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CONVERGENCE OF THE ISHIKAWA ITERATES
FOR MULTI-VALUED MAPPINGS IN METRIC
SPACES OF HYPERBOLIC TYPE

Ljubomir B. Cirié¢ and Nebojsa T. Nikolié

Abstract. Let (X, d) be a metric spaces of hyperbolic type, C be a closed and of hyperbolic
type subset of X and let B(C') be the family of all nonempty bounded subsets of C. In this paper
some results on the convergence of the Ishikawa iterates associated with a pair of multi-valued
mappings S,T : C — B(C) which satisfy the condition (2.1) below, are obtained.

1. Introduction

Let X be a Banach space, C' a closed convex subset of X and T a self-mapping
on X. In [2] Cirié considered a wide class of self-mappings on C which satisfy the
following condition:

d(Tz,Ty) < gmax{ad(z,y),d(z, Tx) +d(y, Ty), d(z,Ty) +d(y, Tz)},  (1.1)

where 0 < ¢ < 1 and a is an arbitrary positive number. Ciri¢ proved that if
the sequence of Mann iterates [10] with constant coefficients converges, then it
converges strongly to a fixed point of 7. This result for single-valued mappings
satisfying (1.1) have been extended and generalized by Ghosh [5], Naimpally and
Singh [11], Rashwan [12], [13], Ray [14] and Rhoades [15].

Recently Kubiaczyk and Ali [9], Hu et al. [16] have studied the convergence of
the sequence of Ishikawa iterates associated with a pair of multi-valued mappings
which map a closed convex subset C' of a Banach space into a family CB(C) of all
nonempty closed and bounded subsets of C' and satisfy the following condition

H(Sz,Ty) < gmax{ad(z,y), D(z,Sz)+ D(y,Ty), D(z,Ty) + D(y,Sx)}, (1.2)
where H denotes the Hausdorff metric on CB(C) induced by d.

In [3] Ciri¢ and Ume have studied more general class of multi-valued mappings
and generalized the result of Kubiaczyk and Ali [9], Hu et al. [16]. Throughout our
consideration we suppose that (X, d) is a metric space which contains a family L
of metric segments (isometric images of real line segments) such that
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(a) each two points x,y in X are endpoints of exactly one member seg[z, y] of
L, and
(b) if u,z,y € X and if z € seg[z, y] satisfies d (x, z) = Ad (z,y) for A € [0,1],
then
du,z) <(1=Nd(u,z)+ Md(u,y).

A space of this type is said to be a metric space of hyperbolic type (Takahashi
[17] has used the term convex metric space). This class includes all normed linear
spaces, as well as all spaces with a hyperbolic metric (see [8] for a discussion).

Clearly a Banach space, or any convex subset of it, is a metric space of hyper-
bolic type with W (z,y,\) = Ax + (1 — A)y. More generally, if X is a linear space
with a translation invariant metric satisfying

dAx 4+ (1 — Ny, 0) < Ad(z,0) + (1 — N)d(y, 0),

then X is a metric space of hyperbolic type. There are many other examples but
we consider these as paradigmatic.

DEFINITION 1. Let X be a nonempty set. An element z € X is said to be a
fixed point of a multi-valued mapping 7: X — 2% if 2 € T(x). If Tz = {z}, then
z is called a stationary point (or a strict fixed point) of F.

Many authors have considered fixed points in metric spaces of hyperbolic type
(see [1-5], [7], 9], [11-16] and references there in).

The purpose of this paper is to continue investigation of the convergence of
the Ishikawa iterates associated with a pair of multi-valued mappings which map
a closed and of hyperbolic type subset C' of a metric space of hyperbolic type X
into a family B(C) of all nonempty bounded subsets of C' and satisfy the condi-
tion (2.1) below, slightly different than the condition (1.2). Our main result is a

modified generalization of the corresponding results of Ciri¢ and Ume [3], Ghosh
[5], Kubiaczyk and Ali [9], Naimpally and Singh [11], Ray [14] and Rhoades [15].

2. Main results

Let (X,d) be a metric space and and B(X) be the family of all nonempty
bounded subsets of X. Denote

0(A,B) =sup{d(a,b): a€ A, be B}, A,Be B(X).
Now we prove our main result.

THEOREM 1. Let (X,d) be a metric space of hyperbolic type and let C be a
closed and of hyperbolic type subset C of X. Let S,T: C — B(C) be mappings
satisfying the following condition:

6(Swn, Tyn) < p(max{ad(z,y), d(z,y)+ d(z,Ty) + 6(y, Sz),
5(z, Ty) + 0(y, Sx) +6(y, Ty)}) (2.1)
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forallx, y in K, where a > 1 is an arbitrary positive real number and ¢: [0, 4+00) —
[0, 4+00) is a nondecreasing function such that t — ¢(t) > 0 for each t > 0 and

t—o(t) — 0 implies t— 0. (2.2)

Let g € X be arbitrary and let {x,,} be the sequence of Ishikawa iterates associated
with a pair {S,T}, defined as follows:

Yn € W(‘r;vxruﬁn)a n >0, (23)
Tntl = W(y:a Tn, an)v n >0, (24)

where 0 < a, <1,0< 6, <1,

liminfa, =a >0, (2.5)
1

limsup 6, < — (2.6)
n— oo a

and for each n > 0, z} € Sz, and y}, € Ty, are such that

O(Yn, Sxn) < d(yn, x;,) + €n; S(WYn, Tyn) < d(Yn,yp) + €n, (2.7)

where €, > 0 and lim, o €, = 0. If {x,} converges, then its limit point, say
z € C, is a stationary point of S, and if T is a closed mapping, then z is a common
fized point of S and T, that is, Sz = {z} € Tz.

