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Small angle limits of negatively curved
Kdhler-Einstein metrics with
crossing edge singularities

Yuxiang Ji

ABSTRACT. Let (X, D) be a log smooth log canonical pair such that Ky + D
is ample. Extending a theorem of Guenancia and building on his techniques,
we show that negatively curved Kéhler-Einstein crossing edge metrics con-
verge to Kdhler-Einstein mixed cusp and edge metrics smoothly away from
the divisor when some of the cone angles converge to 0. We further show
that near the divisor such normalized Kidhler-Einstein crossing edge met-
rics converge to a mixed cylinder and edge metric in the pointed Gromov-
Hausdorff sense when some of the cone angles converge to 0 at (possibly)
different speeds.
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1.1. The small angle world. Let X be a compact Kidhler manifold of dimen-
sion n and D C X be a smooth hypersurface. A Kédhler edge metric on X with
angle 2773 (0 < 8 < 1)along D is a Kéhler metric on X'\ D that is quasi-isometric

to the model edge metric at D:

W =1dz; Adz; <
Weone = £ 1 L+ Z V—1dz; Adz;,
i=2

|z, |2=R)
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where z,, ..., z, are holomorphic coordinates and D is locally given by {z; = 0}.
Tian generalized Calabi’s conjecture to Kihler-Einstein edge metrics and stud-
ied the applications of negatively curved Kédhler-Einstein edge metric to alge-
braic geometry by letting the cone angle tend to 277 [17]. Donaldson proposed
using Kdhler edge metrics to study the existence problem of smooth Kihler-
Einstein metrics of positive curvature on X by deforming the cone angle to 27
[4]. Since then much research has gone into understanding the large angle lim-
its(when 8 — 1) of Kéhler (-Einstein) edge metrics in relation to the Yau-Tian-
Donaldson conjecture. Cheltsov-Rubinstein initiated the program of studying
Kéhler-Einstein edge metrics in another extreme where the cone angle goes to
zero [3]. One topic of their program is to understand the limit, when such ex-
ists, of Kéhler-Einstein edge metrics as the cone angle tends to 0. This paper
is following that program. We prove that on a log smooth log canonical pair
(X,D),i.e., X is a compact Kdhler manifold and D = 2;21(1 — B;)D; is a divisor
with simple normal crossing support such that 5; € [0,1) for all i, assuming
that Ky + Z:zl D; is ample, then the negatively curved Kéhler-Einstein cross-
ing edge metrics converge to the Kéhler-Einstein mixed cusp and edge metric
when some of the cone angles tend to 0. We further study the asymptotic be-
havior of the Kédhler-Einstein crossing edge metrics near the divisor and show
the rescaled Kdhler-Einstein crossing edge metrics converge to mixed cylinder
and edge metrics on (C*)"™ x C"™" when some of the cone angles tend to 0. A
beautiful theorem of Guenancia related the Kidhler-Einstein edge metric to the
Kéhler-Einstein cusp metric in the smooth case [8], which confirmed a conjec-
ture made by Mazzeo [12]. Our paper is a generalization of Guenancia’s results
to the snc case. An added interesting feature of our work is the possibility that
multiple angles converge to zero at (possibly) different rates. Such kind of small
angle limits, where some angles tend to zero but others do not could be interest-
ing when studying moduli spaces of Kdhler-Einstein metrics since these limits
could correspond to approaching various strata in the moduli space.

1.2. Guenancia’s convergence result. Let D* be the punctured unit disc in
C. The first observation is that

. nW-ldzAdz
2P0 — |z|2)2
is a Kéhler edge metric with cone angle 2777 at 0 and it has constant Ricci cur-

vature —2. When 7 tends to 0, w, p- converges pointwise (see (5) for the detail)
to the following cusp metric (also called a Poincaré metric) on D*:

_ V—=1dz Adz
122 (log |z[2)*

In higher dimensions, we consider the pair (X, D) where X is a compact Kidhler
manifold of dimension n and D is a smooth divisor such that Ky +D is ample. By
Kobayashi [11, Theorem 1] or Tian-Yau [18, Theorem 2.1] with complements

Wy D z e D*,ne(,1),

eY)

Wp p* -
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by Wu [19], there exists a unique complete Kdhler-Einstein metric w, on X \ D
with cusp singularity along D such that Ricwy, = —w.

Definition 1.1. w, is said to have cusp singularities along D if whenever D is
locally given by {z; = 0}, there exists a constant C > 0 such that

-1
C C‘)cusp < @o < chusp’

where wp, is the model cusp metric:

\V—1dz; AdZ "
Weysp - = % + ZV —1dz; A dz;.
|z112log™ |z,|2 =

Since ampleness is an open condition, there exists some /3, such that for 0 <
B < By, Kx + (1 — B)D is also ample. Thus, by Campana-Guenancia-Paun
[9, Theorem A] and Jeffres-Mazzeo-Rubinstein [10, Theorem 2], there exists a
unique negatively curved Kihler-Einstein edge metric wg for each such small
B € (0,B,]. The family of metrics {wg}y<p<p, can be seen as currents on X
satisfying the twisted Kihler-Einstein equation:

Ricwg = —wg + (1= pB)[D], 0L B < Bo.

As a generalization of the observation discussed in the beginning of this section,
Guenancia related these two metrics as follows:

Theorem 1.2. [8, Theorem A and B] Let w, be defined as in Definition 1.1.
{wglo<p<p, converge to wy in both the weak topology of currents and the Cy; (X \
D)-topology as 3 — 0. Moreover, for 8 € (0,1/2], there exists a constant C > 0 in-
dependent of 3 such that on any coordinate chart U where D is given by {z, = 0},
the Kihler-Einstein edge metric wg satisfies

C_lwﬁ,mod < wg < Cwﬁ,mods (2)

where

2\/-1dz, A dz -
wﬁ,mod = ﬁ LA a5 + Z V —1le' A le

|Z1|2(1_6)(1 - |Zl|25)2 i=2

The relation between the convergence result in Theorem 1.2 and (2) is that
the weak convergence from (wg)o<g<g, t0 @, can be recovered from (2) by using
Lebesgue’s Dominated Convergence Theorem.

As an application of Theorem 1.2, Guenancia studied the asymptotic behav-
ior of wg near D as 8 — 0. Fixa point p € D, let Ug denote the punctured met-
ric ball B, ; (p, 1) of radius 1 centered at p with respect to the metric wg. Then
after renormalization by 872, there exists a subsequence of the metric spaces
(Ug, éwﬁ) converging to (C* x C"1, wcy1) in the pointed Gromov-Hausdorff

sense, where w; is a so-called cylindrical metric:

Definition 1.3. Let 7 : C" — C* x C"! be the universal cover of C* x C"~!
given by 77(z; ..., z,) = (%, 2,,...,2,). A Kihler metric wgy; on C* x C"! is
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called cylindrical if 7*w is isometric to the usual Euclidean metric on C" up to
a complex linear transformation.

Theorem 1.4. [8, Theorem C] Let (8;)ken be a sequence of positive numbers
converging to 0. Then, up to extracting a subsequence, there exists a cylindrical
metric ey on C* X C"~! such that the metric spaces (Upg,, B, 2co,gk) converge in

pointed Gromov-Hausdorff topology to (C* x C"*1, wey1) when k tends to +oo.

1.3. The main results. A natural problem is to generalize Theorems 1.2 and
1.4 to the snc case when all or some of the cone angles tend to 0. This possi-
bility is mentioned in [8] but there is no detailed proof given. In this paper, we
generalize Theorems 1.2 and 1.4 to the snc setting.

From now on, let (X, ) be an n-dimensional compact Kdhler manifold with

p
a smooth Kédhler metric w. Fix a divisor Dg := Z(l — B;)D;, where 3; € (0,1)
i=1

fori = 1,...,r. Assume each D, is smooth and irreducible. We further assume

Dg has simp}e normal crossing support, i.e., for any p € sqpp(Dﬁ) lyir'lg in

the intersection of exactly m components Dy, ..., D,,, there exists a coordinate

chart (U, {z;}_,) containing p such that D;|y = {z; = O}for j = 1,...,m,m < n.
r

Suppose Ky +Z D; isample. Let s; denote a defining section of D; and h; = |-,
i=1

be a smooth hermitian metric on Lp, , which is the line bundle induced by D;.

