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Abstract. We study different definitions of the first order variable exponent Sobolev space
with zero boundary values in an open subset of R™.
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1. INTRODUCTION

In this note we study the first order variable exponent Sobolev space with zero
boundary values. Variable exponent Lebesgue and Sobolev spaces have attracted a
steadily increasing interest over the last ten years although their history goes back
to W. Orlicz, see for example [22], [17], [27]. These investigations were motivated by
differential equations with non-standard coercivity conditions, arising for instance
from modeling certain fluids (e.g, [1], [7], [24]). The properties of the variable expo-
nent Sobolev space W1P()(Q), where p: Q — (1,00) is measurable and Q C R™ is
an open set, depend crucially on the variable exponent p. For example, the class of
smooth functions either can be, [6], [26], [12], or does not have to be, [29], [13], dense
in W'P0)(Q) depending on p. Hence it is easy to guess that the closure of C§°(Q)
under the Sobolev norm is not a natural definition of the Sobolev space with zero
boundary values in every case.

In [11] variable exponent Sobolev spaces with zero boundary values have been
defined following a method developed by Kilpeliinen, Kinnunen and Martio [15]
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for metric measure spaces. In this definition a function uw belongs to a Sobolev
space with zero boundary values in an open set (2 if there exists a quasicontinuous
function v € Whr(st



If | fllpe) < 1 then o,0)(f) < ||fllp¢). Moreover, if p* < oo, then g,y(fi) — 0
if and only if | fy ||,y — 0. Hélder’s inequality, i.e. || fgll1 < C| fllp)llgllp(.), holds
also in the variable exponent Lebesgue spaces. For the proofs of these facts see [17].

The wvariable exponent Sobolev space lep(')(ﬂ) is the space of measurable func-
tions u: 2 — R such that u and the absolute value of the distributional gradient
Vu = (01u,...,0,u) are in LPO)(Q) The function o ,): WO (Q) — [0,00) is
defined by 01,p(.) (1) = 0p() (v) + 0p() (| Vul). The norm [[ullypc) = [lullpc) + [ Vullp
makes W1»() (©) a Banach space. For more details on the variable exponent spaces
see [17].

We recall from [10, Section 3] the definition and basic properties of the Sobolev
p(-)-capacity. For E C R™ we denote

Sy (E) ={u € WIPO(R™): 4 > 1 in an open set containing E}.

The Sobolev p(-)-capacity of E is defined by

C \(E)= inf _ —  inf p(z) P(®)Y .
W) = oo = it (u(@)P) £ [Fu@) ) dr

In the case S,.)(E) = 0 we set Cpy(E) = oo. If 1 < p~ < p* < oo, then the set
function E — Cj.y(EF) is an outer measure and a Choquet capacity, [10, Corollary 3.3
and Corollary 3.4]. If 1 < p~ < pT™ < o0 and Cp()(E) = 0 then H*(E) = 0 for all
s >mn —p~, with the understanding that if p~ > n then E = (), [10, Theorem 4.2].

A function u: R™ — R is said to be p(-)-quasicontinuous (in R™) if for every ¢ > 0
there exists an open set O with C).y(O) < € such that u restricted to R™ \ O is
continuous. For a subset E of R™ we say that a claim holds p(-)-quasieverywhere in
E if it holds everywhere except in a set N C E with Cpy(N) = 0.

It was proved in [10, Theorem 5.2] that if continuous functions are dense in
WLPO(R?) with 1 < p~ < pt < oo, then every u € WHP()(R™) has a p(-)-
quasicontinuous representative in R™. Samko showed [26] that C§°-functions are
dense in W20 (R?) if p* < oo and if

c
(2.1) Ip(z) = p(Y)| < F———
—log|z —y|
for every z,y € R™ with | — y| < 1/2. Edmunds and Rakosnik proved in [6] that
a certain monotonicity condition on the exponent is also sufficient for the density
of smooth functions. Histd connected these two conditions in a single one, [12].
Zhikov showed that in the plane smooth functions are not dense if the exponent is

discontinuous, [29]. Histo gave in [13] an example in which continuous functions are
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not dense and the continuous exponent has growth just slightly greater than that
allowed in (2.1).

3. RESULTS

We start our study in all of R*. We give an example where p™ = oo and functions
with compact support are not dense in WP()(R). Then we show that if p* < oo,
then every u € W1 P()(R™) can be approximated by functions with compact support.

3.1. Example. Let p(z) = max{|z|,1} and u(z) = 1/2 for every € R. Then

o0 o0 1 T
(@) Jp z
[m |u(z) [P da /1 (2) dz < oo

and hence v € W' P()(R). Let g be a function with compact support in (—a,a). We
find for every a > 0 that

op()(u—9g)/\) = /aoo (%)mdz =000

for 0 < XA < 1/2 and hence |[u — g||,(.) = 1/2 for every g with compact support.

