5].) As
M, -dim K <mb — ¢,

there exists a x € [0,7mb — ¢[ such that M"(K, g,,,) = 0. For all sufficiently small
e > 0 we have
AN(K:) < c- gmb—r

for a suitable ¢ € ]0, +o00[. Since mb — k > ¢ > 0, it follows that 11{1(1) eM=r =0 and
€
SO

< li = 0.
/\N(K)\gI{I(l)AN(K€> 0



Hence Ay (K) = 0. Setting
U; = {:L' eRY; 2777 e Cpp(a, K) < 2_j5},
we get

—+o0
K N\K = U Uj.
j=0

Consequently,

+oo
/ om(z, K)79dz = Z/ om/(z, K)"%dx,
K. 5=0"Uj

/ om(z, K) 9dz < e™. 2000 Ny (Ky-j,) <e9-20FD0 ¢. (2_3‘(€)mb—"€
Uj
= ¢.gMb—r—q  9(+D)g—mbtjr _ . Jnb—k—q 9q  9j(g—mb+r)

As k —mb+ q < 0, we see that the series

+oo
Z/ om(z, K)9dx
=0 Ui

converges, whence [, om(z, K)™%da < +ooc. O

A simple compactness argument yields the next lemma.

Lemma 2. Suppose that G C RN is open, () # F C G is relatively closed in G,
g: 10, +00[ — ]0,4+00[ and u: G\ F — C are functions such that

u(z) = O(g(om(z, F))) asx —z,x € G\ F,

forall z € FNG \ F. Then for each compact () C G there exist positive constants c, e
such that for all x € Q \ F with o, (z, F') < ¢ we have

lu(z)| < cg(om(z, F)).

Proof. Witheach z € QNG \ FNF we associate constants 7, > 0 and ¢, > 0
such that

|u(@)| < cz9(om(z, F))

for all x € G\ F with o, (z, z) < r,. We may clearly suppose that r, has been chosen
small enough to get B, (z, 0m) C G. The open cover

{B;.(2, Qm)}zeQanF



of the compact @ NG\ F'N F contains a finite subcover {B;_ (2, 0m)}i—:

7

FNG\FNQc B (z,0m).

i
i=1

We assert that there is an € > 0 such that

(13) (z€Q,0<om(z, F) <) =z €| By (2 0m)-

i
i=1

Admitting the contrary we would get, for each choice of e = 1/k (k € N), a point 7, €
G\ F with
1 n
Qm(zka)< Ea zkEQ\HB:ﬂ(z“Qm)

Passing to a convergent subsequence we would get lim x; = z. Obviously z € @ N

k——+oo

FNG\F, consequently z € B?_(zi, 0m) for a suitable i € {1,2,...,n} and so x €

n

By (2i, 0m) for all sufficiently large k, which contradicts 2, € Q \ U By (2i, 0m)-
. 1 7

T2
1=

Thus (13) is established for a suitable € > 0.
We may clearly suppose that ¢ < min{r,,}?_ ;. Put ¢ = max{c,,}1,. fz € Q\ F
with o, (2, F') < e, then (13) tells us that, for a suitable i € {1,2,...,n},

u(@)| < ez, - g(om(x, F)) < - glom(x, F)),
which proves the lemma. O

Theorem 1. Let G C RN be an open set, ' C G a relatively closed subset in G,
u: G\ F — C a locally integrable function. Suppose that

(14) M, -dimQ <mb—gq
for each compact @ C F and
u(z) = O(om(z, F)~9) asx — z,x € G\ F,

for each z € F, where 0 < g < mb [cf. (5)]. Then u is defined a.e. in G [i.e. Ay (F') = 0]
and it is locally integrable in G. If, moreover,

y=mb-1)—¢=>0



and

M'Y(Qa Qm) = 0

for each compact QQ C F, then the validity of the equation
P(D)u=0 inG\F

(in the sense of distributions) implies P(D)u = 0 in the whole G.