We normalize h; such that log |sl~|}21} + 1 < 0 for each i. Denote

5 = (617 ’ﬁr) € (07 1)}'
The following result is well known (see [14, §4] for a survey) .

Theorem 1.5. [9, 10, 13] (Solution of the Calabi-Tian conjecture in the nega-
tive regime) There exists a unique Kdhler—Einstein crossing edge metric with neg-

ative curvature, denoted by Wg, = W+ Y —1aé¢5 on X with cone angle 27t 3; along
D; for each i. In another word, wg . satisfies the Kdhler-Einstein edge equation

Ricwy, — [Dg] = — W,

Analogously to [8], let us introduce a reference metric,

2
28;
1- |Si|h l

Qﬁ:=cu—2\/—_16510g ﬁ—l ) 3)
i=1 i

Our first result is as follows.
Theorem 1.6. Let W, be given by Theorem 1.5. Let Qg be given by (3). There

. . . 1
exists a uniform constant C > 0, independent of 8 € (0, 5]’ , such that

C_IQﬁ < C0¢ﬁ < CQﬁ
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The key point of Theorem 1.6 is that the constant C is uniform with respect to
small 8;,i =1, ..., r. According to Theorem 1.6 and Lebesgue’s Dominated Con-
vergence Theorem, we obtain the weak convergence from wy s 10 the Kéhler-
Einstein mixed cusp and edge metric w, constructed in [7] as some of the cone
angles tend to 0. In particular, when § — 0 € [0, 1)", the limiting metric of

p

such wg s is the unique Kdhler-Einstein cusp metric on (X, Z D;) constructed
i=1

in [11, 18, 19]. More precisely, the following result is shown in section 2.3.

Theorem 1.7. The Kdhler-Einstein crossing edge metric Wy, converges to a

Kdihler-Einstein mixed cusp and edge metric on (X, Dg) globally in a weak sense
and locally in a strong sense when some of the cone angles tend to 0. In particular,
r

converges to the Kdahler-Einstein cusp metric on (X, Z D;) in the above sense
i=1

CU¢ﬁ

when 3 - 0 € [0,1)".

,

Remark 1.8. In Theorem 1.7, we assume Ky + ZDi to be ample to ensure
i=1

the existence of a limiting Kdhler-Einstein metric by the work of Kobayashi

[11] and Tian-Yau-Wu [18, 19]. An interesting open problem is to study the

convergence of W, when we only assume the ampleness of Ky + Dg for 0 <

pikli=1,..,r.

Theorem 1.6 and Theorem 1.7 generalize Guenancia’s Theorem 1.2 from the
smooth case to the snc case.

As an application of Theorem 1.6, we study the asymptotic behavior of the
Kéhler-Einstein crossing edge metric wg , near Dg when the smallest cone an-
gle approaches 0, with possibly other cone angles also converging to 0.

To state the result, without loss of generality, we assume for § = (8, ..., 5)
there holds 8; < 8, < --- < .. Fixa point p € Dg. Choose a coordinate chart
(U,{z;}L,) containing p such that Dj|y, = {z; = O} for j = 1,...,m,m < n.
Consider a small neighborhood Uy about p defined by

B

1
L By
z€(CH)"XCV™ 1 |zy| <e %1,|z] <<—> s J=2,my |z <1, € =m+1,...,n;.

B

We show that after normalization by factor 8} 2, a subsequence of metrics Wy,
converges to a mixed cylinder and edge metric on (C*)™ x C"~™ (see Definition
3.1 for more details. We note that our Definition 3.1 is in a weaker sense of
quasi-isometry comparing to Definition 1.3.) as $3; tends to 0. The limiting
metric has cylindrical part along the component D; where the cone angle (3,
approaches 0 while has conical singularities along other components. More
precisely, the third result of this paper is as follows:
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Theorem 1.9. Let {3, x}ken be a sequence of positive numbers converging to 0.
Assume further that {; y }xen does not converge to 0 for each i = 2, ...,r and all

Bix € (0, %]. Let @g, be the (negatively curved) Kdhler-Einstein crossing edge
metric on (X,D;, = 2;1(1 — Bix)D;). Then there exists a subsequence of the
metric spaces (Ug, , %a)q& ﬁk) converging in pointed Gromov-Hausdorff topology
to ((C*)™ x C" "™ w,, ) where w, is a mixed cylinder and edge metric.

Theorem 1.9 is a generalization of [8, Theorem C] which shows the conver-
gence of Kihler-Einstein edge metrics to a cylindrical metric in the smooth
case. Regarding complex dimension 1, i.e., in the Riemann surface case, but in
the positive curvature regime, Rubinstein-Zhang showed that the (American)
football equipped with the Ricci soliton metric converges to the cone-cigar soli-
ton on R, as two cone angles converge to 0 at a different speed and to a flat
cylindrical metric as two cone angles converge to 0 at a comparable speed [16,
Theorem 1.1-1.3]. In [16], the S!-symmetry of the metric plays an important
role in the proof. In higher dimensions, we generalize Theorem 1.9 to allow
more than one cone angles to tend to 0 and study the limit behavior of metrics
under this joint degeneration of cone angles. The result is as follows.

Theorem 1.10. Let {3, }xen be a sequence of positive numbers converging to
0. Assume further that for any i € {2,...,r} such that {B; ; }ren also converges
to 0, there holds lim,_, o, % € [0,1] and all B; € (0, %]. Let @g,. be the (nega-
ik
tively curved) Kihler—Einstein crossing edge metric on (X, le = Z;l(l— Bik)Dy).
Then there exists a subsequence of the metric spaces (Ug,, ﬁTC% ﬁk) converging in
1,k

pointed Gromov-Hausdorff topology to (C*)™ x C"*™™, cuoo),’where Wy, IS a mixed
cylinder and edge metric with cylindrical part along components whose cone an-
gles converge to 0 and conical part along other components.

In the language of [16], [16, Theorem 1.1-1.3] completely describe, in a geo-
metric sense, the boundary behavior of the body of ample angles [15] of the pair
(S2,N + S), where N and S denote the north and south poles of the Riemann
sphere respectively. In higher dimensions, given a pair (X,D = Z:zl D;), The-
orem 1.10 is still not a satisfactory description of the boundary of the body of
ample angles of (X, D) in the negative curvature regime. Part of the reason is
that different subsequences may converge to different mixed cylinder and edge
metrics. A complete characterization of the moduli space of such (X, D) en-
dowed with Kdhler-Einstein crossing edge metrics in the sense of [14] is still
open. However, Theorem 1.10 is interesting in its own right from an analytical
point of view.

1.4. Main ingredients of the proofs. We first recall the key ingredient in the
proof of Theorem 1.2 is the boundedness of the holomorphic bisectional curva-
ture of the model metric wg 04, Which makes it possible to use the Chern-Lu
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inequality to obtain the Laplacian estimates, cf. [8, Theorem 3.2]. Therefore,
one way to prove corresponding results of Theorem 1.2 in the snc setting is to
first extend [8, Theorem 3.2] to the snc setting, i.e., prove boundedness of holo-
morphic bisectional curvature of the model metric Qg (see (3) for details). This
is done in Lemma 2.4 by adapting arguments in [10, Lemma 2.3] and making
use of the fact that we only need to deal with small 8;’s. Then the proof of
Theorem 1.6 uses a modified maximum principle argument and Chern-Lu’s
inequality to give respectively the C° and Laplacian estiamte. A useful fact in
the proof is the observation that Q4 shares the same crossing edge singularities
as wy, (see Claim 2.8 for the detail).

An important observation is that the reference metric Qg has the property
of converging to a Kdhler metric with mixed cusp and edge singularities when
some of the cone angles tend to 0. This observation, combined with the content
of Theorem 1.6, give us the result of Theorem 1.7 as a corollary. As another con-
sequence of Theorem 1.6, Theorem 1.9 and Theorem 1.10 treat the limit behav-
ior of the Kéhler-Einstein crossing edge metric wy , near the divisor Dg when
some of the cone angles approach 0. After fixing a point in the divisor Dg, we
first rescale the reference metric to obtain its convergence to a mixed cylinder
and edge metric (see Definition 3.1) as the smallest cone angle tends to 0 in a
small neighborhood of Dg. To obtain the pointed Gromov-Hausdorff conver-
gence of the rescaled Kédhler-Einstein crossing edge metric wg , near the divisor,
we actually show a stronger local smooth convergence result. We use Theo-
rem 1.6 and the limit behavior of Q3 mentioned above to obtain C-estimates
of rescaled wy ;- Bya standard use of Evans—Krylov theory and Arzela-Ascoli
Theorem, we obtain the Cl‘zfc-convergence of the rescaled Wy, as some of the
cone angles tend to 0.