3.2. Theorem. If pt < oo, then bounded Sobolev functions with compact
support are dense in W1P()(R").

Proof. Letu& WHPO(R™). We write
U () = max{min{u(z), m}, —m}

for every m > 0. We obtain

0150 (t — ) < / (Ju(@)P@ + |Va(z)P®) de — 0
{2€R™: Ju(z)|>m}

as m — oo since {z € R™: |u(x)] > m}| — 0 as m — oo. Hence u can be
approximated by bounded functions.

Let ¢, € C§°(R™) be a cut off function with ¢, (z) =1 for x € B(0,7), ¢r(z) =0
for x € R™ \ B(0,2r), 0 < ¢r(z) < 1 and |Ve,| < C/r. We shall show that (uep,)
convergences to u in WHPO)(R™) as r — co. We have

lw = uprllipe) < lullipe),rmBo,2r) + 1w = werllpe),B0,200\B(O,r)-
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The first term on the right hand side tends to zero since p™ < oo and

01,p(-),R™\ B(0,2r) (u) =0

as r — oo. Next we approximate the second term:

lu — uprll1 p(y, Bo,2r\ B(O,r)

< ullpey,rm\Bo,r) + VU = (0 Vu +uVe,) ), B0,20)0\B(0,r)

1
< Hullupey,mmmon + - lullpe)rmson,

and we see that it also tends to zero as r — oco. This completes the proof. O

Let 2 be an open proper subset of R”. By Hé’p(‘)(Q) we denote the closure of
Cg°(Q) in the space W'P()(Q). Note that Hy”")(Q) is a Banach space. Clearly the
values of p in R™ \ Q do not affect Hé’p(')(Q).

Assume that p: R" — (1,00) with 1 < p~ < pT < co. We denote u € Qé’p(‘)(ﬂ) if
there exists a p(-)-quasicontinuous function @ € WP (R™), called a canonical rep-
resentative, such that u = @ almost everywhere in Q and @ = 0 p(-)-quasieverywhere
in R™ \ €. The set Q") (Q) is endowed with the norm

||u||W01’p(‘)(Q) = ”aHWl,p(')(IR")-

The space Qé’p(‘)(Q) is a Banach space, [11, Theorem 3.1].
We recall the following results, [11, Corollary 3.2 and Theorem 3.3].

3.3. Theorem. Let p: R" — (1,00).
(i) If 1 < p~ < p* < oo then HyPY(Q) c Q4P (Q).
(i) If 1 < p~ < pT < oo and if C* functions are dense in W1HP()(R™) | then
Hy"0(9) = Q" ().

The definition of Qé’p (‘)(Q) raises the following question: Do the values of the
exponent p in R \ Q affect the function space? We will show that the answer is
negative. Before that we prove that the functions with compact support are dense in
Qé’p(')(ﬂ); the proof is essentially the same as in [11, Theorem 3.3], and it is based
on the arguments of [2, Section 9.2].
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3.4. Lemma. If1 < p~ < p™ < oo and if continuous functions are dense in
W1PC)(R™), then the set of functions with compact support is dense in Qé’p(')(Q).

Proof. Letwu € Qé’p(')(ﬂ) and let u be its canonical representative. We need
to show that there exist functions ¢; € Qé’p (‘)(Q) with compact support in 2 that
tend to @ in .

If we can construct such a sequence for 44 (z) = max{@(x),0}, then we can do it
for u_ as well, and combining these two gives the result for & = @ +u_. We therefore
assume that @ is positive. By Theorem 3.2 we may assume that « is bounded and
has compact support in R™. If we look at the proof of Theorem 3.2 we note that @
after all is still quasicontinuous.

For 0 < € < 1 define 4.(x) = max{a(z) — ¢,0}. Let G be an open set such
that @ restricted to Q \ G is continuous. Let § > 0 and let w € W'P()(R") be
quasicontinuous, 0 < w < 1, w|g = 1 and ||wl[y p(.y < . For the existence of this
function see [11, Theorem 2.2]. The function (1 — w)@. is quasicontinuous and zero
at a point z if either @(z) < € or x € G. Hence it vanishes in a neighborhood of
R™ \ 2. We obtain that

@ — (1 = w)ie|l1,pe) <8 = Tell1,pe) + [[Whell1,p0)-

‘We have

01,p() (U — 1) <& opy (Xspta) + 0p() (X{o<a(a)<e} V) -

Since X {o<a(z)<e} (%) Vii(x) goes to zero with € we see by the dominated convergence
theorem that ||& — c|[q,p(.) goes to zero with . Since @ is bounded we also find that

