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Sewing and propagation of conformal blocks
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ABSTRACT. Propagation is a standard way of producing certain new confor-
mal blocks from old ones that corresponds to the geometric procedure of
adding new distinct points to a pointed compact Riemann surface. On the
other hand, sewing conformal blocks corresponds to sewing compact Rie-
mann surfaces.

In this article, we clarify the relationships between these two procedures.
Most importantly, we show that, “sewing and propagation are commuting
procedures.” More precisely: let ¢ be a conformal block associated to a vertex
operator algebra V and a compact Riemann surface to be sewn, and let " ¢ be
its n-times propagation. If the sewing S¢ converges, then 8 " ¢ (the sewing
of " ¢) automatically converges, and it equals "S¢ (the n-times propagation
of the sewing So).

The proof of this result relies on establishing the propagation of conformal
blocks associated to holomorphic families of compact Riemann surfaces. We
prove this in our paper using the idea that, “propagation is itself a sewing fol-
lowed by an analytic continuation.” This result generalizes previous ones on
single Riemann surfaces [Zhu94, FB04], and supplements those on algebraic
families of complex algebraic curves [Cod19, DGT19a].

The results in this paper will be used in [Gui21] as the main technical
tools to relate the (genus-0) permutation-twisted V®*-conformal blocks (i.e.
intertwining operators) and the untwisted V-conformal blocks (of possibly
higher genera).
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1. Introduction

Propagating conformal blocks. Let V be a vertex operator algebra (VOA)
with vacuum vector 1. Let X = (C; xq, ..., XxN; 1, --- » hy) be an N-pointed com-
pact Riemann surface with local coordinates, namely, each connected compo-
nent of the compact Riemann surface C contains at least one of the distinct
marked points xy, ..., Xy, and each 7 ; is an injective holomorphic function on
a neighborhood of x; sending x; to 0 (i.e., an (analytic) local coordinate at x;).
Associate to each x; a V-module W;. Then a conformal block associated to X
and W, = W; ® --- ® Wy is a linear functional ¢ : W, — C “invariant” under
the actions of V (Cf. [Zhu94, FB04, DGT19a]). When C is the Riemann sphere
P!, the simplest examples of conformal blocks are as follows. (We let ¢ be the
standard coordinate of C.)

(1) X = (P*;0;¢), W is associated to the marked point 0. Then each T €
Homy (W, V') (where V' is the contragredient module of the vacuum V)
provides a conformal block

weWm (Tw,1)
Here (-, -) refers to the standard pairing of V and V’. Of particular in-

terest is the case that an isomorphism of V-modules T : V — V' exists
and is fixed. Then there is a canonical conformal block associated to X
and V.
(2) X = (P40,00;¢,¢71), and W, W are associated to 0, co. Then we have
a conformal block
Tw - WOW - C,w @ uw' - (w,w). (1)

3) X = (P4;0,2,00;¢,¢ — 2,¢7Y), and W, V, W are associated to 0, z, co.
The the vertex operation Y for W defines a conformal block
wRLVAW eWRVRW — (Y(v,z)w, w'). (2)

Now, we add a new pointy € C\{xy, ..., X} (together with a local coordinate
u) to X and call this new data :X,, and associate the vacuum module V to y.
Then each conformal block ¢ : W, — C associated to X and W, canonically
gives rise to one W, VW, — C associated to ny and V ® W,, called the
propagation of ¢ at y. The propagation is uniquely determined by the fact that

WA R w.), = p(w.). (3)

For example, it follows easily from such uniqueness that the third example
above is the propagation of the second one at z, i.e.

T (v @ w ® w), = (Y(v, z)w, w’).
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More generally, when y € C is close to x; and the local coordinate u at y is
ni — 7,

WO RW.)y = bW @ Y, 7w ® -+ @ wy) 4)

where the right hand side converges absolutely as a formal Laurent series of
n;j(¥). (Cf. [Zhu94, Thm. 6.2], [FB04, Chapter 10], or Thm. 7.1 of this article.)
The uniqueness of 2 satisfying (3) is not hard to show; what is more difficult is
to prove the existence of propagation (cf. [TUY89, Zhu94, Zhu96, FB04, Cod19,
DGT19a]).

Sewing conformal blocks. It is worth noting that the right hand side of (4)
is the sewing of ¢ and 7y (=the conformal block defined in (2)) corresponding
the geometric sewing of C and P! along the points x;, co with respect to their
local coordinates ;, ¢ ~1. In general, given an (N +2)-pointed compact Riemann
surface with local coordinates X = (C; X1y eer XN X, X511, 0, 1N, &, @) Where
each connected component of C intersects {X, ..., Xy}, if £ (resp. @) is defined
on a neighborhood W’ of x’ (resp. W'’ of x”) such that £&(W’) is the open disc
D, with radius r (resp. @w(W") = D,), and that W’ (resp. W") contains only
one point among X, ..., Xy, X', x”. Then for each 0 < |q| < rp, we remove

F={yeW :|EWMI<lql/p}, F'={yew”:|la®l<lql/r}

from C, and glue the remaining part by identifying all y/ € W’ with y”’ € W”
if §(y")w(y”) = q. As aresult, we obtain a new compact Riemann surface G,
with marked points xi, ..., X, and local coordinates 7, ..., 7y. We denote this
data by X,. Corresponding to this geometric sewing, we associated V-modules
Wi, ..., Wy, M, M’ to the marked points x, ..., Xy, x’, x”" where M’ is contra-
gredient to M, and assume that the modules are N-gradable (i.e., admissible)
with grading operator L, such that each graded subspace is finite-dimensional.
g € End(M)[[g]] can be regarded as an element of M ® M’[[q]], which we
denote by g0 P4 IfY: W,M®M — Cisaconformal block associated
to X, we define a linear 8§ : W, — Cl[q]] sending each w € W, to

Sh(w) = Y(w @ ¢- P ® Q). (5)

It was shown in [DGT19b, Thm. 8.5.1] that the above linear map defines a
“formal conformal block” (i.e., a “conformal block” when q is infinitesimal). If
this series converges absolutely on |g| < rp, then it defines an actual conformal
block associated to X, [Gui23, Thm. 11.2], called the sewing of .

In the above process, if C is connected, then Cq is the self-sewing of C. For
instance, if we sew the X in the above example 3 along 0 and oo to get a torus, we
accordingly sew the conformal block (2) to obtain the (normalized) character
of W-module v — Tr(Y (v, z)qLO) which plays an important role in the early
development of VOA theory If C has two connected component Cl, C,, and if
we sew C along x’ € C,,x" e C,, we obtain a connected sum of C; and C,. If
we choose C = C L P! and sew C along x; € C and co € P!, thenatq = 1,
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the corresponding sewing of the conformal blocks ¢ and (2) is just (4), and the
new Riemann surface we get is naturally equivalent to C.

Propagation is a sewing followed by an analytic continuation. Now, (4)
indicates that propagation and sewing are related. Roughly speaking, propa-
gation can be understood as follows: When the inserted point y is close to a
marked point x;, the propagation is defined by sewing. When y is far from the
marked points, the propagation is defined by analytic continuation (provided
that it exists). (See Exp. 5.6 and the proof of Thm. 7.1 for details.)

The above important point is implicit in the literature ([Zhu94, Zhu96]).
However, it seems that no existing result relies completely on this idea (and
especially on sewing) to establish the existence of propagation. The first result
for general VOAs over Riemann surfaces is due to Zhu [Zhu94]. Zhu used an-
alytic methods to establish the propagation of conformal blocks over a single
compact Riemann surface. However, instead of using sewing in the proof, he
constructed propagation using certain “Verma modules”. (See [Zhu94, Thm.
6.1]) A more algebraic approach was later given in [FB04, Thm. 10.3.1]. Propa-
gation over algebraic families of complex algebraic curves was given in [Cod19,
Thm. 3.6] and [DGT19a, Thm. 5.1]. Instead of using sewing in their proofs,
they used a PBW basis instead. (In fact, the analytic sewing is unavailable in
algebraic geometry.)

Unlike previous approaches to propagation, ours is based largely on the above
understanding of propagation (i.e. it is sewing+analytic continuation). Let us
explain it in more details below.

Main result: propagation of analytic families of conformal blocks. The
first main result of this article is Thm. 7.1, which establishes the propagation of
conformal blocks for a holomorphic family of compact Riemann surfaces with
marked points. Roughly speaking, Thm. 7.1 says the following: Suppose that
we have a (holomorphic) family X of compact Riemann surfaces with marked
points. Let B be a base manifold with holomorphic parameters 7, = (7y, ..., T,,,)-
Suppose that a holomorphic section ¢ = ¢(t.,) of conformal blocks associated
to X is given. Then its propagation :p = p(7.,z) exists as a section which
is simultaneously holomorphic with respect to 7, and z. Here z is (locally) a
parameter on the fibers of Riemann surfaces.

I have mentioned that propagation over a single Riemann surface was al-
ready proved in the literature. However, one cannot use fiberwise propagation
to construct :p for a family of surfaces: it implies only that :p(z., z) is holomor-
phic over z for each fixed 7., but not that :p(z., z) is holomorphic over 7, for
each fixed z (even if we know that ¢(z,) is holomorphic over 7,).

Ideas of the proof of Thm. 7.1. Compare to the results already existing in the
literature, the most novel part in Thm. 7.1 is that the holomorphicity of ¢(z.)
with respect to 7, implies the (simultaneous) holomorphicity of :¢(z,, z) with
respect to 7., z. Our main tool for proving this fact is the strong residue the-
orem for holomorphic families of compact Riemann surfaces, given in Thm.
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A.1. Roughly speaking, the (classical) strong residue theorem says the follow-
ing: Suppose that to each marked point of a compact Riemann surface a formal
Laurent series is associated. Then these formal Laurent series are expansions
of a meromorphic section with possible poles only at these marked points if and
only if it satisfies the residue theorem when multiplied by any meromorphic 1-
forms with possible poles only at these points. The classical strong residue the-
orem is an easy application Serre’s duality for holomorphic bundles on compact
Riemann surfaces (cf. [Ueno08, Sec. 1.2.3]). Its generalization to holomorphic
families (i.e. Thm. A.1) is more involved: our proof combines Serre’s duality
with Grauert’s base change theorem in an appropriate way.

Another feature of our proof of Thm. 7.1 is that we uses essentially the view-
point that propagation is a sewing followed by an analytic continuation. In fact,
in the proof of Thm. 7.1, we first establish the existence of :¢(z,, z) when z is
neared a marked point. We prove this part by using the fact that :p(z.,z) is a
sewing of ¢(7.) and a 3-pointed genus 0 conformal block. Then we perform the
analytic continuation. The details of this sewing construction are given in Exp.
5.6.

In particular, this viewpoint allows us to prove that p is a conformal block
(but not just an arbitrary element) when z is near the marked points by using
the nontrivial fact that the sewing of a conformal block is again a conformal
block as long as the sewing is convergent, cf. Thm. 5.5. (This theorem was
originally proved in [Gui23, Thm. 11.3].) It is precisely this part that plays the
role of the construction of certain Verma modules in the proof of [Zhu94], and
that of the PBW basis in the proofs of [Cod19, DGT19a]. Similarly, in the proof
of Thm. 7.1 we also need the fact that the analytic continuation of a conformal
block is a conformal block, as proved in [Gui23, Prop. 6.4] (cf. Prop. 4.2).

Main result: sewing and propagation are commuting. Using Thm. 7.1
and induction, it is now easy to prove Thm. 9.1, another main result of this
article, which says roughly that “sewing commutes with propagation”.

Roughly speaking, Thm. 9.1 says the following: Suppose that 1 is a confor-
mal block associated to a compact Riemann surface with marked point. Sup-
pose that the sewing S = (5) along a pair of marked points is convergent.
Then we have

8P = S, (6)
where both sides are well-defined holomorphic sections.

Note that Thm. 9.1 shows, in particular, that the convergence of gll) implies
automatically the convergence/analyticity of the sewing 8 2 . This nontriv-
ial phenomenon first appeared in a prominent way in [Zhu96]. In that paper,
Zhu first used differential equations to establish the analyticity of 1-pointed
conformal blocks of genus-1 for C,-cofinite VOAs. Then he used his recurrent
formula to prove that the n-pointed conformal blocks of genus-1 are analytic

when all the marked points are associated with the vacuum module V. His
proof of “1-pointed convergence/analyticity implies n-pointed analyticity” in
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genus 1 by recurrent formula does not rely on C,-cofiniteness or differential
equations. However, this phenomenon in higher genus was not further inves-
tigated in [Zhu94].