2. Small angle limits of the Kihler-Einstein crossing edge
metrics

Let D* = {z € C : 0 < |z| < 1} be the punctured unit disc in C. The first
observation is, for 7 € (0, 1), the following Kidhler metric
wyps 1 =—V—18d1og(1 — |z|*")
_ N-In?|z|?
RGPS

has negative constant curvature and cone singularity with cone angle 277 at
0 € C. Indeed, direct calculation using the Poincaré-Lelong formula [6] yields

Ricw, p+ = 27(1 — 9)dy — 20w, p-, 4)

dz Adz

where §,, denotes the Dirac measure at 0.
For a fixed z € D*,

n2|Z|2n—2 1

=0 (1= 2122~ |z12 (log |z[2)*

(5)
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Thus, w, p- converges uniformly to the Poincaré metric wp p- defined in (1) for
any compact K € D* when 7 tends to 0. Note that

Ric a)P,[D* = 27'[50 - ZCUP,D*‘

Thus, wp p+ is a Kéhler-Einstein cusp metric on D* with cusp singularity at 0.
Next we introduce a reference metric that generalizes w, p- to higher dimen-
sional manifolds.

2.1. The reference metric. From now on, let (X, Dg) be an n-dimensional
r

compact Kéhler manifold with an R-divisor Dg = Zi:l(l — B;)D; such that
Kx + Z:=1 D, is ample, where 3; € (0,1) fori = 1,...,r. Given this assump-
tion, Kx + Dg is ample for small 3y, ..., B, since ampleness is an open condition.
Assume each D; is smooth and irreducible. We further assume Dg has simple
normal crossing support, i.e., for any p € supp(Dg) lying in the intersection of
exactly m divisors D, ..., D,,, m < n, there exists a coordinate chart (U, {zi};"zl

containing p such that D;|y = {z; = 0} for j = 1,...,m. Let s; denote a defin-
ing holomorphic section of D; and h; = | - |, be a smooth hermitian metric on
Lp,, which is the line bundle induced by D;. Let 6; denote the curvature form
of each (Lp,, h;). We normalize h; such that log |s; |fli +1 < Oforeachi. Letw

,
be a fixed smooth Kédhler metric with [w] = ¢; <KX + Z Di). Below we denote
i=1
D:=Y_ Djandf := (By,....B)
Define the reference metric:

26;
1— s,

i=1 l

Remark 2.1. The appearance of §; in the denominator of the log term in the
potential function does not affect the definition of the reference metric. We
use this convention, following [8], since the potential function in (6) defined in
such a way will be shown to converge weakly to a potential function for some
Kéhler cusp metric. See Lemma 2.10 for details.

Qg can be seen as a generalization of w, p- to higher dimensional manifolds.
First, let us recall [8, Lemma 3.1].

Lemma 2.2. Qg is a Kdhler edge form with cone angle 273; along D; for i =
1,...,r. More precisely,

2;
" — 8 o e BislY
Qﬁ=w+22 -1 235, %, <D’Si,D’Si>——2ﬁi ,
= N NS 1 [
(7)
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where D10 is the (1, 0)-part of the Chern connection of (Lp,» h;) for each i. Up to

.....

Proof. A concise proof for the case r = 1 is given in [8, Lemma 3.1]. For the
reader’s convenience, we give a detailed proof here. In fact, it suffices to show
(7) when r = 1. Hence, below we suppose r = 1 and drop the subscript i for
simplicity.

If we set

— 1<l =
¢=Isl; =h-|s|%
then Qg = w + v/ —189 fo¢. Recall there holds

V=188 fop = V=1(f"($)0¢ A 3¢ + ['($)35%).

‘We calculate

fr= 2BxF1
1—xB’
= —2BxP2 N 2B2xP~2 .
1—xP (1 —xP)?2
Then
52
2B1sl,7 7
Q=w+V-1- —hzﬁaa|s|;
1-—- |S|h
282157 2pIsl .
+V-1- ’126 - h 7 d]s|2 A ds|2.
(O N i E S N
Note
35]s]2 = 65 A 3h + |s|208h + hds A 55 + sdh A 35, (8)
3lsI2 A Bls? = [s|*Oh A 8h + shis|20h A 85 + shis|*3s A 3k + |s|*h2ds A 85,
9
and the fact
6 =—\V—133logh = \/—1(ahh+ah - ?) (10)
(DY0s, D105y = (3s - e + %s -e,ds-e+ %S -e) 11

h h
2
= hds A 05 + §0s A Oh + sdh A 05 + lSTah/\éh. (12)
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We calculate

2615277
ng_co+\/ 66| |2 V-1

(2BZISIZﬁ s

d|s|?> Ad|s|?
(- sy 1—||h] S

1- |S|h
28]s Izﬁ -2 25 —4
=w+|V-1 — s s|288h — V-1 —— s|*0h A Oh
1- |S|h 1- |S|h
ZBls 26 -2
+V- (sas/\ah+h65/\6$+s6h/\as)
1 - |S|h
(28200 2818y _ ] ]
+V- 5 B (sh|s|?0h A 35 + 5h|s|?>ds A Oh + |s|?h%3s A 35)
aow By 1|5
2621l .
+vV-1 —|s|4ah Adh
(1- |s| Iy
26|s| 6h/\6h doh
= h \/ -=)
1-— |s|
26|57 ] _ P .
+v —1—(has A O35+ 50s AOh + sdh A 05 + 'S—ah A dh)
(1 —|sl;P)? h
p—2 26
B2sl;: Blsl,
=w+2-V-1 5 (D105, D105y — 2. 0,
(1= 1s| ﬁ)l 15|
which is what we need. Since
V-1 i (D'0s;, D10s;)
2-24; 26; b L
Isily (1= Il
contributes as a non-negative (1,1)-form for each i, we will show that up to
26;
I@ilsilhﬁ
rescaling h;, 5 5 can be made arbitrarily small to conclude that Qg >
L= sl
1 . . . 5 thi
SO To see this, consider the function f (¢) := B . The function fg (t)

is increasing in (0,1) and satisfies fz(0) = 0. Hence forany § > 0, dt5 €
(0,1), such that for t € (0, ¢5], fﬁl_(t) < dforeachi =1,..,r. Now take § =

1
and rescale each h; such that |si|fb <ts. Then
ar - Supy ; 116i1le :

26
r Bilsily !
2. — 8> —w

i=1 1— |s; |26‘
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and therefore Qp > %w O

Whenr = 1and g = B; € (0, %], the following result of Guenancia states

that the reference metric Qg has uniformly bounded holomorphic bisectional
curvatures on X \ Dg.

Lemma2.3. [8, Theorem 3.2] Whenr = 1, there exists a constant C > 0 depend-
ing only on X such that for all § € (0, %], the holomorphic bisectional curvature
of Qg is bounded by C.

We generalize this result to the SNC case by adapting arguments from [10,
Lemma 2.3].

Lemma 2.4. There exists a constant C > 0 depending only on X such that for all
B where 3; € (0,1/2] foreach i = 1,...,r, the holomorphic bisectional curvature
of Qg is uniformly bounded by C on X \ D.

Proof. We prove the lemma following [10, Lemma 2.3]. When r = 1, this gives
another proof for our Lemma 2.3. To deal with the more complicated r > 1
case, we need to treat non-diagonal terms in the metric tensor of Qg carefully.
Since the idea of the proof is the same for general r > 1, we assume r = 2 for
simplicity.

Step 1: Estimate the metric tensor.

Fix a point p € X \ D. We can find local holomorphic coordinates such that
$1 = Z1, 8, = Z, and the hermitian metric hy on Lp, is given by hy = e~%x with
¢x(p) = 0 and d¢(p) = 0 for k = 1, 2. In these local coordinates, write

w =V -1g;dz' AdZ/,

= x/-wfjdzi Adz/,

where g;; and 9:‘} are smooth functions of the coordinate z and k = 1, 2. More-
over, for k = 1, 2, we have

(D105, DM0s;.) = (dzy - e, — 2 0Py - ey, dzy - e — z 0Py - ex)

p—y ( 9 Ok 9¢y Odi

— _rr_ 2 k
1 kaZk ka Zy | kl 5zk6 k>d /\dZ

0 .
+Ze ¢k< 9% + |z 2K P ¢k)dz"/\dzl
s Z; 0z, 0

+Ze‘¢k (—zk P |k|za¢" ¢") 2/ Adz

7k ozl Z] ézk

n
+ > etz P ¢" df"d IAdz.
i,j#k i 02
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For the sake of brevity, we introduce the following notations for k = 1, 2:

k kazk kaZk k aZk azk’
bk = el el 5¢k itk

J azJ+ kaz 8

K 0 0y
C- = ==
tj 5Zl- aZJ

i,j # k.