010 (wil) < / lw(@)i(z) [P dg + 27 / (@)D Vi () [P de
R~ R~
Lort / IVeo() [P () [P e
RTL

< (2”+ + 1)d(ess sup a(x) + 1)p+ + 2;#/ w(z)P @ | Va(z)[P@ da.

zeR™

Since w — 0 in LP()(R™) as § — 0, we can choose a subsequence w; which tends to
0 pointwise almost everywhere. Then [, w;(z)P®)|Vi(z)[P®) dz — 0 by the domi-
nated convergence theorem. Therefore o ,.)(w;t) — 0 and so also [|w;i|y ;) — O.
Thus we see that (1 —w;)t. — % as € — 0 and i — o0. O
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3.5. Theorem. Let Q) C R™ be an open set, let p,q: R" — (1,00) be such that
p(z) = q(x) foreveryz € Q,1 < p~ < pT < 0,1 < ¢~ < qF < oo and let continuous
functions be dense in W) (R") and in W40 (R?). Then Q4P (Q) = Q410 (Q).

Proof. By symmetry it is enough to show that Qé’p(‘)(ﬂ) c Qé’q(‘)(Q). Fix
u € Qé’p(‘) (Q) and let @ be its canonical representative in 7W'*()(R*). By Lemma 3.4
we may approximate u by functions u; with compact support in 2. Since Qé’Q(')(Q)
is a Banach space it is enough to show that each u; belongs to Qé’Q(')(Q). Hence we
assume that v has compact support. We denote this support by E. We have to show
that u has a ¢(+)-quasicontinuous canonical representative.

We choose a cut-off function ¢ € C§°(£2) such that ¢ = 1 in E. Now ¢t is p(-)-
quasicontinuous, ¢ = u almost everywhere in 2 and ( vanishes in the complement
of spt(¢p), i.e. in some open neighborhood of R™ \ Q.

Since @1 is p(-)-quasicontinuous there exists a sequence O; C R™ of open sets such
that o restricted to R™\ O; is continuous and C,.y(0;) < 27%. Let U be an open set
with spt @@ C U and U C Q. Evidently (@ restricted to R” \ (O; NU) is continuous
and Cpy1(0; NU) < 27°. Again we choose a cut-off function ® € C§°() such that
®=1inU. Let g; € S?)(0;NU) with 91 (. (g:) < 2-27%. Now ®g; € S10(0;NU)
and hence

Ca() (01 NU) < 01,4()(Rgi) = 21,5 (gi) < C(2)27".

We have shown that @i is ¢(-)-quasicontinuous and hence v € Q90)(Q). This
completes the proof. O

If p is regular enough then we get a characterization of Qé’p (')(Q) by inner traces.
We follow the proof of [28, Theorem 2.2], see also [2, Theorem 9.1.3].

3.6. Theorem. Assume that p: R" — (1,00) satisfies 1 < p~ < pt < oo,

Ch
px)—pY)|lS ——F/———
ple) = p(0)| < S
holds for every |x — y| < 1/2 and
Cy

Ip(z) — p(y)| < w

holds for every |y| > |z|. Then u € Qé’p(')(ﬂ) if and only if u € WP()(Q) and

(3.7) lim — / u(y)dy =0
B(z,r)NQ

for p(+)-quasievery x € 9f).
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Note that the assumptions in Theorem 3.6 guarantee that the Hardy-Littlewood
maximal operator is bounded from LP)(R™) to itself, see [3] and also [4], [21], [23],
[18].

Proof. Assume first that u € Qé’p(‘)(ﬂ) and 4 is its canonical representative.
By [9, Theorem 4.7] the p(-)-quasicontinuous representative of 4 is

lim a(y) dy

7—00 B(z,r)

and hence by [14]
4= lim a(y) dy

"= JB(z,r)

except on a set of zero p(-)-capacity. This implies that for p(-)-quasievery = € 9

0= lim a(y)dy = lim %/ u(y) dy.
r— JB(z,r) T T JB(z,r)NQ

Assume now that u € WP()(Q) and the condition (3.7) holds. We follow the
proof of [28, Theorem 2.2] and sketch the rest of the proof.