Proof. 1t is clear that
d(z,y) < d(z, W(z,y,A) + dW(z,y,A),y) < (1 = Nd(z,y) + Ad(z,y) = d(z,y)
implies the following:
d(z, W(z,y,\)) = (1= Nd(z,y),  dly, W(z,y, X)) = Ad(z,y).
From (2.4) we have, as y; € Tyy,
A, Tpi1) = d(wn, W(yp, Tn, an)) = and(Tn, yp,) < and(@n, Tyn). (2.8)
Since lim,, o T, = 2, then d(zy,, z,41) — 0. Thus from (2.8) and (2.5),
lim 6(zy, Ty,) = 0. (2.9)
n—oo
From (2.7) and (2.1) with * = z,, and y = y,, and using that ¢ is a nonde-
creasing function, we get

0(Sxzn, Tyn) < w(max{ad(xn, yn), d(Xn, Yn) + 6 (xn, Tyn) + 0(Yn, Sxr),
8(zn, Tyn) + 0(Yn, Sn) + 6(Yn, Tyn)})
< p(max{ad(zn, yn), d(@n,yn) + 6(xn, Tyn) + d(@y, yn) + €n,
6(zn, Tyn) + d(27, yn) + d(yn, yp) + 2€n}). (2.10)
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From (2.7),
d(@n, yn) = d(@n, W(z3, 2p, Bn)) = Bad(zy,, 2n),
(@, yn) = d(ay, W(ay, 2n, Bn)) = (1 = Bn)d(zy,, 2n)
Ay, yp) < d(yn, Tn) + d(@n, yp) < Bnd(ay,, n) + d(zn, ;)
< Bnd(zy, 2n) + 6(2n, Tyn).

and hence
d(x;,yn) + d(ymy;i) < d(xmx:) + 5(xnaTyn)~ (2'11)
Thus from (2.10) and (2.6) we get
(ST, Tyn) < @(d(xn, z)) + 2(8(Xn, TYn) + €n)). (2.12)

Since y;: € Tyn, by the triangle inequality we have

Because d(xn,yn) < 5(S’xn,Tyn), by (2.13)
Az, ypn) < o(d(@n, 27,) + 2(0(2n, Tyn) + €n))-
Inserting this in (2.13) we obtain
d(zn, 23,) < p(d(@n, 27,) + 2(6(20, TYn) + €n)) + 8(Tn, Tyn)). (2.14)
Set
d(xn, ) + 2(6(Xn, Tyn) + €n) = wp. (2.15)
Then from (2.14), w, < o(wy) + 35(xn, Tyn) + 2€,. Hence
Wy, — @(wy) < 38(xn, Tyn) + 2€,.
Taking the limit as n — oo, and using (2.9), we get lim, o (w, — @(wy,)) = 0.
Hence, by (2.2), lim,,—, o w;,, = 0. Thus from (2.15) and (2.9),
lim d(x,,z})=0. (2.16)

n—oo
Since x,, — z, from (2.16) x — z.

From (2.16), (2.9) and (2.11) we get d(z},yn) — 0, d(Yn,y)) — 0 as n — oo.
Thus
lim z, = lim 2z} = lim y, = lim y; = 2. (2.17)

n—oo n—oo n—oo

Now we show that z is a stationary point of S. Since y; € Ty,, from the
triangle inequality and (2.1) we get
(

8(z,82) < d(z,z,) + 6(xn, Tyn) + 6(Sz, Ty,)
<d(z,zpn) + 6(xn, Tyn) + @(max{ad(z, yn),
d(z,yn) +0(2, Tyn) + 6(yn, 52),6(2, Tyn) + 6(Yn, S2) + 6(Yn, Tyn)})
<d(z,xn) + 6(xn, Tyn)
+ (24 a)d(z,yn) + d(z,2p) + d(2,T0) + 8 (Tn, Tyn) + (2, S2)).
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Hence

Un — () < (24 a)d(z,yn) + d(z, xn) + 2d(z, 20) + 20(20, Tyn), (2.18)
where

vp = 6(2,82) + (24 a)d(z,yn) + d(2z,2n) + d(2z,2p) + (20, Tyn). (2.19)

Taking the limit as n tends to infinity we get, by (2.18) and (2.2),

lim v, = 0.

n—oo

Then from (2.19), d(z,Sz) =0. Hence Sz = {z}.

Assume now that T is a closed mapping (recall that a T : D C X — 2% is
called a closed mapping if for {z,} C D the conditions z,, — z, y, € Tz, and
Yn — w imply w € Tz). Since {y,} C C, yn — 2, ¥ € Tyn, y. — zand T is a
closed mapping, it follows that z € T'z. Thus we have

Sz={z}€Tz. =

REMARK. Theorem 1 is a modified and generalized version of Theorem 2.2 of
Ciri¢ and Ume [3] in Banach spaces and also a modified and generalized version of
the main theorems of Kubiaczyk and Ali [9] and Hu et al. [16], where they consider
a pair of mapping in Banach spaces satisfying (1.1) and for {8, } they assumed the
condition that £, — 0 as n — oo. This condition implies that the Ishikawa iterates
became the Mann iterates.
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