Proof. In the proof of Lemma 1 we have seen that (14) implies Ay (Q) = 0.
Since this is assumed for each compact @ C F, we have An(F) = 0 so that u is
defined Ay-a.e.in G. We have to verify that the growth estimate of u implies that
u is integrable in a neighbourhood of any z € G. It is sufficient to consider z € F.
According to Lemma 2, for each ball B,.(z,0.,) C G there exist constants ¢ > 0,
€ €]0,7] such that

(z € Br(z,0m) \ F.om(z,F) <&) = |u(a)| < c- om(x, F) 4.
We are going to show that Lemma 1 implies integrability of the function
x = om(z, )71
on a neighbourhood of z. Choosing ¢ € |0,7/2[, we have

(y € Br(2,0m) \ F, 0m(y,2) <6) = 0m(y, Bas(z, 0m) N F) = 0 (y, F).

For these y and
Q= B26(Z7 Qm) NnF

we get
om (Y, Q)" = om(y, F) 4.

According to Lemma 1, the function y — g,,(y, Q)9 is integrable on a neighbour-
hood of z. Thus the integrability of the function = — o, (2, F)~2 as well as of u(x)
on a neighbourhood of z is verified.

Suppose now that P(D)u = 0on G\ F. 2(G) will denote the class of all infinitely
differentiable functions with a compact support in G. Choose an arbitrary ¢ € 2(G)
and denote its support spt ¢ by K. We are going to show that

(15) (P(D)u,¢) = 0.

8



This is obvious if FN K = (. So let F N K # (. Fix an infinitely differentiable
function ¥ on R such that

spty C [-1,1], /’L/J(t)dtzl.
R
For L C RY, x, will denote the characteristic function of the set L, L. for ¢ > 0 [as

defined by (9)] is clearly an open set. Using the notation from (2), (5) we put for
reRYN ande >0

J— N J—
(16) 1/J5(35) —g~mb /IRN X Fa. (y) H 1/)((:E] — yj)s_m/mf) dy; ... dyn.

Then 1. is an infinitely differentiable function on RY (compare Chap. I, Section 5 in
[3]). After substitution

(xj—yj)sfm/mj:zj (j=1,2,...,N)

we get y; = x; —e"/™iz;, so that

N
Ye(x) = /IRN XFoo (- vy — €™Mz ) Hl/J(Zj)dZ1 .odzy
j=1

N
:/ XFQE(...,xj—gm/mfzj,...)Hz/z(zj)dzl...dzN.
{2€RV; z;€[-1,1],1<5<N} =1
Hence
N
(17) |ve ()| g/[ ]NH\¢(zj)\dz1...dznzco, zeRN.
LN 55

If x € F, then (...,2; — gm/mfzj, ...) € By for z € [-1,1]" so that

(18) e (x) :/ 1-1]_V[1p(zj)dzl c.odey = ﬁ /1 P(z;)dz; =1, Va € Fr.
R P
If 2 € RV \ F. then (...,2; —&™/™iz;,...) € RN \ Fy. so that
X (oooyj — ™Mz ) =0, vz e [-1,1]V.
Hence
(19) Ye(x) =0 for each 2 € RN \ Fi..



For any multiindex o = (1, ag, ..., an) we get by differentiating under the sign of

the integral

D% (x)
1 —m(a:m) m/m; O (eej)
=gy € X (- oyxj—€ sz,...)Hi/) i(z)dz ... dan,
1 [7171]N j=1
(20) | D e ()] < 7™ "”/[ - H\Wﬂ z)|dzr .. day

= Coe™ ™), V:EG[RN

If T is a distribution on G we denote by sptT its support. As 1. = 1 in a neigh-
bourhood of K Nspt P(D)u C F we have

(P(D)u,¢) = (P(D)u, ) = (u, P(D)(vep)),

where 'P(D) is the formal adjoint of P(D) (cf.p.40 in [4]);

D) () = Z PaDYPe,

a:m<l

where ¢, are certain functions in 2(G) independent of ¢ which depend on ¢ and
the coefficients a,, of the operator P(D) only; they have the form of a finite sum of
the type

Yo = c35,D%a,D0,
where cj;,, are constants so that spt ¢, C spt = K. We have

(21) <P(D)’U,,(p> = Z <U7<PaDa¢a>-

a:m<1

Fix an ¢g € ]0, 1[ small enough to have K., C G. We will consider ¢ € ]0,eo]. For
a =0 (€ RY) we have

[, 0o D) < / Jul - ol - ] dA
F3.NG

(22)
<sup|<po|~/ luldAy =0 ase \,0,
K KNF;.

because u is locally integrable in G, KN F3. \\ KNF ase — 0 and A\y(KNF)=0.