Let U; C Q be an increasing sequence of bounded open sets with U; C € and

lim U; = Q. Let ¢; € C5°(2) be a cut-off function which is 1 in U;. Hence up; €

71— 00

Wlﬁp(-)(ﬂ@”) and by [9, Theorem 4.7],

lim u(y)ei(y) dy

r—o0 JB(x,r)
is a p(-)-quasicontinuous representative of uy;. Letting ¢ — oo the subadditivity of
the capacity implies that

ti(x) = lim u(y) dy
r—o0 JB(x,r)
exists p(-)-quasieverywhere in {2 and that it is the p(-)-quasicontinuous representative
of w in Q.
We define u*(z) = u(x) for z € Q and u*(x) = 0 for z € R\ Q). By the assumption
we have o
lim u*(y)dy = lim — / u(y)dy =0
B(z,r)NQ

r—0 B(z,r) r—0 rh

for p(-)-quasievery x € 9. Since u* is identically zero in the complement of 2 and
since the capacity can be approximated by the Hausdorff measure, [10, Theorem 4.2],
we obtain that u* is approximately continuous at H™ !-almost every 2 € R”. Since
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u € Wli’cpi (Q), we find as in the proof of [28, Theorem 2.2] that u* is absolutely
continuous on almost every line segment parallel to coordinate axis and hence u* €
WPC)(R™). Now by [9, Theorem 4.7],

lim u*(y) dy
r—0 B(z,r)

is the p(-)-quasicontinuous representative of u* and hence u € Qé’p(‘)(Q). O

We write Kol’p(')(Q) to denote the closure of
{ue Wl’p(')(Q) and u has compact support in Q}

in the space W1HP() (). Tt is easy to see that this is a Banach space and the set of
functions with compact support are dense there. Clearly the values of p in R™ \
do not affect Ké’p(')(ﬂ).

3.8. Theorem. Let p: R" — (1,00).
(i) If 1 < p~ < p* < o0, then Q)7 (Q) ¢ K" (Q).
(ii) If1 < p~ < pt < oo and continuous functions are dense in W1P()(R"™), then
Q"(@) = K"V (@).

Proof. Letu € Qé’p(‘)(ﬂ) and let @ be its canonical representative. We need
to show that there exist functions ¢; € W1P()(Q) with compact support in € that
tend to @ in 2. As in the proof of Lemma 3.4 we may assume that 4 is bounded and
has compact support in R”.

For 0 < € < 1 define @.(x) = max{@(xz) —,0}. Let G be an open set such that
@ restricted to  \ G is continuous. Let § > 0 and let w € Wl’p(‘)([R"), 0<w<l,
w is one in an open set containing G' and [|wl1 ) < §. The function (1 — w)i. is
zero at a point x if either @(x) < € or € G. Hence it vanishes in a neighborhood
of R™ \ Q. Using the same arguments as in the proof of Lemma 3.4, we obtain the
desired sequence (p;).

To prove the claim (ii), assume that u € K, (')(Q). By definition there exists a se-
quence (u;) of functions with compact support converging to u. Since Qé’p (')(Q) isa
Banach space, it is enough to show that each u; belongs to Q(l)’p (‘)(Q). Since continu-
ous functions are dense in W2(") (R™), every u; has a quasicontinuous representative
[10, Theorem 5.2]. Since u; is zero everywhere in R™ \ spt(u;) its quasicontinuous
representative is zero quasieverywhere in R™ \ spt(u;), [14] (or [11, Lemma 2.1]) and
R™ \ © C R™ \ spt(u;). This completes the proof. O
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3.9. Example. P.Hsto constructed a function u € WHP()(B(0, 1)) which is
not continuous at the origin (even if we redefine it in a set of measure zero) and
Cp(y({0}) > 0, i.e. the function u does not have a quasicontinuous representative,

[13]. In this example the exponent is continuous and satisfies

ple) - p(0) ~ 2E20EL/2),

Multiplying u with a suitable Lipschitz continuous cut-off function ¢ which is 1 in
B(0, $) and zero outside B(0, £), we get a function which belongs to K&’p(‘)(B(O7 1))
but not to Qg”)(B(0, 1)).

In the conclusion we collect our results. Assume that p: Q@ — (1,00) with 1 <
p~ < ptT < oo and that

(3.1) Ip(z) — p(y)| < —10g+—y

holds for every |z — y| < 1/2. Now p can be extended by the McShane extension,
see [19], to R™ so that p~ and p™ do not change and (3.10) holds, possibly with a
different constant, for every x,y € R™ with |z — y| < 1/2. Hence by [26] C§°(R™) is
dense in W1P()(R™). Keeping Theorem 3.5 in mind we obtain by Theorems 3.3 and
3.8 the following theorem.

3.11. Theorem. Let ) C R™ be an open set and let p: Q — (1,00).
(i) If1 <p~ <p' < oo, then

Hy™ (@) € @™(©) € K" ().

(i) If1 <p~ <pt < oo and

for every |z —y| < 1/2, then

Hy"O(@) = Q™1 (9) = Ky (@)
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