Then q;, bj? and cfj are smooth and vanish at p. Writing Qg = —lgﬁdzi A
dz/, by (7) we have

2Bk Zﬁk
2 Brlsel, Bels
L kK Ak k 1,0 1,0
g=8y=2 2 g O+ 2 Z—zﬁk@ St D5
k=11—|sk|hk k= 1(1—|sk| )2

BrePrde |z, |2 2 ﬁie—(ﬁk_l)qbk |zk |22

2.3
= 1- |z |2Pr - e=Fdi 1 = a- |2 | 2Bk e—Bicic )2

=8&j—2- (D0s;, D10,

For each component, we have

s B B AT 1+a)
811 = 811 ~ 1 — |z |2Bk - e=Prd 11 1— |zy|%Bre—Fid1)2 '
E1- 1z 1= lzl )

2p=(Br—1)¢ 262
‘/3263 2Pz, | P2 92|z, |22
(1 — |z;|?B2e=F2d2)2 1
N LT il G
5 = . = — . = 1 Z
812 =8 L B ehed 2T U [ PR 2
20=(B2—D2 | 5. 2622
) hre el e~%22,b2,
(1 — |z;|?B2e=Fad2)2
2 -
Bre Prbr |z, |2Be
=8ij — Z 2 - lk
21— |z |2 - P 1
2 62e—(ﬁk—1)¢klz | 2Br—2
k k _ .
7. be|z,|2ck, i, j>3.
’ k; A= lzpeag < B2

Note that g,5 (respectively g,7) can be treated similarly as g;; (respectively
g13). The first observation is that the term 8, /(1 — |z, |*f¢ - e~Px#x) (and also
its square) which appears in each g;; will not blow up as §; — 0 for k = 1,2.
Indeed, the function x — /(1 —x#) is uniformly bounded for all small 8 under
the assumption x < e~!. Since we always assume |sk|ik <elfork =1,2,we
only need to consider a point p that is near D (i.e., |z;| and |z,| are small) and
show the holomorphic bisectional curvature at p is uniformly bounded in .
To achieve this, we consider a change of coordinate &, = sz /B for k = 1,2.
Such & is multi-valued. Thus, we need to choose a single-valued branch of
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the Riemann surface associated to z;, +— sz. More specifically, whenever we
work with &, denoting the polar coordinates of & by (i, 6;), we always assume
O € [0,27B;). Under this assumption, & always take values in the space
{(r,0) € C : 6 € [0,m)} for k = 1,2 for varying (3, as we have 3, € (0,1/2].
Moreover, when we consider the inverse map of the change of coordinates z; =
(BiEr)/Pe, we assume &, € {(r,8) € C : 6 € [0,276;)} and hence z, €
{(r,6) € C : 6 € [0,2m)} for varying 8. In the new coordinates, we have

2
2z 0 _
dzy AdzZy = |B16117  d& Adé,
1 1 1 1 1

P ——1_—-1 _
dzl A de = lﬁl 252 151 252 dgl A d§2'

From now on, we make the change of coordinates summarized as above:
zik
&h=—, k=12
B

gg = Zp, Lp=3,...,l’l.

We record the components of Qg, denoted by Qg = v —1h;;d¢" A d&/, in the

new coordinates:
2

=] 2 2
hii = |5 € |%_2g~ 0. 161 i ol _ 5. 28_52¢2|§2|2|‘31§1|51 o
11 151 11 1—e A &2 1! 1= e Bata Bk, 2 i
2
22
fie glalisaln

Q+4+a)+2

5. . 2.,
(1 —eFr1|B,£12)2 (1 — e Fat2|By6,12)2 1

1 1 1 1 - 1 1 101
4] -1 -1 _——1 - 442 -1 = 41
hys = A1 B2 B1  ER2 g3—2- i §1 Ry B1 £B2 ol
2 1 2 1— e_ﬁl¢1|‘81§1|2 1 2 1 2 12

b

4 X4

_ 1 4 L 14 L 30— s gF EF
e 52¢2§2 N 1 52+2 a 1_52 92_+2.51e /31¢1§1522 gzz .
2 e (1—eFitr|B§[2)2 2

l—ebh|ge Tt T2 %

1

1
L4

- B B

,336 52452%‘2611 11 "

(1—eFet2|B,6,22 Y

L2 L L L
o é—l 6%—1~ ] lﬁl e—ﬁ1¢1§1§f1 . lﬁl 6§e—ﬁ2¢2|§2|2§1/31 ,
Y ! 18 1—ePidi|g €2 1 1 — e Faf2| 6,2 1j
14 1,
— - B — e
' 513e ﬁ1¢1§'1 . . g 11 e 52¢2|§2|2§151 2 R
(1—ePdr|B &[22/ (1 —eFBb2|Byf,022 1 o

2 BrePede |8 £ |2 . 2 ﬁie—ﬁk¢k|ﬁk§k|2 )

he =g —2 e,
i o1 1 — e Ped| By |2 kz=:1 (1 — e Pt | By |2)2 1

i,j=3,..,n.

(13)
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Note that hy; can be treated similarly as h;;. A first observation is that since
2_ 2
Br € (0,1/2], both Blfk ’ and |&;| P are uniformly bounded. Regarding the
metric tensor of Qg, terms that involve g;; or lej are also uniformly bounded.
Moreover, after the change of coordinates, there does not exist singular term in
each component h;;. In conclusion, h;; is uniformly bounded for any i, j, i.e.,
by (13), in coordinates (&1, &,, &3 = z3, ..., &, = z,,), there holds

hi; =0Q), fori,j=1,..,n.

In other words, we have shown that the metric tensor ;5 is bounded from above
for all i, j. However, the metric tensor may degenerate as 8; or 3, tends to 0.
According to (13), we have for rather small 3, and 3, the following asymptotic
behaviors of each metric tensor:

hi~ B2, hy~p3,
hiz, hot ~ BB 1€ 1162l

. (14)
hj~Bilél, =31
hi; =0Q1), i,j=3,..,n
Step 2: Estimate the inverse of the metric tensor
Recall the curvature tensor is given by
Rijke = —hijxe + hhizichg e (15)

To estimate the holomorphic bisectional curvature, we take two unit vectors
(w.rt. the metric k) u' - and v/ =-. Then by (14) there holds
ij 3 3t y
i j

ul,ol =08, u?v? =08,

o 16
u,v'! =0Q1), i=3,..,n. (16)

To finish the proof we need to bound Rij-kguiaj vko?. We first consider Rijke-
We need to analyze h, k5 and h;j .

We first treat h'/. By (13) and (14), one finds that det{h;;} is uniformly bounded
and tends to 0 as 3, or 3, tends to 0. More precisely, by (14) there holds

det{h;;} ~ B2B2. 17)

Since hJ = C ji/ det{h;;}, where Cj; is the ji-th cofactor of the matrix {h;;},
we deduce from (14) and (17) that

hlj’hii ~ 61—2’ l,] ?é 2
h'? ~ 372657, (18)
R =0Q1), i,j#1,2
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while h% and h/? can be treated in the same way. Roughly speaking, h/ are
bounded for fixed 8 near p but may tend to infinity with respect to 3 as de-
scribed above. However, by (13) and (14), for any j, h;; (respectively h,;) de-
generate at the rate of at least ,Bf (respectively ﬁg), when 3, (respectively §8,) is
small, and taking derivatives may only cause the terms h;j and h;j ;¢ to con-

verge to 0 at a faster speed in 8. Thus, the singularity in h* does not cause a
problem when we consider the curvature tensor (15), where the h/ terms are
multiplied by corresponding h;z . or hgj .. We explain this in detail later in Step
4.