10



For |a| > 0 we make use of the equality
D). =0 on F,

to get the estimate

|<u, VaD%e)| < sup |pal - / |u(x)‘ do - Ca{—:fm(o‘:m);
K (K\Fs)anjs

according to Lemma 2 there are constants cx and €; > 0 such that
|u(z)| < cxom(®, F)™? < cgxe™?, Ve e (K\ F.)NF,,

so that for 3e < g1 we get

(1, o D*e)| < sup|@al - Cae‘ma"”)/ i Om(z, F)~9dx
K FBamK\FE

< sup |pal - Ce™am) o e IAN(K N Fs.).
K

For € < £¢/3 we have
KNFe C(FNKs), C(FNKs),, .

Indeed, if y € K N F5., then there exists a z € F such that o,,,(y, 2) < 3e, whence
z € F N K3. and, consequently,

y € (FﬁK3E)3€ C (FmKEO)BE.

Assuming
min(EO y €1 )

<1
3

O<e<
we arrive at
|(t, pa D) | < sup |@a| - Co - cx cgmm(am)—q A ((FNKgy)se)
K

< L(a) .5*ﬁfq . /\N(Ei?ﬁ[b{s’?)%) )

F(b—1)—g—7 (b— AN (Qse)
1) —g-m(b-1)+q AN (Q3c)

mb—ry

where Q = F N K., C F is compact and L(a) = Cycre sup |pa| - 37077, Hence
K

a /\N(QSE)
|<U7<PaD w€>|<L(a)(35)T—W for0<a:m<1.

11



By virtue of (21) we get
An(Q
(PO < [ poD%0)| + N, S Lfa)
0<a:m<1
Passing to lim\i(1)1f we obtain in view of (22)
g
(PD)u )| <0+ My(Q) Y Lia) =0.
O0<a:m<l1l
Thus (15) is verified and the proof is complete. O

The following simple lemma plays the role similar to that of Lemma 2.

Lemma 2. Let G C RY be open and ) # F C G relatively closed in G. Suppose
that u: G\ F — C and g: ]0,+00[ — ]0, 4+o00[ are functions satisfying

(23) u(z) = o(g9(om(z, F))) asx — z,z € G\ F

for each z € FNG\ F. Then for each compact H C FNG \ F there exist § > 0 and
a nondecreasing function f: ]0,+oo[ — |0, +oo[ such that, in the notation of (9),

F&CG
xEHg\F:>|u:E| ( ) (gsz)
(24) fo+) = hm f() 0.

Proof. Choose an gy > 0 small enough to have H., C G. According to
Lemma 2, given a compact Q = H.,, there exist ¢ > 0 and ¢ > 0 such that

)
(25) (wEQ\F7Qm($,F)<E):>g(gm(z,F)) <e

Fix a § € ]0,¢[ and define for ¢ > 0

ﬂ. t T min
somiz, F)) &€ @\E om(z, F) S mintt, 5)}

Then f(t) < ¢ for t € ]0,400[ by virtue of (25). Clearly, f is nondecreasing, for
x € Hs \ F C Q\ F we have setting 7 = g, (x, F)

(26) £(t) = sup

Qi’t(ixﬂgf(T):f(Qm(va))

12



so that

u(@)] < f(om(z, F))g(om(x, F)).
We are going to verify that %{1(1) f(t) = 0. Choose a decreasing sequence t; > 0 with
lim tx = 0. Then

k—oo

li = inf =a.

Q) = S = o
If a > 0 then f(t) > a/2 for each k and the definition of f would imply the existence
of z € Q\ F with g,,(xy, F) < ¢ such that

|u(zs)]

@7) 3 (om (e, F))

>CY
5"

Passing to a convergent subsequence we could achieve the existence of the limit
lim zj = z; obviously, z € FNG \ F and, in view of the assumption (23),

k—o0

|u(er)|
g(om(zx, F))

which contradicts (27). Thus (24) is verified. O

— 0,

The following theorem is similar to Theorem 1.