In the proof of Thm. 9.1, the analyticity of § 2" 1 follows from that of "8
(since they are locally equal as formal power series). The analyticity of 2?8 is
an easy consequence of Thm. 7.1 (applied inductively to the propagation of the
holomorphic family of conformal blocks 22~ 18).

Applications. We give an application of Theorem 9.1. Let

D) = (C;X1, e s XN3 D15 - s IND>

associate W jto x; for each j, and choose a conformal block ¢ : W, —» C
associated to ). Choose 1 < i < N. Let B = (P1;0,0;¢,¢71), and associate
W;, W/ to 0,co. Then P 1= ¢ ® Ty, : W, ® W; ® W] — C (recall (1)) is
a conformal block associate to the disjoint union X = 2P L *P. If we sew x
along x; € C and oo € P! at g, the new pointed Riemann surface with local
coordinates X is

Xy = (Ci X1, e s XN D15 e @ Wiy e N,

and (setting w, = w; ® --- ® wy as usual)

Shw.) = oW, ® - @ grow; ® -+ @ wy), (7)

which clearly converges absolutely for all g. Assume 7, is defined on an open
disc W; 2 x; such that n;(W;) = D,, has radius r;, and that W; contains only
X; among X, ..., Xy. Choose r > 0. Then, according to our main result, the
sewing of n-propagation

SV YL ® - ® U, ® W )y=1(gz,), i (q20)
=W, @ - @ Wiy ® P @ Wiy ® - ® wy)
(assuming that the local coordinate at each z; € Plis¢ —z j, and the one at
ni_l(qz ;) € Cis g~'n; — z;) converges absolutely and uniformly when z;, ..., z,
vary on any compact set of the configuration space Conf" (DY) (where D} =
{ze C :0<|z| <r})and when |q| < r;/r.
We are especially interested in the case that g = 1, which is accessible when
r < ri, namely, when 0 < |z|, ..., |z,| < r;. Then "8 = §2" 1 implies (notice
(M)
P ®-®U, ® w')m_l(Z1) ..... 07 (zn)
=W @ QW P Wiy @ -+ ® wy) (8)
V(01 @ BV, QW Q@ )y, - 9)

.....
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In the special case that 0 < |z;| < --- < |z,| < r;, the above relation becomes
o0 ® - ®v, ® wo)ni‘l(zl) ..... 0 (zn)
=b(w; ® -+ ® Y(Vy,2,) -+ Y (U1, 2)w; ® -+ ® Wy) (10)

where the right hand side converges absolutely. Zhu proved relation (10) in
[Zhu94, Thm. 6.2] when vy, ..., ,, are primary, or when the local coordinates
are contained in a projective structure (i.e., an atlas whose transition functions
are Mdbius transforms). But, as explained below, the general case, especially
when 0 < |z;| = --- = |z,| < 1}, is also important.

Take an automorphism g of V& to be the permutation associated to the cy-
cle (12--- k). Starting from a V-module W, Barron-Dong-Mason constructed
in [BDMO02] a (canonical) g-twisted V®-module structure on the same vector
space W. In particular, they explicitly described the twisted vertex operator Y&
for vectors in V& of the form1® --- ® v ® --- ® 1. For an arbitrary vector of
V®k | the Y# can then be described using normal ordering. Their proof that Y&
satisfies the axioms of a g-twisted module is algebraic, and in particular relies
on a previous algebraic result of [Li96]. Recently, another algebraic proof was
given by Dong-Xu-Yu in [DXY21] using Zhu’s algebras.

Now, our observation in this article is that since Y8(v; ® --- ® vy, z) can be
described by 2kﬂcwi at (zy, ..., zx) (Where z,, ..., z; are the distinct k-th roots of
unity of z), using the consequences of our main result such as relation (9), we
can give a geometric and complex-analytic proof that Y# satisfies the axioms
of a g-twisted module. Namely, we check that Y8 satisfies the complex-analytic
version of Jacobi identity (as in [Hual0]). See Sec. 10 for details. Our proofis in
the same spirit as checking the Jacobi identity for VOA modules using contour
integrals. Note that the geometric meaning of Barron-Dong-Mason’s construc-
tion of twisted modules was given in [BDMO02, BHLO08], but the verification in
[BDMO02] that these twisted modules satisfy Jacobi identity is purely algebraic.
The merit of our approach, on the other hand, is that we use geometric methods
to prove results about mathematical objects with geometric origins.

Moreover, our complex-analytic method will be generalized in [Gui21] to
construct permutation twisted conformal blocks from untwisted ones, and vice
versa. As an important consequence, the fusion rules for permutation twisted
modules of a strongly rational VOA will be completely determined in [Gui21].

Outline. This article is organized as follows. In Section 2, we fix the geomet-
ric notations used in later sections, and define the (multi) propagations for an
(analytic) family of compact Riemann surfaces. In the case of a single compact
Riemann surface C with marked points S = {xy, ..., Xy}, its n-propagation is
easy to describe: If we let several distinct points yy, ..., ¥, move on C \ S, we ob-
tain a family of compact Riemann surfaces (all isomorphic to C) with N fixed
marked points and 7 varying points over the base manifold Conf"(C \ S).

We recall the definitions and basic properties of sheaves of VOAs (i.e. VOA
bundles) and conformal blocks in Sections 3 and 4. In Section 5, we recall some
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important facts about the sewing of conformal blocks associated to the sewing
of a family of compact Riemann surfaces. In Section 6, we relate sheaves of
VOAs and the # -sheaves which were naturally introduced to define (sheaves
of) conformal blocks.

In Section 7, we give a new proof of conformal block propagation for (ana-
lytic) families of compact Riemann surfaces. In particular, we prove that prop-
agation is compatible (in the complex analytic sense) with the deformation of
pointed compact Riemann surfaces. Roughly speaking, this means that if the
original conformal blocks are parametrized by 7 € B where 3B is the base man-
ifold of the family, and if the propagation on each fiber is parametrized by z,
then the propagation is a multivariable analytic function of (z, 7). The precise
statement is formulated using the language of sheaves; see Thm. 7.1. These re-
sults were proved in [Cod19, Thm. 3.6] for CFT type VOAs using a Lie-theoretic
method, which relies on the fact that such VOAs have PBW bases. As explained
earlier, our proofis based on the idea of sewing, and relies on the Strong Residue
Theorem and the fact that the sewing of conformal blocks are conformal blocks
[Gui23, Thm. 11.2], whose formal version was proved in [DGT19b].

Note that here we should use the Strong Residue Theorem for analytic fam-
ilies of compact Riemann surfaces. This result is well-known, although we are
not able to find a proof in the literature. So we include a proof in the Appendix
Section A.

We discuss elementary properties of multi-propagation in Section 8. Most
of these important properties were more or less known before (cf. [FB04]) but
not explicitly written down. We collect these results under Thm. 8.2 so that
they can be directly cited or used in future works on VOA. These results follow
rather directly from those in the previous sections.

The main theorem of this article, summarized by the slogan “sewing com-
mutes with propagation”, is proved in Section 9. To give an application of this
result, we construct in Section 10 permutation-twisted modules for tensor prod-
uct VOAs.

Acknowledgment. I would like to thank Nicola Tarasca for helpful discus-
sions.

2. The geometric setting

We set N = {0,1,2,..} and Z, = {1,2,3,...}. Let C* = C \ {0}. For each
r>0,weletD, ={z € C : |z| <r}and DS = D, \ {0}. For any topological
space X, we define the configuration space Conf"(X) = {(x,..,xy) € X" :
X #x;V1<i<j<n}l

For each complex manifold X, O is the sheaf of holomorphic functions of
X. For each x € X and any Ox-module &, & is the stalk of & at x. my , (or
simply m, when no confusion arises) is by definition {f € Ox, : f(x) = 0O}.
Ely 1= E/myE = & g, Ox /my is the fiber of & at x. More generally, if Y
is a closed complex sub-manifold of X with .# being the ideal sheaf (the sheaf
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of all sections of Oy vanishing at Y), then the restriction & |y is defined to be
& ®g, Ox/[ Iy (restricted to the set Y). We suppress the subscript Oy under ®
when taking tensor products of Ox-modules. If s is a section of &, then s|y is
the corresponding value s ® 1 in &'|y-.

(For the readers not familiar with the language of sheaf of modules: we only
consider the case that & is locally free (with finite or infinite rank), i.e., a holo-
morphic vector bundle. Then &'|y resp. s|y is the usual restriction of the vector
bundle resp. vector field to the submanifold Y.)

If & is locally free, & denotes its dual vector bundle.

For a Riemann surface C, its cotangent line bundle is denoted by wc.

A family of compact Riemann surfaces X is by definition a holomorphic
proper map of complex manifolds

X=(r:€C—-B)

that is a submersion and satisfies that each fiber €, := 7~!(b) (Where b € B)
is a (non-necessarily connected) compact Riemann surface.
A family of N-pointed compact Riemann surfaces is by definition

X=(m:C-> B¢, SN) (11)

where 7 : C — B is a family of compact Riemann surfaces, each section g; :
B — Cisholomorphic and satisfies wog; = 15, and any two 5;(B),s;(B) (where
1 <i < j £ N)aredisjoint. Unless otherwise stated, we also assume that every
connected component of each fiber

Cp =7'(b)
(where b € B) contains at least one of ¢;(b), ..., ¢cn(b). We set

xb = (eb’ gl(b)’ ) gN(b)),

which is an N-pointed compact Riemann surface. We define closed submani-
fold

N
sz =Jsi(®),
Jj=1

considered also as a divisor of €. For any sheaf of J,-module &, and for any
n e Z,weset

&(nSx) 1= & ® Op(nSx),
neN
When & is a vector bundle, &(nSy) is the sheaf of sections of & which possibly
has poles at each ¢;(B) with order at most n.
Foreach1 < j < N, alocal coordinate of X at ¢ jis defined to be a holo-
morphic function 7; € O(W;) (where W; is a neighborhood of ¢;(3)) which is

injective on each fiber W; N 7~1(b) and has value 0 on ¢;(B). It follows that
(7r,7;) is a biholomorphism from W; to a neighborhood of B x {0} in B x C.
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njle, is a local coordinate of the fiber €, at the point ¢;(b), which identifies a
neighborhood of ¢ (b) (say W; N €,) with an open subset of C such that ¢;(b) is
identified with the origin. If X is equipped with local coordinates 7, ..., 7y at
61(B), ..., sn(B) respectively, we set

Xy = (Cp;61(b), e, SN Ml eys -5 N e, )-

In particular, Sy, = Z}. ¢j(b) is a divisor of Cy.

Now, we let X = (11) be N-pointed but not necessarily equipped with lo-
cal coordinates. Define the propagated family X as follows. Consider the
commutative diagram

CXxp(C\Sg) —> €
T
C\Sy —=— B

where C Xz (€ \ Sx) is the closed submanifold of € X (€ \ Sg) consisting of all
(x,y) satistying w(x) = 7(y), the first horizontal arrow is the projection onto
the first component, and 27 is the projection onto the second component. We
set

B =C\Sg, L€=Cxg(C\Sy).

The holomorphic section g : €\ Sy — € Xz (€ \ Sy) is set to be the diagonal
map, i.e.,

o:xe (x,x).
Define sections
6 C \Sg = CXz5(C\ Sx), X (gjon(x), X).

Then we obtain an (N + 1)-pointed family :¥ of compact Riemann surfaces to
be

X = Q1€ > B;0,61, ., KN)- (12)

Intuitively, X is the result of adding one extra marked point to each fiber C,
disjoint from Sy, , letting this marked point vary on €, \ Sx, overall b € B, and
fixing the other marked points.

One can define multi-propagation inductively by "X = 22*~! X, which cor-
responds to varying n extra distinct points of Cp,\Sg,. Write

NX =Q'7 € - B oq, e, 04,060, 5 YSN)-

Then "X can be described in a more explicit way. Let

JTI¢e\Sx=(C\Sx) x5 x5 (C\ Sx)
B

n
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which is the set of all (x4, ..., x,) € Hn C \ Sg satistying 7(x;) = --- = 7m(x,).
Define the relative configuration space

Confy(C\ Sx) = {(xl,...,xN) S H; C\Sx :x;#xjforanyl <i<j< n}

which clearly admits a submersion Conf7(€ \ Sx) — 3 (sending each point
(x1, .-, Xp,) to w(x7)). Take

' € Xz Confiy(C\ Sx) — Confy(C\ Sg).
to be the pullback of 7 : € — B along Conf(C \ Sx) — B. So we have a

commutative diagram

€ x5 Confy(C\ Sg) — C
= l
Confg(C\ Sx) — B
Then "X is equivalent to
(Z" 7 € Xz Confy(C\ Sg) = Confy(C\ Sx);01, e r Tps 5615 wer s Z”gN),
where
Ti(X1s e s Xp) = (X4, X150 Xp),
V¢ (x15 5 X)) = (§j07(X1), X150 5 X)

foreach1 <i<n,1<j<N,(xg,..,x,) € Confy(C\ Sx).