Step 3: Estimate derivatives of the metric tensor

Now we turn to show that h;5, and h;j5 ¢ are uniformly bounded and find
their dependence on 8; and f3,. For k,¢ € {3, ..., n}, as taking derivative w.r.t.
0/0z5 =9/3&;,...,0/0z, = 3/3&, will not contribute extra singular terms, the
uniform boundedness of h;; implies that this also holds for such k5 and h;j iz
It remains to deal with &5 and h;; ij.kf fork,¢ € {1,2}.

By the exact formula of each h;5 in (13), we find that the exponent of the terms
£,,&,,&,, &, is at least 1 when 51 and 3, are rather small, and indeed both the
term h;; and their first or second order derivatives are smooth in £, €,6,6. In
summary, taking derivatives of the metric tensor does not cause singularities in
£, &, &, &, We only need to derive the asymptotic behavior of the derivatives
with respect to 8. To achieve this, it is enough to deal with the following term
T from (13). The reason is that any other terms in (13) have higher order de-
pendence in 8; and (3,, before and after taking the derivatives. So we consider
taking derivatives of the following term

‘8fe—ﬁ1¢1
(1 - B21&, PePin)’

w.r.t. 8/9&, and 8/8¢&,, since this is the most singular term appearing in the
metric tensor. And by symmetry of indices we only need to consider 9/9&;(T),
02/0&,0&,(T) and 8%2/9&,0&,(T). In the coordinates (¢,&,,&5 = z3,...,&, =
Z}’l)y

=:T (19)

0 _97 0 _ gV/Am1g /A 0
38,  0&, 0z, dz,’
3 02,0z, &
0£,08, 0, 0§, 02,02y
82  0z;0z; &2
0£,08,  0F, 0§, 02,02,

Thus, we have

5%6—51%

5™ 5(1 — B21¢, [rehitr)’
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1/514'1 11/51_1 9 (e 51¢1) 2‘31/51+3 —ﬁ1¢’1§' gl/ﬁl (e 314’1)
= +
(1 —ﬁ%|§1|2e-ﬁl¢l) (1 —BfI&IZe—M)
25;‘6—25145151
(1- B21E [2ePis1)’
= 0(B{16:) = O(D),

since 8; € (0,1/2] and ¢; is smooth w.r.t. zy, ..., z,,. Similarly, we get

(T) = 0(B*B P71 |£,116,]/8-1) = O(1),

3§15§z

since we only need to address 0 /9§ ,(e~F1%1) when taking derivative of 3 /3&,(T)
w.r.t. d/9&,. Finally, direct calculations yield

2/ﬁ1 2/B o—hid
92 _ |§ | a azlaz e
aglagl (1 — 52|§1|2e—51¢1)2
251/514‘3%«1/51—1 56 —51¢1(§1e—51¢1 + |§1 |2‘61/ﬁ1—1 _i/ﬁl_l ie—ﬁlqsl)
i 2z

(1- 52|§1|2e—51¢1)3
2ﬁ4( d e—51¢1_(|§1|2 51¢1) + e_ﬁ1¢1

|§’1|2 —51¢1)

(1 - B21E [2ehitn)’
_ 0 _ d -
6B7e Pt —(|& |2 Pidr) — (& |2eP1or)
3! 3!

+ 4
(1- B21E J2e51%)

= 0(B).
In conclusion, we have shown

h'l'j,k = O(l)’
hl‘j,ki = O(l)’

for fixed § and any i, j,k,¢ = 1,...,n. In other words, the derivative of the
metric tensor is bounded for fixed 8. Moreover, by taking derivatives of (13),
we find that the derivatives of the metric tensor degenerate (w.r.t. 3; and 3,) at
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the rate shown below:

hiy, Miig = O(ﬁf), t=1,..,n
Mt hiigi=0(BB3), i=1,...n,
i =0B}), k#1,2,¢=1,..,n
hli,l = O(ﬁ{‘ﬁ;‘),
hize = OB6), k#1,
hiziz =O0BiBy), € =1,..,n,
hizee =0B3BY), k#1,6=1,..,n
i =0, j#1.2,k#2,
hij.=0BiB). j#1.2 0)
hiwe = 0B, j #1,2,k #£2,6 #2,
hiike =O0BiB3), j#1,2,k=20r¢ =2,
iy = 0@B/PTY, ij#1,2
hija =07, ij#1,.2
higar =067, 1j#1,2
hijor =0, ij#1,2
hijaz, ijo1 = O(ﬁi/ﬁl_l ;/ﬁz_l), i,j#1,2
Wi hijee = OQ), i, j,k, € #1,2.

Step 4: Estimate the sum R, su'a/v*o’.

We have shown the derivatives of ;; are bounded. To show that R;3,zu'it/v

; kit
is bounded, we consider

Rijkfuiﬂjvkﬁf — (_hlj,kg + hSthif’khsj’g)uiajkaf.

We consider three different cases.

When none of i, j,k,¢,s,t is 1 or 2: then the sum is uniformly bounded
because none of the term blow up w.r.t. 8; or 3,.

When s, t # 1,2 and i, j, k, ¢ may take values from 1 or 2: then we found
from (20) that the common factors of powers of §; or 3, in h;j  and h;; ;7 com-
pensate for the degeneracy of u!, u? and v?, v2.

When s or ¢t = 1,2: then in the worst case, where s = 1,t = 2, we find
from (20) that all the derivatives that have 1 or 2 in the subscript have at least
a degeneracy rate of ,6’% or B;’. However, h* blows up at the rate of By 262‘ 2,
Combining this fact with (16) we find that the common factors of 5; and 3, in
the derivatives can still compensate for the degeneracy of h* and u, v.

Then we conclude that when f satisfies that 5, € (0,1/2] for each k, the
holomorphic bisectional curvature of Qg is uniformly bounded in g. O
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Remark 2.5. As pointed out to the author by H. Guenancia, J. Sturm’s trick (see
[14, p. 62]) can also be applied to simplify the proof of the curvature bounds in
Lemma 2.3. Our proof of Lemma 2.4 deals with the general case where r > 1.

2.2. A priori estimates. By Theorem 1.5, there is a unique Kihler-Einstein
crossing edge metric on X with cone angle 27 3; along each D;, denoted by wg s =

w—_, Bi6; +—104, such that
el +Psn

201-4)°
H:=1 |Si lhi

n _
wy =
5 (21)
wy, = — ) Bib; + V—133¢; > 0,
i=1
where f € C*(X). In this section, we establish a Laplacian estimate for w, o
with respect to the reference metric Qg by proving the following result.

Theorem 2.6. For 8 = (84, ...,5,) € (0, %]’, there exists a constant C > 0 (inde-
pendent of 81, ..., B,.) such that

-1
on X \ supp(D).
Define
2
o 1= lsl
l,bﬁ = —Zlog T s

i=1 i

then

Qp = w +\—135¢;.

Proof of Theorem 2.6. We divide the proof into two steps. First, we deduce
the C%-estimate for potential functions ¢ and g by using a modified maxi-
mum principle. Then we derive the Laplacian estimate by applying Chern-Lu’s
inequality to the identity map (X, cu%) - (X, Qp).

Remark 2.7. When r = 1, the proof of (22) is already given in [8, Proposition
4.2]. The main difference for the case r > 1 is that wy . and Qg admit crossing
edge singularities. However, thanks to Lemma 2.4, we are able to follow the
arguments in [8] and treat all the components at once.

Step 1: C%-estimate: Comparing ¢ with .
We first compare the potential functions of wg . and Qpg. Let 435 =g — g,
then we get
$g+f . \n
Cc)gﬁ = —re 620(1_5‘), (23)
Hi=1 |Si|hi '
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.
=(Qg — ). Bi6; + V—1054p)" = e¢ﬁ+FﬁQg,
i=1
wn
where Fg = g + f + log r |2(1 B o . Then we claim that
i=1 15 B

Claim 2.8. For some uniform constant C > 0,

[|Fgllcox\py < C.