Theorem 2. Let G C RY be an open set and let ) # F C G be relatively closed
in G. Suppose that u: G\ F — C is a locally integrable function satisfying

u(z) = o(om(z, F)9) asx — z,t € G\ F
for each z € F, where 0 < ¢ < mb [cf. (5)]. If
M, -dimQ < mb — ¢

for each compact Q C F, then u is defined a.e. in G and it is locally integrable in G.
If, moreover, y =m(b—1) —q > 0 and

M (Q, om) < +00
for each compact QQ C F, then the validity of the equation
P(D)u=0 in G\ F
(in the sense of distributions) implies
P(D)u=0 in the whole G.

13



Proof. We have seen in the proof of Theorem 1 that u is locally integrable
in G. Choose an arbitrary ¢ € Z(G). We are going to verify (15). Put K = spt ¢,
which is a compact set. It is again sufficient to consider the case when K N F # ().
As in the proof of Theorem 1 we construct for each ¢ > 0 an auxiliary function ..
We have

|D¥e(2)| < O~ mem)

for each multiindex «. Besides that,

Ye(x)
Ye(x)

1, Vx € Fy,
; Vo € RN\ Fs..

As 9. =1 on a neighbourhood of K N F' D spt ¢ Nspt P(D)u we get
(P(D)u,¢) = (P(D)u,pep) = (u, P(D) (1)),

which implies (21) with ¢, € 2(G) independent of € with sptp, C K. For a« =0
(€ RY) we obtain as in the proof of Theorem 1

(28) | (u, oD )| < sup|eol |u| dAy — lu|dAy =0 as e — 0.
K KNFsc KNF

We will consider € € ]0, £¢], where gy € |0, 1[ has been chosen small enough to satisfy
K., C G. We have seen that

(29) KnNFs C (Fﬁfso)36 for 0 < e < eo/3.
For 0 < av:m < 1 we get from (18)
D%p. =0 on F;

and, in view of (19), (20),
|(u, pa D) | < sup |pal - Ca -E‘WC“")/ lu| dAy.
K F3.NK\F.
Putting H = F N K., we get from (29) for € € ]0,£0/3|

/ lu Ay < / ful d\y.
F3.NK\F: H3\F:

According to Lemma 3 there exist a § > 0 and a nondecreasing function
10, +00[ =10, +o0]

14



such that Hs C G and (24) holds together with
x € Hs \ F = |u(z)| < f(om(z, F))om(z, F)~1

Assuming 3¢ < § we have for © € Hj. estimates o, (z, F') < 3¢ and

/ fu dAy < f(Sg)/ om0, F) =1 dAn (2).
H3:\Fe

HSE\FE

We see that for sufficiently small ¢ € ]0, 1]

{0 D e)] < sup gl Co - (32) / om(, F) "0 dAn ()

HSE\FE
< sup la|Ca - 79 f(3e) AN (Hse)
)\N (H&E)
= 3 EO“
(gg)mb,.y f( E)
where
E, = Cysup |900¢| : 3%(7—77
K
so that

AN (F5e)
Y el )| <G GHES Y Fa

0<a:m<l1 0<a:m<l

As M, (H, 0m,) < +00 we obtain from (24), (28)

hmlnf Z | U, Pa D) |\ FO+H)M,(H, om) Z E, =0,

a:m<l 0<a:m<1
whence
< T o _
(P(D)u, ¢)| < liminf > (U, 0a DY)
a:m<1
and the proof is complete. (|

Remark 2. Let G C RY be an open set, F' C G a relatively closed subset in G.
We have seen that the assumption

M, -dimQ < mb — ¢

(0 < ¢ < mb) for each compact ) C F guarantees that Ay(F) = 0 and each
function w locally integrable in G \ F satisfying

(30) u(z) = O(om(z, F)~9) asx— 2z, €G\F, VzePF,

15



is locally integrable in G. We say that F' is P(D)-removable for functions u locally
integrable in G \ F satisfying (30), if each such function w fulfilling P(D)u = 0
in G\ F (in the sense of distributions) fulfils P(D)u = 0 in the whole G. The
previous theorems describe in terms of Minkowski’s contents sufficient conditions for
the P(D)-removability of F' for functions u satisfying (30) or the growth estimate

(31) u(x) = o(om(z, F)™9) asx—z,t€G\F, VzeF.

It turns out that for certain operators P(D) it is possible to use Hausdorff measures
for obtaining necessary conditions for the P(D)-removability of F'. Now we are going
to consider operators of the form

(32) P(D)= Y anD*,

whose coefficients a,, are complex constants. We associate with such an operator (32)
the polynomial

in N real variables £1,&,...,&N.