3. Sheaves of VOA

For any (C-)vector space W, we define four spaces of formal series

wWllz]] = { Z w,z" : eachw, € W},
W([z*']] = { Z w,z" : eachw, € W},

W((2)) = {f(z) : ZXf(2) € W[|z]] for some k € Z},

Wiz} = { Z w,z" : eachw, € W}.
neC

Throughout this article, V is an N-graded vertex operator algebra (VOA) with
vacuum 1 and conformal vector c. We write Y (v, z) = Zn ez Y (v),z7""L. Then
{L, = Y(c),41} are Virasoro algebras, and L, gives gradingV = @ __ V(n),
where each V(n) is finite-dimensional.

In this article, a V-module W means a finitely-admissible V-module. This
means that W is a weak V-module in the sense of [DLM97] with vertex opera-
tors Yy (v,2) = 3, = Yw(v),z7"71, that W is equipped with a diagonalizable

neN



198 BIN GUI

operator L, (not to be confused with L, = Yyy(c); which is not necessarily di-
agonalizable!) satisfying
[Lo, Yw(0)n] = Yi(Lov), — (1 + DYy (0),,, (13)

that the eigenvalues of L, are in N, and that each eigenspace W(n) is finite-
dimensional. Let

W = w(n)

neN
be the grading given by L,. Each
w=" = B wk)
0<k<n

is finite-dimensional. We choose the L, operator on V to be L.
We can define the contragredient V-module W' of W as in [FHL93]. We
choose Lj-grading to be

W =P Wm), Wn)=Wn)"
neN
Therefore, if we let (-, -) be the pairing between W and W/, then (Low,w') =
(w, Low’) for each w € W, w’ € W'.

The vertex operator Yy for W (abbreviated as Y in the following) gives a
linearmap Y : VW — W((z)) sending v @ w to Y (v, z)w. We will write Yy
as Y when the context is clear. By identifying V with V ® 1 in V ® C((z)) and
similarly W with W ® 1in W ® C((z)), Y can be extended C((z))-bilinearly to

Y1 (VO C(2) ® (W C(2))) ~ W C((2),

Yu® f,2)w®g = f(2)g(2)Y(u,z)w
(foreachu e V,w e W, f, g € C((2))). It can furthermore be extended to

(14)

Y : (V@ C(2)dz) ® (WO C(2) > W C((2)dz  (15)
in an obvious way. Thus, for each v € V ® C((z))dz, we can define the residue
Res,—o Y (v, 2)w, (16)

which,incasev = u® fdz,w = m@gwhereu € V,m € W, and f,g € C((z)),
is the W-coefficient of f(z)g(z)Y (v, z)mdz before z71dz.

We define a group G = {f € Ocp : f(0) = 0, f'(0) # 0} where the stalk
O¢ o is the set of holomorphic functions defined on a neighborhood of 0. The
multiplication rule of G is the composition p; op, of any two elements p;, o, €
G. By [Hua97], for each V-module W, there is a homomorphism U : G > W
defined in the following way: If we choose the unique c, ¢;, ¢,--- € C satistying

p(z) = ¢, - exp ( D cnz"“dz)z

n>0
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then we necessarily have ¢, = p’(0), and we set

U(p) = o' (0% - exp ( D] eaLn)-

n>0

Note that although the expression of U(p) involves infinite series, its restriction

to each W=K is a finite sum, because each Zn>0 ¢, L, lowers the L,-weights by

at least 1 and is therefore nilpotent and equals 2Z=1 ¢, L, on W=k,

If X is a complex manifold, a (holomorphic) family of transformations
p . X — G is by definition an analytic function p = p(x,z) = p,(z) on a
neighborhood of X x{0} € XX C. Then U(p) (on each W) is defined pointwisely,
which is an End(W)-valued function on X whose value at each x € X is U(p,,).
U(p) can be regarded as an x-module automorphism of W ®¢ O.

Let X = (7 : € — B) be a family of compact Riemann surfaces. Associated
to X one can define a sheaf of 0y-modules 7% as follows. (Cf. [FB04, Chapter 6,
17]; our presentation follows [Gui23, Sec. 5].) First, suppose U,V C € are open
subsets, and we have two holomorphic functions 7 € 0(U), u € 0(V) locally
injective (i.e., étale) on each fiber U, := U Nz~ (b),V, =V na~(b) (b € B)
of U and V respectively. We can define a family of transformations ¢(n|u) :
UNV — G as follows: for each p € €, both n—n(p) and u— u(p) restricts to an
injective holomorphic function on the fiber (U N V), =U NV N 7Yz (p))
vanishing at p. Then ¢(|u), € G is determined by

=00 . = O = D] ) 17)

on a neighborhood of 0 € C. Then U(¢(n|w)) is an Oy-module automor-
phism of V ®¢ 04 which restricts to an automorphism of V=" @ Oy for
each n € N. The cocycle condition ¢(n|u)e(u|v) = ¢(n|v) holds for any holo-
morphic function v on a neighborhood of € which is injective on each fiber.

Thus, we can define ”//xS” to be the holomorphic vector bundle on € which
associates to each open U C C and each 7 € &(U) locally injective on fibers a
trivialization (i.e., an isomorphism of &;-modules)

U() : V" y = V" ®c Oy (18)

such that for another similar V' C @, u € 0(V'), we have the transition function

U MU ()™ = Ule(IR) : VE" ®¢ Oy — V" ®c Oy (19)

If ' > n, we have clearly an @¢-module monomorphism 7" — ”i/f", which,
for each open U C € and » as above, is transported under the isomorphisms
(18) to the canonical monomorphism V=" ®¢ 0 — V=" ®¢ 0 defined by
the inclusion V=" < V="', Thus we are allowed to define
nf/x = 11_1')1'1 7/;’1
neN
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Alternatively, one can directly define #% to be the &.-module which is locally
free (of infinite rank) and isomorphic to V ®¢ Oy via a morphism U,(n), and
whose transition function is given by U(¢(n|u)). We call #¥ the sheaf of VOA
associated to X and V. If X is a single compact Riemann surface C, we write
Af/x as WC'

For each fiber €, (where b € B), we have a canonical equivalence

Yxle, = Ve, = Yk, (20)

such that if these two O, -modules are identified by this isomorphism, then the
restriction of the trivialization (18) to U, = U N w~!(b) equals

Us(le,) : Ye,lu, = V ®c Oy,

Definition 3.1. Since the vacuum vector 1 is killed by all L,, (where n > 0), it is
fixed by any change of coordinate U(p). It follows that we can define a section
1 € ¥%(€) which under any trivialization U,(») is the constant section 1, called
the vacuum section.

4. Conformal blocks

Let X be a family of N-pointed compact Riemann surfaces as in (11). We
choose V-modules Wi, ..., Wy. Set

W. =W, ® - ®Wy.

w € W, means a vector in W,, and w, € W, means a vector of the form w; ®
.-+ @ wy where each w; € W;.

The sheaf of conformal blocks is an &'z-submodule of an infinite-rank locally
free O'z-module #%(W.), where the latter is defined as follows. For each open
subset V' C B such that the restricted family

Xy :=(:Cy->Vicily,HSnly)

(where G, = 7~1(V)) admits local coordinates 7y, ..., ny at ¢;(V), ..., sy (V) re-
spectively, we have a trivialization (i.e., an isomorphism of &y,-modules)

UMW) =Um) ® -+ ® UM) : #aW.)|y — W, Q¢ Oy.

If V is small enough such that we have another set of local coordinates yy, ... , Uy
at¢1(V), ..., sn(V) respectively, for each 1 < j < N we choose a family of trans-
formations (n;|u;) : V — G defined by

Mjlupoujle, = njle, (21)

foreach b € V. Then each U(7;|u;) is a holomorphic family of invertible endo-
morphisms of W; associated to (9;|u;) (as defined in Sec. 3). The tensor prod-
uct of them, as a family of invertible transformations of W, (more precisely, an
automorphism of the &},-module W, ®@¢ 0y), is the transition function:

UMIU) ™ i= U ) @ -+ @ Uy | un)- (22)
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This gives the definition of #%(W.,).

In particular, #%,(W.) is a vector space equivalent to W, through U(7. e, ).
It is easy to see that for each b € B, the restriction #%(W,)|; (i.e., the fiber of
the vector bundle at b) is naturally equivalent to #%, (W.):

Wx(W)lp = We,(W.). (23)

This equivalence is uniquely determined by the fact that if we identify the two
spaces, then the restriction of U(7.) to the map #%,(W.) — W, equals U(7.|¢, )-

To define conformal blocks, we first consider the case that B is a single point.
Then C := € is a compact Riemann surface. We can define a linear action of
HO(C, 7 ® wc(xSx)) on #x(W,) as follows. Choose any local coordinate ;
of C at the point x i =g j(B), defined on a neighboorhood W; of x j (so, in
particular, ;(x;) = 0). Note Sy = {x;, ..., xy}. We assume

W] NSy = {X]}
Note that we have a trivialization

Us(mj) = Yelw, — VQ®c Ow, =V Qc Oy w)

which, tensored by (77].‘1)* Doy, - @, (w,)» gives a trivialization

Ve®;) : Velw, ® ww,(*Sx) —V®c @y, (wy(*0)

Then for each v € H%(C, ¥¢ ® wc(*Sx)), we have a section V,(n;)v, which is
a V-valued (more precisely, V="-valued for some n € N) holomorphic 1-form
on 7;(W;) but possibly has poles at 7;(x;) = 0. By taking Laurent series expan-
sions, V,(n;)v can be regarded as an element of V ® C((z))dz. We then define,

(notice that we have an isomorphism U(%.) : #x(W.) 5 W.) an action of v
on #x(W,) by

N
UM -v- UD) T, =D w @+ @ UM - v- UM) 'w; @ -+ @ wy

=1

! (24a)

U®.) - v- UMD w; = Res,—y Y(V,()v, 2)w; (24b)

for each w, € W,, where the residue is defined as in (16). That this definition
is independent of the choice of local coordinates #, follows from [FB04, Thm.
6.5.4] (see also [Gui23, Thm. 3.2]), which relies on a crucial change of variable
formula (cf. [Gui23, Thm. 3.3]) proved by Huang [Hua97].

Now that we have a linear action of H(C, ¥ ® wc(xSx)) on #x(W,), we
say that a linear functional ¢ : #%(W,) — C is a conformal block (associated
to X and W, ) exactly when ¢ vanishes on the vector space

J 1= H(C, ¥ ® wc(xSg)) - #x(W.)

where Span,. is suppressed on the right hand side of the equality.
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Now we come back to the general setting that X is a family of N-pointed com-
pact Riemann surfaces. Let ¢ : #%(W,) - Oz be an 'z-module morphism,
which can be understood in the following way: If locally we identify #%(W.)|y
(where V is an open subset of B) with W, ®¢ 0}, then ¢ associates to each
vector w € W, (considered as the constant section w ® 1 € W, ® £(V)) a
holomorphic function ¢(w) on U.

Definition 4.1. Let ¢ : #%(W.,) —» Oz be an 0gz-module morphism. For
each b € B, regard |, as the restriction of ¢ to the fiber map #x(W.)|, =~
Wx,(W,) — C. Then, we say ¢ is a conformal block (over B associated to X
and W,) if for each b € B, ¢|; is a conformal block associated to X, (i.e., ¢p(b)
vanishes on H(C, %, ® we, (xSxlp)) - #x,(W.)).

The following proposition is [Gui23, Prop. 6.4].

Proposition 4.2. Let ¢ : #¥(W.) — Oz be an O g-module morphism. Suppose
that each connected component of B contains a non-empty open subset V such
that the restriction of ¢ to #x,(W.) — Oy is a conformal block, then the original
¢ is a conformal block associated to X and W..

5. Sewing conformal blocks
LetN,M € Z,. Let
X=(F:C Bigr s SN St s S Shasss)

be a family of (N + 2M)-pointed compact Riemann surfaces. Unless otherwise
stated, we assume the following condition.

Assumption 5.1. We assume that for everyf € B, each connected component
of the fiber G contains one of ¢;(b), ..., sn(b).