611

(24)

(25)

Proof. First note that f is smooth on X by construction, hence it is bounded

as X is compact. Therefore, it suffices to show

wn
Fﬁ—f=¢ﬁ+10g r |S |2(1 ) Qn
=115 3
Hl. 1ﬁ.z-cu”
= log 20-6) %y o
Hl s z| A= s, ‘)Z'QB

is bounded. To prove the claim, it is equlvalent to showing
ro2
Ql’l — H =1 ‘Bi

0(1),.n
e w
B 2(1— i 2i

ITL, Isily Q- Isi;y2

near the divisor. This amounts to saying that Qg has a pole of order

Hl | l|2(1 #)_ without loss of generality, we can assume r = 1 and thus be-

low we drop the i in the subscript for simplicity. Let p € M \ D near D. Let
e be a local holomorphic frame for Lp, and (z;, ..., z,) be a local holomorphic
coordinate chart such that s = z;e. Let h = e~% be a smooth hermitian metric

on Ox(D) and 0 the curvature form of (Lp, h). Denote
w =V -1g;;dz; Adzj,
Recall the expression (7) of Qg. We calculate
0 0
(DWs, D10s) = e~#(dz; + z, %dzk) A(dz, + 2, 6_'¢dzk)
k

o o |1|25¢ o

[(1+Zla_'+2161 3z, 9z, —)dz; AdZ;

i} d¢ 0¢
+kZ::2(Z1aZ |z 1|26 3z, ——-)dz; AdZy

L , 09 0¢ i}
+ Z(ZITIC + |Z1| aa—zl)de A le
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n
0¢ o¢

+ 2T _Tdz, Ad
k%zl Z| 3z, 32, Zi Adz].

Hence,
52

2(1- ﬁ)(l

(DY0s, D1:0s)
2B
—Is#y2
2
B 62 n 52|S| B )
= 2(1—B) 28 +0(1))dz, AdZy + Z(— + 0(1))dz; AdZ
sl = Isly )2 =2 21(1 = Isl})?

o Bl o g2s)?
+ (" + 0z Adzy + Y, ———dz Adz
k=2 Z;(1 — [s];")? ki=2 (1 —[s|,7)?
62 n ﬁzlslzﬁ
= (=5 7 +0()dzy Adz + Z(— +0(1))dz, A dz,
s, @ —1Isl;)? k=2 z1(1 — |S| )2

L3 B2sl*

Isl},

n
+0))dzy Adzy + ), O(1)dzy A dz;.

k=2 z;(1 — |s|h )? k=2
Let
Bls | B2
(A, = @p! (¢ ) (D195, D10s).
J=1 J/ij=1" ij/i,j= -1t
— sl 112 7P = 172
Write (4; J)?jzl as a block matrix
All gr
(4; ) (26)
ij/i,j= 1= Ac (Al])l] 5

then

Blsly’ g 261
App =g — % ¢ + 205) 7 +0(sl},” )+ O(|S| )0(1)
1— s, s, " (A —s],)?
Bls|2* o1 .
v=en - lmsbl, +0(sP ™) + 00 +0(), j=2,..m,
1-—
Bls|* ,
Ajl = 81— W(ﬁﬂ + O(|s |25 1) + O(|s| )+ o), i=2,..,n,

1—|s

Akl O(|S| )+O(1) k,l =2,..,n
Recall the formula for determinant of block matrices as in (26),

det(A;)}_, = det(A;)f,_, - (A1 — A (A}, 4. @7

i,j=1 lj2)
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Using (27),

on det(gij')
det(A;;)! =1
T det(g)
= 20 det(A,))",_, - (Ayy — A, (A, _) A

2
= 0. P
20-6)
sl P — |5y

+0(s1)" %) + o(sIF ™ + o(s}F

+0(s1)%) + 0(Isl¥) + 0(D) |.

62

. In another word,
WP Isi?

Thus, one finds that the dominant term is

Is[,
62
we have shown QE = 0 . ﬁ) w", which is exactly what we
Is[), — s | o

need. O

Lemma 2.9. There exists a uniform constant C > 0 in 3 such that,

sup |$g| < C,
X\D

when f3; are small enough for every i.

Proof. First note that for a fixed f3, cﬁﬁ is bounded according to [10, 9]. We aim
to derive a uniform bound for cﬁﬁ inB. Let g, = cﬁﬁ +e 2:21 log |s; |fli for small
€ > 0. Since yg(p) approaches —co when p — D, xg . obtains its maximum
on X \ D, at say py.x- Then

0> V=108 5(Pmax) — € ) 6:(Pmax);

i=1
where 6; is the curvature of the Chern connection on (Lp,, h;). Then at ppy,

(Qp — D, Bi6; + V—180¢5)" < (Qg + Y (e — BO)" (28)
i=1 i=1
<2mg, (29)

by the fact that Qg > r(e — 5;)6; for small enough ¢ and §;, as shown in Lemma
2.2. Combining (24) and (29), at ppax>

3548 (Do) < 20
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= qgﬁ(pmax) < nlogz - F,B(pmax)
< nlog2 — inf Fg.
< nlog2~ nf Fy

Forany p € X \ D,

$6(p) = Xxpe(p) — ¢ D log s} (p)
i=1

,
< Xp(Pmax) — € ) loglsil; (p)
i=1

r r
< nlog2 — inf Fy + ¢, 10g |sily (Pmax) — € 2, log Isil}, (p)
i=1 i=1
<C
for some constant C > 0, when letting ¢ — 0 and using (25). Similarly by
considering ¥g. := 435 —€ Z::1 log |Si|i achieving its minimum on X \ D, we
can show a lower bound for q§ﬁ onX \ D.
O

Step 2: The Laplacian estimates for w, . and Q.

In this section, we use Chern-Lu’s inequality to deduce the Laplacian esti-
mate of wy , With respect to Q.

Consider the identity map

id : (X\D,cu¢5) - (X \ D, Qp).
By definitions, Ric wp, = —wg,. From Lemma 2.4, |Bisecgﬁ | < C; for some

constant C; > 0 when §; € (0, %] for every i. Then by Chern-Lu’s inequality
[10, Proposition 7.1] (see also [14, Proposition 7.2]),

A%ﬁ (log trw% Qp) > —1-2C; tr%ﬁ Qp. (30)
Setfor0<e<k1,

,
Hg . =log tr%ﬁ Qp —4(C;3 + 1)q55 + eZ log [s; ii,
i=1

then

-
A%ﬁHﬁ,e = A%ﬁ (log tr%ﬁ Qg — 4(C5 + 1)435) - eZ; tr%ﬁ 6; (31)
i=

1
> A%ﬁ (log tr%ﬁ Qp) +4(C5+ 1) (5 tr%ﬁ Qp — n) — tr%ﬁgﬁ, (32)

where the last inequality is true by noting that 6; < MQg for some uniform

. 1 r 1
constant M > 0 and assuminge < — and ),._. 8; < —.
2rM i=1 2M
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Combine (30) and (32),
Aa)qsﬁHﬁ,E > trwi‘{/} Q'gl -C (33)

for some uniform constant C > 0. Hg . achieves its maximum on X \ D, at, say
Qmax- Then by (33),

tra)% Qﬁ(qmax) <C.

Foranyq € X \ D,

,
logtr,, Q4(q) = Hpo(q) +4(Cs + 1)gs(q) — € 2 log sil;, ()
i=1

< Hg (qmax) + 4(C3 + Dd(q) — € 2 log Isi [}, (@)

i=1

r
<C- 4(C3 + 1)$B(Qmax) + GZ IOg |Si|ii(Qmax)

i=1

,

+4(C3 + D () — € D] log s} (@)
i=1

< some uniform constant C,

where the last inequality is true by Lemma 2.9 and letting ¢ — 0 for fixed q.
Hence we have shown

CU¢6 >C- QB, (34)

on X \ supp(D) as desired. Since wg . and Qg are equivalent on X, we obtain the

estimate (22) on X \ D.
O

2.3. Global convergence of Wgge A smooth Kidhler metric Qpc- on X \ D is
said to have mixed cusp and edge singularities along a divisor D if whenever D
. . t .

islocally given by D = 3. _ {z; = 0} + Z;.":Hl(l —Bjiz; = 0} witht <m < n,
Qpc is quasi-isometric to the following metric:

C ATy ads. M B2A—1dz; Adz; n
CUPC:ZZM-i_ ! d ]+ Z V—leg/\de.

2 2(1-8;
i=1 |zi|21log” |z;|>  j=+1 |Zj|( A t=m+1

In particular, when t = m, wpc has merely cusp singularities along D.

In the case t = m, it is well known [11, 18] that if Ky + D is ample, there ex-
ists a unique Kédhler-Einstein metric on X \ D with cusp singularities along D.
In general, it is shown that if Kx + D is ample, there exists a unique Kéhler-
Einstein metric on X \ D with mixed cusp and cone singularities along D [7,



616 YUXIANG JI

Theorem A]. As a corollary of Theorem 2.6, we study the global weak conver-
gence and local smooth convergence of the Kéhler-Einstein crossing edge met-
rics wy , toa Kéhler-Einstein mixed cusp and edge metric on (X, Dg) as some
of the cone angles tend to 0. The first observation is the following lemma.