P(D) is termed semielliptic, if
(EERY, Ppr(§) =0)=¢(=0 (e RY),

which means that P,,(¢) has no nontrivial zeros in RY. (The corresponding m is
then uniquely determined—cf. [14].)

Theorem 3. Suppose that G, F' have the meaning described above. Let P(D) be
a semielliptic operator. Assume that [cf. (5)]

b>1, g <m(b—1), y=mb-1)—q=0.

For F to be P(D)-removable for all locally integrable functions u in G \ F satisfying
(30) it is necessary that

(33.¢) Iy (F, om) =0
and sufficient that

(33m) M+(Q, 0m) =0
for each compact Q C F.

16



For the P(D)-removability of F for all locally integrable functions w satisfying
the growth condition (31) it is necessary that F' have a o-finite J,-measure, and
sufficient that M~ (Q, ¢m) < 400 for each compact Q) C F.

The proof follows from a combination of Theorem 1, Theorem 2 above and Theo-
rem 5 in [6].

We should point out that M. denotes the upper Minkowski’s content in [6] so
that this Theorem 3 is more general than the corresponding result in [6].

An important example is given by the heat conduction operator

A=0+.. . +02 =0

in R*T1. This operator is semielliptic with the choice m; = 2 for 1 < j < n,
Mpy1 = 1 so that m = (2,...,2,1) € R*™ m = 2 and the corresponding metric
0 = om is given by

Q(ma y) = maX{"Tl - y1|a ceey |$n - yn'a |xn+1 - yn+1|1/2}
for x = (x1,.. ., Znt1)s ¥ = Y1y - Ynt1)-
Now we will consider an open set G C R**! and a relatively closed subset F C G,
where
(34) Mp-dim@Q <n+2—gq, y=n-—gq

for each compact @ C F.
A function u, which is of the class € () on an open set U C R"t! | is termed caloric
on U, if it satisfies
nu=0 on U.

Theorem 4. In order that each caloric function u on G\ F satisfying
(35) u(z) = O(o(x, F)~9) asx —z,x € G\ F, VzeF
be extendable to a caloric function on the whole G it is necessary that
(36) J(F,0) =0
and it is sufficient that
(37) My(@r0) =0
for each compact Q C F.
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If we replace (35) by
(38) u(z) = o(o(z, F)~7) asx —z,x €G\F, VzeF,

then the assertion remains valid with (36) replaced by the requirement of o-finiteness
of J,(F, o) and the assumption (37) replaced by the requirement M. (Q, ¢0) < +oo
for each compact Q C F.

The proof follows from Theorem 3. Indeed, if u is a caloric function on G \ F
satisfying (35) then, according to Theorem 3, under the condition (34), u is defined
a.e.in G, it is locally integrable and satisfies A w = 0 in the sense of distributions.
Since the operator A is semielliptic, there exists @ € € °°(G) satisfying A @ = 0
on G in the classical sense such that & = u a.e.on G (cf. [14]), whence @ = w on G\ F

and u is the required extension.

Remarks. Sufficient conditions for removability of singularities of caloric func-
tions with anisotropic growth were described in terms of the upper anisotropic
Minkowski’s contents by H. Zlonicka in [15].

Another proof in [7] (based on anisotropic Whitney’s decomposition) showed that
the lower Minkowski’s content is sufficient for this purpose.

Application of the upper Minkowski’s content (derived from the euclidean metric)
in this context goes back to Bochner (compare [1], [4]).

Later Polking pointed out in [11] that a modification of Bochner’s proof makes it
possible to replace the upper Minkowski’s content by the lower Minkowski’s content;
his method is also described in [13].

Theorems of the Bochner type for operators on manifolds, where the singular set
is formed by a submanifold of a suitable dimension, have been studied by Sugimoto
and Uchida in [12].

Various applications of anisotropic metrics and anisotropic Minkowski’s contents
in connection with removability of singularities are described by Littman in [8].

In his thesis [10] M. Pisték described (in terms of the upper anisotropic Minkows-
ki’s content) removable singularities of caloric functions which are locally integrable
in power p with a weight depending on the distance from the singular set measured
by the caloric metric. It is natural to ask whether in his investigation the upper Min-
kowski’s content could also be replaced by the lower content of the same dimension.
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