Foreach 1 < j < M, we assume X has local coordinates §; at g;.(f) defined
on a neighborhood W;. c Cof g}(ﬁ) and similarly w; at g;.’ (B) defined on a
neighborhood W;.’ . We assume all W;., W;.’ (1 £ j £ M) are mutually disjoint

and are also disjoint from ¢;(B), ..., cy(B), so that ¢;(B), ..., ¢cn(B) remain after
sewing. We also assume that for each 1 < j < M, we can choose r j»pj >0 such
that

&, 7) : W;. — D,, X B resp. (w;,7) : W}’ — Dy, X B (25)

is a biholomorphic map. (Recall that D, is the open disc at 0 € C with radius
r.)

We do not assume X has local coordinates at ¢,(B), ..., cny(B).

Sewing families of compact Riemann surfaces. We can sew X along all
pairs g;.(B), g;.’ (B) to obtain a new family

X=((:C- B;¢y,...,SN) (26)
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of compact Riemann surfaces. Here,

B=Df, xB, DX, =DS, X-XDf

r.p. rip1 vPM®
X is described as follows. _
For each q, € D} ,.and b € B, the fiber C,_p) is obtained by removing the
closed discs

F;.’b ={ye W; Nne : 15,01 < 1gjl/p)}
F;.fb ={ye W;.’ ne, : lz;WI < 1q;l/r;}

(for all j) from €, and gluing the remaining part of the Riemann surface G, by
identifying (for all j) y’ € W;. N Cp with y”" € W;.’ N @y if §j(y’)wj(yi’) = gq;.
This procedure can be performed in a consistent way over all b € B, which

gives 7 : € — B. See for instance [Gui23, Sec. 4] for details.!
Since Q = C\ UJ.(W;. UW}’ ) is not affected by gluing, D} , XQ can be viewed

1Q7 —
as a subset of X, and the restriction of 7 to this set is D o XQ— Dy o XB =

B. Thus, for each 1 < i < N the section g; for X defines the corresponding
section 1x¢; : Dy, x B — Dy, xQ, also denoted by ¢;. A local coordinate 7;
of X at ¢;,(B) extends constantly over Dy ». to alocal coordinate of X at ¢;(B),

also denoted by 7.

Sewing conformal blocks. We now define sewing conformal blocks associ-
ated to X. Associate to G15 >SN V-modules Wi, ..., Wy. Then we have #%(W.)
definedby (7 : € — B;¢y,...,¢y). Foreach connected open V c B, Wg(W,)(V)
can be identified canonically with a subspace of #%(W.,)(D) p. X V') consisting
of sections of the latter which are constant with respect to sewing. More pre-
cisely, this identification is compatible with restrictions to open subsets of V;
moreover, if V' is small enough such that x |7 has local coordinates 7, ...,y at
c1(V), ...,cy(V)which giverise to 7y, ...,y of 11, ..., Ny of%lpip‘xv at gl(’l);fp' X
V), ..., sn(Dy 0. xV) (which are constant over Dy ».) then the following diagram
commutes:

Wg(W. (V) —— #x(W. XD, xV)

~|uem.) ue.) | = (27)

W, ®c 0(V) — W. ®c O(D}, xV)
vifherejhe bottom horizontal line is defined by pulling pack the projection D} p. X
V-V

Indeed, one can extend X to a slightly larger flat family of complex curves (with at worst
nodal singularities) with base manifold D, , x B (cf. for instance [Gui23, Sec. 4]).
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Associate to g{, s 51,\4 V-modules My, ..., M,;, whose contragredient modules
M, ..., M, are associated to ¢/, ..., ¢};. We understand W, ® M. ® M, as

W, ® - Q@Wy@M; QM| ® - @ My ® My,

where the order has be changed so that each M; is next to M;. We can then
identify

(W, ® M., ® M) = #5(W.) ®c M. ® M. (28)

such that whenever V C Bis open such that x |7 haslocal coordinates 9y, ...,y
at¢;(V), ..., cn(V) as before, the following diagram commutes:

Pz(W. @ M. ® M)|;, < - > WE(W.)|, ®c M. ® M,

U(n.)®1

~

W, @ M. ® M, ®¢ Oy

(29)
We define

q]z()}@j‘ =24} 2, mna®nna  eM;@M)g]ll

neN aE?[j,n

where foreachn € N,s € C, {m(n,a) : a € ¥ ,} is a basis of W(n) with dual
basis {ni(n,a) : a € A; .} in W (n).

Now, for any conformal block \ : #%(W, @ M, ® M) — O 5 associated to
the family ¥ and W, ® M. ® M/, we define an & 3-module morphism

S 1 WzW.) > Ogllgr, -, qul]
by sending each section w over an open V C B to
Sb(w) = (v ® (4P & ) ® - ® (g P B Q)
€ OW)llqr > qull- (30)

The identification (28) is used in this definition. S is called the (normalized)
sewing of 1.

Definition 5.2. Let X be a complex manifold. Consider an element

f= 2 fomdlan € O0XXNq . qu}

.....

DEM. For any locally compact subset Q of D;f. X X, we say that formal series f
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converges absolutely and locally uniformly (a.l.u.) on Q, if for any com-
pact subsets K C Q, we have

n n
SUD D |y (OG- @] < oo,
(q-’x)eK Nyyeeny nMEC

In the case that f € 0(X )[[qI—Ll, s ql}—}l]], it is clear from complex analysis that
f converges a.l.u. on D;f. x X if and only if f is the Laurent series expansion of

an element (also denoted by f) of 6"(2)2_ x X).

Definition 5.3. We say that S1 converges a.l.u. (on B = Dy p. X B), if for any

open subset ' C B and any section w of #5(W.,)(V), S (w) converges a.l.u.

on Z)f‘p. xV.

Consider the following condition weaker than assumption 5.1:

Assumption 5.4. For every b € B, each connected component of the fiber €,
contains one of ¢;(b), ..., cn(b).

Theorem 5.5 ([Gui23], Thm. 11.3). Assume Assumption 5.4 instead of Assump-
tion 5.1. If S converges a.lL.u. on B = Dy p. X B, then SU ( resp. S\), when ex-
tended Og-linearly to an 0 gz-module homomorphism #x(W,) — Oz using the
inclusion Wx(W.) C #x(W.) defined by (27), is a conformal block associated to
X and W..

Example 5.6. Let ¥) = (C; x4, ..., Xy) be an N-pointed compact Riemann sur-
face with local coordinates 7, ...,75 at Xi, ..., Xy, defined on neighborhoods
W1, ..., Wy satisfying W; N {x;,...,xy} = x; foreach 1 < j < N. Assume
nm(W,) = D, for some r > 0. Let { be the standard coordinate of C. Let X be
the disjoint union of ) and (P!;0, 1, ), namely, we have an (N + 3)-pointed
compact Riemann surface

X =(CuPx,,...,xx,0,1,00).

We equip X with local coordinates Ni» s N> &, (E—1),¢ L Thelocal coordinate
¢ at0should be defined at |z| < 1 so that no marked points other than 0 is inside
this region.

We sew X along x; € C and oo € P! using the chosen local coordinates 7,
and 1/¢ to obtain a family X. Then

X=(:CXDf > DX, X0, 000 XN»S)

where 7 is the projection onto the D)-component, the sections xi, ..., X are
(rigorously speaking) sections sending q to (x;,q), ..., (xy,q). The section ¢ is
defined by ¢(q) = (1;'(q),q), where 7] sends D, biholomorphically to W.
Moreover, the local coordinates of X defined naturally by those of X are de-
scribed as follows: For each |g| < r, their restrictions to

xq = (C’ x19 x2’ weey XN, 771_1(‘])) (31)
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are ¢y, 125 s IN- G (1 — @)

Note that Assumption 5.4 is always satisfied, but Assumption 5.1 is not sat-
isfied when N = 1.

Attach V-modules Wi, ..., Wy, W;,V, W/ to X;, ..., Xy,0,1, 00 (the marked
points of X), respectively. Fix the trivializations of %/ -sheaves using the chosen
local coordinates. Let ¢ : W; ® --- ® Wy — C be a conformal block associated
to (C; xq, ..., xy) and Wy, ..., Wy. Let

w:W, VW - C,
wuUAW - (Y(u, Dw,w') = Y (Y(w),w,w),

nezZ
which is a conformal block associated to (P';0,1,00) and W;,V, W’l. Then
P 1= ¢ ® w is a conformal block for X. When u, w,; are Ly-homogeneous

(i.e. eigenvectors of L,) with eigenvalues (weights) wt(u), wt(w;) € N respec-
tively, by (13), Y(u),w is L,-homogeneous with weight wt(u) + Wt(;) — n — 1.
Then _
SY 1 W; ® Wy ®V - C[lql],
with
Shw; @ -+ @ wy @ u) =
> @Ml (Y (), @ w, ® - @wy)  (32)
nez

when u, w; are Ly-homogeneous.

From [FB04, Sec. 10.1], this series converges a.l.u. on D) (i.e. when 0 <
|g] < r). (See the proof of Thm. 7.1 for the detailed explanation.) Then, by
Theorem 5.5, for each 0 < |g| < r, (32) converges to a conformal block asso-
ciated to X, and the local coordinates mentioned after (31). If we change the
coordinates at x; and 7, 1(q) to n; and 5, — q respectively, then in the formula
(32), u and w; should be multiplied both by g~%0. Under the trivialization given
by the new coordinates, S{(w; ® --- ® wy ® u) equals

II)(Y(“,C])UH Qu,® - wN) L= Z g ! '¢(Y(“)nw1 Quw,® - wN)-
nez
(33)

We conclude that (once the a.l.u. convergence is established) forall 0 < |q| < r,
(33) is a conformal block associated to xq, local coordinates 11,7, ..., x> 11 — 4,
and modules W1, ..., Wy, V.

6. An equivalence of sheaves

Recall :X = Q7 : W€ — B;0,%y,...,6N) in (12). In particular, :C = C Xz
(C\ Sx),2B = C\ Sx. The goal of this section is to establish a canonical O¢\g, -
module isomorphism

Vix(VOW.,) = Vg Qg, m*Wx(W.)le\s,» (34)
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which relates the sheaves of VOAs and the % -sheaves.

The reason for establishing this equivalence is the following: We want to
construct n-times propagation "¢ of a conformal block ¢ associated to a fixed
pointed compact Riemann surface X by induction on n. "¢ is the propagation
of "1 ¢ where the latter is viewed as a conformal block associated to the family
of compact Riemann surfaces (namely "1 %, using the notations in Sec. 2)
describing the motion of n — 1 distinct points on X,,. To understand 2*~'¢ as a
conformal block, we need to describe the # -sheaf on "1 X, using sheaves of
VOAs. By setting 2%, = X and hence :X = "%, one needs to describe
the 7 -sheaf on :¥. This is fulfilled by the isomorphism (34).

Let us begin the formal discussion. Note that 7*#%(W,) is the pullback
sheaf #(W.) ®,, Oc. This is the sheaf for the presheaf associating to each
open U C € the 6(U)-module #(W,)(7(U)) ® p(z(wy C(U). (Note that 7 is
an open map.) Assume the restriction X, has local coordinates 7, ..., 7y at
c1(m(U)), ..., cn((U)). We write

T'wi=w®le (W, Qg O = m*We(W,)

for any section w € #%(W,). Sheafifying the tensor product U(7.) ® 1 on the
presheaf provides an isomorphism of &x-modules

UMY = UR) @1 : Wx(W.)|, @4,y Ou = (W. ¢ Txw)) ®a,, Ou
(35)

or simply a trivialization (i.e. an &-module isomorphism)
UM, - ”*WX(W-)LJ - W, ®c Op. (36)

Choose u € 0(U) injective on each fiber of U. Then we have a trivialization

U) @ T UML) : Vi @ T Wx(W|, = VOW. ®c Oy | (37)

Now assume U C C\ Sg = B. Then we can equip the family :X; with local
coordinates as follows. For the local coordinate at each submanifold 5;(U) of
ey = Nt~ (U), we choose ); defined by

(%, y) = 1;(x) (38)
whenever (x,y) € €Xg C\ Sg makes the above definable. The local coordinate
at o(U) is A\ u given by

Apx,y) = p(x) — u(y) (39)

when (x,y) € U Xg U. (Recall that o is the diagonal map.) We can then use
Au,m. =y, ..., my) to obtain a trivialization

UAR M)+ Ve(VOW.) |y — VW, ®c Oy (40)

We shall relate the two trivializations. First, we need a lemma. Recall U C
C\ Sx. Recall (17) and (21).
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Lemma 6.1. If7), ..., n, arelocal coordinates of (i) at sy (m(U)), ..., sy (7r(U))
respectively, and i’ € O(U) is injective on each fiber of U. Then, for each x € U,
we have

@120 = @Dz, (Al A u)y = o(ulp)x.