Lemma 2.10. Assume 3; — 0, fori = 1,...,t < r, and ,Bj — dj € (0,1) for

J =t+1,..,r, then Qg weakly converges to some Kdhler mixed cusp and edge
metric Qpc. Moreover, Qg converges to Qpc in Cp> (X \ supp(Dg)).

2
Proof. Recall the definition of Qg. Note that log [(1 —|s; |Z’6 n/ Bi] converges to
log log2 |si|ii in L(X, w) and C(X \ supp(Dg)) as §; — Oforeachi =1,...,1.
Thus Qg converges to

72

: ] ; s

Qpe 1= w— ) V-18dloglog’ Is;|, — >, V—18d1og —
i=1

j=t+1 J

in C* (X \ supp(Dg)) sense and weakly in the sense of currents. It remains
to show that Qpc has mixed cusp and edge singularities along Dg. To see this,
recall we denote by 6; the Chern curvature form of (Lp, h;) for each i, then by
(8) and (10), we calculate that

t
> V—185log log’ |si|ii
i=1

i, GO oB s Xl ) - Bdog s sl 1

i=1 (log |Si|ii)2(|si|%z,-)2

< 2/ -1DYWs;, DVs;) L2
= l'.
log |Si|ii

2
i=1 log™[s; ii |Si|ii

Thus, Qp¢ has cusp singularities along D; fori = 1, ..., t. The result follows. [J

Theorem 2.11. The Kdhler-Einstein crossing edge metric wg ; converges to the

Kdihler-Einstein mixed cusp and edge metric on (X, Dg) globally in a weak sense
and locally in a strong sensewhen 3; — O fori = 1,...,t <randf; — d; € (0,1)
forj=t+1,..,r.

Proof. By Theorem 2.6, the family of wg : has uniformly bounded mass. Thus,
the family of wg o is relatively compact in the weak topology. The same argu-
ments in the proof of Lemma 2.9 and elliptic estimates give respectively the C°-
estimate and all higher-order estimates for the family of wg ” Therefore, any
weak limit wy is smooth on X \ supp(Dg) and this C» -convergence indicates
that such w, is Kdhler-Einstein outside Dg. Lemma 2.10 shows any such w,
also admits mixed cusp and edge singularities along Dg. Thus, by the unique-
ness argument in this setting [7, Proposition 2.5], all such w, coincides with
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the unique Kéhler-Einstein metric on X \ supp(Dg) with mixed cusp and cone
singularities along Dg. Hence we have shown the locally strong and globally
weak convergence of wy ,toa Kihler-Einstein mixed cusp and edge metric as

ﬁi—>0fori=1,...,tandﬁj—>djforj=t+1,...,r. O

3. Asymptotic behavior near the divisors in the small angle limit

Theorem 2.11 only gives us the smooth convergence of wg, to a Kéhler-
Einstein mixed cusp and edge metric away from the divisor when cone an-
gles approach 0. In this section, we study the asymptotic behavior of wy , near
D when some of the cone angles tend to 0. More precisely, consider a fixed
point p € Dg with a holomorphic coordinate chart (U, {z;}]_,) centered at p
such that Dg N U = {z;+--2,, = 0}, form < nand D;NU = {z; = 0} for
j = 1,..,m. Let 8; denote the cone angle along D; for each i. From now on,
assume B; < B, < -+ < B,,- We allow other cone angles to tend to 0, but
we always assume that §; goes to 0 in the fastest speed, i.e., 3,/5; - +o0, for
i=2,..,m.

3.1. A small neighborhood of Dg. By choosing an appropriate coordinate
system [2, Lemma 4.1], whenever Dy is locally given by {z, ---z,, = 0}, the
reference metric Qg is equivalent to the following metric:

m ‘812 V —1le' A le

w =
Bt = 2 1 BT e

n

Jj=m+1

Thus, Theorem 2.6 tells us on X \ supp(Dg), there exists a uniform constant
C > O such that

C'wg moa < Wy, < Cgmod- (36)

Thanks to (36), it is enough to consider ((C*)™ X C"™™, wg moq) When dealing
with a small neighborhood of Dg under the metric wy 5 Letus fix a point p €
Dg. Let (U, z4, ..., 2z,) be a holomorphic coordinate chart centered at p, such
that UNDg = {z;--2,, = O}and UND; = {z; = O} fori = 1,...,m. Let
D := {|z]| £ 1,i = 1,...,n} be the unit polydisk. Then we claim that the
distance function dg induced by the completion of wg mqq on D satisfies

21 1+ |zP z
l
dﬁ(O,z)zzilog<m) + ._Z |Zj|, z €D, (37)
i=1 i Jj=m+1
where "~" means "is equivalent up to a constant independent of z to". Indeed,
Bi .
1 log 1+x is the primitive of L, and (37) follows from this
2 1— xBi x1=Bi(1 — x26:)

fact and (35). Summarizing the discussions above, it is enough to study the
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polydisk in C"
e—2a

|Zl|5’ 1_'_j1—1,...,m,zj<a,j=m+1,...,n, a>o,

when we study a neighborhood of Dg given by the geodesic ball B, 4 (p,a) cen-
tered at p of radius a with respect to the metric wg 5

3.2. The mixed cylinder and edge metric. In this section, we focus on a
small neighborhood of Dg and show that in a neighborhood of Dg, a renor-
malization of wg 1,4 locally converges to a mixed cylinder and edge metric (see
Definition 3.1 below) in the C*-sense.

Definition 3.1. A Kihler metric @ on (C*)™ x C"" is called a mixed cylinder
and edge metric if @ is quasi-isometric to the following metric:

L\ Tldz adz, O BiV-ldzAdz; "
wmix::Z#‘F > - + > V-1dz, Adz,,

i=1 e 1z AR ¢=m+1
where 8; € (0, for j=t+1,..,m

Denote by D(ay, ..., a,,, b) the set
{ze(@C)"xC"™ |z <aq,i=1,..,m,|zj| <b,j=m+1,..,n}

1
(&
B
From section 3.1, one realizes Ugasa neighborhood of Dg. We endow Up with

1
— @Wg mod- Define a map

1

Let

Ug :=Dfe 2/31 (l'gl)mz

2

o R R S T

<§;> Wins B1Wpm1, - ’;31wn).

1

. RS

-1 2
(W5 e s Wiy Wipp 15 oee s Wy) —> [e A1 w1,<%> ? wo,
2

On lI’Igl(Uﬁ), the pull-back metric reads

. e w | . V=ldw; Adw; & V=1dw; A dw;
lp CU/S mod) = = B2 > + Z
/31 (1 —e2|wy|*1) |w, | i=2 |y, [20-FD(1 — 61 3w |28:)2

(38)

n
+ > V-ldw; Adw;. (39)

Jj=m+1
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Note that for (Wy, ..., Wy, Wyyp1s - » Wy) € (CHPXCH ™ w1 - 1asp; —» 0

2
and ﬁ—;lwi|2/3i S 0as 2
B; B

i

— 0. Moreover, for any compact subset K C (C*)™ X

C"~™ when f; is small enough, K C lI’El(Uﬁ). Hence we have indeed shown
the following result.

Lemma 3.2. The pull-back of wﬁ mod by ¥g on any compact subset K C (C*)"x

C"~"™ converges to a mixed cyllndrlcal and conical metric in C*(K)when 8, — 0
and f3; does not converge to 0 foreach i = 2, ..., m.

Proof. Summarizing the discussions above, ‘I’Z(%wﬁ,mod) converges to
1

-2 _ — m _ . 5. n
e .\/ 1dw1/\dw1+2\/ 1dwl/\dwl+ 2 \/—_ldwj/\du‘)j:

(1—e2)2 |w |2 wi|2(1—5i)

i=2 | j=m+1

which is a mixed cylinder and edge metric by Definition 3.1,in C*®(K)as3; — 0
and%—>0,‘v’i=2,...,m. 0

i

3.3. The convergence of renormalized wy , near Dg. Fora Kihler metric &

1
on C", let us denote & := ¥* (52 é’)
Theorem 3.3. Let {3 x}ken be a sequence of positive numbers converging to 0.
Assume further that limy_,, B;x > 0 foreachi = 2,..,r. Assumeall B;; €

(o, %]. Let wy, be the (negatively curved) Kdhler-Einstein crossing edge metric

on (X,D, = 2;1(1 — Bix)D;). Then there exists a subsequence of the metric

o which converges in pointed Gromov-Hausdorff topology to

spaces Uﬁ s %wqb
Bk
((CHY"xC" "™, &, ), where &, is a mixed cylindrical and conical metric. Indeed,

a subsequence of @g, converges in Cp> ((C*)™ X C"™")-topology 10 G,

Proof. First note that Wy admits a potential function on Uy since wg moq ad-
mits one. Thus, D admits a potential function on lpgl(Uﬁ), denoted by ¢_>5.

The proof consists of three steps. We first deduce the C°-estimate of qsﬁ us-
ing Theorem 2.6. Then we derive the C*>“-estimates for cﬁﬁ by the standard
regularization arguments for Monge—-Ampere equations. This combining with
Arzela-Ascoli Theorem gives us a cluster value of the metrics. Finally, we use
that smooth convergence to conclude the pointed Gromov-Hausdorff conver-
gence as wanted.

Step 1: C%-estimates.

Discussions in section 3.1 indicate that there exists a uniform constant C > 0
(independent of 8 € (0, é]’) such that

-1
C™ wgmod < Wy, < CWgmod
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on Ug. Thus

_ 1 _ < 1
c 11{1; (Ea)ﬁ,mod) < Cl)¢/3 < C\Pﬁ (Ea)ﬁ’moc‘) .
1 1

By Lemma 3.2, ‘P}‘;(%wﬁ,mod) converges in C*(K) to @ for any compact K C
1

(C*)™ x C"~™. Hence, there exists a constant Cx > 0 (independent of ) such
that

Ci'd < dy, < Cxd. (40)

By (40), & o s uniformly bounded in mass on K. Then by the weak compactness

of positive currents and the equivalence between this and the L!-convergence of
potential functions, we can find a normalized potential function ¢z such that

it has a uniform Llloc bound, hence uniform Lf; . bounds, for any p > 1. By

(40), Agﬁﬁ is uniformly bounded. Thus by standard elliptic regularity results, [5,
Theorem 8.17], there exists a constant C independ of 3 such that

||§5[3| |C0(K) <C, for C = C(K) (41)

Step 2: Higher-order estimates and the smooth local convergence.
Since wy . satisfies the Kdhler-Einstein equation outside Dg, iy X satisfies

Ricdy, = —fidg, onK. (42)
Let dV ¢,y denote the Euclidean volume form on (C*)™ x C"*~™. Define
" e~Fids
Hg :=log L
d dVeucl
Hg is pluriharmonic by (42). By the definition of Hg,

(V—108¢p)" = Pt HadV . (43)
By (40),
118185 + Hgllcoxy < +00. (44)
Combining (41) and (44), we see ||Hg||cok) < +oo. Then by gradient estimates
for pluriharmonic functions,
[[Hgllckk) < C(k,K), where C(k, K) only depends on k and K not on 3.
(45)
Define
(/-183¢)"e~Fi¢
dV eual ’

® is a uniform elliptic concave operator as a function of dd¢. Hence by the
Evans-Krylov theory, |[¢||c2q(k) is controlled by |[||coikr), [|A¢l|cokry, and
[|®($)||co1(xry for some K’ K. Since ®(¢s) = Hp, by (45), (41) and the fact

D : ¢ log
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||A<;5B [lcokry < +00, there exist some a € (0, 1) and a uniform constant C > 0
such that

l1pgllcrax) < C.

By standard bootstrapping arguments, every derivative of 955 is uniformly
bounded on K. Then Arzela-Ascoli theorem indicates (¢, )ken has a conver-
gent subsequence in C*(K)-topology. Recall (42), letting 5; — 0 then due to
the C*-convergence above we get a cluster value @, such that

Ricd, = 0.

By (40), &, is quasi-isometric to @, and therefore is a mixed cylinder and edge
metric.
Step 3: Pointed Gromov-Hausdorff convergence

It remains to show a subsequence of (Ug,, ﬁ%c% /3k) converges in pointed
1,k
Gromov-Hausdorff topology to ((C*)™ x C"™,d,,). Fix q € (C*)™ x C"™™
and fix a radius a > 0. First note that by construction, B 5 (g, a) is isometric
k
to B;% (W5, (q), a). Secondly, by letting the index k € N be large enough,
B Bk

1,k

we have B, (g,2a) C ‘P[;:(Uﬁk). Finally, due to the local C*-convergence,
B 5 (g,a) C B;_(q,2a)and B, N (g, a) converges to B;_(g, a) in the Gromov-
k k

Hausdorff topology. Therefore (Ug,, %c% ﬁk) converges (up to a subsequence)

in pointed Gromov-Hausdorff topology to (C*)™xC"™"™ &) by [1, Definition
8.1.1]. a

If we further allow more than one cone angles converge to 0, then we have
the following results by modifying the result of Lemma 3.2.

Theorem 3.4. Let {B; x}ken be a sequence of positive numbers converging to 0.

Assume further that for any i = 2,...,r such that {8; y }xen also converges to 0,

there holds limy_, o, % € [0,1]. Assume B;) € (O, %] fori = 1,2,...,r and
ik

allk € N. Let Wep be the (negatively curved) Kihler-Einstein crossing edge

metric on (X,D; = 1Z:=1(1 — Bix)D;). Then there exists a subsequence of the

metric spaces (Ug, , BTC% ﬁk) converging in pointed Gromov-Hausdorff topology
1,k

to ((C*Y"x C"™, @, ), Where @, is a mixed cylinder and edge metric with cylin-

drical part along components whose cone angles converge to 0 and conical part

along other components.

Proof. Without loss of generality, assume
klim Bix =0, fori=1,..,t,t<m, (46)
-0

klim Bjk :=Bj>0, forj=t+1,.,m. 47)
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Moreover, assume

lim&—c{;e(o 1, foré=1,..,ss<t (48)
. ﬁl,k
lim — =0, for¢{=s5+1,..,t (49)
k—)oo Igf,k

Recall in Lemma 3.2, we denote by D(ay, ..., a,,, b) the set

ze@)"xC"™ |zl <aq,i=1,..,m|zj| <b,j=m+1,..,n},

B
1 1
_L B1\* B\ bm
(Wi ee s Wigy Wi s ee > Wy) > [e ALw,, (5—1) Wy, e s (5—1> Wy P1Wpg1s - ,Blwn].
2 m

Now let us modify ¥g by defining

1 1 1 28541 2Bm
Vg :=D|e %1,e %, .. ,e s, ﬁ ,,<ﬁ> m,l s
5s+1 6m

and
ool ) ) e ()

and

1
1 1 /33 2Bm
o, D QE ezﬁz ezﬁ ‘8S+1 +1 ﬁ_m 2Bm l SV
B - , . ﬁ ey 5 , 8>
1 1

@5(w1, wee s Wy We g 15 eee s Wigs Wipg 15 oee s Wyy) =

1

—_ 1
_i _i /3s+1 E
e Plwy,e Pw,,...e s ws,(ﬁﬁll> ws+1,~--,<§—1> Wi P1Wn g 15> P10y |-
S+ m
Then
CI)* 1 Z 5% e—2|wi|25,- V —ldwi A du")i
d -1 .
P\ | T a Ry T wl
m V—1ldw; A dw; n
+ Z / ] 2 + Z v—ldwf/\du")f.
i=s+1 2 t=m+1
Jj=s |wj|2(1—ﬁj) (1_%|wj|25j) m
j
Denote

Bk = (‘61)k, ’Igr,k)’ for k € N*,
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For a compact K C (C*)™ x C"™, there exists a large enough k such that

K c @E:(Vﬁk). By assumptions (46) and (48), (Dzk ?wﬁk,mod converges in

1,k

C*(K) to

(1 —e2) |w; |2

i=1 Jj=s+1

lw; |2

m _ n
5 V=1ldw, Adbe > V-1dw, Adw, =: @,

C=t+1 |w€ |2(1_B€’°°) g=m+1

which is a mixed cylindrical and conical metric by Definition 3.1. The cylindri-
cal parts are along D;,i = 1, ..., t, whose cone angle goes to 0. The remainder
of the proof is similar to that of Theorem 3.3.

O
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