Note that (7] 217;.) is a family of transformations over U C :B = C\ S, and
the transformation over the point x is (;] 2 n;.)x. (Aul A 1), is understood
in a similar way.

Proof. We identify :C, with C,() by identifying (y,x) € C Xz C \ Sx with
Y € Cr(x)- Then, from the definition of );, 2775., we clearly have i);l.e, = njle,,
and 277;.|26X = 77;.|@”(x). By (21), we have

;| “7;-)x°?77;-|zex =Mjle,

(}7] |77;)7T(X)07}; |€7r(x) = 77] |G,f(x>-

This proves ;| 27))x = (011 )xco)
Similarly,

(ARl A W)o A w'le, = Aple,-

By (39), we have Aule, = (1 — u(x)le
These imply

(Apl A oW = W le,,, = (U= pu)le,, -
Comparing this relation with (17) shows that (Au| A\ 1), = o(u|u’)s. O

and Ap'le, = (W = @' ()le,,-

w(x)

Proposition 6.2. We have a unique isomorphism of O\ s, -modules (i.e. a unique
isomorphism of holomorphic vector bundles on C \ Sx)

such that for any open U C C\ Sg and u, A\, 1. as above, the restriction of this
isomorphism to U makes the following diagram commutes.

W (VO W,)| = > Ve @ T WE(W.)|,

UAp.) U@ U.) (42)

~

14

Ve W. & 0y

Proof. One can define an isomorphism W4 such that the above diagram com-
mutes. Such isomorphism is clearly unique. Thus, it remains to check that Wy
is well-defined. We will do so by checking that the transition functions of the
two sheaves agree.
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Assume U is small enough such that we can have another set of i/, 7! similar
to i, 7.. Then by (22) and Lemma 6.1, for each x € U, we have equalities

V{VAN'RY B MR V(VANTRE S
=UAul A )y @ Ui 10y @ -+ @ Uy | 19y )x

for transformations on V@ W, ®c Oyl, 2~V W,.
By (22) and (35), we have

-1
(T U@.) - (T U@D) . = UMD @ - @ UMNINDay (44
for automorphisms of W, ®¢ Oy |, ~ W,. Thus, by (22) and (19),

(U () ® 7 UG)) - (U ® T UCL).
=U(e(ulu))x ® UM INDr) ® -+ @ Un 1) x(x)»
which equals (43). O

7. Propagation of conformal blocks

The main result of this section, Thm. 7.1, says that any conformal block ¢
associated to a family of pointed compact Riemann surfaces X has a propaga-
tion 2:p, which is a conformal block associated to :¥. Recall that, intuitively,
X is the family describing the motion of a point on X not meeting the marked
points of X. A crucial consequence of Thm. 7.1 (reflected by the fact that 2
is an O\, -module) is that 2 is simultaneously holomorphic with respect to the
parameter of the base manifold of X and the parameter describing the motion of
a point on X. The strong residue theorem is crucial to the proof of this fact.

Let ¢ : #%(W,) - Oz be a conformal block associated to W, = W; ® --- ®
Wy and a family X = (7 : € - B;¢y,...,¢y) of N-pointed compact Riemann
surfaces. Recall 2€ = € Xz (C \ Sx), 2B = C\ Sx. The goal of this section is to
prove the following theorem.

Theorem 7.1. Thereis a unique Oe\ s, -module morphismp @ #;x(VRW,) —
Oe\s, satisfying the following property:

"Choose any open subset V. C B such that the restricted family X, has local
coordinates 1y, ..., )y at ¢;(V), ..., cn(V). For each j, we choose a neighborhood
W; C Cy of sj(V) onwhichn; is defined, such that W ; intersects only ¢ j(V) among
c1(V), ..., sny(V). Identify

W;=@;m)W;)  via(n;,n)
so that W ; is a neighborhood of {0} X V in C X V. Let
which is inside C* X V. Let z be the standard coordinate of C. Identify
Wx(W.)|V =W, Q¢ Oy via U(n.).
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Identify
TV @W.)|, =VOW.® 0y,  via U(Anj,u.) (45)

(cf. (40)). Foreachu € V,w, € W,, consider each vector of W, as a constant
section of W, ® O(U;) and u @ w. as a constant section of VQ W, ®c O(U;).
Then the following equation holds at the level of O(V)[[z*!]]:

d(w; @ - @YU, 2)w; @ -+ @ wy) = (U @ w.) (46)

where Y (u, z)w := Znez Y(u),w - z7" 1 is an element of W;((2)), and 1p(u ®
w.) € O(U;) is regarded as an element of ' (W[[z*']] by taking Laurent series
expansion.”

Moreover, 1 is a conformal block associated to X and V @ W,.

Note that the left hand side of (46) is understood as
Z d)(wl R ® Y(u)nwj R ® wN)z—"—l,

nezZ

which is in (U ;)((2)).

Proof of the uniqueness of :¢. Itsuffices torestrict to the propagation of each
fiber X, i.e., restrict 2p to a morphism ¢|yx,) @ #yx,) (V@ W.) — ﬁ@b\sxb.
(Note that 2(%X}) is €, X (Cp \ Sx,) = €} \ Sx, with marked points.) By (46), we
know |y, is uniquely determined on (W, U---UW )N Cp. For two possible
propagations ¢, %, ¢, let Q be the set of all x € €}, \ Sg, on a neighborhood
of which ¢, |y x,) agrees with ¢ |,x,). Then Q is open and intersect any con-
nected component of C;,. By complex analysis, it is clear that if U is a connected
open subset of €, \ Sg, intersecting Q such that the restriction %} x,,(VQW.)|y
is equivalent to V ® W, ®¢ Oy, then U C Q. So Q is closed, and hence must
be Cp \ Sg,. This proves the uniqueness. O

Proof that (46) is independent of the choice of 7,. Let us show that if (46)
holds for all u, w, for a set of local coordinates 7, defined on W1, ..., Wy, then
it holds for another set 7. Indeed, it suffices to check this fact when restricted
to each fiber X,. So we may assume that X is a single pointed Riemann sur-
face (C; xy, ..., xy). Then (46) is equivalent to that for each v € HO(W i Vx ®

wc(*Sx)),
P ® Qv -w;® - ®wy) =Res, 1 d(v Qw.)

where v-w; is defined as in (24b). Then, as explained after (24b), this expression
is independent of the choice of local coordinates. O

Proof of the existence of :. We are going to identify #;x(V ® W.,) with
Y ® K*Wx(w,)‘e\s as in Prop. 6.2, and construct an ﬁ@Sx -module morphism
X
WD %@ H*WX(W.)| sy Ope\s, satisfying (46). By the uniqueness proved
x
above, we can safely restrict the base manifold B to V. So we assume in the
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following that B = V and hence X has local coordinates 7. at marked points.
So we identify #xw,) with W, ¢ Oz through U(».), which yields
Vx @ m*Wx(W.) = 7 Qc W, (47)
For each k € N, we let

&= (Vg
be the dual bundle of “i/;k. Then the identifications W; = (n;, 7)(W;) and
Vi lw, = VR @c O, via Uy()) (48)

are compatible with the identifications in Sec. A if we set the E; in that section
to be (V=K)V. Choose any w, € W,. Let sj = ZneZ ej, - z" asin Sec. A where
eache;, € (V=K ®@¢ O(B) is defined by

ueVsh s o, ® - ® YW pw; @ - ® wy) € O(B).

For each b € B, since ¢|; is a conformal block, it vanishes on H°(GC},, ”I/(fbk ®

we,(*Sg,)) - w.. This means that s,, ..., sy satisfy condition (c) of Theorem
A.1. Hence, by that theorem, sy, ..., Sy are series expansions of a unique ele-
ment s € HO(C, (7)Y (%Sg)), which restricts to s € H(€ \ Sx, (#5)") and

hence defines an 0\ g, -module morphism “//fk levsy ®c W. = Ogs,- These
morphisms are compatible for different k, and is extended O\ s, -linearly to a

morphism :d : 75 ® n*%(w,)|e\sx — Og\s, (recall (47)).

By Prop. 6.2, we can regard :p as a morphism i @ #ix(V Q@ W.) — Op\s,-
Note that the identifications (47) and (48) are compatible with (45), thanks to
the commutative diagram (42). Thus, ¢ satisfies (46) under the required iden-
tifications with respect to the local coordinates 7,. By the previous step, b
satisfies (46) for any other choice of local coordinates. O

Proof that :¢ is a conformal block. Since being a conformal block is a fiber-
wise condition, we may prove ¢ is a conformal block by restricting it to each
fiber X, and its propagation :(¥,). Therefore, we may assume that B is a sin-
gle point. So C := C is a compact Riemann surface. We trim each W; so that
n;(W;) = 2)rj for some r; > 0.

From the previous proof, we have a morphism :p : #;x(VQ W.) — O\s,
which, given the trivializations in the statement of Theorem 7.1, is equal to (46)
when restricted to W;\ Sy = W;\{¢;}. This shows that the series (46) converges
aluon0<|z|<r it Therefore, as explained in Example 5.6, we can use Thm.
5.5 to conclude that :¢ is a conformal block when restricted to each W;. By
Prop. 4.2, is globally a conformal block. O

The proof of Thm. 7.1 is completed.

We now give an application of this theorem. Suppose E is a set of vectors in
a V-module W. We say E generates W if W is spanned by vectors of the form
Y(u1)y, - Y(uy), wwherek € 7, uy,...,ux €V, ny,...,n € Z,w € E.
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Proposition 7.2. Let X = (C;Xxy,...,Xy) be an N-pointed connected compact
Riemann surface, where N > 2. Choose local coordinate n; at x;. Associate V-
modules Wy, ..., Wy to xy, ..., xn. Identify #x(W,) = W; ® --- @ Wy via U(n.).
Suppose that for each 2 < i < N, [E; is a generating subset of W;. Then any
conformal block & : W; @ W, ® --- Wy — C is determined by its values on
W, ®E,® - Q Ey.

Proof. Assume ¢ vanisheson W; ® E, ® --- ® En. We shall show that ¢ van-
isheson W; ® Y(u),E, ®---®Ey foreachu € V,n € Z. Then, by successively
applying this result, we see that ¢ vanisheson W; @ W, Q E; ® -+ ® Ep, and
hence (by repeating again this procedure several times) vanishes on W; @ W, ®
@ Wy

Identify #x(V Q@ W.,) = 7/3E|C\sx ®c W, using (41). Then we can consider

2$ as a morphism P : “//x|c\s ®c W. = O¢\s,- Let Q be the open set of all
X
x € C\ Sg such that x has a neighborhood U C C'\ Sg such that the restriction
Wly @ Y%l @c W1 QE, ® - QEy — Oy
vanishes. We note that if U is connected, and if we can find an injective 7 €
O(U) (so that 7|y is trivialized to V ®¢ Oy ), then by complex analysis, 2d |y
vanishes whenever 2|, vanishes for some non-empty open V' C U. We con-
clude that if such U intersects Q, then U must be inside Q. So Q is closed. It is

clear that for each w; € W, w, € E,, ..., wy € Ey, the following formal series
of z

Y (U, 2)w; @w, ® - @ wy)

vanishes. Thus, by Thm. 7.1, Q contains W, \ {x,} for some neighborhood W
of xy. Therefore Q = C \ Sg. By Thm. 7.1 again, we see

P(w; @YU, 2)w, ® -+ ® wy)
also vanishes. This finishes the proof. O
Remark 7.3. Since 1 generates V, we see that if V,W,, ..., Wy (where N > 2)
are associated to a connected X = (C;xy,..., Xy), then any conformal block
¢ VOW,®: --®@Wy — Cisdetermined by its valueson 1Q W, ® --- @ Wy,.
This proves the following two well-known results. In fact, in the literature, the

propagation of conformal blocks is best known in the form of the following two
corollaries.

Corollary 7.4. Let X = (C; Xy, ..., xy) be an N-pointed compact Riemann sur-
face associated with V-module W1, ... , Wy. Identify #,x(VQW,) = 7/3€|€\S ®c
x
Wx(W,) via (41). Then for each x € C \ Sx, 2P|, is the unique linear map
”f/x'x ®c #¥(W.) — C which is a conformal block and satisfies
WA ®w) = p(w)
for each vector w € #x(W,).
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Proof. The uniqueness follows from the previous remark. We shall show that
:Pp(1Q®w), which is an element of &(C\ Sg), equals the constant function ¢(w).
By complex analysis, it suffices to prove :p(1 ® w) = ¢d(w) when restricted
to each W; \ {x;} (where W; is a small disc containing x; on which a local
coordinate is defined). This is true by (46). O

Corollary 7.5. Let X = (C; xy, ..., X5) be an N-pointed connected compact Rie-
mann surface associated with V-module W1, ..., Wy. Choose x € C\{xy, ..., xy}.
Then the space of conformal blocks associated to X and W, is isomorphic to the
space of conformal blocks associated to X), = (C; x, X1, ..., Xy) and to the mod-
ules V, Wy, ..., Wy

Proof. We assume the identifications in Cor. 7.4. The linear map F from the
first space to the second one is defined by ¢ — 1p|,. The linear map G from
the second one to the first one is defined by Y ~ (1 ® -). By Cor. 7.4, we have
GoF = 1. By Remark 7.3, G is injective. So G is bijective. O

8. Multi-propagation

Let X = (C;xy,...,Xy) be an N-pointed compact Riemann surface. Recall
Sx = {x1,..., x5 }. We choose local coordinates n; € O(W1), ...,y € O(Wy) of
Xatxy, ..., xy, where each W; is a neighborhood of x; satisfying W;nSx = {x;}.

Letn € Z,. By Section 2,2"X is

"% = ("1 : C x Conf"(C \ Sx) — Conf"(C \ S%); 01y s Ty VX1, v, PXN)
where "7 is the projection onto the second component, and the sections are
given by

2nxj(yl’ ayn) = (xjs Y15 - 9yn)a
Gi(y15 e 5yn) = (yiDyI’ oo ’yn)'
We define local coordinate

Znnj(xsyls""yn) :nj(x) (49)

of "X at x; X Conf"(C \ Sg), defined on W; x Conf"(C \ Sg). Suppose U is
an open subset of C \ Sx which admits an injective u € &(U). Then a local
coordinate /\;u of (2" X)y at o;(U) is defined by

Apx, Y1, s ) = p(x) = (o) (50)
whenever this expression is definable.

We shall relate the % -sheaves with the exterior product “//Clz", which is an
Ocn-module defined by

7 = priYe @ pry Ve ® - ® pr e (51)
Here, each pr; : C" = C X --- X C — C is the projection onto the i-th compo-
N—————

n
nent. The tensor products are over 0. as usual. Similar to the description in
Section 6, the O¢n-module pr; ¢ is the pullback of the (infinite-rank) vector
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bundle ¥ along pr; to C", i.e., ¥c ®,. Ocn Where the action of f € O on O
is defined by the multiplication of fopr,. If U C C is open and u € O(U) is
injective, we then have a trivilization

pr;k ug(/") : pr;“"f/c|prl_l(U) -V ®c ﬁpri_l(U)'
Proposition 8.1. We have a unique isomorphism

Vg (VO @ W,) = 75" ®c #x(W.) (52)

*Confn(C\Sx)
such that for any n mutually disjoint open subsets Uy, ..., U,, C C \ Sx and any
injective u; € O(Uy), ..., u, € O(U,), the restriction of this isomorphism to U
makes the following diagram commutes.

~

® = N Xn
Vux(V" @ W')|U1><--v><Un e |U1><~~-><Un ®c Vz(W.)

UA.p ™) pry U (41)®- - ®pr), U (14, )QU().)

Ve Q@ W, ®c Oy x...xu,
(53)

Here,

(A-Iu-’ 2"’7-) = (Alﬂly LR An:un’ 2”’71, see s 2nr)n)'
Moreover, the isomorphism is independent of the choice of 1..

Proof. Suppose we have another injective ,ulf € O(U;). Similar to the proof of
Lemma 6.1, we see that for each y; € Uj,

(See (17) and (21) for the meaning of notations.) Using this relation, one shows,
as in the proof of Prop. 6.2, that the transition functions for the two trivializa-
tions in (53) are equal. This finishes the proof. O

Choose a conformal block ¢ : W, — C associated to X and #%(W.). By
Theorem 7.1, we have n-propagation "¢ defined inductively by

I =" )

which is a conformal block associated to "X and V& @ W,. By Prop. 8.1, we
can regard "¢ as a morphism
g o

|Conf"(C\Sx) ®c #x(W.) = Ocons(c\sy)-
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Important facts about " ¢. Chooseopen Uy, ..., U, C C (notnecessarily dis-
joint) and write

Conf(U, \ Sx) = (U; X --- x U,) N Conf"(C \ Sg).

For any sections v; € ¥¢(U;) and any w € #%(W,), we write

zn(b(vla eey Un’ w) = Zn(b(pri(vl ® tee ® przvn ® w#Conf(U,\Sx))

€ 0(Conf(U, \ Sg)).  (54)

We now summarize some important properties of 2" ¢ in this setting.

As an elementary fact, the map (vy, ..., v,) — *$(vy, ..., U,, W) intertwines
the action of each &(U;) on the i-th component. (Here, each f € &(U;) acts on
O(Conf(U. \ Sg)) by the multiplication of (fopr;)|cont(u.\s,))- Moreover, it is
compatible with restricting to open subsets of U;.

We set °¢ = ¢.

Theorem 8.2. Identify
We(W.) =W,  via U(®.).

Chooseanyw, € W,. Foreach1 < i < n, choose an open subset U; of C equipped
with an injective u; € 0(U,). Identify

’VC|U‘ =V®c Oy,  via Uy(w)
Choose v; € Vo(U;) =V Q¢ O(U;). Choose (1, ..., ¥,) € Conf(U. \ Sx). Then
the following are true.

(1) IfU, = W (where1 < j < N) and contains only y;, x; among all x., y.,
if jp = n;, and if U, contains the closed disc with center x; and radius
|n;(y1)| (under the coordinaten;), then

I d(vq, 0y, ..., w|
d)( 1> Y2, s Uno ).VhYZ _____ Y

=" (v, Uy 0 @ - QY (01, 2)W; @ -+ ® WN)|y2 (55)

z=1;(y1)
where the series of z on the right hand side converges absolutely, and v, is
considered as an element of V @ C((z)) by taking Taylor series expansion
with respect to the variable n; at x;.
(2) If U, = U, and contains only y,,y, among all x,,y., if u; = u,, and if
U, contains the closed disc with center y, and radius |u,(y1) — u(32)|
(under the coordinate p,), then

----- Yn

Zn d)(vla U3, U3, eee, Uy, w.)‘Y1,yZ ,,,,, Y

=1 O(Y (01, 2)vy, U3, oen s Uy W) (56)

V2oV 122 (V1) —H2(¥2)
where the series of z on the right hand side converges absolutely, and v, is
considered as an element of V ® C((z)) by taking Taylor series expansion
with respect to the variable (, — (,(y,) at y,.
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(3) We have
P, Uy, U3y ey Uy, ) = V71D (0, .0, Uy, ). (57)
(4) For any permutation 7 of the set {1, 2, ..., n}, we have
n — >n
¢ (b(vn(l)’ -5 Un(n)» w')’Yn(l) """" Yy "P(vy, .., Uy, w-)|y1 """" " (58)

Proof. When v;, v, are constant sections (i.e. in V), (1) and (2) follow from
Thm. 7.1 and especially formula (46). The general case follows immediately.
(3) follows from Cor. 7.4. By (3), part (4) holds when vy, ..., v, are all the vac-
uum section 1. Thus, it hols for all vy, ..., v,, due to Prop. 7.2. O

9. Sewing and multi-propagation

We assume, in addition to the setting of Section 5, that Bisa single point.
Namely, we have an (N + 2M)-pointed compact Riemann surface

y ~. . oM "
X = (C,xl,...,xN,xl,... s X5 X 5 e s Xpp)s

where each Eonnected component of C contains one of X1,...,Xy. For each
1 < j < M, ¥ has local coordinates §; at x;. and @; at x}’ defined respectively
on neighborhoods W;. =) x;.,W;.’ = x;.’ . All W;.,W;.’ (where 1 < j < M) are
mutually disjoint and do not contain x, ..., xy. & j(W;) =D,,and @ j(W;.’ ) =
D,,,. For each marked point x; we associate a V-module W;. To x;. and x;.’ to we
associate respectively a V-module M; and its contragredient M;. We set

Sz = {X1, ., XN}
Also, for each 1 <i < N, choose a local coordinate »; at x;. Identify
VzW,. @M, @ M) =W, @M. @ M, via U(1.,&.,@.).
We sew X along each x;., x;.’ to obtain a family

X=(m:C— DXt XN),

where the points X;, ..., Xy on C and the local coordinates 7, ..., 7y at these
points extend constantly (over Dy ».) to sections and local coordinates of X,
denoted by the same symbols. (Cf. Sec. 5.) For each q. € D}, , we identify

r.p.’
Ve, (W) =W.  viaU(.)

Letd : W, @M, ® M, > Chbea conformal block associated to X that
converges a.l.u. on D} o.- Let Uy, ...,U, C C be open and disjoint from each

W}, W}’ . For each q. € Dy, since the fiber €, is obtained by removing a
small part of each W;., W}’ c C and gluing the remaining part of C, we see that

each U; can be regarded as an open subset of the fiber ¢, . By Thm. 5.5,
Sq. b 1= 8dlq,
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is a conformal block associated to X, . Thus, we can consider its n-propagation
anq' ¢. In the setting of Thm. 8.2, and setting

Conf(U. \ Sg) = (U; X --- X U,) N Conf"(C \ Sg),
for each v; € 7&(U;) = ”i/@q_(Ul-) andw, e W,,
anq.d)(vl,...,vn, w,) € O(Conf(U. \ Sz)).

This expression relies holomorphically on g, due to Thm. 7.1 (applied n times).
Thus, by varying q., we obtain

18b(vy, ..., Uy, W) € 0(DF,. x Conf(U. \ S)). (59)

Since "¢ is a conformal block associated to X, we can talk about the a.l.u.
convergence of its sewing 82" ¢, which is a conformal block by Thm. 5.5 again.
In the setting of Thm. 8.2, this means for each v; € 7z(U;) and w, € W, the
a.l.u. convergence of

ST B(vy, .., Uy W) = 2”(1)(1)1, s Uy W, ® (qf(’} 4 ® (qf,}’} Oum 4))
€ ﬁ(conf(U- \ Si))[[ql’ ) qM]] (60)

on Dy . X Conf(U. \ Sg) in the sense of Def. 5.2. We may ask whether this
convergence is true, and if it is true, whether the value of this expression at g,
equals (59). The answer is Yes.

Theorem 9.1. If S¢ converges a.l.u. on D;‘.p., then for each open Uy, ..., U, ¢ C

disjoint from W;., W;.’ (1 <j<N) eachv; € ¥5(U;) and w, € W,, the relation
SV G(vy, ..., Vg w.) = 8P(vy, ..., Uy W) (61)

holds at the level of € 0(Conf(U, \ Sg))[[qlﬂ, s q]ﬁl]]. In particular, the left
hand side converges a.l.u. on D) 5. X Conf(U. \ Sg).

We note that the right hand side of (61) is considered as a series of qy, ..., qu/
by taking Laurent series expansion.

Proof. We prove this theorem by induction on n. Let us assume the case for
n — 1 is proved. For each 1 < i < N we choose a neighborhood W; c C of x;
on which 7; is defined. We assume W; is small enough such that it does not
intersect any W;., W;.’ (1 < j £ N) and contains only x; of xq, ... Xy.

Step 1. Note that we can clearly shrink Dy ». since the formal series in (61)
are independent of the size of this punctured polydisc. Therefore, we can also
shrink each W;., W;.’ to smaller discs, so that the interior of C \ U, < SM(W;' U

W}’) (denoted by H) is homotopic to Hy = C \ {x{, s X3 XY, o, X)) 3 There-
fore, since each connected component of C (and hence each one of H,) inter-

sects xi, ..., Xy, €ach one of H, contains at least one of W1, ..., Wy. The same
is true for H. So each connected component of H \ Sz contains at lease one

W\ {x;}.
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Fix U,,...,U, and v,, ..., v,, w, as in the statement of this theorem. Let Q
be the open set of all y; € H \ S contained in an open U; C H \ S such
that (61) holds for all v; € #7(U,). By complex analysis, if V; € H \ Sz is
open such that 7|y, is trivializable (e.g., when there is an injective element of
0(V1)),then V; € Qwhenever V,NQ # @. So Qis closed. Thus, if Q intersects
Wi \{x1} ..., Wy \ {xn}, then Q = H \ Sz, which finishes the proof.

Step 2. We show Q intersects W1 \{x;}, and hence intersects the other W;\{x;}
by a similar argument. Indeed, we shall show that (61) holds whenever U; =
w,.

Note w, = w; @ w, Q@ -+ ® wy by convention. Weletw, = w, @ - ®
wy. Identify W, with n;(W;) via n; so that », is identified with the standard
coordinate z. Let Conf(U, \ Sz) = (U, X --- X U,)N Conf"_l(fj\ Sz). Identify
V&lw, With V ®¢ Oy, using Uy (7). Choose any v; € V ®¢ O(W,). Then by
Thm. 8.2,

gz}’l (b(vl7 U2, eees v}’l’ w-) = gzi’l—l d)(vZ: ey Un, Y(vl’ Z)wl ® wo)

at the level of 0(Conf(U, \ Sg))[z*!, qlil, s q;\—;l]]. By our assumption on the
(n — 1)-case, this expression can be regarded as an element of (and hence this

equation holds at the level of) (D) p. X Conf(U, \ Sgé))[[zil]], and we have

gzn (b(vp Uy oo s Uy w.) = Zn_1§¢(vz, w5 Uy Y(Ul, Z)w1 ® wo)
also on this level. By Thm. 8.2 again, this expression equals
VSH(V1, Uy, oo., Uy Wy @ W)

on this level. Since the above is an element of 0(D; p. X Conf(U, \ Sz)), by the
uniqueness of Laurent series expansion, we see the left hand side of (61) is also
an element of this ring, and (61) holds on this level. O

Remark 9.2. We discuss how to generalize Thm. 9.1 to the case that ¥ is a
family of compact Riemann surfaces as in Sec. 5. We assume the setting of
that section, together with one more assumption that X has local coordinates
N» s Ny At 1 (B), ..., s (B) so that we can identify the # -sheaves with the free
ones using the trivialization U(n.) or U(n.,&., @.).

We use freely the notations in Sec. 5. Let Sz = J, <i<M ¢;(B). Let

¢:W-®M.®Mi®cﬁ§—> Ox

be a conformal block associated to £ converging alu. on B = D} . X B.
Choose any open Uy, ..., U,, C € disjoint from all W;., W;.’ . Choose v; € 73(U;)
and w, € W.. Let Conf z(U. \ S) be the set of all (4, ..., y,) € Conf(U. \ Sz)
satisfying 7(y;) = --- = (y,). For each m; € M, m;. € M;, we have

an)(vla-"’vna w, ®mo ® m:) (S ﬁ(COl’lfg(U, \Si))

whose restriction to each é;” (where b € Bissuch that €, intersects Uy, ..., U,)
is (¢ |p) (v, .., Uy, W, @ m, ® m’). (Indeed, this expression is a priori only a
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function holomorphic when restricted to each @?;”; that it is holomorphic on
Conf z(U. \ Sz) (i.e., holomorphic when b also varies) is due to Thm. 7.1.)
Thus, we can define

§ d(vy, ..., Uy, W) € 0(Confz(U. \ Sp)llq,...q5' 11 (62)
using (60). Similarly, with the aid of Thm. 7.1 we can define
8b(vy, ..., Uy, W) € 0(D},. x Conf 5(U. \ Sz)) (63)

whose restriction to each D;fp_ X @Z(” is 2”§(¢|b)(vl, ey U, W),

Consider (63) at the level of &(Conf z(U. \ Sg))[[qi—”, s qf,ll]]. By applying
Thm. 9.1 to ¢|,, we see that the coefficients before g, ..., qy of (62) and (63)
agree when restricted to each @Z‘”. So (62) = (63). In particular, (62) converges
a.l.u. on D;fp. x Conf z(U. \ Sz).

10. A geometric construction of permutation-twisted
V®k-modules

Let U be a (positive energy) VOA, and let g be an automorphism of U fixing
the vacuum and the conformal vector of U. In particular, g preserves the L,-
grading of U. We assume g has finite order k.

A (finitely-admissible) g-twisted U-module is a vector space W together
with a diagonalizable operator L%, and an operation

Y U® W - W[[zx/K]]
uw - Y8(u,z)w = Z Yé(u),w -z~
ne-z
k
satisfying the following conditions:
(1) W has f(g)—grading W= @nelN W(n), each eigenspace W(n) is finite-
dimensional, and for any u € k[U we have
(L5, Y3(W)] = Y8(Lot), = (n + DY (), (64)

In particular, for each w € W the lower truncation condition follows:
Y8(u),w = 0 when n is sufficiently small.

(2) Y8(1,z) =1yy.

(3) (g-equivariance) For each u € U,

Y8(gu,z) = Y8(u,e™37z) 1= > YE(u),w - 2Dzl (65)
neiZ
(4) (Jacobi identity-analytic version) Let W’ = P, _1,, W(n)*. Let P, be
k
the projectionof W = [ eln W(n)* (the dual space of W) onto W(n)

and similarly U (the dual space of U’) onto U(n). Then for each u,v €
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U,w € W,w' € W, and for each z # £ in C* with chosen arg ¢, the
following series of n

(Y8(u,z)Y8(v, &w,w') :

D (Y¥(u, )P, YE(v, Ew, w') (66)

ne-N
(Y8(v, H)Y8(u, 2w, w') 1= Y (Y8(v,£)P,YE(u, z)w, w') (67)
nelN
<Yg(Y(ua zZ— §)U, g)wa w/> = Z <Yg(PnY(ua zZ— §)U’ §)wa w/> (68)
neN

(where & is fixed) converge a.l.u. for z in |z| > |&], |z| < [&], |z —
&l < |&] respectively. Moreover, for any fixed § € C* with chosen
argument arg , let R; be the ray with argument arg  from 0 to co, but
with 0, §, co removed. Any point on R; is assumed to have argument
arg £. Then the above three expressions, considered as functions of z
defined on R; satistying the three mentioned inequalities respectively,
can be analytically continued to the same holomorphic function on the
open set

Ap = C\{E,—t€ 1 t > 0},

which can furthermore be extended to a multivalued holomorphic func-
tion f¢(z) on C* '\ {€} (i.e., a holomorphic function on the universal
cover of C* \ {&}).

In the above Jacobi identity, if we let the series Zn h,(z) be any of (66), (67),
(68), then by saying that this series converges a.l.u. for z in an open set Q, we
mean sup, . >, |f»(2)| < +oo for each compact K C Q; the sup is over all
z € K with all possible arg z.

Remark 10.1. The above analytic version of Jacobi identity is equivalent to
the usual algebraic one (cf. [HualO, Thm. 2.4]). Indeed, assume without loss
of generality that gu = e@in/ky. Then the g-equivariance condition shows that

J J
zkY8(u, z) is single-valued over z. Thus, zk times (66), (67), (68) are series
expansions on |z| > [£], |z| < [§], |z — §| < |§] respectively (not necessarily

J
restricting to R;) of the same single-valued holomorphic function z f on C*\
{£}. By Strong Residue Theorem, this is equivalent to that for each m,n € Z,

(gs —95 —95 )ziJ’m(z — &) fe(z)dz =0,
|z|=2]¢] |z|=1§1/3 |z—¢§[=§1/3
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where in these integrals, f¢(z) is replaced by (66), (67), (68) respectively. Equiv-
alently,

I j
> (5 N )

leN

- Z (7)(_1)l<yg(u)£+m+n—lyg(v’ Hw, w’>§l

leN

-2 (v, VE@), 00 ) (69)

leN

By comparing the coefficients before £~"~1, the above is equivalent to that for
eachm,ne Z,h e %Z, (suppressing w, w'’)

G IO I

leN
n n ne
= leZN (l)(_1)1Yg(u)£+m+n—lYg(v)h+l - leZN (l>(_1) lYg(U)n+h—lYg(u)£+m+l

(70)
which is the algebraic Jacobi identity.

Construction of twisted representations associated to cyclic permuta-
tion actions of V&, We let U = V®* with conformal vectorc @ 1® --- ® 1 +
-+ +1® - ®1®c, and g an automorphism defined by

8 : (015 Uy ey Uk) € \/®k = (Uk’ Ugsees Uk—l)'

For each V-module with Ly-operator, we define a g-twisted U-module W as
follows. _ -
As a vector space, W = W. We define Lg = ELO'

Let ¢ be the standard coordinate of C. Let ¥ = (P!;0, ). We associate to
0, oo local coordinates local coordinates ¢, ¢ ~1 and V-modules W, W’. Note

UL #WRW) > W W
Let (-, -) be the pairing for W and W’. We define a conformal block
Tw : Yx(WRW) - C,
UM0s Neo) ™ (w @ W) = (w, w')

whenever the local coordinates 7, 7., at 0, oo are such that (P';0, 00;7, %) =
(P1;0,00;¢,¢71). It is easy to see that this definition is independent of the
choice of such 7, 7.

In the setting of Thm. 8.2, we have

Pty 1 Y2(C) @ -+ @ #5(CX) @2 (W ® W') — ¢(Conf*(CX))

k
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where all the ® are over C. Let
w, = e~ Am/k,
Since ¢¥ : z — z¥islocally injective holomorphic on C*, we have a trivilization
Ug(gk) . /Vxlcx —V ®c ﬁ@x.

Then, for each w € W,w’ € W, and for each vy, ...,v,, € V (considered as a
constant section of V ®¢ ¢(CX)) we define, forv, = v; ® --- ® v, € V&,

(Y8(v., z)w, w')

= F iy (U Moy, o, Up () 0 UE D (w0 @ W) 1)

w,’(’l (‘/E

where, for each z € C* with argument arg z,
w Wz 1= Wz, 0¥z, 02z, .. ,0f{2)  econf(C¥), (72)

. 1
and /z is assumed to have argument Cargz.

(71) is a multi-valued function of z, single-valued of \"/E € C*. So we have
Laurent series expansion

(Y8(u., DJw,w') = Y (YE(.),w,w')z ™"

ne.z
which defines Y8(v,), as a linear map W @ W — C.
Lemma10.2. Each Y&(v,), is a linear operator on W. Moreover, (64) is satisfied.
Proof. For each g € C* with chosen arg g, by (22) we have
UGS, g UG E) T = gt @ = gR @ g .
Thus
(Y¢(v.,2)q Tow, qlow’)

= ¥ Ty (U)o, U ()0 U(GREL g R T R W) . (73)

w;{‘l {‘/E
We have an equivalence of pointed Riemann spheres with locally injective func-
tions and local coordinates (at the last two marked points)

1 1
(PY;00;7142,0, 00,5, gk ¢, g k¢
(Pl w74z, 0,00;971¢K, £, ¢7T)

defined by z € P! — \762 € P!, where \k/a has argument % argq. By (19) and
(17), on V we have

U(ENULgIE) ™! = Ue(FIg™¢R)) = go.
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So (73) equals
¥t (Up(@' ) Mog, e, U@ ) M0, UKL T TN @ W)

o
= & Ty (U (EF) 2 ghovy, .., Up(EF)gRouy, U, ETHHw @ w'))

o &

We conclude
(YE(v,,2)g Tow, gow') = (YE(ghv., g2)w, w').
So, if Lyv, = av., fgw = fw, f(g)w’ = yw’, then
(Y&(v., z)w, w') = g**B~7(Y8(v., gz)w, w'),

which shows, by looking at the coefficients before z="~1, that (Y8(v,),w, w’)
equalsOunless a+5—y—n—1 = 0. This proves Y8(v,), W(B) C W(a+—n-1).
In particular, Y#(v.), can be regarded as a linear operator on W. O

Using part (3) and (4) of Thm. 8.2, it is easy to show Y&(1, z) = 1,y and show
(65). Moreover:

Theorem 10.3. Y3 satisfies the Jacobi identity. Therefore, (W, Y8) is a g-twisted
V& _module.

Proof. Choose the two vectorsof Utobeu, = u;®@ - Quy, v, = 0;®--- QUi €
V@K Identify #x(WQW') = WQW via U(¢,¢ ™). Identify 7% |cx = V®¢ Ocx
via Uy($ k). For each £ € C* with chosen arg £, we define

fg(z) = szTW(u17 et uk’ vl? see Uk’ w ® wl) (74)

w[-(_l W, C0}-{—1 ,{C/E

where cul'{‘l /€ is a k-tuple understood in a similar way as (72). Then f risa
multivalued holomorphic function which lifts to a single-valued one on the k-
fold covering space C* \ (wl'(‘l%) of C*\ {&}.

Let (m, o) e be a set of basis of W(n) with dual basis (11, 4 )qe9. Assume
0 < |z| < |&|. We shall show that the following infinite sum over n

(Y8(v.,,&)Y8(u,, z)w,w’)
= Z Z Fryy (g e s U, W @ n\’in’a)w;(—l{(/E

neN aeA

Ry (U1 ey Uy My @ w,)wi{l yE (75)

converges a.L.u. to f¢(z). Indeed, this expression is the sewing at g = 1 of the
2k-propagation of the conformal block

b WOWQWRW — C,
w; @ W) @ wy @ w - (wy, w)) - (W, wh)

associated to (PL LI [FD;; 04, 4, 0p, 00p). Here, PL, [P’ll) are two identical Riemann
spheres. The sewing is along co, and 0, using local coordinates ¢, ¢!, and
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by choosing suitable open discs W 3 oo, W’ > 0, with radius r, p satis-
fying rp > 1 such that W/, W" do not intersect w;~'/z and w;;lx’ﬁ . (Note
that |z| < |€| guarantees the existence of such W/, W”.) Since the sewing of
¢ clearly converges a.l.u. on Dy, by Thm. 9.1, the sewing at ¢ = 1 of )
(which is (75)) converges a.l.u. (for varying z) to the 2k-propagation of the
sewing, which is just f¢(z). A similar argument shows that when 0 < |§] < |z,
(Y8(u.,z)Y8(v., £ )w, w’) converges a.l.u. (for varying z) to fe(2).

Consider g; € Conf*(C \ w;~'{/€) defined by

22k

8:(21, -, Zk) = ¥ Ty, oon s Up, Vg, oen, U, W @ W)

Z1seesZls col‘(‘l (‘/E

The region Q = {z € C* : |zF — &| < |€|} has k connected components
Qy, ..., Q, each one Q; contains exactly one element w; /¢ of w;~'{/¢, and
Q; ~ ¢K(Q;) where ¢4(Q;) is the open disc with center ¢ and radius |£|. By
Thm. 8.2 and the definition (71), whenever z; € Q; for each i, we have (letting
X1, ..., X be formal variables)

gf(zlﬁ'--’zk)
= % T (Y (uy, XU, oo s Y (U, X300, w @ W)
w(Y (ug, x1)0 ks X1 Uk Py N N
=(Y8(Y (U1, x)v1 ® -+ @ Y(uy, xi)vp, Hw, w')| - . .- (76)
x=z;—§ x1=2{—§

where the right hand side converges absolutely and successively for xy, ..., X;.
Since the simultaneous Laurent series expansion of the holomorphic function
h(xq, ... %) = g,;(x’?é’ + 11, WV E + %3, .., co’,z‘lxklé' + %) inthe region 0 < |x;| <
|€] (for all i) clearly converges a.l.u., and since the coefficients of these series
agree with those before the powers of xy, ..., x; on the right hand side of (76)
(by taking Laurent series expansion through contour integrals), we see that (76)
converges absolutely (as a multi-variable series) to g¢(z;, ..., Z) at the desired
points.

Now we assume 0 < |z — £| < |&], assume arg z is such that \’ﬁ SO \"/E
(which is true when arg z = arg §), and set (zy, ..., 2;) = cu;;lx’ﬁ. Then we see

that (Y8(Y (u.,z — &)v., &)w, w’) converges a.l.u. to gg(col'{_l\"/g) = f:(2). This
finishes the verification of the Jacobi identity. O

Remark 10.4. Using Thm. 8.2, it is easy to see that
szW(la Tty ué’(g)_lvia Tt ]-a w ® w/)|z = <Y(05 Z)w’ w,>'

By (19), ue(g)ug,(gk)-l = U(e(¢|¢")). Thus, whenv, =1, ®1Q® - ® 1, (71)
becomes

(Y (UEIE) o1, Y 2w, w').
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By (17), 9(§|§’k){</; sends z’l‘ — z'to z; — \/z when z, is close to 1/z. Hence this
transformation equals J; , where

S () =(z+ )k —zk.
‘We conclude
Y0, ®1Q® - ®1,2) = Y(US ,)vy, ¥ 2). (77)

This equation uniquely determines the g-twisted module structure of W, since
V@®k is g-generated by vectors of the form v; ® 1® - ® 1.
Itis not hard to check that U(5y ,) agrees with the operator Ay (z) in [BDMO02].

Thus, our g-twisted module (W, Y8) agrees with (Té‘(W), Y,) in Theorem 3.9
of [BDMO02].

Appendix A. Strong residue theorem for analytic families of
curves

Let X = (m : € - B;¢y,...,¢n) be a (holomorphic) family of N-pointed
compact Riemann surfaces. Recall the definition in Sec. 2. In particular, we
assume each connected component of each fiber €, = 7~!(b) contains at least
one of ¢;(b), ..., sn(b). We let & be a holomorphic vector bundle on € with finite
rank, and let & be its dual bundle.

We assume that X is equipped with local coordinates 7, ..., ny at the marked
points ¢;(B), ..., sn(B) respectively. Assume for each j that 7; is defined on a
neighborhood W; C € of ¢;(B) which intersects only the point ¢;(38) among
61(B), ... ,sn(B), and that there is a trivialization

&jlw, ~ E; ®c O,
with dual trivialization
v ~ TV
gj |Wj _E] ®C ﬁWj’
where E| is a finite-dimensional vector space and E}’ is its dual space. We iden-
tify & |Wj and <§’V|Wj with their trivializations.
For each j, we identify
Then W; is a neighborhood of B X {0} in B x C. We let z be the standard
coordinate of C. Consider
si= 2 en-2" €(E®c 0(B)(2), (78)
nezZ

where eache; , € E; ®c 0(B) is 0 when n is sufficiently small. Considering
ejn as an Ej-valued holomorphic on &(B), we let e; ,(b) € E; be its value at
b € B. Then s;(b), the restriction of s; to €, is represented by

sj(b) =Y ej 1(b)z" € E;((2)).



226 BIN GUI

Suppose that s is a section of £(*Sx) defined on W;. Then s|Wj = s|Wj(b, z)is
an Ej-valued meromorphic function on W; with poles at z = 0. We say that s
has series expansion s; at ¢;(3) if for each b € B, the meromorphic function
S|Wj (b, z) of z has Laurent series expansion (78) at z = 0.

For each b € B, choose o, € H(C,, &V, ® we,(xSx,)). Thenin W;;, =
win 7~1(B), o}, can be regarded as an E;’ ® dz-valued holomorphic function
but with possibly finite poles at z = 0. So it has series expansion at z = 0:

Oplw,,@) =Y $juz"dz € E)(2)dz

where ¢; ,, € E]v We define the residue pairing

Res;(s;,0p) =Res,_(s;(b), op|y, 5(2))
:Resz=0<< Z ejn(b)z", Z ¢j,nz”>dz>. (79)

in which the pairing between E; and E;’ is denoted by (-, -).
We now prove the Strong Residue Theorem for &. Our proof is inspired by
that of [Ueno08, Thm. 1.22].

Theorem A.1. Foreach1 < j < N, choose s; as in (78). Then the following
Statements are equivalent.

(a) There exists s € H°(C, &(xSy)) whose series expansion at §j(B) (for each
1<j<N)iss;

(b) For each b € B, there exists s, € H*(Cp, & |e,(%S%,)) whose series expan-
sion at ;(b) (foreach 1 < j < N)is s;(b).

(c) Forany b € B and any o), € H(Cp, &V|e, ® we,(*Sx,)),

N

ZReSj<Sj’O-b> = 0. (80)
j=1

Moreover, when these statements hold, there is only one s € H(C, &(%xSy)) satis-

fying (a).

Proof. (a) trivially implies (b). That (b) implies (c) follows from Residue theo-
rem (i.e., Stokes theorem): The evaluation between s;, and o}, is an element of
HO(Cy, we, (*Sg,)) whose total residue over all poles is 0.

If s satisfies (a), then for each b € B, s|e, is uniquely determined by its
series expansions near ¢;(b), ..., sy(b) (since each component of €, contains
some ¢;(b)). Therefore the sections satisfying (a) is unique.

Now assume (c) is true. We shall prove (a). Suppose that for each b € B
we can find a neighborhood V' C B such that an s satisfying (a) exists for the
family Xy,. Then, by the uniqueness proved above, we can glue all these locally
defined s to a global one. Thus, we may shrink 3 to a small neighborhood of a
given by € B when necessary.
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We first note that, by replacing B with a neighborhood of a given b, € B,
we may assume 7,.&(—kSx) = 0 for sufficiently large k. Indeed, choose any
by, € B. Then by Serre duality,

HO(€G), @@|eb(—ksxb)) ~ H(€y, Ve, ® web(ksxb)), (81)

which, by Serre vanishing theorem, equals 0 for some k = ky, when b = b,.
Since 7 is open, X is a flat family ([GPR, Thm. I1.2.13] or [Fis76, Sec. 3.20]).
Thus, we can apply the upper-semicontinuity theorem ([GPR, Thm. I11.4.7] or
[BS76, Thm. I11.4.12]) to see that (81) vanishes for k = k; and (by shrinking B to
a neighborhood of by) any b € B. Since the vector space H°(Cy, éa|eb(—kab))
shrinks as k increases, (81) is constantly zero for all b € B and k > k. This
implies 7,8 (—kSx) = 0 for all k > ky ((GPR, Thm. I11.4.7-(d)] or [BS76, Cor.
I11.3.5]).

Choose p € N such that for each 1 < j < N, the ¢; ,, in (78) equals 0 when
n < —p. For any k > k, as 7.&(—kSx) = 0, the short exact sequence

0 - &(=kSx) = &(pSx) = E(pSx)/E(—kSx) = 0

induces a long one

0 > 7,8(pSx) — 1. (E(pSe)/E(—kSE)) > Rz, E(—kSx).  (82)

Foreach1 < j < N, sets;|; = Zn<k ejn 2", which can be regarded as a sec-
tion in &(pSx)(W;). Let Wy = €\ Sx. Then U = {W,, Wy, ..., Wy} is an open
cover of C. Define Cech 0-cocycle ¢ = ®j)o<j<n € Z°U, &(pSx)/&(—kSx))
by setting

%o =0, Yj=silk A<j<N).

Then 63 = ((&p)i’j)0<ij<N € Z1(U, £(—kSg)) is described as follows: (5§9)y ¢ =
0; if i, j > 0 then (dzp_)i,j_is not defined since W; N W; = ¢;if 1 < j < N then
(69)j,0 = —(89)o,; equals s, (considered as a section in &(—kSx)(W; N Wy)).

Consider 69 as a section of R'7,&(—kSx). We shall show that §3 = 0. By
the fact that (81) vanishes and the invariance of Euler characteristic,

dim H' (€, (&1e,)(~kSx,))

is locally constant over b € B, which shows that Rz, (C, &(—kSx)) is locally
free and its fiber at b is naturally equivalent to H'(Cp, (&, )(—kS%,)). (Cf.
[GPR, Thm. I11.4.7] or [BS76, Thm. III.4.12].) Thus, it suffices to show that for
each fiber €, the restriction §¢|¢, € HY(C, &|e,(—kSx,)) is zero.

The residue pairing for the Serre duality

HY(Cp, &, (—kSx)) ~ H(Cp, &V]e, ® we, (kSx,))
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applied to 61|, and any o), € H(Cp, &V|e, ® we, (kS%,)), is given by

N
(6Yle,>0p) = Z Res;(s;|k, 0p)-
Jj=1

Since for each 1 < j < N, (s; — s;x,03) has removable singularity at z = 0, we
have Res(s; — sj|, 0p) = 0. Therefore,

N
(6%le,.0p) = D, Res(s;,0p) = 0.
=1

Thus 6¢|e, = 0 for any b. This proves that 63 = 0.
By (82), for each k > k, there is a unique

sl € (7.6(pSx))(B) = H(C, 8§ (pSx))

which is sent to ¢ € 7,(&(pSx)/E(—kSx))(B). So near ¢;(B), 5|y has series
expansion

Sl = Sjli + 02K + e2F1 40 (83)
By this uniqueness, we must have sy, = $|,4+1 = Slgg42 = -+ Lets = sy,
Then s has series expansion s; at ¢;(B) for each j. O

We remark that the above proof also applies to locally free sheaves over a
proper flat family of pointed complex curves (with at worst nodal singularities)
such that each Sy, does not intersect the node of €, and that Sy, intersects
each irreducible component of . This is because the residue pairing for Serre
duality is described in the same way as in the smooth case.
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